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ON A LOCAL ENERGY DECAY OF SOLUTIONS FOR THE
EQUATIONS OF MOTION OF COMPRESSIBLE VISCOUS
AND HEAT-CONDUCTIVE GASES IN AN
EXTERIOR DOMAIN IN R3

By

Takayuki KOBAYASHI

Abstract. We consider the equations of motion of compressible
viscous and heat-conductive gases in an exterior domain in R?. We
prove the local energy decay of solutions to the linearized evolution
problem in L, framework.

§0. Introduction

Let Q be an exterior domain in R® with compact smooth boundary 6Q. The
motion of a compressible viscous and heat-conductive fluid is described by the
following system

p+(v-V)p+p-divek=0 in [0, 0) x Q,
!

v,+(v-V)v:E-Av+'u+—'u-V(divv)—m in [0, 0) x Q,

p p p

0-0pP

01 6+ vg+2%P Givyo Kk agr X in [0,0) x Q,
. p.c p.c

Vs ="y =0, Olpo=16|,=6 on [0, 00) x 0Q,
(pa Vv, 0)(07 x) = (p()v V(),e())(X) in Q7

where p is the density, v = (v,v2,v3) the velocity, 6 the absolute temperature,
P = P(p, 0) the pressure, u and ' the viscosity coefficients, k the coefficient of the
heat conduction, ¢ the heat capacity at constant volume and ¥ is the dissipation
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function:
Y= ’5‘ (Biv; + j00)” + 4 (8y9))™.

The existence theorems of unique solution local in time for the system (0.1)
were obtained by Nash [15], Itaya [7,8] for the initial value problem, and by
Tani [22] for the initial boundary value problem. On the other hand the
existence theorem of global solution in time for the system (0.1) were obtained
by Matsumura and Nishida [12,13], Ponce [17] for the initial value problem,
and by Matsumura and Nishida [14] for the initial boundary value problem in
L,-framework for sufficiently small initial data. Also Stréhmer [21] proved the
global in time existence theorem for small initial data in a bounded domain in
L,-framework. In particular, Matsumura and Nishida [14] showed that this
solution approaches the stationary state as ¢ — o, and also Deckelnick [3,4]
gave some estimates for the dacay rate in an exterior domain. But this decay
rate is weaker than that of Matsumura and Nishida [12] and Ponce [17] in
Cauchy problem.

In this paper, we shall give the local energy decay of solutions for the
linearlized equations of nonlinear problem (0.1). Although this system has a
hyperbolic part that is the density p, these solutions have the same decay rate as
well-known results of the local energy decay of some parabolic equations, for
example Stokes operator and Oseen operator. (cf. Iwashita [9], Kobayashi and
Shibata [11], Iwashita and Shibata [10] and Shibata [18].) In particular, this
decay rate corresponds to that of Matsumura and Nishida [12] and Ponce [17].

Now, we introduce the linearized equations for the system (0.1) below.

p+ydivy=fi in [0, ) x ,
v, — oAv — BV(divv) + yVp+ @Vl = f, in [0, 0) x Q,

(0.2) 0, — kA0 + wdivy =f3 in [0, 00) x Q,
Vo =V =0, 0sg =0, =0 on [0, 0) x 0,
(pa v, 0)(07 x) = (po,V(),Ho)(X) in Qa

where «,7,x,w are positive numbers and § is a nonnegative number.

System (0.2) was given by Matsumura and Nishida [12] and Ponce [17].
They seek solutions for the system (0.1) in a neighborhood of a constant state
(p,v,0) = (§y,0,00) where p,,00 are positive constants under the following
assumptions:
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(1) u, i are constants x>0 and §u+,u’ > 0.

(2) ¢,k are positive constants.

(3) P is a known function of p,f, smooth in a neighborhood of (5, 8)
where Q 6_P >
dp’ 00

Note that the assumption (1) is stronger than ours because they also study
the Neumann boundary condition.

In equations (0.1), put o = (u/py), B = (u+ )/po, v = {(8P/3p) Py, 00)}"'*,
k= (k/cp,) and put o = (1/p,)- (8P/36)(Py,00){00/c}'*>. Then using the
notation (p, v,6) for the vector (1/5,){(0P/3p)(B,,00)}*p, v, {c/8}'/%6), we can
obtain the equations (0.2).

Concerning the linearized equations (0.2), Matsumura and Nishida [12] gave
the spectral analysis and energy estimates of solutions in L,-sense and Ponce
{17] the L, — L, estimates for solutions in R3, respectively. Stréhmer [20]
showed that the operator —A4 generates an analytic semigroup in a bounded

0.

domain. But the results for the case of an exterior domin were not known.
Therefore we shall start with a result for the case of an exterior domain.
Our main results are the following. Let 1 < g < o0, m be an integer and set

XMQ) = {Tuue W (Q) x WIQ) x WIQ)}, X (Q) = X)(Q),

where Tu means the transposed u. Define the 5 x 5 matrix operator 4 by the
relation:

0 ydiv 0
(0.3) A=W —oA-pVdiv oV |,

0 wdiv —kA

with the domain:
9(A) = {Twyu = {p,v,0} e W, (Q) x W3(Q) x W}(Q),

Let P be projection from 2(4) into {7 {v,8};{v,6} € W;(Q) X W;(Q),v|ag =0,
0,0 =0o0n dQ} and p(—4) be the resolvent set of the operator —A4. Then

THEOREM A. Let 1 < g < co. Then —A is a closed linear operator in X,(Q)
and

(0.4) p(-A) > ={ieC;CRel + (Im A)* > 0},
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where C is a constant depending only on a,B,y,x and w. Moreover, the following
properties are valid. There exist positive constants Ay and 6 < (n/2) such that

1] 11(4 +A)_1f||xq(g) +|1P(A+A)" fllag0 < Clho,6,m)||fllx, )
for any A—Joe > s={A€C;larg A| <m—3J} and any f € X, (Q).

Theorem A means that —A generates an analytic semigroup e~ on X,(Q).
Then let B, = {x € R; |x| < b}, Q) = QN B, and setting

(0.5)
Y,5(Q) = {u =T{p,v,0} € X;,(Q); u(x)=0forxe R3\Bb,J p(x)dx = 0},
Qp
we have

TueoreM B (local energy decay). Let 1 < g < oo and let by be a fixed
number such that By, > R3\Q. Suppose that b > bo,u = T{p,v,0} € Y, ,(Q). Then
the following estimates are valid: for M >0 integer, ue Y 4(Q) and t >0

(0.6) ||afwefm"||x,,(nb) + ”afueszquq’Qb < C(g, b, M)l_3/2_M||”||Xq(Q)-

ReMARK. In dealing with the system (0.2), it is natural to introduce
the bace space X,(Q) without the condition [, p(x)dx =0 because the Stokes
formula does not hold in an exterior domain. Hence we shall treat the case
Jo p(x)dx # 0 also. In this case, roughly speaking, since 4 =0 seems to be a
pole in the sence of §1 (1.22), it is difficult to expect the same results in

t4

Theorem B. Therefore, we decompose the semigroup e 4 as the following and

by using Theorem B we have

CoroLLARY C.  Let
(0.7) X,5(Q) = {ue X,(Q);u(x) = 0 for x e R°\By}.

Taking ¢ € Ci° () so that ‘J‘Qb p(x)dx =1, for u="{p,v,0} € X;(Q), we have
the following representation

(08) eitAu = Tl (b7(01 t)ll+ TZ(b7¢1 t)"
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where ¢; (j =1,2,...,5) are unit row vectors in R°, Npu= [, p(x)dx and

T1<b7 o, t)ll = e_tA{u - (NQbu) ’ (081},
0
t
T5(b, 9, )u = (No,u) ¢'ﬁ—VJ e Vo | ds
0
0
Moreover, the following estimates are valid: for M >0 integer, u e X;,(Q) and
t>0

(0.9) 10 T1(b, 9, )l x, o) + 107 PT 1 (B, 9, 1)a 4,
< C(g,b,9, M)t_3/2_M||"||xq(Q)»

(0.10) 107 T2(b, 9, ull () + 16 PT2(b, 0, D)ul, 4,
< Clg,b,0, M) Mlu] . .

The most important part of the proof of our main results is the cutoff
technique in Shibata [18]. In §1, the same resolvent estimates of the operator
—A4 in a bounded domain as in Strohmer [20] are proved. The difference
between ours and Stréhmer [20] are the following:

(i) We shall show that the resolvent set of the operator —A4 contains a
parabolic region,

(i) We do not assume that [, p(x)dx = 0. (see Remark.)

The regularity of resolvent (1 + A)f1 in R3 near / = 0 is investigated in § 2, which
is the essential point of our proof of Theorem B. The proof of Theorem A in §3
and a costruction of a parametrix of the exterior stationary problem in §4 are
done by the method of cutoff technique. And then, with the help of a theorem
concerning the relationship between the regularity of functions and the decay rate
of their Fourier image, which was given by Shibata [18], we prove Theorem B in
§ 5. Since the resolvent set contains a parabolic region, we can not take the same
path of integration for the Laplace tranceform between the resolvent and semi-
group as in Iwashita [9] etc. Hence we shall use the same way as in Kobayashi
and Shibata [11].

