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GEODESIC TRANSFORMATIONS IN ALMOST HERMITIAN

GEOMETRY

By

Eduardo Garcia-Rio1 and Lieven Vanhecke

Abstract. We treat partially conformal geodesic transformations

with respect to submanifolds in almost Hermitian manifolds. Non-

isometric ones only exist when the submanifold is a real hypersurface

or reduces to a point. In these two cases, we derive necessary and

sufficientconditions for the existence in terms of the Jacobi operator

and show how this existence influences the geometry of the

hypersurface and that of the ambient space. As an application, we

use these transformations to obtain a new characterization of

complex space forms.

1. Introduction

Local reflections with respect to points or submanifolds of a Riemannian

manifold have been studied intensively. The properties of these reflectionshave

been used to obtain several geometric properties and characterizations of special

classes of Riemannian manifolds and submanifolds. We refer to [4],[22] and [24]

for examples, basic material and further references. Local reflectionsare maps

which preserve tubular hypersurfaces about the point or submanifold P. This kind

of transformations has been generalized to geodesic transformations with respect

to P. These transformations map a tubular hypersurface about P into another

tubular hypersurface by moving points along normal geodesies of P, but leaving

the points of P invariant. Geodesic transformations were introduced in [18]

and studied also in [6]. Recently the authors begun a systematic study of

such transformations. (See [10],[11] and [12] for information about divergence-
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preserving and holomorphic geodesic transformations and [4],[5] for holomorphic

and symplectic geodesic reflections).

Homotheties and inversions with respect to spheres form a class of re-

markable transformations in Euclidean geometry. They are fundamental con-

formal transformations. In [9],we use conformal transformations with respect to

points and geodesic spheres to characterize real space forms, where non-Euclidean

similaritiesand inversions are introduced. The existence of conformal geodesic

transformations was investigated further in [13]. These studies show that con-

formality is a strong condition and this fact motivated the study, in [9], of the

closely related notion of a partially conformal geodesic transformation.

In this paper, we focus on partially conformal geodesic transformations with

respect to submanifolds in almost Hermitian manifolds. In Section 2, we consider

the analytic description of these transformations by using Fermi coordinates and

derive the firstresults. We study the influence of the existence of a partially

conformal transformation with respect to a submanifold on the extrinsicgeometry

of the submanifold and show that for codimension greater than one, the local

reflectionsare the only partiallyconformal geodesic transformations. This restricts

the study of partially conformal geodesic transformations to the case of points

and real hypersurfaces.

Section 3 is devoted to the study of partially conformal geodesic trans-

formations with respect to points. We derive the necessary and sufficientcon-

ditions for the existence of such transformations. It turns out that such conditions

can be expressed in terms of the Jacobi operator and its derivatives. As a

consequence, we obtain a characterization of complex space forms as well as a

description of all the possible partially conformal geodesic transformations. In

Section 4, we make a similar study for partially conformal geodesic trans-

formations with respect to real hypersurfaces.

Manifolds are assumed to be connected and analytic, although C°°

sometimes sufficient.

is

2. Partially Conformal Geodesic Transformations. First Results

Let (M, g,J) be an almost Hermitian manifold of real dimension n > 2, V its

Levi Civita connection and R the associated Riemann curvature tensor taken with

the sign convention RXy = V[x,y] ―[V^,Vy] for all smooth vector fields X, Y.

Moreover, put RXyzw = R{X, Y,Z, W) = g(R(X, Y)Z, W).

Let B be a topologically embedded submanifold with dim B = q and let expv

denote the exponential map of the normal bundle v of B.
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Definition 2.1. A geodesic transformation cpB with respect to B is a map

defined by

(2.1) (pB : p = Qxpv(ru) -> ^(/?) = expv(.y(r)w)

which leaves B invariant. Here u is an arbitrary unit normal vector of B and r

and s are supposed to be sufficientlysmall such that <pBis a local diffeomorphism.

In all what follows, the function r ＼―>s{r) is supposed to be analytic in a

neighborhood of r = 0.

Conformal geodesic transformations have been investigated by the authors in

[9],[13].The existence of such transformations is closely related to the constancy

of the sectional curvature. In the present paper, we shall investigate the weaker

notion of partialconformality. The following observation is a key fact motivating

the definition of partiallyconformal geodesic transformations. Let N denote the

gradient of the normal distance function. The almost complex structure / gives

rise to the locally defined vector field JN. The properties of this distinguished

vector field strongly influence the geometry of the manifold. For example, when

(M,g,J) is a nearly Kahler manifold (that is,(VxJ)X ― 0 for all vector fieldsX)

the constancy of the holomorphic sectional curvature of (M, g,J) is equivalent to

the fact that JX defines a distinguished eigenspace of the Jacobi operator Rx, that

is, R(X,JX)X is proportional to JX [21]. When B is a small geodesic sphere, JN

is a vector fieldtangent to B and it defines a distinguished eigenspace of either the

shape or the Ricci operator for all sufficientlysmall geodesic spheres if and only

if the holomorphic sectional curvature is constant, provided that (M,g,J) is a

nearly Kahler manifold [7],[23].

Next, let n be the one-form induced by the metric and the vector fieldJN and

defined by rj(X) = g(X:JN).

Definition 2.2. A geodesic transformation <pB with respect to a submanifold

B is said to be partially conformal if and only if

(2.2) tig = e2ag + f(riRfi)

for some function / depending only on the normal distance function.

The function/in (2.2) is assumed to be analytic although at some places this

condition can be weakened.

Remark 2.1. A partially conformal transformation is conformal if and only

if the function/vanishes. Note that our notion of partial conformality tallieswith
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that of "specialpartialconformality" introduced by Tanno [20].Such trans-

formations (p are defined by

{w*g)(X,Y)=<?"g(X,Y)

for all vector fields X, Y on M, where at least one of them is tangent to the

distribution D = Ker//.

Note that the function / in (2.2) is defined by (y*g)(JN,JN) =

(e2°+ f)g{JN,JN).

To describe analytically a partially conformal geodesic transformation, we

introduce a system of Fermi coordinates adapted to the submanifold. See [16],

[22] for more detailed information. Let meB and let {E＼,...,En} be a local

orthonormal frame field of (M,g) defined along B in a neighborhood of m.

Furthermore, we specialize this moving frame such that {E＼,...,Eq} are tangent

vector fieldsand {Eq+＼,...,En} are normal vector fieldsof B. Let (yl,..., yq) be

a system of coordinates in a neighborhood of m in B such that

Jy1
(m) = Ei(m)

/ l,...,q

and define the Fermi coordinates (xl,... ,xn) with respect to m, (yl,..., yq) and

{Eq+l,...,En} by

xl

,

Wl

expv

f-E

t≪Ea

/ i=l,...,q

ta, a = q+＼,...,n

in a neighborhood of the zero section of B in v, taken sufficientlysmall such that

expv is a diffeomorphism.

