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STRUCTURE THEOREMS OF THE SCALAR CURVATURE
EQUATION ON SUBDOMAINS OF A COMPACT
RIEMANNIAN MANIFOLD

By
Shin KaTo

1. Introduction

Let (M,g) be a Riemannian manifold with dim M =n >3, A, the Lap-
lacian of g, S, the scalar curvature of g and L, the conformal Laplacian of g,
ie. Ly :=—a,A;+ S, with a, =4(n—1)/(n—2). Let u be a positive smooth
function on M, and define a conformal metric by § := u*/("-2g. Then its scalar
curvature is given by S; = u 9L u, where g =(n+2)/(n—2)=4/(n—2)+ 1.
Hence, a smooth function f on M can be realized as the scalar curvature of
some metric which is pointwise conformal to g if and only if there is a smooth

solution u of the equation

— £
{Lgu_fu on M.
u>0

Throughout this paper, we refer to this equation as ‘“the equation (f, M)”.

Now, we are interested in the structure of the moduli space of (complete)
conformal metrics on M with scalar curvature f. In this work, we study the
equation (f,M) in the case when (M,g) is a subdomain of a compact Rie-
mannian manifold (M,g). More precisely, we consider mainly the case when
Ai(Lg) >0, (M,g) is the complement M \Z of a compact submanifold Z, and f
is nonpositive.

Under this assumption, Mazzeo [12] proved that, when d =dimZX <
(n—2)/2 and f =0 on M, “the full solution space of scalar flat complete
conformal metrics on M is parametrized by the space of strictly positive
measures on Z.” This fact means that ¥ is the Martin boundary of the
Laplacian with respect to a scalar flat complete conformal metric on M.

When f has a compact support, any conformal metric #9~!g on M with
scalar curvature f is bounded above by some scalar flat conformal metric ¢ 'g
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on M. Moreover, if lim,_5u(x) = 400, then such ¢ can be chosen to satisfy
lim,_,y (u(x)/@(x)) = 1. (We describe this in Section 6. See also [9, Section 4].)

Also when suppf is not compact, if f satisfies a certain condition, then there
are infinitely many conformal metrics on M with scalar curvature f each of
which behaves asymptotically to a scalar flat conformal metric on M (see [6],
[10], [7]). However, in this case, the space of (complete) conformal metrics with
scalar curvature f is more complicated in general. For example if S; >0, f is
negative outside a compact set and the equation (f, M) possesses a positive
subsolution, then there is a maximal solution of the equation (f, M) which does
not behave asymptotically to any solution of the equation (0, M), where we call
a solution U of the equation (f, M) is maximal if and only if U > u holds for
any solution u of (f, M) (see [11], [3], [14], [4], [5], [9)).

In Section 2, we prove the following uniqueness theorem for solutions of the
maximal order.

THEOREM 1. Let (M,g) be an open Riemannian manifold (n = dim M > 3).
Let f be a nonpositive smooth function on M, U the maximal solution of the
equation (f, M), and u a solution of the equation (f,M). If u~ U on M, then
u=U on M.

Here and throughout this paper, we use the notation “fy ~ f”’ to mean that
the condition C; f < fy < C,f holds for some positive constants C; and C;. We
also denote the distance function to a submanifold X (resp. a point p) by rs
(resp. rp).

Next, in Section 3, we prbve the following lower estimate for solutions of
the equation (f, M) whose order is higher than that of the standard solutions
yGy := 9 [ G(-,y)da, of (0, M), where y is a positive number, G is the Green
function of L; and do is the volume element of Z.

THEOREM 2. Let (M,j) be a compact Riemannian manifold (n=
dim M > 3) with 41(L;) >0, £ a compact submanifold (d = dimZ < n —2), and
(M,g) := (M\Z, g|ﬁ\z). Let f be a nonpositive smooth function on M. Suppose f
satisfies f ~ —r. near T for a nonnegative number 1>2—4d/(n—2), and
suppose u is a solution of the equation (f, M) such that u(x) Jrs(x)* ™2 = o0 as
x — 2. Then u satisfies the estimate u > Cr;(]"'z)/ (a-1) for some positive constant
C, and the metric ui~'g is complete. In particular, u is the maximal solution of
the equation (f,M).
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Remark here that (rg(x)‘™")7"! is the order of the ratio of the scalar
flat conformal metric Gg_lg to the original metric g (see the proof of Theo-
rem 2).