Notations. Three dimensional row vector valued functions are denoted with
bold-face letter, for example # = (41, up,u3). As usual, we put

6, =20/0t; 0,=20/0; A=+ +,

o %) A%y A0
ax = 811622633’ &= (0(1,0!2,0(3), |O(| =0y + o + a3;
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omp = (8%p; el = m);  Top = (8%p; o] < m);
divu = 01uy + Oruy + J3us;

Sobolev spaces of vector valued functions are used, as well as of scalar valued
functions. Thus, if D is any domain in R®, we put

l/q 3 1/‘]
||u||q,D=(jD|u(x)lqu) ; ||u|q,D=(Z||uj||z,D) :
=

[ellgp = 155 vllg 5 Nllmgp = 10 #llgp5 () = [ w(x) - v(x) dx.

Ly(D) denotes the usual L, space on D, W;(D) = {u € Ly(D); [|ull,, 4, p < %0}, &’
the set of all tempered distributions on R® and C (D) the set of all functions
of C*(R3?) whose support is contained in D. For function spaces of three
dimensional vector valued functions, we use the bold letters, that is for example,
L,D) = {Lq(D)}3 likewise for W7'(D). To denote various constants, we use the
same letter C and C(4, B,...) means that the constant depends on the qualities
A,B,.... For two Banach spaces X and Y, #(X,Y) denotes the set of all
bounded linear operators from X into ¥ and || - ||5.y,y) means its operator norm.

§1. Stationary problem in a bounded domain

In this section we consider the stationary problem in a bounded domain D
in R?® with smooth boundary 4D;

(1.1a) Ap+y-divy = fi in D,
(1.1b) Av—alAv—pV(divv)+y-Vp+w-VO=f, inD,
(1.1c) A0 —kAG+ @ -divy=f3 in D,
(1.1d) V|pp =0 on éD,
(1.1e) Ol,p=0 on 0D.

here 1 is a complex parameter.

We shall prepare some results to show a unique existence of solutions to
(1.1). The following proposition is concerned the existence theorem of solutions
to the Stokes equations.

PrOPOSITION 1.1 ([2]). Let 1 < g < oo, m be an integer >0 and let D < R?
be a bounded domain with smooth boundary 0D. Then for every f € Wi (D) and
every g € WtH(D) with [}, g(x)dx = 0 there exists a unique u € W7+2(D) which
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together with some p € Wyt (D) satisfies
—Au+Vp=f,divu=gin D,
# = 0on dD.

Here p is unique up to an additive constant. Furthermore, the following estimate is
valid:

“"”m+2,q,D + ”VpHm,q,D < C{“me,q,D + ”g”m+1,q,D}7
where C = C(D,q,¢) is a constant.

The following proposition is well-known as a general Poincaré’s inequality.

PrOPOSITION 1.2 (cf., eg. [5]). Let 1 < g < oo. There exists a constant C > 0
such that the inequality

holds for any u e qu (D). Furthermore, if q # 1, D is bounded and if u e Wq1 (D)
with u=0 on 0D, then we have

il < {19l o+ | [ atoyas

llully,p < ClIVully p-

The next result is well-known as the system of Laplacian with Dirichlet
boundary conditions.

ProPosITION 1.3. Let 1 < g < oo and let D = R be a bounded domain (or
exterior domain) with smooth boundary 0D. Let 0 <6 < (n/2) and x > 0. Then
Sor every A€ ), every f € Ly(D) there exists a unique solution u e WqZ(D) such
that

Au—kAu=finD, wu=0ondD.
Furthermore, the following estimate is valid:
1Al llullg,p + Nlullzgp < Clfllyp,  N#llsgp < COY{NS N1 g0 + llull, n},

where C = C(D, q,0) is a constant.

The following proposition is concerned the existence theorem of solutions to
the elastic equations.
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PROPOSITION 1.4. Let 1 < g < oo and let D = R® be a bounded domain (on
exterior domain) with smooth boundary 0D. Let « be a positive number, 1 be a
complex number such that Re{a+n} > 0. Then there exist positive numbers A
and 6 < (n/2) satisfying the following conditions: For every A— A€ ) s, every
f € Ly(D) there exists a unique u € WqZ(D) such that

(1.2) Au— aAu —nVdive=fin D, u|,, =0onéD.
Furthermore the following estimates is valid:

(13) | lullyp + lallogp < Clfllgps N8l g0 < CO{I N1 g0 + #lg 0},

where C = C(D,q,6, 4, a,%) is a constant.

PRrOOF. Since

e —nE  —p&i& i
(14)  det| —p&é  —offf—nd e | =—(a+n)a?El,
&1 —n&é —alé] -1

(1.2) is the elliptic when Re(x+#) > 0, which means that a priori estimate:

A el g, p + N#ll2g 0 < CUINlgp + llly by Nullsgp < CA{IIF N1 g0 + llullyp )

is valid for A — 4o e 5 5. Taking sufficiently large number o, we have (1.3).
Define the operator 7'(4;7) by the relation:

(L.5) T(A;n)u = Au — aAu — yV diva,

with the domain: 2(T(4;7)) = {ue WfI(D);uIaD =0}. Then, by (1.3) T(4;n) is
densely defined closed operator in L,(D) and the range of T'(4;%) is closed in
L,(D). Since the dual operator of T(4;7) in Ly(D) is T(4;7) in Ly(D) where
(1/p) + (1/q) =1, the closed range theorem means that a unique solution for
(1.2) exists in Ly(D). Combining this with a priori estimate (1.3), the proof is
completed.

Now we will lead to the main theorem in this section. Let 1 < g < oo, m be
an integer and let

(1.6) W@=¥Mﬁﬁuﬁww¢Mﬂ=% Y,(D) = Y(D).
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Define the 5 x 5 matrix operator Ap by the relation:

0 ydiv 0
Ap=| W —aA—-pVdiv oV |,
0 o div —kA

with the domain: 2(4p) = Y,(D) NP (A) i.e, Ap is the maximal restriction to
closed subspace Y,(D). Applying this notation to (1.1), we have

(A+Aplu=f

where u =T{p,v,0} and f =T{fi,/,/3}. Then
THEOREM 1.5. Let 1 < g < co and let D < R} be a bounded domain with
smooth boundary 0D. Then, Ap is a closed linear operator in Y,(D) and
p(—Ap) = {0} UY

where X = {le C;6(y* + @®)ReA+a(ImA)* > 0}. Moreover, the following
properties are valid: There exists a number 0 < < (n/2) such that

(1.7) LI+ 40) " flly, ) + PG+ AD) " Fllz0,0 < C(2:6, D) £l y,0)

Jor any AeZ;U{0} and any f € Y, (Q).

Proor. We shall prepare the following three lemmas to prove this
theorem.

LEMMA 1.6. Let 1<g< oo, and D < R* be a bounded domain or an
exterior domain with smooth boundary 0D. Let A be the operators defined in (0.3)
with Q = D. Then there exist positive numbers Ay and 0 < < (n/2) such that if
ue D(A) satisfies (A+ A)u=f with f € X,(D), then the following estimate is
valid.

|4l l|2ll x,(p) + || Petll g p < (g, 20,8, D) |l x,p)
for A—lgeZs.
PROOF OF LEMMA 1.6. Let w=T{p,v,0} and let £ =T{fi,f5,/3}. Recall

that the equation (41+ 4)u = f means that the equations (1.1) hold. Applying
Propositions 1.3 and 1.4 to the system A — xA and 1 — oA — gVdiv in (1.1), we
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see that there exist positive number 4; and 0 < J; < (n/2) such that
(1.82) 4116ll,5+ 1421611 4,0 + 161l24,0
< C{llfs —wdivvl, p + [10ll,p}

and

(1.8b) AR A 7 [ P P
< C{|lfo = ¥Vp — V0, p + IV, b}

hold for A— A € Z5, with C depending only on ¢,4; and J;. Furthermore it
follows from the equations (1.1a) that

(1.9) 14 oMl 0 < VIVl g0 + IA1llg )
and
(1.10) 1A 1Vpllyp < 7IVll2gp + 1 A1ll1g0-

Combining (1.8a), (1.8b), (1.9) and (1.10), and taking sufficiently large number Ao,
we have lemma 1.6.

LeMMa 1.7. Let 1 < g< oo, m be an integer >0 and D be a bounded
domain in R® with smooth boundary dD. Then, (—AD)_1 exists. Furthermore, the
Jfollowing estimate is valid:

”(_AD)_If”Y:'(D) + HP(_AD)fl.f”m+2,q,D < C(g,m, D)\ flyp(p)
for f e Y(D).

