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AN EXTENSION OF RAUCH COMPARISON THEOREM

TO GLUED RIEMANNIAN SPACES

By

Masakazu Takiguchi

Abstract. A glued Riemannian space is obtained from Riemannian

manifolds M1 and M2 by identifying their isometric submanifolds

B1 and B2. A curve on a glued Riemannian space which is a geo-

desic on each Riemannian manifold and satisfies certain passage law

on the identified submanifold B :¼ B1 GB2 is called a B-geodesic.

Considering the variational problem with respect to arclength L

of piecewise smooth curves through B, a critical point of L is a

B-geodesic. A B-Jacobi field is a Jacobi field on each Riemannian

manifold and satisfies certain passage condition on B. In this paper,

we extend Rauch’s theorem which gives a comparison of the lengths

of Jacobi fields along geodesics in di¤erent Riemannian manifolds

to B-Jacobi fields along B-geodesics in di¤erent glued Riemannian

spaces.

0. Introduction

In Riemannian manifolds, various results have been given on geodesics by

many authors. Recently, N. Innami studied a geodesic reflecting at a boundary

point of a Riemannian manifold with boundary in [I1]. Let M be a Riemannian

manifold with boundary B which is a union of smooth hypersurfaces. A curve on

M is said to be a reflecting geodesic if it is a geodesic except at reflecting points

and satisfies the reflection law. He dealt with the index form, conjugate points

and so on, as in the case of a usual geodesic. Moreover, in [I2], he generalized

these to the case of a glued Riemannian manifold which is a space obtained from

Riemannian manifolds with boundary by identifying their isometric boundary

hypersurfaces. Some collapsing Riemannian manifolds are considered to be a kind

Received February 9, 2001.

Revised June 27, 2001.



of glued Riemannian manifolds. In [T] the author gave the definition of a glued

Riemannian space which is obtained from Riemannian manifolds by identify-

ing their isometric submanifolds B1 and B2 and is a generalization of a glued

Riemannian manifold. A curve on a glued Riemannian space which is a geodesic

on each Riemannian manifold and satisfies certain passage law on the identified

submanifold B :¼ B1 GB2 was called a B-geodesic. Considering the variational

problem with respect to arclength L of piecewise smooth curves through B, a

critical point of L is a B-geodesic. Also, the definitions of the index form of

B-geodesics, B-Jacobi fields and B-conjugate points were given. A B-Jacobi field

is a Jacobi field on each Riemannian manifold and satisfies certain passage con-

dition on B. The purpose of this paper is to generalize the Rauch comparison

theorem to the case of glued Riemannian spaces. The Rauch comparison theorem

yields a comparison of the lengths of Jacobi fields along geodesics in di¤erent

Riemannian manifolds under suitable initial conditions and suitable hypotheses

on the curvatures and on the nonexistence of conjugate points. In this paper,

we show how Rauch’s theorem extend to B-Jacobi fields satisfying the passage

condition, which involves the passage endomorphism defined by using the shape

operators of B in M1 and M2. So in the comparison theorem, we need an addi-

tional hypothesis comparing the passage endomorphisms. In Section 1, we review

fundamental definitions and results ([T]) on a glued Riemannian space. In Section

2, we give a precise statement of a Rauch comparison theorem for B-Jacobi

fields. Section 3 is devoted to the proof of this comparison theorem.

The author would like to express his sincere gratitude to Professor N. Abe

for suggesting this problem and his helpful advice and to Professor S. Yamaguchi

for his constant encouragement.

1. Preliminaries

Let Nm and Ml be manifolds (possibly with boundary) for m ¼ 1; . . . ; k and

l ¼ 1; . . . ; l. We allow the case where dim Nm 0 dim Nn and dim Mk 0 dim Ml

for m0 n and k0 l. A map j : N ! M from the topological direct sum N :¼
N1

‘
� � �

‘
Nk to M :¼ M1

‘
� � �

‘
Ml is smooth if jjNm is smooth. A tangent

bundle TM of M is the direct sum TM ¼ TM1

‘
� � �

‘
TMl , where TMl denotes

the tangent bundle of Ml. We note that a tangent bundle TM on M is not

constant rank vector bundle on M. We put TpM :¼ TpMl for p A Ml. We define

a map pM : TM ! M by

pMðvpÞ :¼ p for vp A TpMl:
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A vector field V on M is a map V : M ! TM such that pM � V ¼ idM , where

idM is the identity map on M. If V jMl : Ml ! TMl is smooth vector field on

each Ml, then V is smooth. Let Im be a closed interval in R which is a manifold

with boundary, for m ¼ 1; . . . ; k. A map a : I :¼ I1

‘
� � �

‘
Ik ! M is called a

curve on M if a is smooth.

Let Ml be a manifold (possibly with boundary) with a submanifold Bl for

l ¼ 1; 2 and c a di¤eomorphism from B1 to B2. A glued space M ¼ M1 Uc M2

is defined as follows: M is the quotient topological space obtained from the

topological direct sum M ¼ M1

‘
M2 of M1 and M2 by identifying p A B1 with

cðpÞ A B2. We allow the case where B1 ¼ B2 ¼ q, M1 ¼ q or M2 ¼ q, where

c is the empty map. Let p : M ! M be the natural projection which is defined

by pðpÞ ¼ ½p�, where ½p� is the equivalence class of p. Let Nl be a manifold with

a submanifold Cl ðl ¼ 1; 2Þ, t : C1 ! C2 a di¤eomorphism and N ¼ N1 Ut N2 a

glued space. A glued smooth map j : N ! M on N derived from a smooth map

j : N ! M or, simply, a smooth map on N is defined by j ¼ p � j. We note that

a glued smooth map on N is considered as a map on N which, possibly, take two

values at ½p� ðp A ClÞ. A glued smooth map j is continuous if jðpÞ ¼ jðtðpÞÞ
holds for any p A C1.

A glued tangent bundle TM of M is the glued space TM1 Uc� TM2, where

c� : TB1 ! TB2 is the di¤erential map of c. Let p̂p : TM ! TM be the natural

projection which is defined by p̂pðvÞ ¼ ½v�, where ½v� is the equivalence class of

v. For p A M, we set TpM :¼ p̂pðTpM Þ ¼ f½v� A TM j v A TpMg. We define a map

pM : TM ! M by

pMð½vp�Þ :¼ ½p� for vp A TpM:

We note that p � pM ¼ pM � p̂p holds. A glued vector field V : M ! TM on M

derived from a vector field V on M or, simply, a vector field on M is defined by

V ¼ p̂p � V . A glued vector field V is called a smooth glued vector field provided

V is glued smooth. If a glued vector field V on M is continuous, then we can

regard it as a cross section of TM over M; that is pM � V ¼ idM . Similarly, we

can define a glued vector field (or vector field ) along a curve a : I :¼ I1

‘
I2 ! M.

Let T �
p M be the dual vector space of TpM. We put T �M ¼ T �M1

‘
T �M2,

where T �Ml is the cotangent bundle of Ml. For yp ðAT �
p M Þ, oq ðAT �

q M Þ A
T �M, we define an equivalence relation @ as follows: yp @oq if and only

if yp ¼ oq ðp ¼ qÞ or ypjTpB1
¼ c�ðoqÞ ðp A B1; q ¼ cðpÞÞ or oqjTqB1

¼ c�ðypÞ
ðq A B1; p ¼ cðqÞÞ, where c� is the dual map of c�. The quotient space obtained

from T �M by this equivalence relation is denoted by T �M. Let p̂p : T �M ! T �M

be the natural projection, that is, p̂pðyÞ :¼ ½y�, where ½y� is the equivalence class
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of y. For p A M, we set T �
p M :¼ p̂pðT �

p M Þ and define a map ½y� : TpM ! R by

½y�ð½v�Þ :¼ yðvÞ for y A T �
p M and v A TpM. Then we can regard T �

p M as the dual

of TpM. We put T r; sðM Þ :¼ T r; sðM1Þ
‘

T r; sðM2Þ, where T r; sðMlÞ is the ðr; sÞ-
tensor bundle of Ml. An ðr; sÞ-tensor field on M is a cross section of T r; sðMÞ.
The definition of the smoothness of a tensor field on M is similar to that of a

vector field on M. Similarly, we can define the equivalence relation on T r; sðM Þ
induced from those on TM and T �M, and denote the quotient space by T r; sðMÞ.
Let p̂p : T r; sðM Þ ! T r; sðMÞ be the natural projection. A glued tensor field T derived

from a tensor field T on M is defined by T ¼ p̂p � T . A glued tensor field T

derived from a tensor field T on M is (glued ) smooth if T is smooth.