Next, we derive an expression

9ij
td

dxJJ

for the components of the

f8
Sab

(A.
g＼dx"

metric tensor g,

dxbl

Let u be a normal unit vector, u e T^B, and y{r) = Qxpm(ru) a normal geodesic

with y(0) = m, /(0) = u. We specializethe frame field{E＼,...,En} in such a way

that

/(0) = u = £,(#≪), /y'(0) =Ju = {-dEq + cEg+l)(m),
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for real numbers c, d with c2 + d2 = 1. Now consider the frame field{Fi,..., Fn}

along y obtained by parallel translating the basis {E＼(m),... ,En(m)}, and denote

by Ya(r), a = 1,...,≪― 1, the Jacobi fields along y{r) with initial conditions

(23)

r,(0) = W), r/(0) = v.A,

Y.(0) = 0, ro'(0)= £a(m)

where the prime denotes covariant differentiationalong y. These fieldsare related

to the Fermi coordinate vector fields by

(2.4) Yi(r)=^ (?(')), Ya(r) = r―(y(r))

Using the parallel basis {F＼,... Fn＼,we identify the tangent spaces Wir)}1

and write Ya(r) = Du(r)Fa for a = 1,...,≪― 1, where Du(r) is an endomorphism-

valued function. Then, the Jacobi equation yields

(2.5) DfM + {RoDu){r)=0

where R(r)X = Ryl^xy'(r). To derive the initialvalues for Du(r), we shalluse the

Gauss and Weingarten equations for the submanifold B [2]:

VXY = VXY+TXY,

VXZ=T{£)X + VXZ

where X, Y are tangent to B and £is a unit normal vector to B. V denotes

the induced metric connection on B, TXY is the second fundamental form, T{Q

the shape operator with respect to £ and Vx the normal connection along B.

Furthermore, TXY and T(£) are related by

g(T(Z)X,Y) = -g(TxY,£).

Now, using the initialconditions (2.3) for Ya, we obtain the following initial

values in matrix form with respect to the basis {E＼(m),.., ,En-i(m)} of u1 a

where

A,(0) =
:

J>i(O)=
( T(u)

nu)y = g{T{u)EuEj){m＼

±(u)ia= g(t±EiEa,En)(m),

')
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J_ being an operator defined in [16]. It satisfies±x £― V^. Using the gen-

eralized Gauss Lemma [16]

(2.6) gnn(p) = l, 9m(p)=0, oc= 1,...,≪- 1,

and (2.4), we obtain at the point p = expw(r≪):

gij(p)= ('DuDuUr),

(2.7) gia{p)=-{tDuDu)ia{r)

Qab{p)=ji{tDuDu)ab{r).

In order to describe analytically a geodesic transformation with respect to B,

we consider an adapted system of Fermi coordinates about B as described before,

and put s(r) ―p{r)r in (2.1). Then one obtains the following analytic description

of the geodesic transformation:

g>B:(xl,...,x''tx≪+＼...,x")~(x＼...,xt',p(r)x≪+l,...,p(r)xn)

where r denotes the normal distance function. Note that r2 = J2a=q+i(xa)2■

Hence, we have

Lemma 2.1. A geodesic transformation <pB with respect to a submanifold B is

partially conformal if and only if the following conditions are satisfied:

9ij(<PB(p))= e2agij{p)+ f{r){rj<g>̂ (p),

P9ia{(PB(p))= e2a9ia(p) + f(r){n <g>n)ia(p),

P29ab(<PB(p)) = e2aQab{p) + f(r)(n R n),(p),

ela■ = er
for each point p ― Qxpm(ru), where i,j= 1,･..,q and a,b = q + I,... ,n― 1.

Proof. Considering the previous expression of (pB with respect to an

adapted system of coordinates, we have

(2.8)

d

dx

= 0

d

Jx~a

/ = l,...,a

+

n

k=q+＼

xk
d

fa*
a = q+ 1,...,≪
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Hence, along any normal geodesic y(r) = expm(ru), we get

{(pB9)iMr)) = giMs)), {(PB9)ia{y{r))= p{r)gia{y{s)),

(vtiUMr)) = P(r)2gab(y(s)), toflUKr)) = (p'(r)r + P{r))2gnn{y{s))

and the result follows from (2.6) and the partial conformality of wB.
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□

Since the submanifold B remains fixed under the geodesic transformation, the

function s(r)in (2.1) satisfiess(0) = 0 and further, using the derived expressions

for the components of the metric tensor, we get the following

Lemma 2.2. For any partially conformal transformation <pB with respect to a

suhmanifold B, we have /(O) = 0. Moreover, if dim B > 1, then s'(0) = 1.

Proof. Let u e T^B and consider an adapted system of Fermi coordinates.

From the conditions in Lemma 2.1 we obtain

(2.9) pgqq+l(s) = e2(Tgqq+l(r)+f(r)(rjRrj)qq+l(r)

and taking limits for r ―+0, we get

s'(0)3qq+l=s'(0)23qq+l-f(0)dc,

which shows that /(0) = 0 unless cd = 0. If d = 0, from Lemma 2.1 we get

(2.10) p2gq+lq+l{s) = e2agq+lq+l(r) + f{r)(tjRr})q+iq+i(r)

and taking limits for r ―>･0, we obtain .s'(O)2= s'(Q)2+/(Q) which shows that

/(0) = 0. (Note that this case shows also that /(0) = 0 when 5 reduces to a

single point.) Next, suppose c = 0, that is, /w is tangent to B. Then we have

(2.11) gij{s)= e^gM+fir)^R^).

Once again, taking limits for r ―>0, one obtains

^･ = ^(0)%+/(0)^^

and for dimB > 2, we must have ^'(O)2 = 1 and hence, /(0) = 0.

Next, we show that .y'(O)2= 1 for dim5>l. First, we obtain /(0) = 0

since dimi?>2 or dim B= 1 and dimM>2. Then, from this,(2.11) and by

taking limits for r ―>0, it follows that <5W = s'(0)2Sqq, which shows the desired

result. □
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In what follows,we put

(2.12) gde(Qxpm{ru)) =

k>0

for the power series expansions of the components g$Q of the metric tensor g

along the normal geodesic y{r) = expw(rw), where 8, 0 e {1,2,... ,n ―1}. Then,

from the Jacobi equation (2.5), the initialconditions (2.3) and the expressions

(2.7), one gets the following explicitdescription of the firstfew terms appearing in

(2.12):

(2.13)

gij(expm(ru))

dia(^Pm(ru))

= g(EhEj)(m) +2rg(T(u)EhEj)(m) + 0(r2)

= -rg{t±(u)EhEa)(m)

-h2g{R{u)EhEa){m) + O{r1>),

9ab(expm(ru)) = g(Ea,Eb)(m)-Y2g(R(u)Ea,Eb)(m) + O(r3).

Also, for the one-form rj we shallwrite the formal power seriesexpansion

(2.14)

Finally, let

(2.15)

'

c

s(r)

(expert/)) = '%2ik('n,u,d)rk

k>0

5>r*' /to

k>l

f{k)(0)rk

be the power seriesexpansions of the functions s(r) and /(r) along the geodesic y,

where fik = {l/k＼)^(0).

It is clear that the identity transformation satisfiess'(Q) = 1. We shall show

that the identityis the only partiallyconformal geodesic transformation such that

s'(0) = 1 holds. To prove this, we consider the following two cases: dimfi > 1

(see Theorem 2.1 below) or B is a single point (see Theorem 3.1).

Theorem 2.1. Let <pBbe a partiallyconformal geodesic transformationwith

respect to a submanifold B with dimi?> 1. Then s'(0)= ―1 unless <pBis the

identitytransformation.