ProoF OF LEMMA 1.7. Putting w=T{p,v,6} and f=T{fi,fo,fs}, we
consider the system (1.1) with A = 0 in stead of the equation 4pu = f in Lemma
1.7. Since it follows from (1.1a), (1.1c) and (1.le) that

(1.11) —KAH:fg.—%fl inD, 6], =0onaD,

and since D is a bounded domain, there exists a unique solution ¢ € W;"“(D) to
(1.11) such that

(1.12) 1614240 < €

f-2A
b4

m,q, D
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We have by (1.1a), (1.1b) and by (1.1d)
1 .
(1.13) —aAv + V(yp) =f2+;ﬁVf1—co-V€1nD,

divy :f;l inD, v|;p=00ndD.

Applying Proposition 1.1 to the system (1.13), there exists a unique pair
(v,p) e Wi3(D) x Wt (D) with [, p(x)dx =0 satisfying (1.13) such that
(114) ”v”m+2,q,D + ||p||m+l,q,D

<C .
m,q,D

Combining (1.12) with (1.14) implies that this lemma holds.

1
f2+;ﬂVf1~w-V0

+|vd
y

m,q,D

LEMMA 1.8. Let 1 <g< oo, A€X'U{0} and D = R? be a bounded domain
with smooth boundary 0D. Let A be the operators defined in (0.3) with Q = D.
Then

Ker(A+ A) = {0},

where Ker T is the kernel of the operator T.

PrOOF OF LEMMA 1.8. Let (A+A)u=0, u=T{p,v,0} € D(4). Then we
have

(1.15a) Ap+y-divv=0 in D,
(1.15b) Av—alAv—pV(divv)+y-Vp+w-V8=0 in D,
(1.15¢) A0~ kAO+ - divy =0 in D,
(1.15d) Vpp =0 on 0D,
(1.15d) 0,0 =0 on dD.

We can assume that 1 # 0 by Lemma 1.7. Noting that Re{a + B+ (y*/4)} > 0
when « > 0, £ >0 and A €X', in view of (1.4), since the systems —xA and —aA —
(B+ (¥*/4))Vdiv with Dirichlet boundary conditions are elliptic, by boot-strap
argument, we see that {p,v,0} e W/* (D) x W{**(D) x W{+2(D) for all integers
¢ >0. When 2 < ¢q < oo, since D is a bounded domain, we see that {p,v,0} €
W}(D) x W3(D) x W}(D). When 1< ¢ <2, by Sobolev’s imbedding theorem,
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{p,v,0} € W}(D) x Wi(D) x W}(D). Thus, multiplying (1.15b) by v, integrating
the resulting relation over D and using integration by parts, we have by (1.15a)

(116) A+l VI + (54 )Hdlvvuzu +o(V8,) = 0.
Similarly, multiplying (1.15c) by 8, we have

(117) 613, p + x| V613, p + wo(divy,6) = 0

Since Re{w(divv,8)} = —Re{w(V6,v)} and since Im{w(divv,0)} = Im{w(V0,v)},
it follows from (1.16), (1.17) and Schwartz’s inequality that

(1.18) Re - (v} 5+ neu;D) + o[Vl 5 + <1013
+ divv|? , =0,
(/3 W )u 1.0
(1.19) M3, = #udivvnép + 1613 if tmZ # 0,
and
(1.20) J1m 2 6], < |[div vl p-

When Re A >0, by (1.18) and (1.19) we have § =0, v=0 in D because § =0,
v = 0 on 8D, which implies p = 0 in D by (1.15a). When Re 4 < 0, since Im 4 # 0,
it follows from (1.18), (1.19) and (1.20) that

2
|V p + x|VOI, p + BldiV Iz p < 2Rez{w . M}u i o

Noting that ||div |3 5 < 3|V, and 6(;* + w?)Re A + a(Im A)?>0when Ae¥,
we have Vv =0 in D. Combining this with (1.19) and (1.20) implies that 6 =0,
v=0in D and that p =0 in D by (1.15a). This completes the proof of Lemma
1.8.

WE ARE NOW IN THE POSITION TO PROVE THEOREM 1.5. Note that Lemma 1.7
allows us to show the case A # 0. Putting u = T{p,v,0} and f = T{f1,/2./3}, we
consider the system (1.1) in stead of the equation (4+ Ap)u=f. In view of
Proposition 1.3 and 1.4, fixing a complex number 4; € ) ;+4, it follows from
(1.1) that for Ae¥

2\
(1+P(z))v=T(il;ﬁ+7> [—;Vfl +/f2 — V(A - kA)” fa]



On a local energy decay of solutions 641

where 7 is the identity operator,

-1
P(J) = T(/ll;,B + y—j) [(A— A1) — V(i — xA) " \div],

2
T(M;ﬂ + %) = the operator defined in (1.5),

and

(A —xA)™" = the resolvent for the system in Proposition 1.3.

By Proposition 1.3 and 1.4 P(2) is a bounded linear operator from
{ue W;(D);uLm =0} into W;(D) N{ue W;(D);u]ab =0} which is compactly
imbedded into {we W;(D);u|a,_, =0} as follows from Rellich’s compactness
theorem, and hence P(4) is a compact operator from {ue W;(D);u|aD =0}
into itself. Noting that by Lemma 1.8 we know that I+ P(1) is injective, by
Fredholm’s alternative theorem we see that 7 + P(A) has the bounded inverse.
Hence, setting

y= (1+P(A))-1T(zl;ﬂ+-y;> B [—% Vfi + o — @V(i — kA) ™! 3],

0=(A-xA)'[fs —wdivy], p:%[fl — ydivy],

implies that
p(—Ap) > Z'U{0}.
Furthermore, since the resolvent (A+ 4p)~' is analytic in 1 € p(—4p), Lemma

1.6 and Lemma 1.7 mean that the estimates (1.7) is valid, which reach the desired
conclusion.

RemMARk 1.9. In Theorem 1.5 we assume that fD fidx =0, which means
that [ pdx =0 by the equation (l.1a), (1.1d) and by Stokes formula. When
Jp fidx # 0, taking ¢ € C(D) such that [, ¢(x)dx =1 and define the operators
N; = Nj(p,D) (j=1,2,3) from X,(D) into itself by the notations:

Nif=f—(Npf) - per
0

(121) N2f = —(NDf) V(p fOI'f: T{ﬁvﬁ;ﬁ} qu(D)7
0
N3f = (Npf)y- e
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where e; and Npf are the same symbols as in Corollary C. Then we can write
(A+A)7" as follows:

_ - _ 1
(1.22) (At A) " = (4 Ap) "Ny +2 (24 4p)"'N2 47 Ns.

Combining this and Theorem 1.5, we see that —4 is a closed linear operator in
X,(D), p(—A) o %' and the following properties are valid:

I+ Al 0) + I1PG+ Al p

1
< c6.0.0){ 1l +m||f1||q,u}

for any A€ Zs and any f € X (D).

§2. On the stationary problem in R?
In this section, we shall show the basic estimations of solutions to the
following stationary linearized equations in R?® with a complex parameter A:
Ap+y-divy =f,
(2.1) Av—aAv — BV(divy) +7-Vp+ @ VO =foin R,
A0 —KkAO+ w-divy = f3.

By taking Fourier transform on (2.1) we obtain

D-T+A@Qa=1,

where I is the identity, #(f) =/ stands for the Fourier transforms of f,
u="(p,v,0), f =T(fi,fo.f3). Here A(¢) is 5 x 5 symmetric matrix as follows:

0 vk 0
A@©) = | @& onalel + ek g
0 t.CL)fk }C|é‘2

where ¢ = v/—1 and Jj =0 when k #j and =1 when k =j. Then we have

(2.22) [A-1+A@) = {detfd- T+ AN} - (%),
(2.2b) det[Z- I+ A(&)] = (A + ol&*)*F (4 |2]),
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where

(2.2¢) F(%¢]) = 2 + (a+ B+ ©)|E1P 2% + [(+ Bk +9* + ]| E22 + el

and A(%;¢) = (@j(4;&)) is the 5 x 5 matrix and the components are

an = (A+ a2 + (a+ B+ 1)L+ [0 + (a+ Byl - 161,
ais = asi = —yoo(A + o|¢]*)?|¢P,
(22d) @y =d = -+ oA+ xEDE (=2,3,9),
as; = @5 = —iwA(A+ eV’ &0 (j=2,3,4),
ass = (A+al¢) {22 + (a+ B)IEL A+ P1eD,
a5 = (2+ ale){AGR + ale) (4 + rle)oy
+ (Ggle? = En&o) (B + [Brle) + @ + 1A+ yK|E),
(1, =2,3,4).

From the spectral analysis of 4(¢) given by Matsumura and Nishida [12] (cf.
Ponce [17]) we have

LemMa 2.1. Let {4;(&)}., be the roots of det[i-I+ A(¢)] =0, where
Aa(&) = As(&) = —al&|>. Then it follows that:

(i) 4(&) depends on |&| only, 2;(0) =0 and Rei;i(£) <O for any |&| >0,
j=1,....5

(it) (&) # (&), j# k and j k=1,2,3,4 for all |¢| except at most four
points of |&| > 0.