Definition 1.1. Let ðMl; glÞ be a Riemannian manifold with a Riemannian

submanifold Bl for l ¼ 1; 2 and c an isometry from B1 to B2. Let g be the metric

on M which is defined to be gp ¼ ðglÞp for p A Ml. A glued Riemannian space

ðM; gÞ ¼ ðM1; g1ÞUc ðM2; g2Þ is a pair of a glued space M ¼ M1 Uc M2 and a

glued metric g on M derived from g which is a glued tensor field derived from the

ð0; 2Þ-tensor field g.

We note that, for any glued smooth vector fields V and W on M derived

from smooth vector fields V and W on M, respectively, a map gðV ;WÞ : M ! R

defined by

gðV ;WÞðpÞ :¼ gðVp;WpÞ

is glued smooth on M derived from a smooth map gðV ;WÞ : M ! R.

From now on, identifying B1 with B2 by c, we put B :¼ B1 GB2 and

TpB :¼ TpB1 GTpB2 for p A B and omit the symbol ½�� of the equivalence

class. In particular, ½Ml� :¼ pðMlÞ will be denoted by Ml. We call a map

a : ½a; t0�
‘
½t0; b� ! M a glued curve derived from a curve a : ½a; t0�

‘
½t0; b� ! M

or, simply, a curve on M if a : ½a; t0�
‘
½t0; b� ! M is a continuous glued

smooth map derived from a. Let a : ½a; t0�
‘
½t0; b� ! M be a glued curve

derived from a curve a : ½a; t0�
‘
½t0; b� ! M. The (glued ) velocity vector field of

a is a 0 :¼ p̂p � a 0. We put a 0ðt0 � 0Þ :¼ p̂p � a 0
1ðt0Þ and a 0ðt0 þ 0Þ :¼ p̂p � a 0

2ðt0Þ,
where a1 :¼ a j ½a; t0� : ½a; t0� ! M and a2 :¼ a j ½t0; b� : ½t0; b� ! M. We note that a

glued velocity vector field is considered as a glued vector field along a and not

generally continuous. We call a : ½a; b� ! M a piecewise smooth curve on M pro-

vided there is a partition a ¼ a0 < a1 < � � � < ak < akþ1 ¼ b of ½a; b� such that

a j ½ai�1; aiþ1� : ½ai�1; ai�
‘
½ai; aiþ1� ! M is a glued curve. We call aj ð j ¼ 1; . . . ; kÞ

the break. A function l : ½a; t0�
‘
½t0; b� ! f1; 2g is defined by

Masakazu Takiguchi316



lðtÞ :¼ 1 on ½a; t0�
2 on ½t0; b�

�
:

For simplicity, we put l :¼ lðtÞ.
If M is a glued Riemannian space such that ðM; gÞ ¼ ðM1; g1ÞUc ðM2; g2Þ,

then let Wt0ðM1;M2;BÞ ¼: Wt0 ðt0 A ða; bÞÞ be the set of all piecewise smooth curves

a : ½a; b� ! M such that aðt0Þ A B, að½a; t0�ÞHM1 and að½t0; b�ÞHM2. The pro-

jection from TpMl to TpB is denoted by tan. Let Dl be Levi-Civita connection

of Riemannian manifold Ml ðl ¼ 1; 2Þ. A curve a A Wt0 is a B-geodesic if a

satisfies the following conditions:

a j ½a; t0� and a j ½t0; b� are geodesics; that is Dl
a 0a

0 ¼ 0;ð1:1Þ

on M1 and M2; respectively;

tan a 0ðt0 � 0Þ ¼ tan a 0ðt0 þ 0Þ;ð1:2Þ

g1ða 0ðt0 � 0Þ; a 0ðt0 � 0ÞÞ ¼ g2ða 0ðt0 þ 0Þ; a 0ðt0 þ 0ÞÞ:ð1:3Þ

We assume that geodesics and B-geodesics are parametrized by arclength.

Let q A B, u A TqM1 and v A TqM2 with kuk1 ¼ kvk2, tan u ¼ tan v and v B

TqB. We define a linear map Qu; v : TqBl Spanfnor1 ug ! TqBl Spanfnor2 vg
as

Qu; vðwÞ ¼ w� g1ðw; nor1 uÞ
g1ðu; nor1 uÞ nor1 u

� �
þ g1ðw; nor1 uÞ

g1ðu; nor1 uÞ nor2 v

for any w A TqBl Spanfnor1 ug, where norl : TqMl ! TqB
? is the projection.

The following hold:

Qu; vðxÞ ¼ x for any x A TqB:

Qu; vðnor1 uÞ ¼ nor2 v:

g2ðQu; vðwÞ; xÞ ¼ g1ðw; xÞ

for any x A TqB and w A TqBl Spanfnor1 ug.

g2ðQu; vðwÞ;Qu; vðwÞÞ ¼ g1ðw;wÞ

for any w A TqBl Spanfnor1 ug. Let g A Wt0 be a B-geodesic with g 0ðt0 þ 0Þ B
Tgðt0ÞB. Then we have

Qg 0ðt0�0Þ; g 0ðt0þ0Þðg 0ðt0 � 0ÞÞ ¼ g 0ðt0 þ 0Þ:
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Remark. Let q A B, u A TqM1 and v A TqM2 with kuk1 ¼ kvk2, tan u ¼
tan v and v B TqB. If we define a linear map Qv;u : TqBl Spanfnor2 vg !
TqBl Spanfnor1 ug as

Qv;uðzÞ ¼ z� g2ðz; nor2 vÞ
g2ðv; nor2 vÞ nor2 v

� �
þ g2ðz; nor2 vÞ
g2ðv; nor2 vÞ nor1 u

for any z A TqBl Spanfnor2 vg. The following hold:

Qu; v �Qv;u ¼ id; Qv;u �Qu; v ¼ id;

g2ðQu; vðwÞ; zÞ ¼ g1ðw;Qv;uðzÞÞ

for w A TqBl Spanfnor1 ug and z A TqBl Spanfnor2 vg.

If g A Wt0 is a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB, the set TgWt0 consists of

all vector fields Y along g which satisfy the following condition:

Qg 0ðt0�0Þ; g 0ðt0þ0ÞðYðt0 � 0ÞÞ ¼ Y ðt0 þ 0Þ:ð1:4Þ

Let p and q be points of M1 and M2 such that gðaÞ ¼ p and gðbÞ ¼ q. A subspace

TgWt0ðp; qÞ in TgWt0 is defined by

TgWt0ðp; qÞ :¼ fY A TgWt0 jYðaÞ ¼ 0;Y ðbÞ ¼ 0g:

For l ¼ 1; 2, let Rl be the Riemannian curvature tensor of a Riemannian

manifold Ml defined as

RlðX ;YÞW :¼ Dl
XD

l
YW �Dl

YD
l
XW �Dl

½X ;Y �W ;

for any vector field X ;Y and W on Ml, and S l
Z the shape operator of BHMl

defined as

S l
ZðVÞ :¼ �tan Dl

VZ;

for any vector field V tangent to B and Z normal to B. Especially, if B ¼ fpg, we

have that S l
Z ¼ 0 for Z A TpMl. A vector field Y along a piecewise smooth curve

a : ½a; b� ! M is a tangent to a if Y ¼ f a 0 for some function f on ½a; b� and

perpendicular to a if glðY ; a 0Þ ¼ 0. If ka 0kl 0 0, then each tangent space TaðtÞMl

has a direct sum decomposition Ra 0 þ fa 0g?. Hence each vector field Y along

a has a unique expression Y ¼ Y T þ Y?, where Y T is tangent to a and Y? is

perpendicular to a, that is,
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Y? ¼ Y � glðY ; a 0Þ
glða 0; a 0Þ a

0:

If a is a B-geodesic, then ðY TÞ0 ¼ ðY 0ÞT and ðY?Þ0 ¼ ðY 0Þ?.

Let q A B and v A TqMl ðl ¼ 1; 2Þ is not tangent to B. A linear operator

Pv
l : TqBl Spanfnorl vg ! TqB is defined by

Pv
l ðwÞ :¼ w� glðw; norl vÞ

glðv; norl vÞ
v

for any w A TqBl Spanfnorl vg ðHTqMlÞ. We note that Pv
l is surjective and

Pv
l ðvÞ ¼ 0.

Let q A B, u A TqM1 and v A TqM2 with kuk1 ¼ kvk2, tan u ¼ tan v and

v B TqB. We define a symmetric linear map Au; v : TqBl Spanfnor2 vg ! TqBl

Spanfnor2 vg as

Au; vðwÞ ¼ ðS1
nor1 u

� S2
nor2 v

ÞðPv
2 ðwÞÞ �

g2ððS1
nor1 u � S2

nor2 vÞðPv
2 ðwÞÞ; vÞ

g2ðv; nor2 vÞ nor2 v

for any w A TqBl Spanfnor2 vg. We call this map Au; v a passage endomorphism.