Proof. From the previous lemma we have s'(0)2 = 1. Now we show that

for s'(0) = 1, (pB is the identity transformation. We proceed by induction. First,

we prove that s"(0) = 0, /'(0) = 0.
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(2.16) p2gab{s) = e2°gab{r) + f{r){r, R f])ab(r)

and (x.＼(m,u,a,b) = 0 (see (2.13)), we obtain the expansion

(2.17) 5ab+s"{Q)dabr+O{r2)

= 6ab + (2s"(0)Sab + c2f'(0)5aq+lSbg+l)r + 0{r2).

Also, from Lemma 2.1 we have

(2.18)

and hence

9ij{s) = e2"gt,{r)+f(r)(t,Rti)Jr)
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(2.19) ^･ + a1(m,M,y>+0(r2)

= 3y + (2/'(0)<% + ai(m, i/,i,7) + ^2/'(0)V;,)^ + 0(r2).

Similarly, from

(2-20) pgia(s) = e2°gia{r)+ /(r)fa R rj)ia(r)

we get the expansion

(2.21) a,(/n,H,i,a)r+0(r2) = {od{m,uj,a) - cdf'{0)diq5aq+l)r + 0{r2).

Now, if Ju has tangential and normal component, if follows from (2.21) that

/'(0) = 0 and from (2.19) we then get s"(0) = 0. Next, suppose that Ju is normal

to B. Then from (2.19) we obtain s"(0) = 0 and it follows then from (2.17) that

/'(0) also vanishes. Finally, suppose that Ju is tangent to B. From (2.17) it

follows that s"(Q)Sab = 2s"(0)Sab and hence, if codim£>2, s"(0)=0. In this

case, /'(0) = 0 as a consequence of (2.19).

Next, consider the case of a real hypersurface B. From (2.19) we obtain

2s"(0)dij = -f'{Q)5iqSjq. Since dim B > 3, it follows that s"(0) = 0 and /'(0) = 0.

Now, we proceed by induction. We suppose that the coefficients in the power

series expansions of the functions s(r) and f{r) satisfy

& = ---=A-i=0'

/'(0) = --- = /(*-2)(0) = 0

and prove that fik = 0 and /{^-1)(0) = 0. From (2.16), (2.18) and (2.20), using the

induction hypothesis, we get the expansions
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(2.22) Sab

(2.23)

(2.24)

k-2
E
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a/(m, u, a, b)rl + (2kf}kdab + ak-i (m, m, a, b)

+
c2

(k-iy.

= <>ab+

Sij +

k-2
E

k-2
E

k-2
£

f{k-l)(0)Saq+l5bq+l)rk-l+O(rk)

<x/(/w,u, a, b)rl + {2j5kSab + afc_i(m, m, a, Z)))^-1 + 0(r*),

<x/(m, u, i,j)rl + (2%<5≪ + <xk-i(m,≪, z,y)

+
(*

Sij +

^

1)!

k-2
E

1=1

f{k~l)(0)SiqSjq)rk-l + O(rk)

a/(m, u,i,j)rl + ak-＼(/w,≪,/,;>fc ! + O(r*)

a/(m, u, /,a)rl + (a^-i (m, u, /,a)

cd
fik-l＼0)SiqSaq+l)rk-1 + O(rk)

k-2
£

ai(m,u,i,a)rl + aic-i(m,u,i,a)rk l + 0(rk).

Considering the terms of degree k―＼ in the previous expansions, and

proceeding in the same way as before, we obtain that fik= 0 and /^~^(0) = 0.

Hence, from the analyticityassumption of s,it follows that s(r)= r and hence <pB

is the identity. n

In the rest of this paper, <pB will always denote a non-trivial geodesic

transformation, that is, <pB is not the identity map.

In what follows we shall show that the study of partiallyconformal geodesic

transformations with respect to a submanifold B is reduced to that of isometric

geodesic reflections,provided that 0 < dim B < dim M ― 1.

Isometric geodesic reflectionswith respect to submanifolds are studied in [4]

where it is shown that submanifolds admitting such geodesic transformations are

necessarily totally geodesic. Now we shall determine some necessary conditions
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for the existence of partially conformal geodesic transformations relating to the

extrinsic geometry of the submanifold B in M.

Theorem 2.2. Let (M,g,J) be an almost Hermitian manifold and B an

arbitrary submanifold with dimB>＼. If there exists a non-trivialpartially con-

formal geodesic transformation with respect to B, then

(i) B is a totally geodesic submanifold, or

(ii)B is a totally umbilical real hypersurface, or

(iii)B is a real hypersurface with two distinct constant principal curvatures,

where that with multiplicityone corresponds to the principal direction JN.

Proof. Since the geodesic transformation is non-trivial,we have sf(0) = ―1.

Also, from the conditions in Lemma 2.1 we have

^(J) = e2ff^(r)+/(r)(i7Ri7)&.(r).

Using the power seriesexpansions of the components of the metric tensor (2.13),

dtj- 2rTv(m) + 0(r2) = dtj+ (2Ty(m) - 2j"(0>fy + d2f(0)diqdjq)r + O(r2)

and hence, the shape operator satisfies

(2.25) T(u) = K s"(0)I~f'(0)d2riRJu
)

If B is a real hypersurface, then d ― 1 and It is totally umbilical or it has

two distinct constant principal curvatures, namely k＼= (l/2)s"(0) and ki =

(l/2)0"(0) - (l/2)/'(0)), the latter with multiplicity one and corresponding to

the principal direction Ju.

Next, show that B is a totallygeodesic submanifold provided that codim B >

1. Using the relation

P29ab{s) = e2ffgab(r)+ f{r)(rj<g>17)^(1-)

of Lemma 2.1, we obtain

Sab - s"(0)5abr + O(r2) = 3ab - (2s"(Q)Sab - c2f(0)Saq+lSbq+l)r + O(r2),

from which we get

(2.26) s"(0)=c2ff(0)daq+l.

First we show that B is totally geodesic if codim B > 2. In this case, it is
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possible to choose Ea e T^B such that g{Ea,u) = 0, g(Ea,Ju) = 0 and hence, it

follows from (2.26) that s"(0) = 0. Also, from (2.26) and if c # 0, it follows that

/'(0) = 0 and hence, (2.25) shows that B is totally geodesic. Furthermore,

suppose that c = 0 for each normal vector ue T^B, that is, for each normal

vector u, Ju is tangent to B. Hence, (2.25) becomes

(2.27) T(u)X=-l-f(0)g(X1Ju)Ju

for each vector X e TmB. Then take orthogonal unit vectors w, v e T^B. Since Ju,

Jv are tangent to B, it follows from (2.27) that

t(x
VI

(u + v)m -i/'(°)
±J(≪+≫)

Expanding the left-hand side of thisequation and using again (2.27) gives

T (u + v))yW! (u + v) )- -lf'(O)J(u + v)

Comparing both expressions above, /'(0) = 0 follows at once and hence, B is

totally geodesic.

For the remaining case codim B = 2 we show that B is totally geodesic too.

