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ON LAGRANGIAN ^-UMBILICAL SURFACES IN CP2(c)

By

Noriaki Sato

Abstract. A Lagrangian H-umbilical surface M is an isotropic

surface in CP2(c) if and only if M is a minimal surface in CP2(c).

1. Introduction

Let M be an ^-dimensional submanifold of a complex ra-dimensional

Kaehler manifold M with complex structure / and Kaehler metric g. A sub-

manifold M of a Kaehler manifold M is said to be totally real if each tangent

space of M is mapped into the normal space by the complex structure of M.

The totallyreal submanifold M of M is called Lagrangian if n = m. A Kaehler

manifold of constant holomorphic sectional curvature c is called a complex space

form and will be denoted by M(c). Let CPm(c) be a complex m-dimensional

complex projective space with the Fubini-Study metric of constant holomorphic

sectional curvature c. Chen and Ogiue [1] classifiedtotally umbilical submani-

folds in M(c) (c ^ 0) and proved that Mm(c) (c ^ 0) (m>2) admits no totally

umbilical, Lagrangian submanifolds except the totally geodesic ones. Recently,

Chen [2] introduced the notion of Lagrangian ^/-umbilical submanifolds which

is the simplest totallyreal submanifolds next to the totallygeodesic ones in M(c)

and classifiedLagrangian /f-umbilical submanifolds in M(c).

A Lagrangian H-umbilical submanifold of a Kaehler manifold Mn is a non-

totally geodesic Lagrangian submanifold whose second fundamental form takes

the following simple form;

(1.1)

o{e＼,e＼) = XJei, a(e2,e2) a(en,en) = fiJex

a{e＼,ej) = juJe,, a{ehek) = 0, j ^ kj,k = 2,...,n
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for some suitable functions 2,// with respect to some suitable orthonormal local

frame field{ez}.

From Theorem in Matsuyama [5], we see that any non-totally geodesic,

minimal Lagrangian submanifold Mn(n : even) in CPn(c) which has at most

two principal curvatures in the direction of any normal is constant isotropic

submanifold in CPn(c) {n > 4) or minimal Lagrangian if-umbilical surface in

CP2{c).

The aim of thispaper is to study Lagrangian //-umbilical surfacesin terms of

isotropic.

Theorem 1.1. Let M be a Lagrangian H-umbilical surface in CP2(c). M is

an isotropic surface in CP2(c) if and only if M is a minimal surface in CP2(c).

Corollary 1.1. A constant isotropic Lagrangian H-umbilical surface in

CP2(c) is locally congruent to a flat torus.

Corollary 1.2. An isotropic Lagrangian H-umbilical surface with constant

scalar normal curvature in CP2(c) is locally congruent to a flat torus.

Remark 1.1. More generally, Montiel and Urbano [6] completely classified

a complete constant isotropic Lagrangian submanifold Mn in CPn(c).

Remark 1.2. Very recently, Chen [3] showed that non-totally geodesic

minimal Lagrangian surfaces in any Kaehler surface are Lagrangian i^-umbilical.

The author would like to express his hearty thanks to Professor Yoshio

Matsuyama for his valuable suggestions and encouragements. The author also

would like to thank the referee for giving many valuable comments.

2. Preliminaries

Let V (resp. V) be the covariant differentiation on M (resp. M). We

denote by a the second fundamental form of M in M. Then the Gauss

formula and the Weingarten formula are given respectively by o{X, Y) =

VxY-Vx Y, Vx£ = -A^X + Dx£ for vector fields X, Y tangent to M and a

normal vector field £ normal to M, where ―A^X (resp. DXC) denotes the

tangential (resp. normal) component of Vx£. Let £= (l/n) tracea and H = |£|

denote the mean curvature vector and the mean curvature of M in M,

respectively. If the second fundamental form a satisfiesa{X, Y) = g(X, Y)(,
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then M is said to be totallyumbilicalsubmanifold in M. If the second fun-

damental form a satisfiesg(a(X, Y),Q = g{X, F)g(£,(), then M is said to be

pseudo-umbilicalsubmanifold in M. The submanifold M of M is said to be a

k-isotropicsubmanifold if ＼o(X,X)＼=X for allunit tangent vectors X at each

point.