The following hold:

Au; vðwÞ ? v and Au; vðvÞ ¼ 0:

The index form Ig : TgWt0 � TgWt0 ! R of a B-geodesic g A Wt0 is the sym-

metric bilinear form defined as

IgðY ;WÞ ¼
ð t0

a

fg1ðY?0;W?0Þ � g1ðR1ðY ; g 0Þg 0;WÞg dt

þ
ð b

t0

fg2ðY?0;W?0Þ � g2ðR2ðY ; g 0Þg 0;WÞg dt

þ g2ðAg 0ðt0�0Þ; g 0ðt0þ0ÞðYðt0 þ 0ÞÞ;Wðt0 þ 0ÞÞ;

for all Y ;W A TgWt0 . It follows that

IgðY ;WÞ ¼ IgðY?;W?Þ for all Y ;W A TgWt0 :

Thus there is no loss of information in restricting the index form Ig to

T?
g Wt0 :¼ fY A TgWt0 jY ? g 0g:

We write I?g for this restriction. We put
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T?
g Wt0ðgðaÞ; gðbÞÞ :¼ fY A TgWt0ðgðaÞ; gðbÞÞ jY ? g 0g

and write I 0;?
g for the restriction of the index form Ig to this.

Let pr1 : Tgðt0ÞM1 ! Tgðt0ÞBl Spanfnor1 g 0ðt0 � 0Þg and pr2 : Tgðt0ÞM2 !
Tgðt0ÞBl Spanfnor2 g 0ðt0 þ 0Þg be orthogonal projections. The following holds:

Lemma 1.2 ([T1]). Let g A Wt0ðp; qÞ be a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB.

If Y and W A TgWt0ðp; qÞ have breaks a1 < � � � < t0 ¼ aj < � � � < ak, then we have

that

IgðY ;WÞ ¼ �
�ð t0

a

g1ðY?00 þ R1ðY ; g 0Þg 0;W?Þ dt

þ
ð b

t0

g2ðY?00 þ R2ðY ; g 0Þg 0;W?Þ dt
�

þ g2ðAg 0ðt0�0Þ; g 0ðt0þ0ÞðY ðt0 þ 0ÞÞ;Wðt0 þ 0ÞÞ

þ g1ðpr1ðY?0ðt0 � 0ÞÞ;W?ðt0 � 0ÞÞ

� g2ðpr2ðY?0ðt0 þ 0ÞÞ;W?ðt0 þ 0ÞÞ

þ
Xj�1

i¼1

g1ðDaiY
?0;W?ðaiÞÞ þ

Xk

i¼jþ1

g2ðDaiY
?0;W?ðaiÞÞ

þ g2ðY?0ðbÞ;W?ðbÞÞ � g1ðY?0ðaÞ;W?ðaÞÞ:

Let g A Wt0 be a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB. If Y A TgWt0 satisfies

Y 00 þ RlðY ; g 0Þg 0 ¼ 0 on Ml ðl ¼ 1; 2Þ;ð1:5Þ

�Ag 0ðt0�0Þ; g 0ðt0þ0ÞðYðt0 þ 0ÞÞð1:6Þ

¼ Qg 0ðt0�0Þ; g 0ðt0þ0Þðpr1ðY 0ðt0 � 0ÞÞÞ � pr2ðY 0ðt0 þ 0ÞÞ;

and

g1ðY 0ðt0 � 0Þ; g 0ðt0 � 0ÞÞ ¼ g2ðY 0ðt0 þ 0Þ; g 0ðt0 þ 0ÞÞ;ð1:7Þ

then Y is called a B-Jacobi field along g. Let Jg be the set of all B-Jacobi fields

along g. A B-Jacobi field Y along g is perpendicular if Y is perpendicular to g.

Let J?
g be the set of all perpendicular B-Jacobi fields along g. Let J0

g be the set

of all B-Jacobi field such that Y ðaÞ ¼ 0.
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If Y is a B-Jacobi field along g, then we have that

IgðY ;YÞ ¼ g2ðY?0ðbÞ;Y?ðbÞÞ � g1ðY?0ðaÞ;Y?ðaÞÞ:ð1:8Þ

Lemma 1.3 ([T]). Let g A Wt0 be a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB. Then

Y A T?
g Wt0ðgðaÞ; gðbÞÞ is an element of the nullspace of I 0;?

g if and only if Y is a

B-Jacobi field along g.

Let g A Wt0 be a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB, and Y a B-Jacobi field.

We say that Y is strong if it holds

nor1 Y 0ðt0 � 0Þ ¼ g1ðY 0ðt0 � 0Þ; nor1 g 0ðt0 � 0ÞÞ
g1ðg 0ðt0 � 0Þ; nor1 g 0ðt0 � 0ÞÞ nor1 g 0ðt0 � 0Þ;

and

nor2 Y 0ðt0 þ 0Þ ¼ g2ðY 0ðt0 þ 0Þ; nor2 g 0ðt0 þ 0ÞÞ
g2ðg 0ðt0 þ 0Þ; nor2 g 0ðt0 þ 0ÞÞ nor2 g 0ðt0 þ 0Þ:

Let Jst
g be the set of all strong B-Jacobi fields. J st

g forms a real vector

space. We note that if dim M1 ¼ dim M2 ¼ dim Bþ 1, then all B-Jacobi fields

are strong.

Lemma 1.4 ([T]). Let g A Wt0 be a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB, and Y

a B-Jacobi field. Then there exist a strong B-Jacobi field W with Wðt0 � 0Þ ¼
Y ðt0 � 0Þ, tan W 0ðt0 � 0Þ ¼ tan Y 0ðt0 � 0Þ and g1ðW 0ðt0 � 0Þ; nor1 g 0ðt0 � 0ÞÞ ¼
g1ðY 0ðt0 � 0Þ; nor1 g 0ðt0 � 0ÞÞ, and a B-Jacobi field V with Vðt0 � 0Þ ¼ 0 such that

Y ðtÞ ¼ WðtÞ þ VðtÞ. And this decomposition is unique.

Lemma 1.4 gives the direct sum decomposition

Jg ¼ J st
g þJM1;M2

g :

Elements of JM1;M2
g are called ðM1;M2Þ-Jacobi fields. Then we have that

JM1;M2
g ¼ JM1

g þJM2
g ;

where JMl
g is the set of all ðM1;M2Þ-Jacobi fields which is identically zero on Mm

ðl0 mÞ. The resulting projections prst : Jg ! J st
g and prðM1;M2Þ : Jg ! JM1;M2

g are

obviously R-linear. For Y A Jg, we put prstðY Þ ¼: Y 1 and prðM1;M2ÞðYÞ ¼: Y 2.

Let g A Wt0 be a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB. We say that gðt2Þ
ðt2 A ða; b�Þ is a B-conjugate point to gðt1Þ ðt1 A ½a; bÞ; t1 < t2Þ along g if there
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exists a B-Jacobi field Y along g such that Yðt1Þ ¼ 0, Y ðt2Þ ¼ 0 and Y j ½t1; t2�
is nontrivial.

Lemma 1.5 ([T]). Let g A Wt0 be a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB. We

assume that gðt0Þ and gðbÞ are not B-conjugate points to gðaÞ. Then, for any v1 A

TgðaÞM1 and v2 A TgðbÞM2, there is a unique Y A Jg with YðaÞ ¼ v1 and YðbÞ ¼ v2.

Lemma 1.6 ([T]). Let g A Wt0 be a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB. If gðt1Þ
ðt1 A ðt0; b�Þ is not a B-conjugate point to gðaÞ and also gðt1Þ ðt1 A ða; t0�Þ is not a

conjugate point to gðaÞ, then, for any Y A TgWt0 with Y ðaÞ ¼ 0, there exist a unique

B-Jacobi field J A J0
g such that JðbÞ ¼ Y ðbÞ and

IgðJ; JÞa IgðY ;Y Þ:

In particular, the equality holds if and only if J? ¼ Y?.

Lemma 1.7 ([T]). Let g A Wt0 be a B-geodesic with g 0ðt0 þ 0Þ B Tgðt0ÞB. The

following are equivalent:

(1) gðt1Þ ðt1 A ðt0; b�Þ is not a B-conjugate point to gðaÞ and also gðt1Þ
ðt1 A ða; t0�Þ is not a conjugate point to gðaÞ.

(2) I 0;?
g is positive definite.