From Lemma 2.1, we have

pgia(s) = e2agia{r) + f(r){tj <g)rj)ia{r)

and hence, the expansion

-g{t±(u)Ei,Ea)r+ O(r2) = -(gC±(u)EhEa) + dcf'(0)Siq5aq+l)r + O(r2).

Considering the terms of degree one, we obtain

(2.28) cdf'{0) = 0.

If B is a holomorphic submanifold, it follows from (2.25) that B must be totally

umbilical with shape operator T(u) = (l/2)s"(Q)Id. Proceeding as in [13, The-

orem 3.1], it follows that B is totally geodesic.

Next, suppose that B is not a holomorphic submanifold and take an

orthonormal basis {u, v} of T^B. Let cu (resp. cv) and du (resp. dv) be the norm

of the normal and tangential components of Ju (resp. Jv). Since B is not

holomorphic, du and dv cannot both be zero. Put du ^ 0.

If cu = 0, it follows from (2.26) that j"(0) = 0. Now, if cv = 0, then both Ju,

Jv are tangent vectors to B and then, in the same way as for the case of



Geodesic transformations 163

codim£ > 2, we get /'(0) = 0. So, suppose cv # 0. If dv # 0, then from (2.28) it

follows that /'(0) = 0 and B is totally geodesic. If dv = 0, then Jv is normal to B.

Since we are assuming that codim B = 2, /u must be in the direction of u. This

shows that Ju cannot have a tangential component to B, which contradicts

Finally, if cu ^ 0, (2.28) yields /'(0) = 0. Then (2.25) implies that 5 is

totally umbilical with shape operator T{u) = (l/2)s"(0)Id, and in the same way

as in [13, Theorem 3.1] we get that B is totally geodesic. This finishes the

proof. □

In this context we recall the following definition.

Definition 2.3. Let B be a real hypersurface in an almost Hermitian

manifold (M,g,J). B is said to be a Hopf hypersurfaceif JN is a principal

directionof B, N being a unit normal vector.

Hopf hypersurface form a nice class of real hypersurfaces in almost Her-

mitian spaces. Indeed, they are the only real hypersurfaces with two distinct

constant principal curvatures in non-flat complex space forms. We refer to Takagi

[19] for a classificationof such hypersurfaces in the complex projective space and

to Montiel [17] for the hyperbolic case.

Now, we state the main theorem of this section. It shows that only the

partially conformal geodesic transformations with respect to points and real

hvuersurfaces are essential.

Theorem 2.3. Let B be a q-dimensional submanifold in an almost Hermitian

manifold (Mn,g,J). If (pB is a partially conformal geodesic transformation with

respect to B, then it must be the identity or the geodesic reflectionprovided q

satisfies0 < a < n ―1.

Proof. Let tpB be a non-trivial geodesic transformation with respect to B.

Since codim B > 2, it follows from the previous theorem that B must be a totally

geodesic submanifold, and moreover from (2.25) it follows that s"(0) = 0, /'(0) =

0. Next, we proceed by induction. We suppose that

*"(<>)

/'(<>) = ･･･

= ^-1)(0) = 0,

= /(*-2)(0) = 0
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and prove that s^(0) =0, f^k ^(0) =0. Then, from the analyticity conditions,

it will follow that s{r) = ―r and hence, <pB must be the geodesic reflection.Note

also that this condition shows that the function f(r) vanishes identically.Hence,

the geodesic transformation <pB must be conformal and from [13, Theorem 3.2],

cpB is an isometric transformation.

Using the induction hypothesis, from (2.16) we have the expansion

k-2
(2.29) Sab + E

+

oci(m, u, a, b)rl + (ajt_i(m, w, a, Z>)- 2kpk8ab

c2

(k-iy.

yfc-2

= $ab +

f≪'-l＼0)8aq+ldbq+l)rk-l + O(rk)

ai{m,u,a,b)(-＼)lrl

+ ((-I)*" Vi(w,f<,a,a) - 2(lk5ab)rk-1+ 0{rk)

and considering the terms of degree (k―l), it follows that

(2.30) 2{k-l)fikdab = (1 - (-l)k-l)oLk-i(m,u,a,b)

+
c2

(k-iy.
f{k~l＼O)Saq+lSbq+l

Also, if <pBis partially conformal, (2.18) must hold and hence,

(2.31) S(j +

k-2
£

1=1

cci(m,u,i,j)rl+

+

(k

Sij +

dl
1)!

lak-i(ij)-2kfikdij

f{k'l＼mqSjXk-x + O{rk)

5>(m,ii,a,*)(-l)V

1=1

+ {-＼)k-lOLk-X(m^iJ)rk-l + 0{rk)

and considering the terms of degree (k ―1), it follows that

(2.32) 2k/]k5ij= (l-(-l)* l)oLk-i(miu,i,j)+
(k

f.
1)!

f^l＼O)SiqSjq.
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Furthermore, from (2.20) and using the induction hypothesis,we also have

Jt-2
(2.33)

and hence

(2.34)

1=1

a/(m, u, /,a)rl + (a^-i (w, m, /,a)

cd

k-2
£

7=1

f{k-l＼mAq+&k~l + O(rk)

a,(m,u,i,a)(-l)l+1rl+ (-l)k*k-l(m,u,i,a)rk-1 + 0^)

(l-(-l)*W_i(/n,M,i＼a) =
cd

In order to show that fik

f{k-l)(0)3iqSaq+l

= 0, we consider the following possibilities:

165

Case 1. There exists a unit vector ueT^B such that Jue T^B.

Considering an adapted system of Fermi coordinates and since du ― 0, we

obtain from (2.32)

2A:#t = (l-(-l)/:-1H_1(m,M,0.

Hence, if k is an odd number, say k = 2/ + 1, we must have fik = 0. Furthermore,

suppose k = 21. Then one gets

(2.35) P2l=―(x2i-i(m,u,i,i).

Consider the one-parameter family of unit normals wx = u cos X + Ju sinX. Since

J(Ju) is normal, dJu ― 0 and condition (2.35) remains valid for any normal unit-

speed geodesic yk(r) = expw(ra/l). So, jS2/= (l/2I)<X2i-＼(m,(Ox,i,i).Taking the

limit for X ―>7i,it follows that

&/ =
2/a2/-i('≪,M,/,0

=―a2/-i(m,-w,/,/).

Since ct2i-i(fn,―u,i,i)= ―a2i-i(m,u,i,i), we get (X2/_i(aw,w,i,/')= 0 and hence,

^2/ = 0.

Next, we show that f{k~l)(Q)= 0. Since </,= 0, we have cu = 1 and (2.30)

yields

(2.36)
1

f[k "(0) = ((-1)* 1-l)ajfc_i(/w,w,0+1,0+1).
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Then, it is clear that f^k ^(0) =0 for odd k. For even k = 21, one gets

2

-1

(2/-1)!
f(2l-l＼0) = a2l_l(m,u,q+ 1,0+1).

Now, since Ju is also normal to B, for each normal z^n = hi + nJu, it follows that

1

2(2/-1)
(VS:!i/)(°) = ^i-iirn.z^Jz^Jz,,)

Both sides are polynomials in X and /i. Comparing coefficients yields

(X2/-1(m,w, Ju, Ju) = 0 and hence, /^2/~^(0) vanishes.

Case 2. For each normal vector ueT^B, du # 0.