The assertions of Theorems 1 and/or 2 are known in some cases (see [11],
[14], [4], {11, [13] for d =n—1; [5] for (M,g) = (R", g0); [2], [12], [7] for 1 with
f ~ —1). However, our proof of Theorem 1 is quite simple, although we are
concerned with more general situation. By virtue of the weakness of the
assumption of Theorem 1, we can show, in Theorem 2, the uniqueness of

solutions satisfying lim,_s (u(x)/rs(x)?""?) = +c0 from only the rough estimate

u> Cr£(1+2)/(q—1)_

These theorems enable us, in Section 4, to generalize the structure theorem
on the Euclidean space (R", go) (which is conformal to $"\{p} with the standard
metric) proved by Cheng-Ni [5] to the following

Tueorem 3. Let (M,j) be a compact Riemannian manifold (n=
dimM >3) with M(L;) >0, p a point in M, and (M,g):= (M\{p},
G i) Set Gp(x) := G(p,x), where G is the Green function of L;. Let f be a
nonpositive smooth function on M. If f satisfies f ~ —rj, near p for a number
1 > 2, then, for any 7y € (0, +00), the equation (f, M) possesses a unique solution u,
such that u,(x)/Gy(x) — y as x — p and the metric ufj‘lg is complete. Conversely,
any solution u of the equation (f,M) coincides with u, for some y. Namely, the
space of complete conformal metrics on M with scalar curvature f is parametrized

by (0,+0].

Now, the following question arises naturally. “For any (M,g)=
(M\Z, 3| M\z) and f, does any solution u of the equation (f,M) satisfying
lim,_,zu(x) = 400 coincide with either the maximal solution U or a solution
asymptotic to some solution of (0, M)?” In Section 5, we show that the answer
to this question is “No’’ in general. The simplest case we can observe this is the
case when Z is a finite number (larger than 1) of points. We can also construct
solutions of the equation (—1, M) which do not behave like any solution of the
equation (0, M) near a subset of £ even when ¥ is connected. These obser-
vations teach us that the space of solutions of the equation (f,M) has some
more complicated structure in general.

The author wish to thank Professor N. Nakauchi for his interest in this
work and helpful advice.
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2. The uniqueness of solutions of the maximal order

In this section, we prove Theorem 1. For this purpose and to use later, we
recall here the following well-known formula without a proof.

METHOD OF SUPERSOLUTIONS AND SUBSOLUTIONS. Let (M,g) be a Rie-
mannian manifold (n = dim M > 3), and f a smooth function on M. If there exist
a supersolution u, and a subsolution u_ of the equation (f,M) such that
0 <u_ <wuy, then the equation (f, M) possesses a smooth solution u satisfying
U <uuy.

ProOF OF THEOREM 1. Set B :=sup,(U/u). Then, by the assumption
u~ U, we have f < 4o0.

Suppose u# # U. Then f > 1 and, by the strong maximal principle, it holds
that u < U. It is easy to see that y:={(8/—1)/(8— D)7}V > /(8- 1).
Set

v =y(B—Du, v_:=y(U—u).
Then clearly vy > 0 and
vy —v_=7y(fu—U)=0.
Moreover, we get
0y Lovs = (B = DY u i Lgu = (y(B- DY 2 fY =S
and
VLo =3 (U )" Ly(U — ) =y'~(U - u) I (U? — )

Ut — B -1

B T e ()

qf:fa

namely, v, (resp. v_) is a supersolution (resp. subsolution) of the equation
(f, M), where we use the inequality

-1 pi—1
=17 = (F=1)

Therefore, by the method of supersolutions and subsolutions, the equation (f, M)
possesses a solution v satisfying v, >v>v_.

forz e (1, B].
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Now, by the definition of §, there exists a sequence {x;},., of points in M
such that im0 (U(x;)/u(x;)) = . Hence we get

v(x;) - v_(Xi)=y<U(xi)_1)_,y(lg_1)>ﬂ asi — 400

u(x)) — u(x;) u(x;)

from which it follows that, for any i large enough,

v(x;) U(x:)

——>p= )

e R TED
namely, v(x;) > U(x;). This contradicts the assumption that U is maximal.
Therefore we have u= U. g.e.d.