We define the function rK : ½a; b� ! R and fK : ½a; b� ! R by

rKðtÞ ¼

t if K ¼ 0

1ffiffiffiffi
K

p tan
ffiffiffiffi
K

p
t if K > 0

1ffiffiffiffiffiffiffiffi
�K

p tanh
ffiffiffiffiffiffiffiffi
�K

p
t if K < 0

8>>>>><
>>>>>:

and

fKðtÞ ¼

t if K ¼ 0

1ffiffiffiffi
K

p sin
ffiffiffiffi
K

p
t if K > 0

1ffiffiffiffiffiffiffiffi
�K

p sinh
ffiffiffiffiffiffiffiffi
�K

p
t if K < 0

8>>>>><
>>>>>:

;

respectively. We put G2ðg 0Þ :¼ Tgðt0ÞBl Spanfnor2 g 0ðt0 þ 0Þg, G?
2 ðg 0Þ :¼

fv A G2ðg 0Þ j g2ðv; g 0ðt0 þ 0ÞÞ ¼ 0g and A :¼ Ag 0ðt0�0Þ; g 0ðt0þ0Þ jG?
2 ðg 0Þ.
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Lemma 1.8 (The passage equation [T]). Let M1 and M2 be Riemannian

manifolds of constant curvature K1 and K2, respectively. Let g : ½a; b� ! M be a

B-geodesic with gðt0Þ A B and g 0ðt0 þ 0Þ B Tg 0ðt0ÞB. If gðbÞ is the first B-conjugate

point to gðaÞ, then we get that fK1
ðt� aÞ > 0 for t A ða; t0� and

lA ¼ �1

rK1
ðt0 � aÞ þ

�1

rK2
ðb� t0Þ

when fK2
ðb� t0Þ > 0;

where lA is a minimal eigenvalue of A.

2. Comparison Theorems on Glued Riemannian Spaces

Let ðMl; glÞ (resp. ðMl; glÞ) be Riemannian manifold with Riemannian sub-

manifold Bl (resp. Bl) for l ¼ 1; 2, and c (resp. c) isometry from B1 to B2 (resp.

B1 to B2). Let ðM; gÞ ¼ ðM1; g1ÞUc ðM2; g2Þ and ðM; gÞ ¼ ðM1; g1ÞUc
ðM2; g2Þ

be glued Riemannian spaces. We put B :¼ B1 GB2 and B :¼ B1 GB2 and

assume that dim B > 0 if dim B > 0. Let g : ½a; b� ! M (resp. g : ½a; b� ! M) be a

B-geodesic (resp. B-geodesic) such that gðt0Þ A B (resp. gðt0Þ A B) and g 0ðt0 þ 0Þ B
Tgðt0ÞB (resp. g 0ðt0 þ 0Þ B Tgðt0ÞB). For l ¼ 1; 2, let Rl (resp. Rl) be the Rie-

mannian curvature tensor of Riemannian manifold Ml (resp. Ml). We define

operators Rl
t : fg 0ðtÞg? ! fg 0ðtÞg? and Rl

t : fg 0ðtÞg? ! fg 0ðtÞg? by

Rl
t v ¼ Rlðv; g 0ðtÞÞg 0ðtÞ for v A fg 0ðtÞg?

and

Rl
t v ¼ Rlðv; g 0ðtÞÞg 0ðtÞ for v A fg 0ðtÞg?;

where fg 0ðtÞg? :¼ fv A TgðtÞMl j glðv; g 0ðtÞÞ ¼ 0g and fg 0ðtÞg? :¼ fv A TgðtÞMl j
glðv; g 0ðtÞÞ ¼ 0g. Similarly, a bar is used to distinguish objects in M from the

corresponding objects in M.

We assume that dim Ml b 2 and dim Ml b 2. Then, the following assertion

holds and is proved in Section 3:

Theorem 2.1. We assume that the following conditions hold:

(1) For any t A ½a; b�,

ðthe maximal eigenvalue of Rl
t Þa ðthe minimal eigenvalue of Rl

t Þ

(2) If dim B > 0, then

ðthe minimal eigenvalue of AÞb ðthe maximal eigenvalue of AÞ;

where A :¼ Ag 0ðt0�0Þ; g 0ðt0þ0Þ jG?
2 ðg 0Þ and A :¼ Ag 0ðt0�0Þ; g 0ðt0þ0Þ jG?

2 ðg 0Þ.
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(3) gðtÞ ðt A ða; t0�Þ is not a conjugate point to gðaÞ and also gðtÞ
ðt A ðt0; b�Þ is not a B-conjugate point to gðaÞ.

Then gðtÞ ðt A ða; t0�Þ is not a conjugate point to gðaÞ and also gðtÞ ðt A ðt0; b�Þ is

not a B-conjugate point to gðaÞ. Moreover, if a perpendicular B-Jacobi field J with

JðaÞ ¼ 0 and a perpendicular strong B-Jacobi field J with JðaÞ ¼ 0 satisfy

kJ 0ðaÞk1 ¼ kJ 0ðaÞk1, then

kJðtÞkl b kJðtÞkl on ½a; b�:

In particular, if there is d A ða; b� such that kJðdÞkl ¼ kJðdÞkl, then

kJðtÞkl ¼ kJðtÞkl on ½a; d �:

The condition that dim B > 0 if dim B > 0 is necessary. We give an example

which shows this:

Example 1. Let M ¼ M1 Uid M2 be a glued Riemannian space which con-

sists of the following two surfaces in the Euclidean space E3 and B a boundary

(submanifold) of Ml ðl ¼ 1; 2Þ:

M1 ¼ fðx; y; zÞ j x2 þ y2 þ z2 ¼ 1; yb 0g;

M2 ¼ fðx; y; zÞ j x2 þ y2 þ z2 ¼ 1; ya 0g;

B ¼ fðx; 0; zÞ j x2 þ z2 ¼ 1g;

and gl, l ¼ 1; 2, are Riemannian metrics induced from the natural Euclidean

metric of E3. We defined a B-geodesic g : ½0; p� ! M by

gðtÞ ¼ ð0; cos t; sin tÞ:

Then YðtÞ ¼ ðsin tÞU1 is a B-Jacobi field along g, where U1 :¼ q=qx, U2 :¼ q=qy

and U3 :¼ q=qz is a natural frame field on E3. Hence gðpÞ is a B-conjugate point

to gð0Þ.
Let M ¼ M1 Uid M2 be a glued Riemannian space which consists of the

following two surfaces in the Euclidean space E3 and B a submanifold of

Ml ðl ¼ 1; 2Þ:

M1 ¼ S2ð1Þ :¼ fðx; y; zÞ j x2 þ y2 þ z2 ¼ 1g;

M2 ¼ fðx; y; zÞ j x2 þ ðyþ 2Þ2 þ z2 ¼ 1g;

B ¼ fð0;�1; 0Þg;
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and gl, l ¼ 1; 2, are Riemannian metrics induced from the natural Euclidean

metric of E3. We defined a B-geodesic g : ½0; p� ! M by

gðtÞ ¼ ð0; cosðtþ p=2Þ; sinðtþ p=2ÞÞ on ½0; p=2�
ð0; cosðt� p=2Þ � 2; sinðt� p=2ÞÞ on ½p=2; p�

�
:

Then, for any t A ð0; p�, gðtÞ are not B-conjugate points to gð0Þ.

Theorem 2.2. We assume that the conditions (1), (2) and (3) in Theorem 2.1

hold. If dim Ml ¼ dim Bþ 1 ðl ¼ 1; 2Þ and a perpendicular B-Jacobi field J with

JðaÞ ¼ 0 and a perpendicular B-Jacobi field J with JðaÞ ¼ 0 satisfy kJ 0ðaÞk1 ¼
kJ 0ðaÞk1, then

kJðtÞkl b kJðtÞkl on ½a; b�:

In particular, if there is d A ða; b� such that kJðdÞkl ¼ kJðdÞkl, then

kJðtÞkl ¼ kJðtÞkl on ½a; d �:

Proof. If dim Ml ¼ dim Bþ 1, then any B-Jacobi fields are strong. Hence,

by Theorem 2.1, the assertion holds. r

The condition that J is strong in Theorem 2.1 and dim Ml ¼ dim Bþ 1

ðl ¼ 1; 2Þ in Theorem 2.2 is necessary. We give an example which shows this:

Example 2. Let S3ð1Þ be the 3-sphere of constant curvature 1 and g a geo-

desic on S3ð1Þ. Let ðe1ðtÞ; e2ðtÞ; g 0ðtÞÞ be a parallel orthonormal frame along g. Let

t be the geodesic through gð0Þ with t 0ð0Þ ¼ e1ð0Þ. We put Ml :¼ S3ð1Þ ðl ¼ 1; 2Þ,
B :¼ ftðtÞ j t A Rg, c ¼ idB and M ¼ M1 Uc M2. Then g : ½�p=2; p=2� ! M is a

B-geodesic. Let JðtÞ ¼ ðcos tÞe1ðtÞ and

JðtÞ ¼ ðcos tÞe1ðtÞ on ½�p=2; 0�
ðcos tÞe1ðtÞ þ ðsin tÞe2ðtÞ on ½0; p=2�

�
:

Then J and J are both perpendicular B-Jacobi fields along g such that

Jð�p=2Þ ¼ 0 and Jð�p=2Þ ¼ 0. We set a :¼ �p=2, t0 :¼ 0 and b A ðt0; p=2Þ.
kJ 0ð�p=2Þk ¼ kJ 0ð�p=2Þk, and (1), (2) and (3) in Theorem 2.1 hold trivially,

but kJðtÞk < kJðtÞk for t0 < t < b.