Consider the following possibilities:

(2.a) for each u e T^B, Ju is tangent to B, that is, cu = 0.

Since codim B > 2, take orthogonal unit vectors u,v e T^B and denote

Eq{u)―Ju, Eq(v) = Jv. Considering an adapted system of Fermi coordinates, it

follows from (2.32) that

2kfik = (1 - (-l)k~l)oLk-i(m,u,Eq{v),Eq{v)).

This shows that & = 0 for k = 2l+l. Also, if k = 2l, one gets /?2/=

(＼/2l)ci2i-i(m,u,Eq(v),Eq(v)).Consider now the one-parameter family of unit

normals

co> u cos X + v sin A, z^ = ―u sin 2 + u cos X

For each value of A,co^ and zx are orthogonal unit vectorsin T^B and for the

normal geodesic yx(r)= Qxpm(roj^)we have

h, = Y,a2i-i(m,cox,Eq{zx),Eq{zx))

Taking the limit for X ―>n, we obtain /?2/= {l/2l)ot2i-i(tn,-u,-Eq(v),-Eq(v)),

and this shows that oc2i-＼(m,u,Eq^,Eq^) = a2i-＼(m,-u,Eq^,Eq^)). Hence,

oc2i-i{m,u,Eqiv),Eq{v))=0 and so, p2l = 0.

To show that /(*~1}(0)= 0, we use (2.32) to get

(2.37)
1

/(*-!)(0) = ((-I)""1 - l)ak^(m,u,Eq{u):Eq{u)),

and the result follows proceeding as in the previous case.
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(2.b) There existsa unit normal u e T^B such that du ^0, cu # 0.

Considering an adapted system of Fermi coordinates,from (2.34) we get

(2.38) cudu

(k-l)＼
/(*-!)(())

= (1 - {-l)k)a.k-i{m,u,Eq{u),Eq+l{u))

This shows that f^k ^(0) vanishes for even k. If k is odd, say k = 2l+＼, we

obtain from (7..W) and (7 W.)

and

^Wn+Ab fi2l)(0)Saq+lSbq+l

t

4/(2°(0)V*-

c2

(2/)!

2(2/+,l)/?2/+1^ =

Since codim£ > 2 and dimM > 4, it follows that fi2i+i= 0 and hence, /(2/)(0)=

0. This shows that /^~^(0) vanishes. Also, since we have shown that fi2l+l―0>

we only have to prove that fik= 0 for even k = 21. From (2.30) and (2.32), we

have

(21 - ＼)p2l= a2/_i(m, v,a,a), 2//?2/= a2/_i(m, t?,i,/)

for all normal v e T^B and hence, the result follows as in the previous cases.

□

In [13], it is shown that if a geodesic transformation with respect to a

submanifold is an isometry, then it must be the identity or the geodesic reflection.

Moreover, it is shown that the geodesic reflectionis conformal if and only if it is

isometric. In what remains in this section, we show a similar result for partially

can formal ppodesin reflections

Proposition 2.1. Let Bq be a submanifold in an almost Hermitian manifold

(Mn,g,J) with 0 < q < n ― 1. Then the geodesic reflection with respect to B is

partially conformal if and only if it is an isometry.

Proof. As a consequence of the induction process in the proof of the

previous theorem, the function f(r) vanishes identically,and thisshows that the

geodesic reflectionis partially conformal if and only if it is conformal. Hence

the result follows from [13, Theorem 3.21. □
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3. Transformations with Respect to Points

In this section, we shall derive the necessary and sufficientconditions for a

geodesic transformation q>m with respect to a point me M to be partially

conformal. Note that, if the submanifold B reduces to B = {m}, the system of

Fermi coordinates in Section 2 becomes a system of normal coordinates in a

normal neighborhood of m.

Unlike for the case of higher dimensional submanifolds, for partially con-

formal geodesic transformations with respect to points we do not have a fixed

initial condition s'(0)2 = 1. In fact, the following theorem shows that such

condition occurs only for isometric transformations.

Theorem 3.1. Let (pm be a partially conformal geodesic transformation with

respect to a point m e M. Then cpm is an isometry if and only if s'(0) = 1 and this

occurs if <pm is the identity (s'(0) = 1) or the geodesic reflection(V(0) = ―1).

Proof. If s'(0)2 = 1, then s'(0) = 1 or j'(0) = -1. Clearly, the identity

transformation satisfies.s'(O)= 1, and moreover, proceeding as for Theorem 2.1,

it follows that the identityis the only partiallyconformal geodesic transformation

satisfying s'(Q) = 1.

Next, assume s'(0) = ―1. We show that (pm is the geodesic reflection.From

the conditions in Lemma 2.1 and using the fact that aL＼(m,u,a,b)= 0 (see (2.13)),

one gets s"{0)dab = f'(0)5ai5bl and hence, s"{0) = 0, /'(0) = 0.

Now we proceed by induction and assume that

h = ･･･ = fik-i= 0> /'(0) = ･･･ = /(""2)(0) = 0.

We shall prove that & = 0, /(*"1)(0) = 0. Proceeding as in Theorem 2.3, it

follows that (see (2.30))

2(k-l)j3kSab = (I - {-l)k-l)ak-i(m,u,a,b) +
1

f{k-l)5alSbl

This yields that fik = 0, f{k~l){0)= 0 for odd k and, if we suppose k to be even,

say k = 21, we get

2(2/- l)/3k = 2oL2i-i(m,u,a,a) +

1

fk-l)(O)SalSbl

Proceeding further as for Theorem 2.3,it follows that 0k = 0 and f{k~l)(0)= 0,

and then we obtain s(r) = ―r. So, ^w is the geodesic reflection.Also, it fol-

lows that f{r) vanishes, and hence, the geodesic reflectionis a conformal trans-
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formation. Thus, it must be an isometry as a consequence of the resultsin

[131. □

The geometrical significanceof the existence of a partiallyconformal geodesic

transformation with respect to a point is expressed by the mutual existing

relations between the coefficientsin the power series expansions of the com-

ponents gab of the metric tensor and those of the one-form t],jointly with those of

the functions s(r) and f{r). The next lemma expresses such relation by means of

a recursion formula. Its proof is obtained directlyfrom the conditions in Lemma

2.1, using the power series expansions (2.12), (2.14) and (2.15).

Lemma 3.1. Let q>m be a geodesic transformation with respect to a point m e

M. Then (pm is partiallyconformal if and only if the coefficientsin the power series

expansion of the function s{r) satisfy the following recurrence formula:

P＼{＼- fi)aLk{m,u,a,b)

Sab

+

＼p+q-k+2

k-＼
E

(l-pqWJq

<xk-i(m,u,a,b)

k-＼
£ £ ha

1=1 ＼p+q=l+2

＼p+q=l+2

+ £ ft/°≪>)*

for all a,be {1,2,... ,/!-!}

k-1

1=1

P<lPpPq

yjgv(m,
u,a, b)

V>1

Am,u,a)riv(m,u,b)

L

)

＼Pi+-+Pi=k

E

+-+pv=k-i

Ppl---Ppl

K-K

)

)

As a directconsequence of the previous expression,we have the following

necessary and sufficientconditions for the existence of partiallyconformal

geodesic transformations,expressedin terms of the Jacobi operators and their

derivatives.