Now, by the proofs of [9, Theorem II, IIl and IV], we know the order of
the maximal solution U of the equation (f, M) in various cases. Combining this
and Theorem 1, we immediately get the following corollaries.

CoRrOLLARY 2.1. Let (M,g) be a complete, noncompact, simply connected
Riemannian manifold (n = dim M > 3) with nonpositive curvature whose Ricci
curvature Ric, satisfies Ricy/(n—1) > — 42/ (r‘g + &%) for positive numbers A and
¢ such that A*> < (n—2)/n. Let f be a nonpositive smooth function on M sat-
isfying f ~ —r;’ near infinity for some point pe M and a number 1 >2, u a
solution of the equation (f,M). If u satisfies u > Crl(,l_z)/ (a-1) for a positive
constant C, then u is the maximal solution of the equation (f,M).

COROLLARY 2.2. Let (M,g) be a complete, noncompact, simply connected
Riemannian manifold (n = dim M > 3) whose sectional curvature K,; and Ricci
curvature Ric, satisfy K; < —B? and Ricy/(n — 1) > —A? for positive numbers A
and B such that (A/B)* < (n— 1)2/n(n—2). Let f be a nonpositive smooth
function on M satisfying f ~ —e™" near infinity Jor some point pe M and a
nonnegative number I, u a solution of the equation (f,M). If u satisfies
u > Ce"/@=Y) for a positive constant C, then u is the maximal solution of the
equation (f,M).

CorOLLARY 2.3. Let (M,§) be a compact Riemannian manifold (n=
dim M > 3) with Ai(Lg) >0, = a compact submanifold (d = dimX) of M, and
(M,g) = (M\Z,§| H\E)' Let f be a nonpositive smooth function on M satisfying
f ~ —r, near T for a nonnegative number 1 > 2 — 4d/(n — 2), u a solution of the
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equation (f,M). If u satisfies u > Crg(’+2)/ (a-1) for a positive constant C, then u
is the maximal solution of the equation (f,M).

3. A lower estimate for solutions of high order

In this section, we prove Theorem 2. First, we prepare a key lemma. Its
proof is quite similar to that of [9, Theorem V], but some more delicate. In
common with Loewner-Nirenberg [11, Theorem 4], we make use of a family of
(sub-)solutions. However, our lemma applies to more complicated cases.

LemMa 3.1. Let (M,g) be an open Riemannian manifold (n = dim M > 3),
{Q},.y a sequence of relatively compact domains of M which satisfies
Q; cc Qi1 and U;e N = M. Let f be a nonpositive smooth function on M, ¢ a
solution of the equation (0, M), and uy a solution of the equation (f,M) satis-
fying uy <9 on M and lim; o {infang (1/9)} = 1. Suppose u, is a super-
solution of the equation (f, M) satisfying lim;_, 1 {infan\q,(u+/9)} = +oo. Then it
holds that

-1/(¢g-1) _
u, >(q— l)q_"/(q_l) (1 - l;—‘) ¢ whereuy > q_q_l .

PrOOF. Put w;:=1—u;/p. Then w; is nonnegative, lim;_. «(Suppngw1)
=0 and u; = ¢(1 — wy).

Let y be the supremum of y,’s such that, for any number ue [1,y,], the
equation (f, M) possesses a solution u, satisfying ugp(l— i w) < uy < pgp.
Clearly y > 1.

Suppose y < +o0. Then, for any pe[l,y), the equation (f, M) possesses a
solution u, as above. Since f is nonpositive, it follows from [9, Lemma 2.2] that
{#u}1 <<, 1s monotonically increasing and bounded above by yg. Therefore, if
we set u, := lim,_,u,, then u, is a solution of the equation (f, M) with the same
properties as above.