We say the Jacobi equation splits along g relative to B if the curvature

transformation R1
t :¼ R1ð� ; g 0ðtÞÞg 0ðtÞ preserve the parallel translates of Tgðt0ÞBl

Spanfnor1 g 0ðt0 � 0Þg along g j ½a; t0�, and the curvature transformation R2
t :¼

R2ð� ; g 0ðtÞÞg 0ðtÞ preserve the parallel translates of Tgðt0ÞBl Spanfnor2 g 0ðt0 þ 0Þg
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along g j ½t0; b�. We note that if dim M1 ¼ dim M2 ¼ dim Bþ 1 or Ml ðl ¼ 1; 2Þ
has constant curvature, then the Jacobi equation always splits along g rela-

tive to B. We say that gðt2Þ ðt2 A ½a; b�Þ is a strong B-conjugate point to gðt1Þ
ðt1 A ½a; b�; t1 0 t2Þ along g provided there exists a nontrivial strong B-Jacobi

field along g which vanishes at t1 and t2.

The following assertions hold and are proved in Section 3:

Lemma 2.3. Suppose the Jacobi equation splits along g relative to B. Let J

be a B-Jacobi field and let J ¼ J 1 þ J 2 be the decomposition of Lemma 1.4. This

decomposition is orthogonal, that is, glðJ 1ðtÞ; J 2ðtÞÞ ¼ 0.

Theorem 2.4. We assume that the Jacobi equation splits along g relative to B,

the conditions (1), (2) in Theorem 2.1 hold and any gðtÞ ðt A ða; b�Þ are not strong

B-conjugate points to gðaÞ. If a perpendicular B-Jacobi field J with JðaÞ ¼ 0 and

a perpendicular strong B-Jacobi field J with JðaÞ ¼ 0 satisfy kJ 0ðaÞk1 ¼ kJ 0ðaÞk1,

then

kJðtÞkl b kJðtÞkl on ½a; b�:

In particular, if there is d A ða; b� such that kJðdÞkl ¼ kJðdÞkl, then

kJðtÞkl ¼ kJðtÞkl on ½a; d �:

Corollary 2.5. We assume that the Jacobi equation splits along g relative

to B, the conditions (1), (2) in Theorem 2.1 hold and any gðtÞ ðt A ða; b�Þ are not

strong B-conjugate points to gðaÞ. If a perpendicular B-Jacobi field J with JðaÞ ¼ 0

and a perpendicular B-Jacobi field J with JðaÞ ¼ 0 satisfy kJ 0ðaÞk1 ¼ kJ 0ðaÞk1,

then

kJðtÞk1 b kJðtÞk1 on ½a; t0�

and

kJðtÞk2 b kJðtÞk2 � kJ 2ðtÞk2 on ½t0; b�:

In particular, if equality occurs for some d, then equality holds on ½a; d �.

Proof. By Theorem 2.4, kJðtÞkl b kJ 1ðtÞkl for t A ½a; b�. But kJ 1ðtÞkl ¼
kJðtÞkl � kJ 2ðtÞkl, since glðJ 1ðtÞ; J 2ðtÞÞ ¼ 0 along g. Moreover, since any gðtÞ
ðt A ða; t0�Þ are not conjugate points, it holds that J 2ðtÞ ¼ 0 for t A ½a; t0�. r
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Some of the most useful comparison spaces are the manifolds of constant

curvature. By using Lemma 1.8 (passage equation) and Theorem 2.1, the fol-

lowing corollary holds:

Corollary 2.6. Let a, t0 and K1 be any real numbers such that a < t0 and

fK1
ðt� aÞ > 0 for any t A ða; t0� ( fK1

is defined in Section 1). Let d and K2 be any

real numbers such that K1 ¼ K2 if d ¼ 0. Let b1 ð>t0Þ be the smallest solution of

d ¼ �1

rK1
ðt0 � aÞ þ

�1

rK2
ðt� t0Þ

;

b2 ð>t0Þ the smallest value which satisfies fK2
ðt� t0Þ ¼ 0 and b :¼ minfb1; b2g.

Assume that dim B > 0,

ðthe maximal eigenvalue of Rl
t ÞaKl for any t A ½a; b�;

and

ðthe minimal eigenvalue of AÞb d;

where A :¼ Ag 0ðt0�0Þ; g 0ðt0þ0Þ jG?
2 ðg 0Þ. Then there are no conjugate points along

g j ½a; t0� and no B-conjugate points along g j ½a; bÞ to gðaÞ.

Proof. If d0 0, we put d1 :¼ ðK1 � K2 � d2Þ=ð�2dÞ and d2 :¼
ðK1 � K2 þ d2Þ=ð�2dÞ. If d ¼ 0, we put d1 ¼ d2. Choose a complete Riemannian

manifold Ml ðl ¼ 1; 2Þ of dimb 2 and with constant curvature Kl, pl A Ml, a

unit vector vl in TplMl and totally umbilic hypersurface ~BBl in Ml through pl

such that dim M1 ¼ dim M2, vl A Tpl
~BB?
l and all the eigenvalues of the shape

operator S1
v1

(resp. S2
v2

) are equal to d1 (resp. d2). Then ~BBl has constant curva-

ture Kl þ d2
l and K1 þ d2

1 ¼ K2 þ d2
2 . Hence there exists a neighborhood Bl ðH~BBlÞ

of pl such that B1 is isometric to B2. Let c : B1 ! B2 be the isometry such

that cðp1Þ ¼ p2. Let g be a B-geodesic such that gðt0Þ ¼ p2, g 0ðt0 � 0Þ ¼ v1 and

g 0ðt0 þ 0Þ ¼ v2. Since d1 � d2 ¼ d, Av1; v2
ðwÞ ¼ dw for w A G?

2 ðg 0Þ. Comparing M

with M, assumptions (1) and (2) of Theorem 2.1 are hold. Also, by Lemma 1.8,

(3) holds. r

3. Proofs of Comparison Theorems

Let V be a m-dimensional vector space ðm > 0Þ with an inner product

h� ; �i, e1; . . . ; em a basis of V, kwk a norm of w A V and Rt : V ! V ðt A ½a; b�Þ
a self-adjoint linear transformation such that t 7! Rt is continuous. Let YðVÞ
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be the set of all piecewise smooth curves in V defined on ½a; b�. For YðtÞ ¼Pm
i¼1 y

iðtÞei A YðVÞ, we put Y 0ðtÞ ¼
Pm

i¼1ðdyi=dtÞðtÞei. A curve Y A YðVÞ that

satisfies Y 00ðtÞ þ RtY ðtÞ ¼ 0 is called a ðV ;RtÞ-Jacobi field. A point t2 of ½a; b�
is a ðV ;RtÞ-conjugate point to t1 ð0t2Þ, t1 A ½a; b�, provided there is a nontrivial

ðV ;RtÞ-Jacobi field J with Jðt1Þ ¼ 0 and Jðt2Þ ¼ 0. We put v AV and assume

that Rtv ¼ 0 and Rtw A fvg? for any w AV , where fvg? :¼ fw A V j hw; vi ¼ 0g.

A ðV ;RtÞ-Jacobi field Y is a perpendicular ðV ;RtÞ-Jacobi field if Y is perpen-

dicular to v, that is, hY ðtÞ; vi ¼ 0. In general, when V is a vector space with an

inner product and W is a subspace of V, let prV ;W : V ! W be an orthogonal

projection from V to W. We put X? :¼ prV ;fvg?ðXÞ for X A YðVÞ. The index

form I : YðVÞ �YðVÞ ! R is defined by

IðX ;Y Þ :¼ I ba ðX ;YÞ :¼
ð b

a

fhX?0;Y?0i� hRtX ;Yig dt;

for any X ;Y A YðVÞ. For two triplex V :¼ ðV ; v;RtÞ and V :¼ ðV ; v;RtÞ, we

assume that if dim V ¼ 1, then v ¼ 0, and if dim V ¼ 1, then v ¼ 0. Then, the

following comparison theorem is shown as usual:

Comparison theorem. We assume that the following conditions (1) and (2) hold:

(1) For any t A ½a; b�,

ðthe maximal eigenvalue of Rtjfvg?Þa ðthe minimal eigenvalue of Rtjfvg?Þ:

(2) Any t A ða; b� are not V-conjugate points to a.