Theorem 3.2. Let (M,g,J) be an almost Hermitian manifold such that there

exists a non-isometric partially conformal geodesic transformation with respect to a

point m e M. Then the derivativesof the Jacobi operator satisfy
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(3.1)
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<

R{2k＼m)=

0

(c＼{m

V °

k) 0

c2(m,k)In-2

)

for some real numbers c＼,ci depending only on the base point me M and the order

k > 0. Moreover, if (pm is a conformal transformation, then c＼{m,k) = C2{m,k) for

all k >0. Conversely,

(i) if (3.1) holds with c＼(m,k) = C2{m,k) and for all k>0, then there exist

infinitely many geodesic conformal transformations with respect to m;

(ii) if {3.1) holds and c＼(m,k) =£ci{m^k) for some k, then there exist infinitely

many non-conformal partially conformal geodesic transformations with respect to

m, provided that (M,g,J) is a nearly Kdhler manifold.

Proof. First we show that (3.1) are necessary conditions for the existence of

a non-isometric partially conformal geodesic transformation with respect to m. If

(pm is conformal, the resultis shown in [13, Theorem 4.1].So, we suppose that (pm

is a non-conformal partiallyconformal geodesic transformation with respect to m.

This occurs if and only if the function / in (2.2) does not vanish identically.

Hence, assume f^k°＼0)to be the firstnon-vanishing derivative of f(r) at the

point r ― 0.

As a firststep, we show that the coefficientsin the power seriesexpansion of

the components of the metric tensor are independent of the direction u e TmM,

and furthermore, that they satisfy

(3.2)

{
CLk (m,u,a,b) = 0

a*(

a,be {!,...,≪- 1}, a ^ b,

m,u,a,a) = a^(m,w,&,6), a,6 e {2,... ,n ―1}

for all k > 0. (Note that E＼ = Ju, En = u.)

So, let f(k°＼0)be the firstnon-vanishing derivative of f(r). Then the ex

pression in Lemma 3.1 yields

P＼{＼-P^dkirn.u^b)

＼p+q=k+2 )

+
k-＼

fi^2cti(m,u,a,b)

1=1

(

E

Pi+-+Pi=k

K-hx

)



+

k-＼
E

l=＼

k-＼
£

1=1
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aik-i(m,u,a,b)

( =

＼p+q=l+2

PA

(

.+q=l+2

/ ＼v>l

pqPpPa

av(m,u,a,b)

c
E

l+...+Pv=k-i

/V-A
))
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for all k < ko. Hence, in the same way as in the proof of Theorem 4.1 in [13], we

(3.3)

{
dk{rn,u,a,b) = 0 a,be{l,...,n-l}, a # b,

cLk{m,u,a,a) = a,k(m,u,b,b), a,b e {2,...,≪― 1}

for all k < ko, and furthermore, such coefficientsare independent of the direction

u £TmM.

Also, since rjQ(m,u,a) = g{Ea,Ju){m) = 0, from the expression in Lemma 3.1,

it follows that (3.2) also holds for k = k$. Now, we proceed by induction.

Suppose (3.2) holds for k = 0,..., t + ko and also that r}0(m,u,a) = ･･･ =

n,(m, u.a) = 0 for all a e ＼2 n―＼＼. We prove that

at+ko+i(m,u,a,b) = 0, a,b {1,2,...,≪- 1}

at+k0+i(miU,a,a) = cct+ko+i(m,u,b,b), a,b e {2,... ,n - 1},

r}t+l{m,u,a) = 0, a e {2,...,≪-1}

and that they are independent of the direction u e TmM.

From the expression in Lemma 3.1 it follows that (3.2) holds for k = n-＼-

ko + 1 and a,b e {2,...,≪― 1}. Hence, we have to show that rj,+1(m,u,a) = 0.

To do this, we consider the expression in Lemma 3.1 and, using the induction

hypothesis, it follows that

(3.4) /?JW0+1 - l)*t^+l(m,u,a^)=±ft*＼O)t,t+l(m,u,a).

Consider the unit vectors z^ ― Xu + /nJu, X2 + fi2 ― 1. Since Ea remains

orthogonal to both z^M and Jz^M, it follows that

#(/?r*0+1
- l)ar+fc+1(m,z^,a,/z^) = (V^2J)(0)r}t+l(m,zAfi,Ea).

The usual procedure then yields a^+A;o+i(m,M,a,/M) =0.

Next, we will use (3.2) to show the necessary conditions (3.1). Since the

components anh of the metric tensor are given by (2.7), it follows that the
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coefficientsin the power series expansion of Pah(y(r)) satisfy

(3.5) ak+A{m,u,a,b)
1

(* + 2)!

It follows from the power series expansion (2.13) that (l/3)g(R(u)Ea,Eb)(m) =

―a.2(m,u,a,b), and using the recursion formula in Lemma 3.1, R(u) is a diagonal

matrix with two constant eigenvalues independent of the direction u e TmM,

fi(l -(S＼)Ruaub{m)= 2^3dab +
l-f"(0)3al3bl^

(Note that Ifi^ab = -f'{Vfia＼h＼ and thus fi2 = /'(0) - 0 provided dimM >

2.) Since the endomorphism-valued function Du(r) is a solution of the Jacobi

equation (2.5) with initial conditions Du{0) = 0, D'u(0) = /, it follows that D,"'(0)

= ―R(m), and hence, it is diagonal with at most two distinct eigenvalues, one

with multiplicity one corresponding to the eigenvector Ju. We now use induction.

Suppose that the matrices

D:"(0),...,D^+1)(0), R(m),...,R^k~2＼m)

are diagonal with at most two distinct eigenvalues, one having Ju as corre-

sponding eigenvector, and show that the same holds for Du
+ (0)

and R^k~l＼m).

Since

(3.6) D(^)(0) = _^c/^-/)(m)i)(/)(0)

/=o

it follows from the hypothesis of induction that D^+T) (0) is a symmetric matrix

and hence, (3.5) shows thatitis diagonal with two eigenvalues, one corresponding

to the distinguished eigenvector Ju. Coming back to (3.6), the corresponding

result holds for R^k~l＼m). Moreover, since those eigenvalues are independent of

the direction, it follows that the odd derivatives of the Jacobi operator vanish

[14], which shows the necessity of (3.1).

Next we prove the converse. If c＼(m,k) ―C2(m,k) for all k > 0, (3.1) shows

that the Jacobi operator and its higher order derivatives are diagonal with only

one constant eigenvalue. Then the result follows from [13, Theorem 4.1]. Next,

we suppose that c＼(m,k) ^ C2{m,k) for some k > 0 and assume (M,g,J) to be

a nearly Kahler manifold. Then it follows that Ju is also parallel along the

geodesic y{r) ―expw(rw). Using (3.6), it follows that the endomorphism-valued

function Du(r) can be diagonalized with respect to an orthonormal parallel basis

{Ju,E2,...,En-＼}. Moreover, from (3.1) it follows that the eigenvalues are in-
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dependent of the direction u e TmM, and it also follows that the coefficients in the

power series expansion of the metric tensor satisfy (3.2). This shows that the

recursion formula in Lemma 3.1 defines a partially conformal geodesic trans-

formation with respect to m for each initial value /?, = s'(0) e R ―{0}. □

Remark 3.1. Note, as follows from (3.1), that the existence of a non-

isometric partiallyconformal geodesic transformation with respect to a point is a

more restrictivecondition than that of an isometric local reflection.If there exists

a non-isometric partially conformal geodesic transformation with respect to a

single point, then for each value of C e R- {0}, there existsa partiallyconformal

geodesic transformation with initialcondition s'(Q) = C (in particular, the local

reflection for C= -1). Moreover, by making use of the curvature conditions in

Theorem 3.2,it follows that if there exists a non-conformal, partially conformal

geodesic transformation with respect to a point m e M, then any conformal

geodesic transformation with respect to m must be isometric. Moreover, if there

exists a non-isometric conformal geodesic transformation with respect to m, then

any partially conformal geodesic transformation with respect to m must be

conformal.

