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A SMALL EXAMPLE OF NON-LOCAL OPERATORS

HAVING NO TRANSMISSION PROPERTY

By

Yasushi Ishikawa

Abstract. We give an example of non-localpseudo-differentialop-

eratorswhich do not have the transmissionproperty.The symbol of

thisoperator is given by the composition of a complete Bernstein

functionby a quadraticform. The studyis motivated by the bound-

ary problem of non-local operators.

Introduction

In connection with the theory of classical Markov processes and potential

theory, the subordination operation of processes appears naturally in the theory

of convolution semigroups (cf. e.g. [1], [20]). For example, the semigroup sub-

ordinated to a 1-dimensional Brownian semigroup /it by means of a one-sided

stable semigroup v" of index a e (0,1) is a symmetric stable semigroup of index

2a : a, ― Jox /isdv*(s) ([1], (9.23)-5)). In terms of "symbols" of generators for the

semigroups, the above subordination operation corresponds to the composition

a = / o [j/0 of the Bernstein function /(£) = £a with the continuous negative de-

finite function iAo(y) = cy1- (That is, (o"tu) = e~~tau,where ~denotes the Fourier

transformation.) Here a is again a continuous negative definite function (cf. [1]

(9.20)).

On the other hand, the transmission property of a linear oprator P on Rd with

respect to the boundary Rd~l means that P is continuous C^{R^) -> Ccc(if^),

u i-> (Pu)＼Rd, where u is the extension of u to Rd by 0 outside R+. Here and in the

sequel C'Xj{R<l) denotes the space of functions in C00^^) having continuous ex-

tensions (including derivatives of all orders) to the closure Rd of Rd and C^(Rd)
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denotes the space of functions in Ccc(R'l) having compact supports in the relative

topology.

The property of transmission appears naturally in various boundary value

problems, such as the existence of the Feller semigroup in a bounded domain with

boundary conditions. For example, the existence of the "sectional trace" Pu＼dD of

Pu (where P denotes the infinitesimal generator of the semigroup, which appears

to be an integro-differentialoperator of second order) on the boundary dD plays

an important role in constructing the Feller semigroup in D = R^ (cf.[6] Theorem

(4.6) and Introduction p. 548, [13] Section 1, [21] p. 22, see also pp. 5-10). Here

the transmission property of P with respect to the boundary (from inside) is nat-

urally assumed.

However, it is known that the pseudo-differential operator o(D) induced by

the above negative definite symbol a (i.e.,

a(D)u(x) =
f

eix-y<j{y)u{y)dy, o = fo^,

JRd

dy = (l/2n)d dy) does not satisfy this property in general (see [12] for the ex-

amples). This suggests in particular that we should restrict the types of symbols

of infinitesimal generators so that the boundary condition is well defined in con-

structing the Feller semigroup. A more precise study is done in [19] on the rela-

tion between the regularity of the function related with the infinitesimal generator

at xq e D near the boundary 3D, and the number of such jumps of underlying

process that have the directions of exiting D from xq.

The aim of this note is to give an (counter-) example of a certain type of

general negative definite symbols for which the corresponding pseudo-differential

operator, although it has a proper probabilistic meaning, does not satisfy the

transmission property. Namely, we will show that the variable-coefficient pseudo-

differential operator a(x,D) having the symbol a(x,y), which is the composition

of a general continuous negative definite function ij/{x,y) of quadratic type with a

complete Bernstein function /(£), does not have the transmission property (The-

orems 2.3 and 3.3). Although it is suspected that most non-local operators may not

have the transmission property in general, this result may provide a small but concrete

example of such operators.

The motivation for our study is the close relation between the transmission

property and the operators induced by general negative definite functions which

generate Feller semigroups under boundary conditions (cf. [3], [14]; see also [2]-

Introduction for a probabilistic interpretation). That is, the transmission property

of the operator a(x, D) to some direction is related to the (micro-) analyticity of
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the symbol y h->･a(x, y) to the corresponding direction. This relationis studied in

a simple case in [12]. Our result should be interesting since (1) according to Ph.

Courrege [7],the generator of a Feller semigroup is a pseudo-differential operator

g(x,D) for which the symbol o(x,£) is a general negative definitesymbol, and

since (2) as we have noticed above, the subordination operation appears quite

naturally in the theory of Markov processes (cf. e.g.,[15]).
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1. Preliminaries

A function i/j: Rd ―>･C is said to be negative definite if for all n e N and

all (/,...,y") eRdx ■■■xRd, matrix (^{y^ + ifriy^-il/iy'-yj)) is positive Her-

mitian, where ＼J/(y)denotes the complex conjugate of i//(y).We call a function

if/: Rd x Rd ―>■C a general negative definite function if it is continuous and for

each x the function y i―>･il/(x,y) is negative definite. For example, the "symbol" of

a differential operator of uniformly elliptic type on Rd : J2?j=i aiJ{x)DjDj where

aij e Cx'(Rd), is a general negative definite function iko{x,y) = ^fj=laiJ(x)yiyj.