Then any t A ða; b� are not V-conjugate points to a. Moreover, if a perpen-

dicular V-Jacobi field J with JðaÞ ¼ 0 and a perpendicular V-Jacobi field J with

JðaÞ ¼ 0 satisfy kJ 0ðaÞk ¼ kJ 0ðaÞk, then

kJðtÞkb kJðtÞk on ½a; b�:

In particular, if there is d A ða; b� such that kJðdÞk ¼ kJðdÞk, then

kJðtÞk ¼ kJðtÞk on ½a; d �:

Let Vl ðl ¼ 1; 2Þ be a ml-dimensional vector space ðml > 0Þ with an inner

product h� ; �il and Wl a subspace of Vl such that there is a linear isometry

c : W1 ! W2. Let kvkl be the norm of v A Vl. We put vl A Vl such that kv1k1 ¼
kv2k2 and cðprV1;W1

ðv1ÞÞ ¼ prV2;W2
ðv2Þ. Let R1

t : V1 ! V1 (resp. R2
t : V2 ! V2)

be a self-adjoint linear transformation for any t A ½a; t0� (resp. t A ½t0; b�). We

assume that t 7! Rl
t is continuous, Rl

t vl ¼ 0 and Rl
t w A fvlg?, where fvlg? :¼
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fw AVl j hw; vlil ¼ 0g. We set GðvlÞ :¼Wl þ Spanfvlg ¼Wl lZl, where Zl is an

orthogonal complement of Wl in GðvlÞ. Let A : Gðv2Þ ! Gðv2Þ be a self-adjoint lin-

ear map such that Aðv2Þ ¼ 0 and AðwÞ A G?ðv2Þ for all w A Gðv2Þ, where G?ðv2Þ :¼
fw A Gðv2Þ j hw; v2i2 ¼ 0g. For a ten-tuple ðV1;V2;W1;W2;c; v1; v2;R

1
t ;R

2
t ;AÞ,

we denote it by V ¼ ðV1;V2;W1;W2;c; v1; v2;R
1
t ;R

2
t ;AÞ. Fix a ten-tuple V ¼

ðV1;V2;W1;W2;c; v1; v2;R
1
t ;R

2
t ;AÞ. Let Q :¼ Qv1; v2

: Gðv1Þ ! Gðv2Þ be a linear

map such that QjW1 ¼ c and Qðv1Þ ¼ v2. Let YðV1;V2;W1;W2;c; v1; v2Þ be the

set of all pair Y :¼ ðY1;Y2Þ such that Y1 : ½a; t0� ! V1 and Y2 : ½t0; b� ! V2 are

piecewise smooth curves, Y1ðt0Þ A Gðv1Þ and Y2ðt0Þ ¼ QðY1ðt0ÞÞ. A element Y of

YðV1;V2;W1;W2;c; v1; v2Þ is called a V-Jacobi field if it satisfies that

Y 00
l ðtÞ þ Rl

t YlðtÞ ¼ 0 for t A ½a; b�ð3:1Þ

AðY2ðt0ÞÞ ¼ prV2;Gðv2ÞðY
0

2 ðt0ÞÞ �QðprV1;Gðv1ÞðY
0

1 ðt0ÞÞÞ;ð3:2Þ

and

hY 0
1 ðt0Þ; v1i1 ¼ hY 0

2 ðt0Þ; v2i2:ð3:3Þ

Let Y ¼ ðY1;Y2Þ be a V-Jacobi field. We say that Y is strong if it holds

prVl;W?
l
ðY 0

l ðt0ÞÞ A Zl for l ¼ 1; 2:

Similarly to Lemma 1.4, we have the following. Let Y ¼ ðY1;Y2Þ be a V-

Jacobi field. Then there exist a strong V-Jacobi field X ¼ ðX1;X2Þ with X1ðt0Þ ¼
Y1ðt0Þ, prV1;W1

ðX 0
1ðt0ÞÞ ¼ prV1;W1

ðY 0
1 ðt0ÞÞ and prV1;Z1

ðX 0
1ðt0ÞÞ ¼ prV1;Z1

ðY 0
1 ðt0ÞÞ, and

a V-Jacobi field J ¼ ðJ1; J2Þ with J1ðt0Þ ¼ 0 such that YlðtÞ ¼ XlðtÞ þ JlðtÞ. And

this decomposition is unique.

For points t1 and t2 on ½a; b� with t1 < t2, t2 is a V-conjugate point to t1

provided there is a V-Jacobi field J which satisfies one of the following con-

ditions.

(1) If t1 A ½a; t0Þ and t2 A ðt0; b�, then J1ðt1Þ ¼ 0, J2ðt2Þ ¼ 0 and, J1 j ½t1; t0� or

J2 j ½t0; t2� are nontrivial.

(2) If t2 A ða; t0�, then J1ðt1Þ ¼ 0, J1ðt2Þ ¼ 0 and J1 j ½t1; t2� is nontrivial.

(3) If t1 A ½t0; b�, then J2ðt1Þ ¼ 0, J2ðt2Þ ¼ 0 and J2 j ½t1; t2� is nontrivial.

For w A Vl, let w? be the perpendicular component to vl, that is,

w? :¼ prVl;fvlg?ðwÞ:

Jacobi fields are perpendicular provided they are equal to their perpen-

dicular component to vl. The index form I : YðV1;V2;W1;W2;c; v1; v2Þ �
YðV1;V2;W1;W2;c; v1; v2Þ ! R is defined to be
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IðX ;Y Þ :¼ I ba ðX ;Y Þ :¼ I t0a ðX1;Y1Þ þ I bt0ðX2;Y2Þ þ hAðX2ðt0ÞÞ;Y2ðt0Þi2

¼
ð t0

a

fhX?0
1 ;Y?0

1 i1 � hR1
t X1;Y1i1g dt

þ
ð b

t0

fhX?0
2 ;Y?0

2 i2 � hR2
t X2;Y2i2g dtþ hAðX2ðt0ÞÞ;Y2ðt0Þi2;

for X ¼ ðX1;X2Þ, Y ¼ ðY1;Y2Þ A YðV1;V2;W1;W2;c; v1; v2Þ. We put Y? :¼
ðY?

1 ;Y?
2 Þ for Y ¼ ðY1;Y2Þ A YðV1;V2;W1;W2;c; v1; v2Þ and Y?ðV1;V2;W1;W2;

c; v1; v2Þ :¼ fY ¼ ðY1;Y2Þ A YðV1;V2;W1;W2;c; v1; v2Þ j hYl; vlil ¼ 0g. It follows

immediately that IðX ;Y Þ ¼ IðX?;Y?Þ for all X ;Y A YðV1;V2;W1;W2;c; v1; v2Þ.
We set I? :¼ I jY?ðV1;V2;W1;W2;c; v1; v2Þ. If X ¼ ðX1;X2Þ, Y ¼ ðY1;Y2Þ A
YðV1;V2;W1;W2;c; v1; v2Þ and X is a V-Jacobi field, then we have that

IðX ;YÞ ¼ hX?0
2 ðbÞ;Y?

2 ðbÞi2 � hX?0
1 ðaÞ;Y?

1 ðaÞi1;

and, in particular,

IðX ;X Þ ¼ hX?0
2 ðbÞ;X?

2 ðbÞi2 � hX?0
1 ðaÞ;X?

1 ðaÞi1ð3:4Þ

¼ 1

2
fhX?

2 ;X?
2 i 0

2ðbÞ � hX?
1 ;X?

1 i 0
1ðaÞg:

We put

Y0ðV1;V2;W1;W2;c; v1; v2Þ

:¼ fY ¼ ðY1;Y2Þ A YðV1;V2;W1;W2;c; v1; v2Þ jY1ðaÞ ¼ 0 and Y2ðbÞ ¼ 0g;

Y0;?ðV1;V2;W1;W2;c; v1; v2Þ

:¼ Y?ðV1;V2;W1;W2;c; v1; v2ÞVY0ðV1;V2;W1;W2;c; v1; v2Þ

and

I 0;? :¼ I jY0;?ðV1;V2;W1;W2;c; v1; v2Þ:

Then, similarly to Lemma 1.3, we have the following:

Lemma 3.1. Y ¼ ðY1;Y2Þ A Y0;?ðV1;V2;W1;W2;c; v1; v2Þ is an element of

the nullspace of I 0;? if and only if Y is a V-Jacobi field.

Similarly to Lemma 1.6, we have the following:

Lemma 3.2. If any t A ða; t0� are not ðV1;R
1
t Þ-conjugate points to a and also
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any t A ðt0; b� are not V-conjugate points to a, then, for any Y ¼ ðY1;Y2Þ A
YðV1;V2;W1;W2;c; v1; v2Þ with Y1ðaÞ ¼ 0, there exist a unique V-Jacobi field

J ¼ ðJ1; J2Þ A YðV1;V2;W1;W2;c; v1; v2Þ such that J1ðaÞ ¼ 0, J2ðbÞ ¼ Y2ðbÞ and

IðJ; JÞa IðY ;YÞ:

In particular, the equality holds if and only if J? ¼ Y?.

Similarly to Lemma 1.7, we have the following:

Lemma 3.3. The followings are equivalent.