(iii) There exist positive constants ri such that A;(£) has a Taylor series

expansion for |{| <ry as follows: A((£) = A(&) is a complex number, 13(&) is a
real number and

2 6()2 o 2
1(&) = 0 + o) gl + VL AL gy

YK (e + P {(* + 0?)(a + B) — y’x}
+ w?

43(&) = )’2 (yz N 602)4

(e +--.

Similarly, there exist positive constants r, > ry such that 3;(¢) has a Laurent series



644 Takayuki KOBAYASHI

expansion for |£| > ry as follows: If o+ B # k, then A;(&) are real numbers and

_Pk= (P + o) (a4 B)
(2 +A)(x+p—x)

M(&) = (a+B)(41E])

. 2 (Dz

ﬂz(f):}c(dﬂ) +K_a_ﬁ+ .......... ,
,})2

() = -

(iv) rank[A1(€) - T+ A(E)] =3 for all || >0 except at most one point of
|&] > 0.
(v) The matrix exponential has the spectral resolution

5
e—zA‘(é) _ Z emj( £)P(&)
j=1

for all |&| except at most four points of |&| > 0.

(vi) There exists a positive constants Py, B,,5, and ry such that —ﬂolélz <
Re Ai(&) < — Bi|E] for |&] < r1 and Re k(&) < =B, for |&| >, j=1,2,...,5.

) POl < C for [&] <r.

(vii) ||e= @) < C(1 +t)’eP* for |&] > ry and a positive constant .

Now we set for f e X,(R%), f =T{f}_,

(2.3) Ro(Df (x) = F {4 T+ A f(O}(x)
s 5
= T{z Rji(’l)ﬁ(x)} ;
i=1 j=1

where Ry(1) = F '{det[A- + A(&)] 'a;(4;&)F}. When f=T"{fi,f.fs} where
f> = (fr./3,/4) we shall use the representation as follows:

(2.4) Ro(A)f(x) = "{Rop(A)f (x), Roy(A)f (x), Rop(A)f (x)}-

Then we shall have the following estimates of Ro(4)f which is the core of our
argument.
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THEOREM 2.2. Let 1 < g < oo, b be a positive number and X,;(R®) be the
same symbol as in (0.7). Then for any f e X,4(R?) any Ae{le C;Rei >0,
0<|idl <1}
1R (A)f x,(5,) + IPRo(A)S 12,48, < CILF Il x,r0),

d\ d\'
1(35) R lxa + 1(35) PRoAS Ve
< U751 £l sy

where k are integers >1 and C = C(q,b,k) is a constant.

Proor. First we note that since it follows from (2.2b), (2.2c) and Lemma
2.1 that F(4[¢]) = (A — 4i(&)(A — L2(&))(A — 43(&)), we have

. _1 —_— 1 . 1 - 1
P& = -5 10 -50 =A@
1 1 1
R  GRGEN GG
1 1 1

+ : - .
43(8) = (&) A3(&) —A(8) A-4(0)
Combining this equation and Lemma 2.1 (iii) means that
(25 IF(AE)7Y < GAT*IE ™ forReA20,¢eRPand0<e <1,

and which implies that

(2.6) |det[A+ A(&))]™ < C|¢|™ forReA>0and ¢ e R,

since |4 + alé]*| > afé]* for ReA >0 and &€ R3.
Now let f = T{j}}le. Choosing x(r) € C°(R) so that x(r) =1 if || <1 and
=0 if |r| > 2, put

(27)  Ry(Wf(x) = Z{x(I€])detd - T + A&)] ™ ay(4; E)f(E)} (%)
+F (= x(l€]))det[d - T+ A(E)]) ™ ay(4; E)f(E)}x)
= T15(Af(%) + Ta(A)fi(%).

Using Theorem 7.9.5 of [6] concerning the L,-estimate of the Fourier multiplier,
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it follows from (2.2a), (2.2d), (2.6) and (2.7) that

(2.8) 25: (% )kTZYU(A)ﬁ l’q’R3+4\_i: 3 {“( dl) oy (A,

j=1 j=1 Z’q’m}
< C{Nilligr T 12llgr + 15l 0}
where k are integers >0 and C is a constant independent of || < 1. Using a

polar coordinate system, we can write as follows: for multi-index «; (i =1,..., 5):
o] < 1oyl <2 (i=2,...,5)

29) (%)k( DT ()

k
= (77:)37 jRg (zi)uie,x.éxﬂﬂ) (%) {(det[l I+ ‘/i(‘f)])_ldij(}.; f)}ji(é)dé
2 k
= (—2—;1)?/—2 JO (%) r|a1|+2{(det[/l T+ AA(r)])fla,-j(A; rw)}

.JI . l(“u) dxw) )((r)j;(ra)) drdS,,

where dS,, denote the surface element on the unit surface. By Taylor series
expansion, we have

m—1

@210) eSOy w) f(0)+zgf<x,w>rf+f Ho (3, 0,5,7) dsr™
/=1 0

where

_s m—1 k ] .
H,(x,w,s,7) = (27—)—1)'_ (%) ei(x'w)al(o)fj(‘m’)

Note that since f; € L;5(R>), we have

1£0)] < CONSllgp0

2.11) l9¢(x, )] < CB,£)(1+ 1) (| fill g o

1
jo \Hi(x, ,5,7)| ds < C(b, k) (1 + )1l
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In view of (2.2d), putting
ay(4 Z ag,ij(4; r)bg,(w),

it follows from (2.9), (2.10) and (2.11) that

k
(2.12) '(%) ()" T 5 (A)f (%)
< COUA XD 1 fillg -

m—1 k
{Z () weita- 1+ A0 apyisrysstar
B ¢=0
+; L dr}.

In order to show that the rest of assertions in Theorem 2.2 holds, we need the

—

( )k {(det[4 - 1+A( )])_I&ﬂ’ij(l;r)}rlail‘i'z-l’m

following lemma.

Lemma 2.3, Let m >0, M > 1 be integers. Put

! "

1
dr, DLpu(A :J dr
= ) G G

)= |, i

for Red >0, || < 1. Then the following facts hold.

1) mm(A)| < Cm, M) if m>4M, |Lpwu(A)| < Clm, M) if m > 6M.
(i) If 0<m<4M, then

|y e (2)] < C(m, M)ymax {|A™/272M T2 12m3M+1Y when m is even,

< C(m, M)max{|A|™>2M+12 |3 =3M+ N og | when m is odd.
! 1 w?
IfO<m<6M and if — # — 14— |, then
o K ¥y

| e (A)] < C(m, M)max{| ™2 3MH/2 1 2m=4M4 Y \ohen m is even,
< C(m, M)max{|A™/>73MH12 3 m=4M+ 1] 66 )| when m is odd.

(i) Let M >m and £ > 1 an integer. Then Rel >0, |4 <1

dr| < e(m, ¢, M)max{|A| M~/ |3 M2y

1 2M—2m
L A+ ozrz)’F(A; M
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ProoF oF Lemma 2.3. (i) It follows from (2.5) and the inequality
|A+ ar?| > ar? when ReA >0 that (i) holds.

(i) We shall show (ii) by using decomposition into partial fractions. We can
write F(4;r) as follows:

F(hr) = k(7 + (@ + B — ar (1) — a_(2))

1/2}

(2.132)  (a4(A) —a_(4), ar(A)=0(4) and a_(4)=0(2*) asi—0,

A w? + o +xd Y Axh
aiwz—x{”m * [<1+y2+(a+ﬁ)/1> EACEY

Then we have the following estimates

(2.13b) <a+(l)+§> =0(l) asi—0 if é 7 %(1 +w—2),

which implies that

ah =S Ay (3)
M) e ) - a ) H '
+ Bi(A)(x— a-(1) 7}
(2.14b) |4;(2)] < ClA™= M5 |B(2)| < CIAP™*M*¥ for |4 < 1.