We denote by R and R the Riemannian curvaturefor V and V respectively.

Then the Gauss equation is given by

(2.1)

g{R(X, Y)Z, W) = g(R(X, Y)Z, W) + g(o(X, Z), <r(F, W)) - g(a(F, Z),a(X, W))

for allvectorfieldsX, F, Z and W tangent to M. We denote by M(c) a complex

m-dimensional complex-space-form of constant holomorphic sectionalcurvature

c. We have

(2.2) R{X, Y)Z = (c/4){g(F,Z)X - g{X,Z)Y + g(JY,Z)JX

- g(JX, Z)J Y + 2g(X, J Y)JZ}

for allvector fieldsX, Y and Z on M{c).

We prepare the followingresult.

Theorem 2.1 [4]. Let M be an n-dimensional real space form of constant

curvature c. If M is an isotropic Lagrangian submanifold of CPn(c), then M is

parallel. Thus M is totallygeodesic or n = 2 and M is locally congruent to a flat

torus T2(c = 0).

3. Proof of Theorem 1.1

Let M be a Lagrangian //-umbilicalsurfacein CP2(c). We choose a local

orthonormal frame field

e＼,e2,e3= Je＼,e*= Je2

of CP2(c) such that e＼,e2are tangent to M. By (1.1),the surfacein CP2(c)

satisfies

(3.1)

{

a(e2

ei)

ei)

ei)

Xe,

1*1

lxeA

for some suitablefunctionsX and a with respectto some suitableorthonormal
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local frame field{e,}. Now, the Gauss curvature K is given by

(3.2) K = g(R(el,e2)e2,el)

By (2.1),(2.2)and (3.2)we get the Gauss curvature

4
(3.3) K = c/A +

where hfj= g(a{ehej),ea).

By (3.1) and (3.3) we have

(3.4)

a=3

KM2 - W2)2}

K = c/4 + utt - n)

By (3.1),for any unit tangent vector e ―(ke＼+ le-^l^k1 + /2,where kj are some

real numbers, we get (see [7])

(3.5) ＼a{e,e)＼2= {kAX2 + 2k2l2Xfi + l4ju2+ 4k212ft2)/(k2 + I2)2

On the other hand, we get

(3.6) ＼o{euex)＼2= X2

(3.7) ＼a(e2,e2)＼2=ii2

If the surface is isotropic, by (3.6) and (3.7) we have

The case (i):fi― X

By (3.4),we get nonzero constant Gauss curvature K = c/4. By Theorem 2.1,

we see that the Lagrangian //-umbilical surface is a totally geodesic surface in

CP2(c). This is a contradiction for definition (1.1).

The case (ii):/u= ―X

We see that the surface is minimal in CP2(c).

Conversely, if the surface is a minimal surface, then ju― -X and by (3.5), we

get

＼a(e,e)＼2= X2

This completes the proof of Theorem 1.1.

Now, we shall show Corollary 1.1. Since the surface M is constant X-

isotropic, by Theorem 1.1 we see that M is minimal and pi= ―X. So, by (3.4) we

have constant Gauss curvature K = c/4 ―2X2. Thus, the assertion of Corollary

1.1 follows immediately from Theorem 2.1.
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Now, we shallshow Corollary 1.2.The scalarnormal curvatureis given by

(3.8) Km ― B n＼in2i n＼in2i) f

Since the surface M is isotropic, by Theorem 1.1 we see that M is minimal and

fi= ―X. So, by (3.1) and (3.8) we have Kn ― 4A4. Thus the assertion of Corollary

1.2 follows from Corollary 1.1.
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