(1) Any t A ða; t0� are not ðV1;R
1
t Þ-conjugate points to a and also any t A ðt0; b�

are not V-conjugate points to a.

(2) I 0;? is positive definite.

For two ten-tuples V ¼ ðV1;V2;W1;W2;c; v1; v2;R
1
t ;R

2
t ;AÞ and V ¼ ðV1;V2;

W1;W2;c; v1; v2;R
1
t ;R

2
t ;AÞ, we assume that dimfvlg? > 0 and dimfvlg? > 0

for l ¼ 1; 2. We put ml :¼ dim Vl, ml :¼ dim Vl, n :¼ dim G?ðv1Þ and n :¼
dim G?ðv1Þ. From now on, we shall assume that n > 0 if n > 0, and, dim Vl b 2

for l ¼ 1; 2. Then, by using Lemma 3.3, the following assertion holds:

Lemma 3.4. We assume that the following conditions hold.

(1) For any t A ½a; b�,

ðthe maximal eigenvalue of Rl
t jfvlg

?Þ

a ðthe minimal eigenvalue of Rl
t jfvlg

?Þ:

(2) If n > 0, then

ðthe minimal eigenvalue of A jG?ðv2ÞÞ

b ðthe maximal eigenvalue of A jG?ðv2ÞÞ:

(3) Any t A ða; t0� are not ðV1;R
1
t Þ-conjugate points to a and also any t A ðt0; b�

are not V-conjugate points to a.

Then any t A ða; t0� is not ðV1;R
1
t Þ-conjugate points to a and also any t A ðt0; b� are

not V-conjugate points to a.

Proof. We will show that any t A ðt0; b� are not V-conjugate points to a

if any t A ða; t0� is not ðV1;R
1
t Þ-conjugate points to a and also any t A ðt0; b� are

not V-conjugate points to a.
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1. Case where m1 þ 1am1 and m2 þ 1am2 and na n. We assume that a point

d A ðt0; b� is a V-conjugate point to a. Then there is a nontrivial V-Jacobi field
~YY :¼ ð ~YY1; ~YY2Þ A Y?ðV1;V2;W1;W2;c; v1; v2Þ such that ~YY1ðaÞ ¼ 0 and ~YY2ðdÞ ¼ 0.

We define Y :¼ ðY1;Y2Þ A Y?ðV1;V2;W1;W2;c; v1; v2Þ by Y1ðtÞ ¼ ~YY1ðtÞ and

Y2ðtÞ ¼
~YY2ðtÞ; t A ½t0; d �

0; t A ½d; b�

�
:

Since I da ð ~YY ; ~YYÞ ¼ 0 holds, we have

IðY ;Y Þ ¼ I da ðY ;YÞ þ I bd ðY2;Y2Þ ¼ 0:

Let e�1 ; . . . ; e
�
m1

be an orthonormal basis of V1 and eþ1 ; . . . ; e
þ
m2

an orthonormal

basis of V2 such that e�1 ; . . . ; e
�
n is an orthonormal basis of G?ðv1Þ, eþ1 ; . . . ; e

þ
n is

an orthonormal basis of G?ðv2Þ and Qðe�i Þ ¼ eþi for i ¼ 1; . . . ; n. (Such ortho-

normal basis e�1 ; . . . ; e
�
m1

and eþ1 ; . . . ; e
þ
m2

are called orthonormal basis of V1 and

V2 adapted to Q, G?ðv1Þ and G?ðv2Þ.) We can denote Y ðtÞ by

Y1ðtÞ ¼
Xm1

i¼1

yi
�ðtÞe�i ; t A ½a; t0�

and

Y2ðtÞ ¼
Xm2

i¼1

yi
þðtÞeþi ; t A ½t0; b�:

Since Y A Y?ðV1;V2;W1;W2;c; v1; v2Þ, it holds that yi
�ðt0Þ ¼ yi

þðt0Þ for i ¼
1; . . . ; n, and, yi1

� ðt0Þ ¼ 0 and yi2
þðt0Þ ¼ 0 for il ¼ nþ 1; . . . ;ml ðl ¼ 1; 2Þ. Let

e�1 ; . . . ; e
�
m1

and eþ1 ; . . . ; e
þ
m2

be orthonormal basis of V1 and V2 adapted to

G?ðv1Þ and G?ðv2Þ such that e�m1
¼ v1=kv1k1 and eþm2

¼ v2=kv2k2 if v1 0 0. If we

put

Y1ðtÞ ¼
Xm1

i¼1

yi
�ðtÞe�i ; t A ½a; t0�

and

Y2ðtÞ ¼
Xm2

i¼1

yi
þðtÞeþi ; t A ½t0; b�;

then it holds that Y ¼ ðY1;Y2Þ A Y?ðV1;V2;W1;W2;c; v1; v2Þ, since

Y2ðt0Þ ¼
Xn

i¼1

yi
þðt0Þeþi ¼

Xn

i¼1

yi
�ðt0ÞQðe�i Þ ¼ QðY1ðt0ÞÞ:
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Furthermore, by the definition, we have that kYlðtÞkl ¼ kYlðtÞkl and kY 0
l ðtÞkl ¼

kY 0
l ðtÞkl. Hence, from the assumption (1) and (2), we get

hRl
t YlðtÞ;YlðtÞil a hRl

t YlðtÞ;YlðtÞil

and

hAðY2ðt0ÞÞ;Y2ðt0Þi2 b hAðY2ðt0ÞÞ;Y2ðt0Þi2:

Then we have that

IðY ;Y Þb IðY ;YÞ:

Since IðY ;YÞ ¼ 0, it holds that IðY ;YÞa 0. But, by the definition of Y, Y is

a nontrivial. Since any t A ða; t0� are not ðV1;R
1
t Þ-conjugate points to a and

any t A ðt0; b� are not V-conjugate points to a, from Lemma 3.3, we have that

IðY ;YÞ > 0. Hence t A ðt0; b� is not a V-conjugate point to a.

2. Case where m1 þ 1 > m1 or m2 þ 1 > m2 or n > n. By using the case 1, we

can prove the assertion. By the assumption, n > 0 if n > 0. Hence, we have

that n0 0. Let mlðtÞ be the minimal eigenvalue of Rl
t jfvlg

?, h the maximal

eigenvalue of A jG?ðv2Þ, V̂Vl :¼ Vl lRm, R̂Rl
t :¼ Rl

t l mlðtÞ idRm , ŴWl :¼ Wl lRm,

ĉc :¼ cl idRm , v̂vl :¼ vl l 0 and ÂA :¼ Al h idRm , where m :¼ maxfm1 þ 1 �m1;

m2 þ 1 �m2; n� ng and idRm : Rm ! Rm is the identity map. Then V̂Vl is a vec-

tor space with an inner product, ĜGðv̂vlÞ ¼ GðvlÞlRm, ĜG?ðv̂vlÞ ¼ G?ðvlÞlRm,

Q̂Q ¼ Ql idRm , m̂ml :¼ dim V̂Vl ¼ ml þmbml þ ðml þ 1 �mlÞ ¼ ml þ 1 and n̂n :¼
dim ĜG?ðv̂v1Þ ¼ nþmb nþ ðn� nÞ ¼ n. Comparing a ten-tuple V with a ten-tuple

W :¼ ðV̂V1; V̂V2; ŴW1; ŴW2; ĉc; v̂v1; v̂v2; R̂R
1
t ; R̂R

2
t ; ÂAÞ, assumptions (1) and (2) of this lemma

are hold. Furthermore if dim n > 0, then dim n̂n > 0. By case 1, if any t A ða; t0�
are not ðV̂V1; R̂R

1
t Þ-conjugate points to a and also any t A ðt0; b� are not W-conjugate

points to a, then any t A ðt0; b� are not V-conjugate points to a. We will

show that any t A ðt0; b� are not W-conjugate points to a. Let ŶY ¼ ðŶY1; ŶY2Þ A
YðV̂V1; V̂V2; ŴW1; ŴW2; ĉc; v̂v1; v̂v2Þ be a W-Jacobi field such that ŶY1ðaÞ ¼ 0 and ŶY2ðdÞ ¼ 0

ðd A ðt0; b�Þ. Since V̂Vl is a direct sum, ŶYl have a form ŶYl ¼ Yl l ð ~YY 1
l ; . . . ;

~YY m
l Þ,

where Y :¼ ðY1;Y2Þ A YðV1;V2;W1;W2;c; v1; v2Þ and ~YY i :¼ ð ~YY i
1 ;

~YY i
2Þ A YðR;R;

R;R; idR; 0; 0Þ. We put R :¼ ðR;R;R;R; idR; 0; 0; m1ðtÞ idR; m
2ðtÞ idR; h idRÞ. Then