Put w, := y — u,/¢. Then it is clear that w, is nonnegative, maxyw, <7, and
wy < y¥wy. Choose a positive number & satisfying 1 < § < y/maxyw,, and, for
any g€ (1,6@Y], set u_ :=ep(y — &9 'w,). Then we get

q
—-—w
— Yy Ry N G Al q
Lyug, = 7 Lgu, = 'fu] _fu”‘<y—sq-1wy) <ful _ onM,

namely, u,_ is a subsolution of the equation (f, M). On the other hand, if we set
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Ug 4 = eyp, then we have
Loty =02 ful,, onM,

namely, u is a supersolution of the equation (f, M). Since ug. > uy- > 0, by
the method of supersolutions and subsolutions, the equation (f, M) possesses a
solution u,, satisfying ug4 > tgy > u,—. It is clear that

&9 = ugy > ep(y — &7 wy) = ep(y — &7 yTw1) = eyp{1 — (&) w1}

This contradicts the definition of y since 6 (q_l)y > 7.

Hence we conclude that y = +oo. Namely, for any u> 1, the equation
(f, M) possesses a solution u, satisfying up(1 — pu9'w;) < u, < pp.

Now, by [9, Lemma 2.2] again, it holds that u, >u, for any pu>1.
Therefore we have

up = sup{p(l — 17 'wi)}p.
u=1
By using the equality

1
sup{t(1 — 7 'a)} = (g — 1)g ¥ Vg /@D forge (0,5],

t>1

we get our assertion. g.e.d.

PrOOF OF THEOREM 2. Let G(x,y) be the Green function of Lj, and set
Gs(x) := [5 G(x,y)do,, where do is the volume element of T with respect to the
induced metric. Clearly L,Gz =0 on M and, by [10, Proposition 2], there exist
positive constants C; and C, such that

Clrg_"” <Gy < Czrg_"“.

In the case when 2 —4d/(n —2) <l <n— (n+2)d/(n—2), by [10, Theorem
2 (a) and its Remark] (see also Delanoé [6, Theorem 5)), the equation (f, M)
possesses a solution u; satisfying

GGx(1 — C4r§) <u < GGy

for some positive constants C3, C4 and a:=/—-2+4d/(n—2). In [10], we
assumed d < (n—2)/2 for this fact. However, if we do not assert the com-
pleteness of the metric u‘{_lg, then the same consequence as above holds also
when (n—2)/2<d <n—2. Apply Lemma 3.1 to this u; and ¢ = C;Gs. Then,
since w; = 1 —u;/p < Cy4r§, any supersolution u; of the equation (f, M) such
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that u,(x)/Gs(x) — +o0 as x — X satisfies the estimate

u, >{(q— l)q‘q/(q—l)(C“r;t:)—-l/(q_l)Cscug_n_*_2
= C;s rg{1-2+4d/(n_2)}(n_2) Jard—nt2
= C5r£(1+2)("—2) /4

— C5r£(1+2)/(q—1),
where Cs:= (g —1)g7% @-Nc, Ye-Ye,c. In particular, we have u2>
Csrg(”z)/ @1 near . Remark that the assumption / >0 is not used here.

In the case when I >n— (n+2)d/(n—2), put uy :=u’GL ™%, where 0 is a
positive number chosen to satisfy

-2
o<2=222 (<.
-2+ i
n—2
By direct computation, we get
Loy = 0?97 GL + a,0(1 - 0)u’2G5%!|GxVyu — uV, Gy *
> ofu6+q—1 Gé—e

and hence

u \(1-0@-1)
uLyu, > 6f (@) .