A Cx-function / : (0, oo) ―>■R is said to be a Bernstein function if / > 0 and

(―＼)pDpf > 0 for all integers p > 1. A Bernstein function /(£) has a (canonical)

integral representation

/(O = a + ^-j
X{e-*-'-＼)dn(s)

o

where a,b>0 and dpi is a positive measure satisfying§^ s/(l + s) dju(s)< 00.

(cf.[1] (9.8)).A Bernstein function / is said to be a complete Bernstein function

if the measure n above is absolutely continuous with respect to Lebesgue measure

on (0, oo). We assume furtherit is non-degenerate, that is, for some no e N and

C>0,

(1.1) dju{s)>C "" on (0,+co)

where ds denotes the Lebesgue measure on (0,+00).

For a given complete Bernstein function, we can make a composition of /

with the quadratic form ＼J/Qabove, which we write by a : a(x, y) = (f oil/n)(x,y).
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This again consitutes a (continous) general negative definitefunction ([1](9.20)).

The symbol o(x,y) induces the pseudo-differential operator a(x,D) on C^(Rd)

(and on Sf'{Rd＼＼bv

a(x, D)u
I

eix^a(x,y)u(y) dy

= (2n)-d>2＼ e^a(x,y)u(y)dy

JRd

(cf. [14] Theorem 1.2, [15] Section 4).

In effect, <r(x,y) ― f o !^0(x, y) is in the symbolclass S＼
0
of pseudo-differential

ooerators if f satisfies

(1.2)
/(t+"M

<
Jt+1

s
s>Q

for A:= 0,1,2, Here the condition (1.2) holds for all complete Bernstein

functions. For the reference on these facts, see [15] Lemma 2.10.

We begin with the case d ― 1 (with the variable x = Xd for the interpretation

after).For this purpose we state below a general theory shortly, and introduce (a

kind of) Hardy spaces of symbols due to [4].

Let H be the vector space of all complex valued functions f(t) on J?＼{0}

which are C00 and have a regular pole at infinity.That is, the extension of / (to

C). also denoted bv /＼satisfiesthat

(1.3) (z+lVf
(} 1 -z

1+z

)

is a C00 function on the unit circle ＼z＼= 1 for some integer p. (Note that t =

(1 ―z)/(l +z) is a linear transformation on C.)

The space H can be interpreted as the space of C00 functions f{t) with the

property: there exist some p e Z and complex numbers sp,sp_＼,...,such that for

all indices k. I and n e N it holds that

8'

, '7(0 -

is 0{＼t＼p-N-l+k-')as |/|-^ +00.

We put //■_!={feH; (1.3) holds withp = -l}. Let H+{ {resp.Hzt) be the

subspace of H_＼ consistingof those which can be extended analyticallyto the

lower (upper) half plane and vanish at infinity.Then H is the directsum

H = H+l + H~_x+ C[t]
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where C[t] is the space of polynomials in t(cf.[9] Proposition 2.2.2).We denote

H+ = H+l + C[t], H-=HZl + C[i＼.

Then the above sum may also be written as

H = H++H~, H+DH- = C[t}.

Further we have a characterization of the space H+ (resp. H~):

Proposition 1.1 (Boutet de Monvel [4] (1.9)). H+ (resp. H ) is the space of

Fourier transforms of functions cp(x) which vanish for x < 0 (resp. x > 0) and are

in CCO(R+) (resp. CCC(R-)), rapidly decreasing at infinity for x>0 (resp. rapidly

decreasing at infinity for x < 0). That is, every derivative tends to zero at infinity

faster than any power of x and has a limit when x ―> +0 (resp. x ―>･―0). Here we

put R+ = (0, oo) and R_ = (-oo,0).

We remark here that the space C[t] corresponds, through the inverse Fourier

transform, to "polynomials" YL ck^ where S^ ―D^S. That is, a (sub-) space of

distributions supported on {0}.

For 1-dimensional operator a(x,D) associated to the symbol er(.x,y) e S
0,

we

always have the decomposition

(1.4) a{x,D)=<7O{x,D) + {(T-ao){x,D)

where a is properly supported and a ―gq has a Cx distribution kernel ([17]

Chapter 3. (1.4)).Hence we have only to treat those symbols which correspond

to properly supported operators modulo C00-functions.