Also we have by (2.13)

(2.14c)

i 2
2.14d) |G|, DA < CIAmMY for A <1 if % # %(1 +£;)7)

i 1 1 w?
2m—4M+2, .
IE(%)] < ClA| ’fMW$1ﬂE¢;O+F)
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Moreover, putting a(l) = —g, a4 (A), we have by elementary calculus,
(2.15a) Jl B _ Clogla(l)|+ C
. 05— a(/l) =(1log 2
! ds k

2.15b J——-—:Ca/l‘%-c,
2150 (—a(y G

1
(2.15¢) J _dr_k — Csa()\**

o (rP—a(l))

where k are positive integers, C; (j = 1,3,5) complex constants depending only
on k and G (j=2,4)C®°({Ae C;ReA >0 and |i| < 1})-functions depending
also essentially on k. Combining (2.13), (2.14) and (2.15) shall reach to the
statement.
(i) Noting that
r2M—2m

A+ ar?) F(i;r)™

Mitim (M4 f4m RCM+t-k)
_ Ml (—ot)M+f+m_k(/l+ocr2)k—l —
A +{+m k F(l, r)
it follows from (ii) that
i Mitim (AL 7 +m P22M+£-k)
J Mj{+m ( )(—a)M+Z+ka(/'[ + arZ)k—/ A — dr
04 k=¢ k F()" r)
_ Mfm kif(M+ ¢ +m> (k - /> (_a)M+l+m—k+n
k=¢ n=0 k r
- M=2t-mik—n j U p2@M+¢~k+n) dr}
o F(An™

< C(m, ¢, M)max{[A|'/ZM~/=m |~ M=0=2m+1y

and it follows from (2.5) that

LM+ £+ m M tomk P2M LK)
—o T S L A *
J. AM+/+m k=0( )( ) ( ) F(,l;r)M

MAt+m 1 202k aM
’ SMAlim Z (—aHrormk J . o 4 7 dr ’
A = 0 (A+ar?) F(Ar)

< C(m, ¢, M)A ™M~

This completes the proof of Lemma 2.3.
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NOW WE RETURN TO THE PROOF OF THEOREM 2.2. By direct calculation we
have

k k=t (k\ (k—¢
(2.16)  F(4n =>" (/)< . ){(a+/>’+x),1+(y2+w2)}’

A+ BYKA 4 Y}t Ak Y Ik

k k k—¢ _
(2.17) {% F(l;r)} = Z (?) (kn f){z(a+/3+l€)).+y2+a;2}/

—{— k—2n—2,
.3k £ n(a+ﬂ)nl€"/12 n (r2f+4n7

(2.18a) {(;’l)z } Zk:( )2k3k at for)f O,

=0

(2.18b) (A+ ar?) i( ) ATl

=0
>
First when 1 #* 1 (1 + —2—> , setting
o’ K y
Ji(A;r) = A% dr or P,
Jo(Asr) = A2, art A% or Y,
G(Ar) = (A + ar)F(4r),
it follows from (2.16), (2.17), (2.18), Appendix 1 and Lemma 2.3 that

(219) Jl (;ﬂ) {F(i 7) 1]](1 r)}r|a,|+2 dr
1( 2 ke
L) g
k=0

< Cmax{l, |1I1/2—n},
and

1 n
(220 Jo (%) {G(A 7)™ (& )} *2 dr

ﬂ{;(;) (%)n_kG(/l;r)_ (;,1) Ja(A; r)}ra,m dr

< Cmax{1,|4|"/*™}.




On a local energy decay of solutions 651

2
Also when é: 1 (1 +%), noting that by (2.2d) we have
K

B + [BrIE] + @ + PIA+ y2|E)” = BA(A + KEP) + (0 + 72) (4 + o ]P),
in view of (2.19), our task is to show that

1 n
J (i> {G(21) 7\ J3(4 1) 2 dr
o \d A
where J3(4;r) = A% or 5. Tt follows from Lemma 2.3 (iii), (2.17), (2.18a) and
Appendix 1 that (2.21) holds. Hence it follows from (2.2), (2.13), (2.19), (2.20)
and (2.21) that

Zaqub}

}z;: (%)kﬂ,lj(l)ﬁ

< Cmax{L, |A1"* } I Aill g + 1 £2ll gz + 15l e}

where k are integers >0 and C is a constant independent of |A| < 1 and Re 4 > 0,
and combining this with (2.8) implies that the statement of this theorem holds.

Finally in this section, we shall investigate the continuity as A — 0 for the
operator Ro(4A) and the properties for Ry(0).

(2.21) < Cmax{1,]2/'*™

) s

LgBy,  j=1 =2

LEMMA 2.4. Let 1 <q <, b be a positive number and let f e X,5(R?).

Then TRy(0)f € W1oo(R?) x W2, (R®) x W2, (R®) and
(2.22) lim R~} J |Ro(0)f(x)|? dx = 0.
R—wo R<|x|<2R

Moreover, for any a >0 and 0 < &< 1/2 the following estimates are valid:

(2.23) I"Ro(A)f ~ TRo(O)fHW;(B,,)xwg(s,,)xwgwa)

< C(q, a;b73)|'1|s”f||)(q(113)
Jor Red >0, |A| < 1 and f € X;4(R?), where C(q,a,b,¢) is a constant independent
of ReA>0, |A| <1 and f e X,;,(R?).

Proor. Noting that when A =10
L[ {0+ e+ PRIEPHEP —yK|E] —yole)
— oyléE; {Orlel? — &y 0 |,
— yoolé]? 0 71ef

A =

y2rlEl*
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since the kernels of Fourier integral operators in Ro(0) are the same as those of
the Stokes system and the system A, we have (2.22) by Lemma 2.2 and 2.3 in
Iwashita [9]. Hence our task is to show (2.23). Choosing x(r) € C5°(R) so that
x(r) =1if |r| < 1 and = 0 if |r| > 2, using the notations defined in (2.3) and (2.4),
we have

(2.24)  Ry(A)fj(x) — Ry(0)f;(x)

— -1 a;(4;€) a;(0;¢) X
= F {X(la){det[k“'fi(f) det A(¢) } }(
)

al}()“ ) alj (0;¢
det[A- I+ A(¢)] detd(¢) e
= {T15(1) — T1,5(0)}f;(x) + {T2,5(4) — T2;(0) }f;(%)-
Since it follows from (2.2a), (2.5) and (2.6) that

an(4¢8)  an(0;¢)
det[A- 1+ A(&)] detd(¢)

B a8 a@y(0;¢) A
:ﬂa’z[{l x(lél)}{det[l_’””i(é)] detﬁ(é)}”sclﬂ (j=2....9),

-l —x(lél)){

&} [{1 —x(l«fl)}{

’S Cl4|,

and

nan | g1 _ a;(48)  a(0;8) W
555[{1 X(lél)}{detu.zﬂi(g)] det/i(g)}Hscm (i #1,j # 1),

for || <2, ReA=0, || <1 and e R?, by using Theorem 7.9.5 of [6] con-
cerning the L,-estimate of Fourier multiplier we obtain that

5 5
(2.25) ZII{Tzu(l) T2,,(0 }f]”W‘(R3+ZZI{T2IJ = To5(0)} il wa ey

j=1 i=2
<ClA 1Sl a0

Also since it follows from (2.2a), (2.5) and (2.6) that

< CM'Elél—Z—Ze

ag(4¢)  4;(0;¢)
X(iﬂ){det[l T+ AQ)] detA‘(z)}

for 0<e<l Rei=0, |A/<1 and {eR’, we obtain that for |u|<1,
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log] <2 (i 1)
(2.26)  163{T15(4) — T1,5(0)}f5(x)]

i (A (05
y dj( é)A _ (lj( Aé)}”LI(M)HfHLq(Ra)
etld- I+ A(&)] detd(?)

< C(g,0)|AF IS g,y for f € Xgp(R).

Thus it follows from (2.25), (2.26) and (2.24) that (2.23). This completes the
proof.

< Clg, b)llx(lél)(ié)“"{

§3. The resolvent set of — A4

In this section, we shall prove Theorem A. To prove this theorem we need
the following lemma concerning the uniqueness, which is a key in our argument.
First note that by Lemma 2.1 (iii)

det[A+ A(&)] #0 forieX = {ieC;CiReld+ (ImA) > 0}

where C is a constant depending only on «, 8,7, x, and w. In the view of this and
Theorem 1.5, taking a constant C in the parabolic region

X ={4eC;CRe i+ (Im1)’ > 0}

so that £ < Z'NZ”, we have

LemMa 3.1. Let 1< g<o0. If A€Z, then

Ker (1 + 4) = {0}.

ProoF. Let (A4 A)u=0. In view of the proof of Lemma 1.8, by boot-
strap argument, we see that Twe W/ (Q) x W/'(Q) x Wit(Q) for any
integer /> 1. We fix an integer ¢ such that /=0 when 2<g¢g< oo and
£23(1/g—1/2) when 1<q<2. Let Tve W/ (R%) x W, (R%) x W{*2(R?)
be functions such that v = in Q. Put f = (1+ 4)o, then since (1 + A)u =0 in
Q, we see that suppf is compact, and moreover f € X!*!(R%). Since supp f is
compact, f € X;(Q) when 2 < g < oco. When [ < ¢ < 2, since £ > 3(1/q — 1/2),
by Sobolev’s imbedding theorem we have f € X, (Q) too. Put w = Ry(A)f where
the symbols are the same as in (2.4). Since det[4 + A4(&)] # 0 for any & € R and
A€Z, by Parseval’s formula we know that Twe W) (R3) x W3(R?) x W}(R?).
Since (A+ A){v — Ro(4)f} =0 in R?, by Fourier transform we have {4+ A(¢)}
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{v(&) — (&)} =0, which implies that v =w in R3 because det[A+ 4(¢)] # 0.
Thus employing the same argument as in the proof of Lemma 1.8, we have
u = 0. This completes the proof.