As a consequence of the previous theorem, we can now state the following

characterization of complex space forms. Note that this result generalizes [9,

Theorem 4.51 since we do not assume here that the manifold is Kahlerian.

Theorem 3.3. Let (M,g,J) be an almost Hermitian manifold. Then M is

a Kdhler manifold of constant holomorphic sectional curvature c ^ 0 if and only if

for each point m e M there exists a non-conformal partially conformal geodesic

transformation.

Proof. If <pm Is a non-conformal partially conformal geodesic transfor-

mation, the function / does not vanish identically.Hence, assume /^ (0) to be

the firstnon-zero derivative of/, (ko > 1). Considering the recurrence formula in

Lemma 3.1 for k = k$ + 1 and using the induction hypothesis considered in the

proof of the previous theorem, it follows that f^ko＼0)r}l(m,u,a) = 0 for all a =

2,...,≪― 1. Moreover, the firstterms in the power seriesexpansion of t]{d/dxa)

along the geodesic y(r) are

n j(expw( )) = g(Ea,Ju)(m) + rg{J'u,Ea)(m) + 0(r2).

This shows that q((VuJ)u,Ea) = 0 for allEa orthogonal to both u and Ju. Hence,
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(VuJ)u = O for each unit u, and this shows that (M,g,J) is a nearly Kahler

manifold. Also, condition (3.1) in Theorem 3.1 for k = 0 yields

R(u,Ju)u ~ Ju

for all unit vectors u e TmM. Hence the holomorphic sectional curvature of M is

constant at each point me M [21].

In [15], nearly Kahler manifolds of constant holomorphic sectional curvature

are classified,showing that they must be complex space forms or locally isometric

to the six-dimensional sphere with the nearly Kahler structure induced from the

product of the Cayley numbers. Now, since the geodesic transformation (pm is not

conformal, it follows from (3.1) that c＼(m,0) ^ C2(m,0) and hence, the Jacobi

operator R{m) has two distinctconstant eigenvalues. This shows that M cannot

be a space of constant curvature. Hence, M is a Kahler manifold of constant

holomorphic sectional curvature c＼# 0. (Note that ci(m,0),C2(m,0) are constant

on each connected component of M.)

The converse is proved in [9, Theorem 4.1] □

The next theorem classifiesthe partially conformal geodesic transformations

occurring in an almost Hermitian manifold which admits a partially conformal

geodesic transformation with respect to each point. Also, it may be viewed as a

generalization of the resultsin [9] and [131.

Theorem 3.4. Let (M,g,J) be an almost Hermitian manifold such that there

existsa non-trivialpartially conformal geodesic transformation with respect to each

point m e M. Then M is a locally symmetric space and further we have

(i) the geodesic transformation is the local reflectionand hence, an isometry;

(ii) M is locally flat if and only if there exists a non-isometric homothetic

geodesic transformation with respect to some point. Moreover, in this case the

transformation must be the Euclidean similarity s(r) = Cr, C2 =£0,1;

(iii)M is a space of constant curvature c > 0 // and only if it there exists a

non-homothetic geodesic conformal transformation with respect to some point. In

this case, only non-Euclidean similarities

occur:

tan 5

2
= Ctanr-^ C2^0,l,

(iv) M is a Kdhler manifold of constant holomorphic sectional curvature c > 0

if and only if there exists a non-conformal partially conformal geodesic trans-
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formation with respect to some point. In thiscase, the geodesic transformation must

be a non-Euclidean similarity

fc

tans―― = Ctanr
4

^,
C2#0,l.

Proof. It is clear from Theorem 3.2 that the existence of a partially

conformal geodesic transformation with respect to each point implies local

symmetry. Furthermore, the existence of a homothetic, conformal or partially

conformal geodesic transformation with respect to a single point is equivalent

to the condition that the Jacobi operator has only zero constant eigenvalues, or

only non-zero equal constant eigenvalues, or two distinctconstant eigenvalues

(one with multiplicity one), respectively.

Since (M, g) is locally symmetric, the eigenvalues of the Jacobi operator are

constant on M, and hence, from Theorem 3.2 it follows that there exists a

homothetic, conformal or partially conformal geodesic transformation with re-

spect to each point. Hence, the results follow from previous theorems and

using those in [9].The existence of non-Euclidean similaritiesas before is shown

in [9]. □

Remark 3.2. The corresponding cases to (iii)and (iv) in Theorem 3.4

for negative curvature c < 0 are obtained by replacing the trigonometric by

hvoerbolic functions.

4. Transformations with Respect to Real Hyperswrfaees

In this final section we derive the sufficientconditions for the existence of a

partially conformal geodesic transformation with respect to a Hopf hypersurface

in an almost Hermitian manifold. Proceeding in an analogous way as in the

previous section, from the conditions in Lemma 2.1 we obtain the following

recursion formula for the coefficientsin the power series expansions of the

functions s(r) and f{r) expressed in terms of the components of the metric tensor

g and the one-form rj. Note also that for any partially conformal geodesic

transformation with respect to a hypersurface we have s'(0) = ―1.

Lemma 4.1. Let <pB he a geodesic transformationwith respect to a real

hypersurfaceB in an almost Hermitian manifold (M,g,J). Then cpBis partially

conformal if and only if the coefficientsin the power seriesexpansion of the

functionsir)satisfythe recursionformula



176 Eduardo Garcia-Rio and Lieven Vanhecke

(4.1) 2{k+l)fik+fy + ({-l)k - l)ak(m,u,i,j)- -f{k)(O)g(EhJu)g(Ej,Ju)(m)

8tj v Pq^q+ J2

p+g=k+2
p,q>＼

+
k-l
E

1=1

cti{m,u,i,j)

v+l+t=k

v<k

-f{v)(O)rii{m,u,i)rit{m,uJ)

PVPpPq
1+2

E

Pi+-+Pi=k

K~-hi

)

for all i,j {1,2,..., n ― 1}.

Using thisrecursion formula, we shallinvestigate the sufficientconditions for

the existence of a partially conformal geodesic transformation with respect to a

real hypersurface B. We recall(see Theorem 2.2) that B must be totally umbilical

or a Hopf hypersurface with two distinctconstant principal curvatures, one with

multiplicity one corresponding to the principal direction Ju. We derive the

following sufficientconditions:

Theorem 4.1. Let B be a real hypersurface in an almost Hermitian manifold

(M,g,J). If the normal Jacobi operator satisfies

(4.2)

V o c2(/c,w)/w_2y

for all k > 0, m e B, where c＼{k,u),ci{k,u) are constant along B, then we have

(1) if c＼{k,u)= C2(k,u) for all k > 0, then there exists a geodesic conformal

transformation with respect to B, provided that B is totally umbilical;

(2) if C[(k,u) # ci{k,u) for some k > 0 and B is a Hopf hypersurface with two

distinctconstant principal curvatures, then there exists a non-conformal, partially

conformal geodesic transformation with respect to B, provided that (M,g,J) is

nearly Kdhlerian.