Since we assume
! rl
—Cery <f < — Cqry mearX

for some positive constants Cs and C;, by the proof of [9, Theorem IV], there is a
positive constant Cg such that

u < Cyry A/

Therefore we get

(1-8)(g-1) —(1+2)/(g-1)\(1-O&-1)
u Cgr
0\ = > 0(—Ceb) | = 20—
f(&) ( 6 Z)( Clrg—n+2 )

= —Cgrg near %,
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where Cy := 0Cs(C1Cg)'"9U~D and

lo ~2—ﬂ+0<1_2+i2)

Note here that, by the assumption on 6, 2-4d/(n—2)<lp<

— (n+2)d/(n—2) holds. Let f; be a nonpositive smooth function on M such
that fo < 0f(u/Ge)"" 29 on M and f = —Cgrlz" near Z. Then u; is a
supersolution of the equation (fy, M). Clearly u,(x)/Gz(x) = (u(x)/GE(x))o —
400 as x — 2. Hence we can use the estimate given in the case when
2-4d/(n-2)<l<n—(n+2)d/(n—2) with I =1y and u, = u’GL™%, and get

qu%—a > Csr;(le+2)/(q—1)_
Therefore we have

W > Csr—(1e+2)/(q—l)Ge—1
> C —(lp+2)/(g-1) (C rd n+2)9 1

> oy —6(1+2)/(g-1) ,

where Cig:= CsCS~!, from which it follows that u > Cl/ o rs +2/@ pear 3.
Now, in both cases, because u >0 on M, we get u > Cry /@1 on M.

Since / is nonnegative, the metric ¥9~'g is complete and, by Corollary 2.3, we

conclude u = U. g.e.d.

COROLLARY 3.2. Let (M,g) and f be as in Theorem 2. Suppose [ satisfies
f ~ —r, near T for a nonnegative number 1 > 2 —4d/(n—2), and suppose U is
the maximal solution of the equation (f, M) and, for any y > 0, u, is a solution of
the equation (f, M) satisfying u, < yGs and lim,_s(u,(x)/Gz(x)) =y. Then it
holds that lim,_, cu, = U on M.

Proor. By [9, Lemma 2.2], {uy}y>0 is monotonically increasing and
bounded above by U. Therefore, 1f we set u :=lim,, u,, then « is a smooth
solution of the equation (f,M). It is clear that u satisfies
lim,_s (u(x)/rs(x)*"%) = +c0. Hence, by Theorem 2, we have u = U, namely,
lim, , u, = U on M. g.e.d.

4. A structure theorem in the case ¥ is a point
The aim of this section is to prove Theorem 3 which describes the structure

of the scalar curvature equation (f, M\{p}) in the case when f ~ —r near p.
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When X is a point, we can prove a Harnack type inequality for the solutions
of the equation (f, M) by the same way as Cheng-Ni [5, Proposition 5.2]. This
and Corollary 3.2 imply Theorem 3.

LemMMA 4.1. Let (M,j) be a compact Riemannian manifold (n=
dim M > 3) with S;>0, p a point in M, and (M,g):= (M\{P},dl5 ()-
Suppose f satisfies f ~ —r}, near p for a number | > 2, and suppose u is a solution
of the equation (f, M). Then there is a positive constant Cyy which is independent
of both u and r and satisfies

max u < Cj; min u
0B,(p) 3B.(p)

for any positive number r small enough.

ProoF. Set d(x):= (S, + |f|u*')/a,. Then (A;—d(x))u=0. Since we
assume f ~ —r), by the proof of [9, Theorem IV], we have u~! < Cior, " and
hence 0 < d(x) < C13r;2, where C|; and C; are positive constants independent
of u. Now, apply the Harnack inequality [8, Theorem 8.20] to (A; —d(x))u =0
in a domain Q = M\Bsz(p) for R > 0 small enough. Then, for any y € dBgr(p),

since Bsr(y) = Q, we get the estimate

sup u < Ciy inf u

Bn(i)') 14 BR(Y)
for some positive constant Cy4 depending only on n, g and Cj3, and independent
of y and R. We can cover dBggr(p) by a finite number (independent of R) of
Bgr(y)’s, and our assertion is proved. g.e.d.

ProOF OF THEOREM 3. We may assume S; > 0 without loss of generality.

The existence follows from [9, Theorems IV and V] (see also [10, Theorem
2)). In particular, for any y e (0, +00), we also know the uniqueness of solutions
u, of the equation (f, M) satisfying lim,_,(1,(x)/Gy(x)) = 7.