A PROOF OF THEOREM A. In view of Lemma 1.6, we only show (0.4). Now
we shall construct parametrix to (1.1) in Q. Let 0Q < Bg,, b be a fixed constant
b> Ry+3 and let Q, = QN By. Given 1eX and g e X,(Q), let we W] (Q) x
W2(Qs) x W}(Qs) be solutions to the problem:

(A+ A)w = gin Qy,
Pw = 0 on 0.

The existence of such w is guaranteed by Remark 1.9. In terms of w, let us define
the operator L(A) by relations:

(3.1) w=L(1)g

Here and hereafter, for f € X,(Q), we put fo(x) =f(x) for xe Q and=0 for
x € R*\Q, T, f stands for the restriction of f to €. By Remark 1.9 and (3.1) we
have

(3.2) ILADTs Sl x,0,) + IPLA S 54.0,
< C(g, b, M fllxy)  for any f € X,y(Q).

Let Ro(4), Ro,(4), Roy(4) and Rgg(4) be the same symbol as in (2.3) and (2.4).
Since det[A + A4(¢)] # 0 whenever ¢ € R® and 1€, by Theorem 7.9.5 of [6], we
see that

(33) 1Ro(A)f ollx,(zo) + 1PRo(2) foll,q 5
<C(g, M fllx,@ foranyfeX,(Q).

Let ¢ € C®(R%) such that ¢(x) =0 for |x] <b—2 and =1 for |[x| >b—1. We
introduce the operator @,;(A) by the relations:

(34) QA =T0,(Df, QDS Qi p(A)f}

i = pRo(4)(fo) + (1 = 9)L(YILf  for any f € X,(Q),
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Then by (3.2) and (3.3) we have

(3.5) '0,(A)f e W} (Q) x WE(Q) x W3(Q) for any f e X,(Q),
(3:6) 121(A)f llx,@) + IP2i(A)f 240
<C(g, 4 0)fllx e for any f e X,(Q),
and
(3.7a) (A+A)Q(Af = f+V(A)finQ,
(3.7b) PQ,(1)f =0 on 4Q,

where V(A)f = T{V,(A)f, V.(A)f, Vo(1)f} and

(3.8a) Vo) f = yVo[Rou(A)(fo) — Ly f],

(3.8b) Vi(A)f = —a[Ag +2(0j9) ][R0,y (1) (f o) — Ly(A)Is f]
= BV{9ip[Ro,(4)(fo) — Lv(A)pf ]}
— BVo{div[Ro, () (fo) — (AT f}
+7Vp[Ro,(4)(fo) = Lpy(A)Tp f]
+0;p[Rop(2)(fo) — Lo()s f1;,

(3.8¢) Vo(2)f = —x[Ag + 20;90)|[Ro 9(A)(f o) — Lo(A)TIp f]
+ 00j9[Ro(2)(fo) — Ly(A)s f1;.

Our task is to prove that 7+ V(1) has the bounded inverse from X,(€) onto
itself. It follows from (3.2), (3.3) and (3.8) that TV(l)e@(Xq(Q),W;(Q)x
W,(Q) x WHQ)) for each ieX. Since supp ¥(i)f c Dy_j = {xe R} b—2<
|x| < & — 1}, by Rellich’s compactness theorem ¥(A) is a compact operator from
X,(Q) onto itself. Thus by Fredholm’s alternative theorem, it suffices to show
that 7+ V(1) is injective in X,(Q) in order to prove that I+ V(A) has the
bounded inverse. Let (/ + V(4))f =0 in Q, f e X,(Q). Then it follows from
(3.5), (3.7) and Lemma 3.1 that

0\(Af =0inQ,
PO, (A)f =0 on dQ,
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which together with (3.4) implies that
(3.9a) Ro(A)(fy) =0 for|x|=b—1,
(3.9v) LA f =0 forlx|<b—-2.

Put z = I, Ry(A)( fo) — w where w = L(A)I,f in Qp and =0 in R3\Q. By (3.9b)
we know that Tw e W1(By) x W;(By) x W}(Bs) and

(A+ A)yw =) f, in By, Pw =0 on |x| = b,
where I1Jf, stands for the restriction of f, to By, and hence we see that
(A+A)z=01in B,,Pz=0o0n |x| = b,
which with the help of Theorem 1.5 means that z = 0 in B,. As a result, we have
(3.10) Ro(A)(fo) = L) in Q.
Combining (3.4) and (3.10), we see that

(3.11) Ro()(fo) = #{Ro(A)(fo) — L(A)Tsf} + Ro(2)(fo)
= Q,(A)f =01in Q.

It follows from (3.9) and (3.11) that Ro(4)(f,) =0 in Q, which together with
(2.1) implies that f, = f = 0 in Q. Therefore, we have proved that (I + ¥(4)) has
the bounded inverse (I + V(4))™" from X,(Q) onto itself. Given f € X,(Q), if we
put u= QA + V(A)7", by (3.7) and (3.6) we see that (A+ A)u=f in X,(Q)
and u € 9(A), which means that the inverse (4 + A" of (A + A) exists, and it is
bounded, that is by (3.6)

(4 + A)_lfHXq(Q) + |1P(A + A)_lfHZ,q,Q
< C(g,5, VI + V() wox, @)1 flx,@

for any f e X,(Q), which completes the proof.

§4. Behaviour of (A + A)”! near 1=0

In this section we shall discuss behaviour of (4 + 4)™' near A = 0. Our goal
of this section is to prove the following theorem.

Let Y,(Q) and Y,,(©2) be the same symbols as in (1.6) and (0.5),
respectively.
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THEOREM 4.1. Let 1< g < oo, by a number such that By, > R\Q and
let b>by. Put D;={l.eC; Rel>0, 0< |A <&}, ¥ = & Y,5(Q); 2(A4)) and
A (De; %) is the set of all Y-valued holomorphic functions in D,. Then, there
exists a positive number ¢ and R(i) € 4 (Dy; %) such that

(41) RO =(+4)77,

@2) RO ey + IPR(S g0, < Car5,0) 1Sl
d\. A

(4.20) @) 7os] .+ (&) 2t

<C(g,6,k,8) 4" ) £l )

Jor any i eD,, feY,,(Q) and k > 1 integers.

In Theorem 4.1, in view of proof of Remark 1,9, taking y € Cs?(Qp) such
that fﬂb Y(x)dx =1, we have the following corollary:

COROLLARY 4.2. Let 1 < ¢ < o0, by be a number such that By, > RI\Q and
let b> by Put X = B(X,4(Q); D(A)). Then, there exists a positive number ¢ and
R(2) € o (Dy; &) such that RQA)f = (A+ A)”'f,

IR()S llx,0p) + IPR(A)S 200, < C(g,0, {1 F I x, 0 + 14 1 Aill, 0}

(&) el G

< C(qv b7k7 8)"11(1/2)_k{l|f|qu(Q) + M'l_]”.fl”q,ﬂ})

and

2,9.8%

for any AeD,, f="T{fi,ffs} € X,5(Q) and k > 1 integers. Moreover,
. ~ 1
R(A) = RN, +% RNz +- N
where N; = N;(y,Q;) (j=1,2,3), are the same symbols as in (1.21).

To prove Theorem 4.1, in the same way to the proof of Theorem A we shall
construct a parametrix near 4 = 0. The following proposition concerning the
uniqueness is a key in our argument, which was proved by Iwashita [9].
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For an integer m > 0 and real numbers 7,4 with 1 < g < o0, we set
wre(Q) = {u; (1 + |x*) 2w € L, (Q), || < m},

W;"(Q) = the completion of Cy(Q) by Z 105 - llg.0-

|a|=m
PROPOSITION 4.3. Let 1< q< oo. Suppose that ue WHQ)NW,*(Q) and
pE W‘} (©) ﬂLZ (Q) with some 1, T € R satisfy
—Au+Vp=0, divu=0inQ,
u|;o = 0 on 0Q,

and

lu(x)|?dx = lim 1

x)|?dx =0.
R-o R JR<|x|<2R P

R—x R JR<|x|<2R

Then, u=10 and p=0 in Q.
REMARK 4.4. In view of proof of Proposition 4.3, we can replace

WXQ)N WA (Q) by W2 ,(Q), W(Q)NLy(Q) by W, p(Q), where

7e(Q) = {u;there exists a U € Wﬁ;floc(R3 ) such that u = U in Q}.
Moreover, we can show the same uniqueness theorem for the system

—Au=0in Q,u|;, = 0 on 0Q,

as Proposition 4.3.

Now we shall show the following results on uniqueness for (1.1).