Let a(x, y) be the symbol of a pseudo-differential operator cr(x,D) which

is properly supported. The support of yi―>･a(x, y) can be decomposed into a

locally finitesum: supp o ―＼J;eAEh each E-A is compact in R. Regarding a

as a hyperfunction, we can decompose a as a = ^-6AUi where supp c^ c Ex

(cf. [16] Lemma 1.4.4).To verify the transmission property of a(x,D), we can

assume that each symbol c(x, y) has a compact support with respect to y

(and hence it vanishes at infinity).This is because the operator a = Yl,xRa has

the transmission property if and only if all o^'s have the transmission prop-

erty (cf. [12]). This means, in view of (1.5)' of [4], we may assume the

symbol y *―>■o{x, y) e H can be decomposed as a(x, y) = h+a(x, y) + h~a(x,y),

where h+a(x, y) = limE^o+(-l/2ni)j^(a(x, /)/(/-y + /e))dy' and h~~o(x,y)=

limE^o+(l/2ni)f^(a(x,y')/{y'-y-iE))dy', with h+oeH+, h~aeH- for each

x. We have the following
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Lemma 1.2. Let x e R. If y ＼-+d(x,y) is in H+ {resp. H ) then the distri-

bution kernel g(x, y) of d(x,D) vanishesfor y < x {resp. y > x) and is in CX1(R+)

(resp. in CCC(R-)) rapidly decreasing at infinityfor y > x (resp. y < x); and the

converse holds.

Proof. This lemma follows from Proposition 1.1 in view of

(1.5) g(x,y) = eiy'ya(x,y)dy

and the shifty ― y - x. That is, we have

(1.6) d(x,D)f(x) =

We write above as

(1.7)

II

II

ei{x-y>)-yd{x,y)f{yf)dyfdy

ei{x-yl)-ya{x,y)dyf{y')dy'.

&(x,D)f(x) =
＼g(x,x-yl)f(yr)dyl

We put z = ―y'. Then by Proposition 1.1 z t-> g(0,z) vanishes for z < 0, and

is C°°(/?+)rapidly decreasing at infinity for z>0. The shift in y' by * (y' ―>y'―x)

corresponds to ―yf―>x―y' = x + z. Hence x ―y'=y>-^g(x,y)=g(x,x ―y') van-

ishes for v < x and is C^Uy > x}) rapidly decreasing at infinity for y > x and

has a limit as y ―≫･x + 0.

2. Case d = 1

q.e.d.

In what follows in this section we shall confine ourselves to those symbols

cr(x,y) which can be written as (j(x,y) = (/o ＼l/0)(x,y), where ＼j/0(x,y)― c(x)y2,

c(x) e C(X>(R), c(x) > 0, c(x) is bounded including derivatives of all orders, and /

is a complete Bernstein function on (0,+00). That is, a has an expression

(2.1) (e-≪x≫ ■'- I) dfi(s)

o

with a,b,d/j,(s)satisfying conditions in Section 1. It follows by an elementary

calculation that for each xy i―>a(x, y) e Sf 0.

Let Y = R+ or Y = /?_. For a real valed function aeC°°(7) we put u as

m = u in y and u ― 0 outside of F. We remark that we write the extension for

real u as above as Ions as there is no fear of confusion with its complex con-
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jugate.On the other hand, we denote by the same / the complex extensionof /

when / representsa Bernsteinfunction.

We define the operator PY on C^(Y) by PYu = Pu＼Y.

Definition 2.1. We say that the transmission property to the left{to the right)

with respect to the origin holds for P if Py is continuous C^(R+) ― CCO(R+) (resp.

C?(R-)-*C°(R-)).

Remark. Our definition transmission property to the left{to the right) may

not coincides with the widely used ones such as transmission property with respect

to the boundary or two-sided transmission property (cf.[4]).However, in connec-

tion with the underlying jump process related to the symbol /, our terminology

may well illustratesthe direction of jumps at the boundary. Our definition coin-

cides with that in the former [12].

In view of the expressions (cf. (1.6),(1.7))

(2.2) a(x, D)u{x) =
|

u{y')g(x, x - /) dy',

we have from Lemma 1.2 and (1.4) the following

Proposition 2.2. Let a(x,D) be the pseudo-differencial operator with the

symbol a(x, y) given by (2.1). Then for all i e Na^(x, y) e H+ (resp. H~) in a right

neighborhood of x = 0 in R- {resp. in a left neighborhood of x = 0 in R+) if and

only if a(x, D) satisfies the transmission property to the left {to the right) with re-

spect to the origin. Here a^{x,y) = Dlxa{x,y).