Proof. Part (1) has been proved in [13, Theorem 5.1]. In order to show (2),

consider the endomorphism-valued function Du(r) satisfying the Jacobi equation

with initial values Du(0) = I, D'u(0) = T(u). It follows that D'u(0) is diago-

nalizable with respect to an orthonormal basis {E＼,... ,En-2,Ju} of TmB.

Proceeding by induction and using the conditions for the normal Jacobi operator,

it follows that the higher order derivatives Dm (0) are diagonal matrices with two

distinct eigenvalues, one with multiplicity one having Ju as corresponding
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eigenvector. Note also, that since the principal curvatures of B are constant and

the functions ci(k,u), C2{k,u) are independent of the point m e B, those

eigenvalues are also constant along B.

Now, let {Fi,... ,F≪_2J be the parallel translated basis of {E＼,...,En-2}

along the normal geodesic y(r) = expm(ru). Moreover, since (M,g,J) is a nearly

Kahler manifold, Ju is also parallel along the geodesic y. Hence, with respect to

the parallelbasis{F＼,...,Fm_2,/m}, the components of the metric tensor are given

by

QiMr)) = {'DuDu^ir)

and hence, the coefficientsin the power seriesexpansion of the components of the

metric tensor are constant along B and moreover, they satisfy

(4.3)
ak(m,u,ij) = 0,

ock(m,u,i,i)= <xk(m,u,j,j)

hJ e{l,...,n-l}, i*j

e{l,...,n-2}.

Also, for the one-form rj{X) ―g(X,JN) along the normal geodesic y{r) =

expw(rw), it follows that rj{d/dxl) = 0 for all / e {1,...,≪ ― 2}. This, together with

(4.3), shows that the recursion formula in Lemma 4.1 defines a non-conformal,

partially conformal geodesic transformation with respect to B. □

For nearly Kahler manifolds, the existence of a partially conformal geodesic

transformation with respect to each sufficiently small geodesic sphere charac-

terizes the constancy of the holomorphic sectional curvature, according to the

following

Theorem 4.2. Let (M,g,J) be a nearly Kdhler manifold. Then it is a space

of constant holomorphic sectional curvature if and only if there exists a non-

isometric partially conformal geodesic transformation with respect to each suffi-

ciently small geodesic sphere, and moreover

(i) M is locallyisometric to Cn or to the six-dimensional sphere S6 if and only

iffor each sufficientlysmall geodesic sphere there exists a non-isometric geodesic

conformal transformation,

(ii) M islocallyisometric to a non-flat complex space form if and only if there

exists a non-conformal partially conformal geodesic transformation with respect to

each sufficientlysmall qeodesic sphere.

Proof. If there exists a partially conformal geodesic transformation with
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respect to each sufficientlysmall geodesic sphere, then Ju is an eigenvector of the

shape operator T(u). From the resultsin [7]it then follows that the holomorphic

sectional curvature is constant. Now, (i) and (ii)follow from the classificationof

the nearly Kahler manifolds of constant holomorphic sectional curvature [15]

together with the resultsin [13] and Theorems 2.2 and 4.1. □

Note that the existence of a partially conformal geodesic transformation with

respect to any sufficientlysmall geodesic sphere implies that the mean curvature

function of the small geodesic spheres is a radial function, and hence, M is a

harmonic space (see, for example, [3]).Using for example [8] and if M is locally

symmetric, we have the following

Theorem 4.3. Let (M,g,J) be a locally symmetric space. If there exists a

partially conformal geodesic transformation with respect to each sufficientlysmall

geodesic sphere, then

(i) M is locally isometric to a space of constant curvature if and only if each

geodesic transformation is conformal,

(ii) M is locally isometric to a non-flat complex space form if and only if it

there exists a non-conformal, partially conformal geodesic transformation with

respect to each sufficientlysmall geodesic sphere.

Proof. Any locallysymmetric harmonic spaceislocallyisometricto a two-

point homogeneous space. Moreover, from [23]it follows that(M,g,J) must be

locallyisometric to a complex space form or to a space of constant curvature.

Note thatin any of these cases,R{m)Ju is proportional to Ju, and hence, the

resultfollows from the previous results(Theorem 4.2). □

As already mentioned, the Hopf hypersurfaces with two distinctconstant

principalcurvaturesin a non-flatcomplex space form of real dimension >4 are

completely classifiedby Takagi [19] for CPnl2 and by Montiel [17] for CHnl2,

n > 6. Actually, these hypersurfaces are characterizedby the existence of a

partiallyconformal geodesic transformationwith respectto them. Furthermore,

we have

Theorem 4.4. Let (M, g,J) be a Kdhler manifold of constant holomorphic

sectional curvature c and let B be a real hypersurface. Then, B is a Hopf

hypersurface with two constant principal curvatures if and only if there exists a

partially conformal geodesic transformation with respect to it. Moreover,
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(i) B is locally isometric to a geodesic sphere of radius a and the geodesic

transformation is the Euclidean inversion (s + a)(r + a) = a2 if c = 0;

(ii)B is locally isometric to a geodesic sphere of radius a in the complex

projective space of constant holomorphic sectional curvature c = 4 and the geodesic

transformation is the non-Euclidean inversion

tan
(J + ≪)

2
tan

(r + a)

2
= tan-;

(iii)B is locally isometric to a geodesic sphere of radius a in the complex

hyperbolic space of constant holomorphic sectional curvature c = ―4, and the

geodesic transformation is the non-Euclidean inversion

tanh
(* + ≪)

. 2
tanh

^
= tanh2f;

(iv) B is locally isometric to a tube about CHk in the complex hyperbolic

space CHn(―A) and the geodesic transformation is defined by

arctan sinh(.s+ a) + arctan sinh(r + a) = 2arctan sinh a;

(v) B is locallyisometric to a tube of radius log(2 + ＼/3)about RHnl2 in the

complex hyperbolic space CHn(―4) and the geodesic transformation is that of the

case (iv) above for a = log(2 + ＼/3);

(vi) B is locally isometric to a horosphere in the complex hyperbolic space

CH"(―4) and the geodesic transformation is defined by

e~s + e~r 2

Proof. According to Theorem 2.2, B must be a totally umbilical hyper-

surface or a Hopf hypersurface with two distinctconstant principal curvatures.

Since there are no totally umbilical hypersurfaces in a non-flat complex space

form, it follows that a geodesic conformal transformation occurs only when M is

flat.Also, it follows directly from the classificationof Hopf hypersurfaces with

two distinct constant principal curvatures in the projective and hyperbolic

complex spaces that B must lie in one of the classes above. (See Berndt [1] for a

table of the principal curvatures of the hypersurfaces above.) Finally, the result

follows proceeding as in [9] (see also [13]).
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