LeMMA 4.5. Let 1 < g < oo. Suppose that T{p,v,0} € W 5(Q) x W3 £(Q) x
qu’ £(Q) satisfies the homogeneous equation:
ydivv =0,
— aAv — BVdivy+ yVp + wV8 =0in Q,
— kA8 + wdivy =0,
V|30 = 0,6|;0 = 0 on 09,
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and satisfies

1 ¢
lim — x)|%dx =0,
R—w R3 JR<|x|<2R |p( )I
1t
4.4 lim — v(x)|?dx = 0,
(44) R—o0 R3 Jpoix<2r &)l
1t
lim — 8(x)|?dx =0.
R—o R3 JR<|x|<2R 6]

Then p=0, v=0 and 6 =0 in Q.

Proor. By (4.3), we have
(4.5) —kAf =01n Q, 0|;5 = 0 on 0Q,
and
—aAv+yVp = wVhin Q,
(4.6)
divv=0in Q,v|;q = 0 on Q.

In view of Remark 4.4, applying Proposition 4.3 to the system (4.5) with (4.4), we
have 6 = 0 in Q, which implies p = 0 and v = 0 in Q by applying Proposition 4.3
to the system (4.6) with (4.4). This completes the proof.

A PROOF OF THEOREM 4.1. To prove Theorem 4.1, we shall use the symbols
in the proof of Theorem A. For any g € Y,;(Q), w = L(0)g satisfies the following
relations:

(4.7a) Aw = g in Qp, Pw = 0 on 0.
(4.7b) ”W”Yq(g,,) + HPW||2,q,Q,, < C(g, b)||9||Yq(Q,,)-

Choosing ¢ in C*(R3) so that ¢(x) = 1 for |x| >b—1and =0 if |x| <b—2, we
define the operator R;(A) by the relations:

(4.83) Rl(/l)f = T{Rl,p(/l)fa Rl,v(l)f’ Rlﬂ(’q')f}
= ¢Ro(A)(fo) + (1 - 9)L(0)f,

for f e Y;4(Q) and A€ D, U{0}. Here, note that {p,v,0} = L(0)f satisfies the
equations (1.11) and (1.13), and which implies that p = L,(0)f is unique up to an
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additive constant by Proposition 1.1. Hence, L,(0) is chosen in such a way
that

(4.8b) |, a-orora= | Rop@fpix [ pRop(fyds

B,

Then by (4.7b), Theorem 2.2 and Lemma 2.4 we have

(4.9a) Ry(A) e A(D; %),

(4.9b) TR1(0) € B(Y,5(Q), W, £(Q) x W] £(Q) x W 5(Q)),
(4.9¢) A+ AR (A)f =f+81(A)f in Q, PR (A)f =00ndQ,
where

(4.10a) SIS =T{S1,,(DSf, S1(DSf, S1e(Df }

and

(4.100) S1.,(0)f = M1 = 9)L,(0)f + WVolRop(2)(fo) — L(O)f],
(4.10c) S1v(A)f =A(1 — @) L,(0)f

— a[Ag +2(0j9)8j][Ro(1)(fo) — Lv(0)f]
— BV{8;9[Ro(A)(f o) — Lv(0)f];}
— BVo{div [Ro,(2)(fo) — Lv(0)f]}
+ yVo[Ro,(2)(fo) — Ly(0)f]
+ @d;p[Roo(A)(fo) — Lo(0)f;,
(4.10d) S10(A)f = A(1 — p)Le(0)f
— k[Ap + 20;00;][Ro,6(2)(fo) — Lo(0)f]
+ wd;p[Ro,y(4)(fo) — Lv(0)Sf];-

It follows from (4.10), (4.9b), Theorem 2.2 and Lemma 2.4 that

(4.11a) TS1(4) € B(Y,5(Q), W) (Q) x W,(Q) x W,;(Q)) for any A € D,

(4.11b) $1(0) € B(¥,p(Q), X2()).



On a local energy decay of solutions 661

Noting that the Stokes formula implies that

(4.12) L Sy ,(A)f dx
= iJ (1 —@)L,(0)f dx + J ydiv Ro,(4)fodx
Q B,
- L 97 Giv{Ro(A)fo — Ly(0)f ] dx

~4{]_ -0 |

By

Ro,(A)f o dx + L, oRo (S o a’x},

we have to modify $1(4) such that total integral over Q, is zero because S;(4)f
does not belong to Y, ;(Q) when A # 0. To do this, choosing ¥ € C§°(€2;) so that
Jo, ¥(x)dx =1 and set

(4.13a) R>(0) = R (0),
(4.13b) Ry(A)f =T{Ry, (A f, Rop(A)f, Rag(A)f for AeD,,

where Rj,(A) = Ri1,(4), R2p(A) = Rip(4) and

(4130 Rap()f = Ripf 3 | Suptiif ds
Also, put

(4.14a) 8,(0) = 81(0),

@140) S = T(S2,(0f (DS, S20(A)f} for A€ D,

where Sz,g(l) = Sl,g(l),

(4.140) $2,(0f = S1,(A)f - jﬂ S1p(A)f dx,
and
(4.14d) S0Df =SS =4 [ s asvy.

Then, it follows from (4.9), (4.10), (4.13) and (4.14) that
(4.15a) Ry(A) e A (Ds; %),
(4.15b) A+ AR(A)f =f+82A)f in Q,PR>(A)f = 0 on 02,
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and by (4.10), (4.11) and (4.14) we have
(4.16a) TS5 (1) € B(Y,(Q), W) (Q) x Wi (Q) x W,(Q)) for any A€ D,

moreover, noting (4.8b) and (4.12), it follows from Lemma 2.4 that
(4.16b) J S2,,(A)fdx=0 forieD.U{0},
Q

(4.16¢) 152(2) = $2(0) Ly, ), v,p() < C(4:5,8)IA°

for ReA>0, |4 <1, where 0 <J < 1/2. Then, we shall show the following
Lemma.

LEMMA 4.6. Let 1 < q < . Then, I +8,(0) € Z(Y,5(Q2)) has the bounded
inverse (I + 85(0))™".

ProoF. Since suppS,(0)f is contained in Qp, it follows from (4.11b),
(4.14a), (4.16b) and Rellich’s compactness theorem, S,(0) is a compact operator
from Y,,(Q) into itself. Thus, to prove this Lemma, by Fredholm’s alternative
theorem, it suffices to show that I + $,(0) is injective. Let (I + 82(0))f =0in Q,
feY,,(Q). Our task is to prove that f=0. It follows from (4.7b), (4.9b),
(4.13a) and (4.15b) that TRy(0)f € W) £(Q) x W} £(Q) x W] ;(Q) and satisfies

(4.17) ARy(0)f = 0in Q, PRy(0)f = 0 on Q.

Since R»(0)f = Ro(0)(f,) for |x| >b—1 it follows from Lemma 2.4 that

|(R2(0).f)(x)|"dx = 0.

i 1 J
m —
R—w R3 R<|x|<2R

Hence by (4.17) and Lemma 4.5 we have

(4.18) R(0)f =0in Q,

and it follows from (4.8a), (4.13a) and (4.18) that
(4.19a) Ry(0)(fy) =0for |x] = b—1,
(4.19b) L(0)f = 0 for x € Qp_».

Let us define w by the relations: w(x) = L(0)f(x) for xe€Q, and =0 for
x € R3\Qp, and then by (4.19) we see that z=m)Ro(0)(fo) —w possess the
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following properties: Tz e W}(By) x W2(By) x W2(By) and
Az=01in Bb,Pz: Oon Sb,

where ngv is the restriction of v to By, and hence by Lemma 1.8 we know that
z=0 in Q,, which means that

(4.20) Ro(0)(fo) = L(0)f in Q.

Therefore, employing the same argument as in the proof of Theorem 3.1, by
(4.19) and (4.20) we have f = 0, which completes the proof of this Lemma.

We return to the proof of Theorem 4.1. In view of Lemma 4.6,
(I+82(0))" € B(Y,4(Q)), and then put

M = ||(I+S52(0)7"],

where | -| stands for the operation norm. By (4.16c) and Neumann series
expansion, there exists an ¢ > 0 such that 7 + 8,(4) also has the bounded inverse
(I+85,(1)" from Y,5(Q2) onto itself whenever A€ D,, and moreover

(4.21) (I +8,(2)7"| <2M for A€ D,.
If we look at (4.13) with (4.8) and (4.10), by Theorem 2.2 we have

(4.22a) R2(Df Nl x, () + IPR2A(A) 2,40, < C(&: )| flx,0);

(4.22b) H (—%)kRZ(A) f . + H (%)kmezu)

<CEd)A" M@, k=1,

2,9,

for fe Y,,(Q) and A€ D,. Put

R(2) = R(A)(I + 52(2)) 7",

and then by (4.15) we see that R(1)f € 2(4) and

(4.23) (A+ ARUA)f =finQ

for any A€ D, and f € Y,,(€2). In particular, when f € Y,;(Q), by (4.23) and
Lemma 3.1 we have R(A)f = (A+A)"'f for Ae D, and f e Y,5(€2). Combining
(4.21), (4.22) we have (4.1) and (4.2), which completes the proof of Theorem 4.1.
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§5. Proofs of Theorem B and Corollary C

In this section, we shall prove Theorem B and Corollary. C. To do this we
prepare the following lemma, which was proved by Shibata. (see Theorem 3.2
and 3.7 of [18])

LeMMA 5.1. Let X be a Banach space with norm |-|y. Let f(1) be a
Sunction of C*(R —{0}; X) such that f(t) =0, |t| > a with some a > 0. Assume
that there exists a constant C(f) depending on f such that for any 0 <|t| < a,

(e

Put ¢() :j f(t)e~""dz. Then

—0

< C(H)lI™* ™ k=0,1.
X

lg(n)]y < C(1+07C(f).