Proof. By Green's formula (cf. [9] (2.2.38), (2.2.39))

(2.3)

hence

(2.4) Dovu

Du = (Dm) - iu(O)S

[D{au)]＼Y = [o'u + <jDu]＼y

= Wlu]＼Y+ [<T((Du))]＼y-i((a6)＼Y)-u{0)

= g'yu + aY{Du) - i(g(-,-))|Y ■M(°)-

where a' ―Dxa. Last equality follows from a{x',D)S(x) =$d(y')g(x',x ―y') dy' ―

g(x',x) In the sense of distributions.
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For the heiger order derivatives we have by the successive use of (2.3),

Dku =

Hence we can calculate

(2.5)

Here

Dk{aYu) =

(Dku)-i Yl (^"/"1≪)(0)D/^

0<l<k-l

((Dka)u)＼Y =

5lO

7=0

＼

)(/>>)(/>

(D'a)(Dk-'u) - i

x (DV)(D

,k-i

x U) Y

i=0 ＼ ' /

£
0

0</<Ar―/―1 ^ /

k-i-l-l

X

Y

i=0 0</<A--/―1 ^ /

x(/)>){(Z)*-w-1M)(O)Z)^}|y

(DfriD'Mx) =
JDlS(y')gR(x,x-y')dy'

=
＼d{y')DlygR{x,x-y')

dy' = Z>yW)

where we put gw(x, ･)= ^ l[(D'xa)(x,y)](x,-)and Dyg means the derivativeof

g(-,-―y) with respectto y. Hence R.H.S. of (2.5)=

Hi) (/>i<j)y(z)*-'tt)-i
kE

0</</t-/-l

Further we have in the first term above

0 )Dy)(-,.)-(Z)*-/-/-1≪)(O)

(2.6) (DfryiDX-'uKx) =
＼{Dk-iu){y')gR{x,x-y')

dy'＼Y.

We choose Y ― R- below for simplicity. If for all i e N y ＼―>o-(,-)(x,y) e H+,

then by Lemma 1.2 and (2.6) we have (K^^Jm g C°°(I_) for all kg Q°(J?_).
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Since each g^l＼x,y) is C00 outside of the diagonal set {x = y} (pseudo-local

property), this implies that {aR_)u is in CX(R-) for all ueC^(R-) if DlygR(., -)＼R_

is in C°°(j?_)for all /,/ = 0,..., k＼k = 1,2,.... By Lemma 1.2 this holds if y ^

(7(,)(x, y) g i/+ for all / = 0,1,2,

On the other hand, if for some i e N y ^ <r^(x, y) $ H+, then by Lemma 1.2

the corresponding g^(x,x― ･) does not satisfy the property to be in CCC(R^).

Then, in (2.6), we can find u e CCX){R-) which is ra-flat form<k-i but is not

(k ― z)-flatin a (relatively closed) left neighborhood of y' = 0. [Here we say v is

m-flat at j' if D;'u(^/) = 0 for all y with j < m.] By Lemma 1.5.2 of [18] we

can approximate u by ueCcc(R-) up to the (k ―i ― l)-norm in a (relatively

closed) left neighborhood of y' = 0. Since fce TV is arbitrary, for some u e

C(f(.JL), (<jr_)u is not in Ccc(^_) by the above decomposition. This concludes

the assertion.

Now we state our main result.

q.e.d.

Theorem 2.3. The pseudo-differential operator a(x,D) having the symbol

a(x,y) = (f °ifro){x,y)given by (2.1), such that d/n ^ 0 and f satisfy(1.1), does

not have the transmission property to either side with respect to the origin.

Proof. Recall the canonical representation of /

/(O = fl+ ^-j

We assume dju^ 0 and

(2.7)

0

d/i(s)> C
ds

(TTTr

on (0,+00).

It is well known (cf.[1] (9.12)) that the Bernstein function /(£) has the ca-

nonical holomorphic extension to the open half plane Re £> 0, which we denote

by the same /, such that

(2.8) /(f + ≫/)e0{f >0}.

(Further /(£+ irf)e C{£ > 0} if and only iflim^o/(･*) < 00.) However we have

by (2.7) that for all e > 0

/(£+ ≪7)*0{f >-e}.
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Writing a{x, y)=a + bc{x)y2 - ^{e~c^2-s - 1) dfi{s) ((2.1)) and putting y =

y{ + iy2, we have

(2.9)

(00

o

and we find by (2.8), (2.7) that y i― o(x, y) has a holomorphic extension to

b＼ + '>2;y? > yl}> but not to (yi + %; (! + e)2)'?^ y|} for any e > °-

Hence a(x, y) belongs neither to H+ nor to H~ properly in a left or

right neighborhood of x = 0 in Y respectively.This means yi― a(x, y) contains

both components of H+x and HZ＼ in a left or right neighborhood of jc = 0 in

Y. By Proposition 2.2, a(x,D) does not have the transmission property to either

side.