Suppose u is a solution of the equation (f, M). If u/ rjz,‘" is bounded, then it
is clear that

®(x) = jM G(x, )| 0)|u(y)? dy

is a positive smooth function on M and satisfies L,®, =|f|u?. Note that
|flu? < Crfj{,"‘”2 for a positive constant C. Then we get, by standard calculation,
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that
Crim if2<li<n
Qu<q Clog(ry!)  ifl=n
C ifli>n

near p for a positive constant C. In particular, it holds that ®,(x)/G,(x) — 0 as
x — p. Set ¢ :=u+ @,. Then ¢ is a solution of the equation (0, M), and hence
there is a positive number y such that ¢ =yG, (see [9, Section 4]). Since
u(x)/Gp(x) =y — ®y(x)/Gyp(x) — y as x — p, we have u = u,.

On the other hand, if u/rf,"’ is unbounded, then lim sup,_,,(u(x)/ rp(x)z_") =
+00. Hence, there is a sequence {x;},.y of points in M such that lim,; , ox; = p
and u(x,-)/r,,(x,-)z_" > Cys5i for any i, where Cjs:= C;Cy, C, is a positive
constant satisfying G, < Czrf,_", and Cy; is the constant given in Lemma 4.1. By
Lemma 4.1, it holds that u(x)/Gp(x) = i on 8B, (»,(p) for any i. Hence u > u; on
0B, (x)(p), where u; is the unique solution of the equation (f,M) satisfying
u; <iG, on M and lim,.,(u;(x)/Gy(x)) = i. Therefore, by [9, Lemma 2.2],
u > u; in M\B, (,)(p) for any i, from which it follows that u > lim;_, ;% on M.
Now, by Corollary 3.2, lim;_,4o%; = U. Since U is the maximal solution, we get
u = U(= uy). This completes the proof. g.e.d.

As a consequence of Theorem 3, we have the following symmetry argument.

COROLLARY 4.2. Let (M,qg) and f be as in Theorem 3. If f is invariant under
the action of some subgroup I" of Isom(M,g), then any solution u of the equation
(f,M) is also T-invariant.

Proor. Since any two solutions of the equation (f,M) with the same
asymptotic behavior coincide with each other, the assertion above is clear.
q.e.d.

The most typical example of this corollary is as follows.

ExampLE 4.3. Let g be a (non-standard) rotationally symmetric metric on
S" with A1(Ls) >0, p a central point of the symmetry. Let (M,g):=
(S"\{r}, dlsm(})- If a nonpositive smooth function f on M satisfies / ~ —r}, near
p for a number / > 2, and is rotationally symmetric, then any solution u of the
equation (f, M) is also rotationally symmetric.
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5. Solutions with mixed singular behavior

In this section, we construct examples of solutions which are not only
maximal but also asymptotic to no solutions of the equation (0, M). First, we
prepare the following

LeMMA 5.1. Let (M, g) be a Riemannian manifold (n =dim M > 3), and f a
nonpositive smooth function on M.

(1) If uy, and uyy are supersolutions of the equation (f, M), then uiy +uy;
is also a supersolution of the equation (f,M).

(2) If uy_ and uy_ are subsolutions of the equation (f, M), then ui_ + uy_ is
a subsolution of the equation (2'79f, M).

Proor. Note that the following inequality holds.

s+ 1

2171 <
(s+2)?

<1 fors,t>0.

(1) Set uy :=wuyy +ur.. Then we get

q q

Uy i

Lgu+ = Lgul+ + Lgu2+ qulll+ +f"g+ :f ——+~_—+q u-qi— quq+,
(w14 +u2)

namely, u, is a supersolution of the equation (f,M).
(2) Set u_ :=wu;_ +up_. Then we get

q q

U _+u
Lo =L+ Loy < ful +fulf =f =244 <214 ud |
g 9 g Jui_ +fuy f(u1A+u2_) 'fi
namely, u_ is a subsolution of the equation (2'79f,M). q.e.d.

Now, we observe the case when X consists of a finite number of points.