Now we shall prove Theorem B. In view of the facts that when 0 < ¢ <1 by
Theorem A we have

Haﬁve_m"“x,,(ﬂ) + lIPf?f”e'“ullz,q,g
< Cl|(1+ A" e u)ly o) < Cr¥ M lu]

for any u € X,;(Q) and any integers N > 1, M > 0, we have only to show the case
t > 1. Note that by Corollary 7.5 of [16, Chapter 1] we can write

&+4 00
(5.1) e_’Au:LJ e A+ A)udi

2ne £~¢00

1 &-+¢ 00 a d _1
=5 Lw &Lt A

for all ue P(A%), because

d _ Cle
(5.2) Hﬁ(/1+A) ‘u ()2||u||Xq(Q) for any ReA >¢> 0

%@ 1+ |4

by Theorem A. Since &(4?) is dense in X,(Q), the equation (5.1) holds in X,(Q).
Let ue Y,,(Q),b> by and let y € CP(R®) such that y(x) =1 for |x|<b
and = 0 for |x| > b + 1. Since we can move the path in the following integral to



On a local energy decay of solutions 665

the imaginary axis by Theorem 4.1, (5.1) and (5.2), we have

e—n'ooddl A—ldl
J ewﬁ("')” }

£—({00

-1
o 71A o
6le 27utDX{
_ -1 3 * ls d . -1
—%DX{J—OO e l//&(tS"‘A) uds
for any we Y,;(Q) and multi-index o; (i=1,2,3): || <1, || <2 (i =2,3)

where D} = T{(dx)™, (0x)*, (9x)®}. Taking #(s) € C*(R) so that 5(s) =1 for
|s| <1/4 and =0 for |s| > 1/2 we have

(5.3) D e = Jo(t)u+ J (1

where
Jo(t)u =~ D r “n(s) L (is+ A)”! ds)
o)u_Zm % _Ooe nsds(ts uds),

Joo(t)uzz_—;D‘}(lp Jio (1 — p(s ))di(¢s+A) uds).

By Theorem A we have

N
59 1030 -n6)(5) G+ ) ul
< (1= nO)Gs + A ul g g + 1PGs + 4) a0}
< CN)(1 + 1) Il
and hence by the relation (1/7)-(d/di)e'* = e*, we have
(5.) 1020 o (Dl < CN, M, 0 a5
for any integers N >2,M > 0. On the other hand, noting that

MM oo
6?‘10(0/":2—;2( ) )6?"%*‘0;{:.0 | ey S (iS)fds}

n=0

w S enni{v [ (&Y wosr e ),

-0
it follows from Theorem 4.1 and Lemma 5.1 that

(5.6) 161 To(D)ull,q0 < C(M,b,q)(1 + 1) M3 D|u]|, o



666 Takayuki KOBAYASHI

for any u € Y, (), integer M > 0 and ¢ > 1. Combining (5.3), (5.5) and (5.6) we
have for any ue Y,;(Q), integer M >0 and 7>1

_ _ —3/2—
(5.7) 16 e tA"qu,,,(Q) + (|0} Peul5 0, < C(1 +1) /2 M||"||Yq,,,(n)‘

This completes the proof of Theorem B.
Next we shall prove Corollary C. Let u € X,,(Q). Taking ¢ € C°(€2p), such
that [, ¢(x)dx =1, in view of Remark 1.9, we have

1
(/H—A)_]u:(A+A)’1N1u+%(l+A)_1N2u+IN3u for u e X,4(Q)
where N; = N;(¢,%) (j=1,2,3) be the same symbol as in (1.21). Combining
this and (5.1), we have

f+¢ 00
(5.8) ey = 2%] e (A+ A)'Niuda
B—coo

f+c0

Y 7} -1 da
— A+A) Nou—
+2m.jﬁ_¢_w &3+ A) " Nou

+ 571—5 JZj: %e”le d.
Putting T(b,¢,)u=e “Niu and T,(b,d,t)u=y Jt e Nyuds + Nau, since
%WJZ:: %e’ludlzu for any ue X,(Q), and sinceoby Theorem 7.4 of [16,
Chapter 1] we have

t 1 f+¢ 00 | di
J e““uds=——.j e*(A+A)'u= forueP(A)andt >0,
0 27s B—ioo A

it follows from (5.1) and (5.8) that the relation (0.8) holds. Moreover, nothing
that Nyu, Nou € Y, ,(Q), since by (5.1) and (5.8) we have

f+¢ o0
(5.9) B~y = a,{-l_j (i + A)'lNludi}
B—io0

—y ftio
+—,J (A + A) ' Nyuda,
27me p—io

it follows from (5.7), (5.8) and (5.9) that the estimates (0.9) and (0.10) hold. This
completes the proof of Corollary C.
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APPENDIX 1. Let n be an integer >0 and let
F(Ar) =2 4 (a+ B+ 1)P 22 + {(a+ Bk + ¥ + @*}P A+ yrart.
Then

(Appl) d m nTt= > Clk, ¢, n){F(A;r) " 112
di -
0</<((n-£)/2] k=0

< {2 Fsr) }”{ (%)21% ) }k'

Moreover, set G(;r) = (4 + ar?)F(4;r), then

(awp2) () 6tasn

~0/2)~¢

m—t)/2
< {27 r)}m_w{ (4 Z)Z F(i) }k

Proor. Since it directly follows from (Appl) and Leibniz rule that (App2)
holds, our task is to show (Appl). Now we shall show (Appl) by induction on
n. When n = 0, obviously (Appl) holds. Assume that n» > 1 and that (Appl) and
that (Appl) is valid for smaller values of n. Noting that (d/dA)’F(i;r) = 6, we
have

(App3)

d
d_A In()», r)

-0/~ n—3¢-2k 2 k
= Edz{ Z C(k,t,n)F(4; r)—n—1+2/+k{% F(4, r)} {(%) F(; r)} }

k=0
k

((n—2)/2)-¢ sirrer [ d n+1-3¢-2k d\?2
— LR\ TR—2+20+k ) M .
= E Clk,¢,n)F(4;r) {dl F(,l,r)} {(le F(4; r)}

k=0

[(n—£)/2)—¢+1 ook d ntl=30-2k ( ; a\2 k
—n—2+2{+ .
+ E C(k,¢,n)F(;r) {di F(4 r)} {(di) F(% )}

[(n—2¢)/

=1
/2)-¢-1 n—2-3¢-2k 2 k
- Clk£mF iy Fin) {(%) FUs r)}

k=0
= D1 (A47) + Bo(Ar) + Ls(4; 7).

n I

P>
<[m-¢)/

C(m,k,¢, "){G(/l; PR (3 pyrom e
m=0 0<

2]

}(}. + ar?)™.

&

v:r
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Since [(n—¢)/2] —¢ =[(n+1—¢)/2] — ¢ when both n and ¢ are even or odd,
and since [(n — £)/2] —¢ =[(n+1—¢)/2] —¢ — 1 when n (resp. /) is even and ¢
(resp. n) is odd, we have

(App4) Ly(4r) = L (4;7).

Also since n — 3/ —2([(n —£)/2] —¢) =0 when both n and ¢ are even or odd,
and since n — 3¢ — 2([(n — ¢)/2] — ¢) = 1 when n (resp. ¢) is even and £ (resp. n)
is odd, we have

(AppS) Lna(457) = Ly (A 7).

Note that 0 </ <m if 0<¢/ <[(n—7¢)/2] and n=3m+k (k=0,1,2). When
n=73m, 3m+1, since 0</<m if 0</<[(n+1—-7)/2], it follows from
(App3), (App4), (App5) and the induction assumption that

n+1 m
(%) Fan™ =Y % L(%r)

/=0
m m—1
= In+1(}*; r) + Z In,3('1; r)
£=0 =0
m
= L1 (4;7)
£=0

= Z In—+—1(’1; r)'
0</<((n+1-2¢)/2]

Similarly, when n =3m +2, since 0</<m+1if 0</<[(n+1-7¢)/2], and
since [(n—¢)/2]—¢—1=0 if £=m, it follows from (App3), (App4), (App5)
and the induction assumption that

n+1 m
(%) Fuxn™=> % L(%7)

/=0
m m

=3 L)+ Lalkr)
¢=0 /=0
m m+1

=3 La(kn) + ) Lui(k7)
/=0 =1

= Lia(Ar).

0 <¢<[(n+1-2)/2)

This completes the proof.
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