3. General Case

q.e.d.

Let X = Rd, Y = Rd+ = {xeRd;xd>0} (resp. Y = Rd_ = {x e Rd;xd < 0}).

For u e C°°(F), we put u similarly as in Section 2: u = u in Y and u ― 0 outside

of F. Let P be a pseudo-diflferential operator on Y. We put Pybyi>yM = P'M|:r.

We denote the space Rd = Rd~l x i?, and accordingly we write x = (x',x^) and

y = (/,/)･

Definition 3.1. JFe 5^7 f/?a? ?Ae transmission property with respect to Y for

P holds for Y if PY is continuous Cf(Y) -> C00^)

Let <t(x,D) be the pseudo-diflferential operator on X with the symbol a(x, y) e

Sfo given by the formula above (1.2). We consider the partial distribution kernel

(partial Fourier inversion) ^,~_^ <t(jc,y) = {＼/2n)＼ eiydyda(x,y) dyd. That is, we de-

compose a(x,D)u(x) as follows:

a(x,D)u(x) =
Ue^x-yl)-va{x,y)u(y')

dy'(i/2n)ddy

hd-

)
ei(x＼-y[,...,xd-＼-y'd_x)-(yl,...,yd^)

-{I!

!,L

] - -

ei{x"-yd)-yda(x,y) dy'ddydu(yu.. .,yd-i,yd) > M ■■■dy'd_xdyx■--dyd_x

ei{xx-y'v...,xd^-y'd_{)-(y{,...,yd_x)

'^-^･^(x,y)4 u(yi,...,yd) dy＼---dy'ddyx ■■■dyd_l
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We may write {･ ･･} as a kernel g(x,Xd ―y'd;yx,...,Jd-i)-This gives the par-

tial distribution kernel

Py'lyA** y) =} e/J*M*, y) dyd

as a function of variables x＼,...,Xd, 7i,･･･,Jd~＼&n& yd-

In effect,we can reduce the case with the help of following general result

to the situation in one-variable yd with constant coefficientwith respect to xj-

direction.

Proposition 3.2 (Grubb and Hormander [8],Theorem 1.6 (i),(v)). Let

a(x,y) 6 S
0, me R. The following two conditionsare equivalent:

(a) <r(x,D) has the transmissionproperty with respect to Y

(b) For all a'e A^"1 and fideN

(3.1)

Here a = (≪,,...,aj-u0) 6 A"*, jS = (0,...,0,/?rf) A"*.

Hence by Lemma 1.2,we have only to see if,for each x' e Rd l, the function

yd h^ a(x',0,Q,yd) is not in H+ iresp. H~). Here we have our main

Theorem 3.3. Given a complete Bernstein function

m) = a+H-

(00

o

and a quadratic form ifjQ(x,y)= ^y ■ja^(x)y;7y, we assume that (1.1) holds with

some dfi ^ 0, and that aiJe Ccc(Rd), ay are bounded including derivativesof all

orders, aiJ = ajl, and (a'-'(x))> cl for some c > 0. Then the pseudo-differential

operator o(x,D) having the symbol cr(x,y) = (/o i^0)(x,y) has the transmission

property with respect neither to JC nor to R_.

Proof. Let Y = R^ or Rt. The composition a

(3.2) a(x, y) = a +*E

J

aiJ＼x)yiyj -

r

Jo

/ o ＼]/0reads

(e-s-l,j<<iJ(x)YiYj_ !) djU^

Then we see a(x, y) e S20. Observe that, writing yd = yd + idd

a(x＼ 0,0,yd)=a + b{add(x', 0)(y2d- S2d)+ 2iadd(x＼Q)ydSd}

I
(exp[-j ･{add{x＼ 0)(y2d - S2d) + 2iadd(x', 0)yd5d}} - 1) dp(s)
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The non-degeneracy condition for the hermitian matrix (aij) assures add > 0,

hence again (as in Theorem 2.3) we observe a(x',0,0, yd) has a holomorphic

extension only to {yd + iSd;yd > Sd] for each x' 6 Rd~l.

For each x' e Rd~l, a(x',0,0,yd) belongs to H, and neither to H+ nor to H~

properly, hence a(x,D) does not have the transmission property with respect to Y

by Propositions 2.3 and 3.2 ((b) is violated). q.e.d.
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