PROPOSITION 5.2. Let (M,j) be a compact Riemannian manifold (n =
dim M > 3) with A,(L;) >0, Z a set {p1,...,px} of a finite number of points in
M, and (M,g) := (M\Z,§|j,5). Set Gx(x) := ** | G(pi, x), where G is the Green
Sunction of Lj;. Let f be a nonpositive smooth function on M. If f satisfies
—Crl, < f < 0 near X for a positive constant C and a number | > 2, then, for any
Y= (V1,17 € (0,+oo]k, the equation (f, M) possesses a solution u, such that
uy(x)/Gy(x) — y; as x — p; for any i =1,...,k and the metric ul™'g is complete.
Namely, there are complete conformal metrics on M with scalar curvature f which
are parametrized by (0,+oo]k.
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ProoF. When ye (0,+oo)k or y=(+400,...,400), the existence follows
from [9, Theorems IV and V]

When some 7,’s are finite and the others are 400, we may assume 7y; < +00
for i<k’ and y,=+o0 for i>k'+1 without loss of generality. Set Z; :=
{p1,...,pe} and 2y := {pry1,.-., P}

Let fi+ be nonpositive smooth functions on M\X; such that fi, > f = fi-
on M and fi. =f near ¥;, and u;4 (resp. u;_) the solution of the equation
(fir, M\Zy) (resp. (27°lfi_, M\X,)) satisfying lim,_,, (u1+(x)/Gz,(x)) =v; for
any i = 1,...,k". Then, by the same way as in the proof of [9, Lemma 2.2}, we
have u;; > u-.

Let f,+ be nonpositive smooth functions on M\Z; such that oy >f > foo
on M and fr+ =f near X, and U, (resp. U,_) the maximal solution of the
equation (fo4+, M\X,) (tesp. (2971 ,-, M\Z,)). Then, by [9, Proposition 2.3 (1)],
we have Uy = Up_.

Note here that both u;, and U, are supersolutions of the equation (f, M),
and that both u,_ and U,_ are subsolutions of the equation (297!f, M). Set
uy = uj+ + Ups. Then clearly uy > u_ > 0 and , by Lemma 5.1, u; (resp. u_) is
also a supersolution (resp. subsolution) of the equation (f, ). Therefore the
equation (f, M) possesses a solution u satisfying u, >u > u_. Now, since

ue(x) _mz(x) Gy, (x) + Uzx(x)
Gz(x) Gy (x) Gy (x)+Gg(x)  Gx(x)

-9, x1+0=y asx—p;

for any i=1,...,k, and

u() _m-(®) V() Gu()
GE G | Gn() " o) + G (x)

—0+0ox1=400 asx-—p;

forany i=k'+1,...,k, we have u(x)/Gs(x) —» y;as x - p; forany i=1,...,k.
g.e.d.

Since any solution of the equation (0, M) coincides with Tk 9,G(pi, x) for
some (yy,..-,%) € [0, +00)*\{(0,...,0)}, if at least one of y’s is +c0, then the
solution u, given in the proof above does not behave asymptotically to any
solution of the equation (0, M).

Next, we consider solutions of the equation (f,M) which do not give
complete metrics.
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ExaMPLE 5.3. Let (M,7) be a compact Riemannian manifold (n=
dimM >3) with 4;(L;) >0, £ a compact submanifold ((n—2)/2<d=
dimX <n-2), and (M,g) = (A_J\E,glmz). Let f be a nonpositive smooth
function on M satisfying f ~ —1 near Z. Let £ be a compact submanifold of
Z((n—2)/2 < d' = dim%' < d). Then the equation (f, M) possesses a solution u
such that

u(x)
Gy(x)
u(x)

Gx

— 400 asx — %

(x) > 1 as x — Z\B,(X') foranye > 0,

where Gz and Gy are as in the proof of Theorem 2.

Indeed, let f1 be a nonpositive smooth function on M such that f, > f > f_
on M and f. <0 near Z. Let ;. (resp. u;—) be a solution of the equation
(f+, M) (resp. (2971f_, M)) satisfying lim,_5(u(x)/Gz(x)) = 1 which is given e.g.
by combining Delanoé¢ [6, Theorem 5] and the proof of [9, Theorem V], and
Upy (resp. U,.) the maximal solution of the equation (f,,M\Z') (resp.
(27-1f_  M\Z')). Then, by the same consideration as in the proof of Proposition
5.2, we get a solution u of the equation (f, M) with the desired property.

In particular, if » is asymptotic to a solution ¢ of (0,M), then
9(x)/ Gy (x) — 400 as x — Z'. Therefore, by the maximal principle, ¢ > yGy for
any y >0, namely ¢ = +oo. Hence there are no such ¢, namely, u does
not behave asymptotically to any solution of the equation (0, M). This solution
is, of course, of essentially different type from the solutions constructed by Finn-
McOwen [7, Section 6], since each of them is asymptotic to a solution
yGz + 7' Gy of (0, M) for some y and 7.

Repeating the same process as the proof above, we can construct solutions
with more complicated behavior. Consequently, for generic (M,g)=
(M\Z, g ) and f, the space of solutions of the equation (f,M) has more
complicated structure than that of (f, M\{p}).

6. The case f has a compact support

In the last section of this paper, we consider the structure of the space of
solutions of the equation (f, M) satisfying lim,_su(x) = +oo in the case when f
has a compact support. The following result are partially observed in [9, Section
4]. Here, we state it precisely with an outline of the proof.
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THEOREM 6.1. Let (M,j§) be a compact Riemannian manifold (n=
dim M > 3) with 1(L;) >0, £ a compact submanifold (d = dimE < n — 2), and
(M,g) = (M\Z,g| i\z)- Let [ be a nonpositive smooth function on M. If the
support of f is compact, then the space of solutions of the equation (f,M)
satisfying lim,_su(x) = 400 is parametrized naturally by that of (0, M).

Proor. Denote the space of solutions of the equation (f, M) (resp. (0, M))
satisfying lim,_,zu(x) = +oo by #; (resp. #,). For any ¢ € .4, if there exists a
solution u € My satisfying lim, 5 (u(x)/p(x)) = 1, then write F;(¢) = u. Now,
we show that the map %, : #y — #; is well-defined and bijective.

Since f =0 near Z, it is clear that, for any ¢ e .#,,

Ox) = | GLxn)If 0o dy

is a positive smooth function on M and satisfies L;®, = |flp?. Set
B := (2 sup;(®,/9)) " and define functions uy on M by

Uyt =99, Uy = y(p — fO,).

Then u,; >u,_ >0 and it can be easily checked that, for any 0 <y < /(41
uy+ (resp. u,-) is a supersolution (resp. subsolution) of the equation (f, M) (see
the proof of [10, Theorem 2']). Hence, by the method of supersolutions and
subsolutions, the equation (f,M) possesses a solution u, satisfying wu, >
uy > u,—. In particular, since p(x) — 40 as x — Z and @, is bounded, u, satisfies
lim,_,5(24,(x)/9(x)) = y. Now, by the same way as in the proof of [9, Theorem V]
(see also the proof of Lemma 3.1 of this paper), we can show that y can take an
arbitrarily positive value. Set u := u;. Then u is a solution of the equation (f, M)
satisfying lim,_z(#(x)/@(x)) = 1. In particular, u € /.

For any ge #,, set §:=¢'g. Then u= F,(yp) satisfies —a,A4(u/p) =
f(u/9)? on M. Therefore, the uniqueness of #/(p) is established by the same
method as in Cheng-Ni [S5, Theorem 3.1], and hence the map Fr is well-defined.
Moreover, if F¢(¢) = F¢(p) for some ¢ e Mo, then we get Aj(¢/p) =0 on M
and lim,_5(¢(x)/¢(x)) = 1. Therefore the injectivity of %, also follows from the
maximal principle, and we have only to show the surjectivity.

For any ue 4y, set

@, (x) = jﬁ G(x, )| 3) u() dy.
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Then @, is a positive smooth function on M and satisfies L;®, = |f[u’.
Set p:=u+®, Then ¢ is a solution of the equation (0, M) satisfying
lim,_z(u(x)/p(x)) = 1, namely, p € 4o and Fr(p) = u. q.e.d.

Even if d=n—1 or T is not a submanifold, the proof above is valid.
However both .#, and .#; are empty in the case when d =n—1 and some
other cases.
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