Y is a V-Jacobi field such that Y1ðaÞ ¼ 0 and Y2ðdÞ ¼ 0, and ~YY i is a R-Jacobi

field such that ~YY i
1 ðaÞ ¼ 0 and ~YY i

2 ðdÞ ¼ 0. Since, by the hypothesis, there is not

a point t A ðt0; b� which is a V-conjugate point to a, Y is trivial. Furthermore,

comparing a ten-tuple R with V, we see that any point t A ðt0; b� are not

R-conjugate points to a by the case 1. Hence ~YY i is trivial and ŶY is also. r
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Using Lemma 3.2 and Lemma 3.4, we can prove the following:

Lemma 3.5. For two ten-tuple V and V, we assume that the conditions (1),

(2), (3) in Lemma 3.4. If a perpendicular V-Jacobi field J ¼ ðJ1; J2Þ with J1ðaÞ ¼ 0

and a perpendicular strong V-Jacobi field J ¼ ðJ1; J2Þ with J1ðaÞ ¼ 0 satisfy

kJ 0
1ðaÞk1 ¼ kJ 0

1ðaÞk1, then

kJlðtÞkl b kJlðtÞkl on ½a; b�:

In particular, if there is d A ða; b� such that kJlðdÞkl ¼ kJlðdÞkl, then

kJlðtÞkl ¼ kJlðtÞkl on ½a; d �:

To show this lemma it is necessary to prove the following lemma:

Lemma 3.6. Let f : ½a; b� ! R and f : ½a; b� ! R be piecewise smooth func-

tions which are smooth except at t0 A ða; bÞ and satisfies the following conditions:

(1) f ðtÞ, f ðtÞ > 0 for any t A ða; b�.
(2) lim

t!a
ð f ðtÞ=f ðtÞÞ ¼ 1.

(3) ð f 0ðtÞ=f ðtÞÞb ð f 0ðtÞ=f ðtÞÞ except at a and t0.

Then, for any t A ½a; b�, f ðtÞb f ðtÞ. In particular, if there is d A ða; b� with

f ðdÞ ¼ f ðdÞ, then f ðtÞ ¼ f ðtÞ for any t A ½a; d �.

Proof. We put FðtÞ :¼ f ðtÞ=f ðtÞ. By the assumption (1) and (3), we get

F 0ðtÞ ¼ 1

f ðtÞ2
f f 0ðtÞ f ðtÞ � f ðtÞ f 0ðtÞg ¼ F ðtÞ f 0ðtÞ

f ðtÞ � f 0ðtÞ
f ðtÞ

( )
b 0;

except at a and t0. Moreover, it is obtained that

lim
t!a

FðtÞ ¼ 1;

from the assumption (2). Since FðtÞ is continuous, F ðtÞb 1 for any t A ða; b�. If

there is d A ða; b� with F ðtÞ ¼ 1, then FðtÞ ¼ 1 for any t A ½a; d �. This completes

the proof. r

Proof of Lemma 3.5. For a perpendicular V-Jacobi field J ¼ ðJ1; J2Þ with

J1ðaÞ ¼ 0 and a perpendicular strong V-Jacobi field J ¼ ðJ1; J2Þ with J1ðaÞ ¼ 0,

we set

f ðtÞ :¼ hJlðtÞ; JlðtÞil and f ðtÞ :¼ hJlðtÞ; JlðtÞil:
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We will show that f and f satisfy the assumption of Lemma 3.6. Then the proof

will be complete.

By Lemma 3.4, there are no ðV1;R
1
t Þ-conjugate points to a on ða; t0� and

V-conjugate points to a on ðt0; b�. Since J is strong, if J 0
1ðaÞ ¼ 0 and J 0

1ðaÞ ¼ 0,

then J1 ¼ 0, J1 ¼ 0 and J2 ¼ 0. This shows that lemma is true. If kJ 0
1ðaÞk1 ¼

kJ 0
1ðaÞk1 0 0, then we get JlðtÞ0 0 and JlðtÞ0 0 for any t A ða; b�. Hence we

have that f and f are piecewise smooth and smooth except at t0. The assump-

tion (1) of Lemma 3.6 holds. We can prove the assumption (2) of Lemma 3.6

as follows:

lim
t!a

f ðtÞ
f ðtÞ

¼ lim
t!a

f 0ðtÞ
f 0ðtÞ

¼ lim
t!a

f 00ðtÞ
f 00ðtÞ

¼ lim
t!a

hJ 0
1ðtÞ; J 0

1ðtÞi1 � hJ1ðtÞ;R1
t J1i1

hJ 0
1ðtÞ; J 0

1ðtÞi1 � hJ1ðtÞ;R1
t J1i1

¼ kJ 0
1ðaÞk

2
1

kJ 0
1ðaÞk

2
1

¼ 1:

Finally, we shall show that the assumption (3) of Lemma 3.6.

1. Case where m1 þ 1am1, m2 þ 1am2 and na n. Fix a point c A ðt0; b�.
We define Y ¼ ðY1;Y2Þ A Y?ðV1;V2;W1;W2;c; v1; v2Þ and Y ¼ ðY1;Y2Þ A
Y?ðV1;V2;W1;W2;c; v1; v2Þ by

YlðtÞ :¼
JlðtÞ

kJ2ðcÞk2

and YlðtÞ :¼
JlðtÞ

kJ2ðcÞk2

;

respectively. Then Y is a perpendicular V-Jacobi field and Y is a perpendicular

V-Jacobi field. Hence, from (3.4), we have that

I ca ðY ;Y Þ ¼ 1

2
hY2;Y2i

0
2ðcÞ ¼

f 0
1 ðcÞ

2f1ðcÞ
ð3:5Þ

and

I caðY ;YÞ ¼ 1

2
hY2;Y2i

0
2ðcÞ ¼

f 0
2 ðcÞ

2 f2ðcÞ
:ð3:6Þ

Let eþ1 ¼ Y2ðcÞ; eþ2 ; . . . ; eþm2
(resp. eþ1 ¼ Y2ðcÞ; eþ2 ; . . . ; eþm2

) be an orthonormal

basis of V2 (resp. V2) such that eþm2
¼ v2=kv2k2 if v2 0 0, eþi1 ; . . . ; e

þ
in

ð1a i1 < � � � < in am2Þ is an orthonormal basis of G?ðv2Þ and eþi1 ; . . . ; e
þ
in

are

elements of G?ðv2Þ. Let e�1 ; . . . ; e
�
m1

(resp. e�1 ; . . . ; e
�
m1

) be an orthonormal basis of

V1 (resp. V1) such that e�m1
¼ v1=kv1k1 if v2 0 0, and, Qðe�ia Þ ¼ eþia and Qðe�ia Þ ¼ eþia

for a ¼ 1; . . . ; n. We can denote YðtÞ by
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Y1ðtÞ ¼
Xm1

i¼1

yi
�ðtÞe�i ; t A ½a; t0�

and

Y2ðtÞ ¼
Xm2

i¼1

yi
þðtÞeþi ; t A ½t0; b�:

Since Y ¼ ðY1;Y2Þ AY?ðV1;V2;W1;W2;c; v1; v2Þ, yia
� ðt0Þ ¼ yia

þðt0Þ for a¼ 1; . . . ; n.

We define Z ¼ ðZ1;Z2Þ A Y?ðV1;V2;W1;W2;c; v1; v2Þ by

Z1ðtÞ ¼
Xm1

i¼1

yi
�ðtÞe�i ; t A ½a; t0�

and

Z2ðtÞ ¼
Xm2

i¼1

yi
þðtÞeþi ; t A ½t0; b�:

In fact,

Z2ðt0Þ ¼
Xn

a¼1

yia
þðt0Þeþia ¼

Xn

a¼1

yia
�ðt0ÞQðe�ia Þ ¼ QðZ1ðt0ÞÞ:

Since Y2ðcÞ ¼ eþ1 , Z2ðcÞ ¼ eþ1 ¼ Y2ðcÞ. Therefore, from Lemma 3.2, we obtain

that

I ca ðZ;ZÞb I ca ðY ;YÞ:

Moreover, for any t A ða; c�, kYlðtÞkl ¼ kZlðtÞkl and kY 0
l ðtÞkl ¼ kZ 0

lðtÞkl hold.

Hence we have that

I ca ðY ;YÞb I ca ðZ;ZÞ

from the condition (1) and (2). Then we get

I ca ðY ;Y Þb I ca ðY ;YÞ:ð3:7Þ

By (3.5), (3.6) and (3.7), f and f satisfy the assumption (3) of Lemma 3.6 for

any t A ðt0; b�. We can prove the case of t A ða; t0� as usual.

2. Case where m1 þ 1 > m1 or m2 þ 1 > m2 or n > n. Let W be as in proof

of Lemma 3.4. We put U :¼ ðRm;Rm;Rm;Rm; idRm ; 0; 0; m1ðtÞ idRm ; m2ðtÞ idRm ;

h idRmÞ. A strong W-Jacobi field ĴJ ¼ ðĴJ1; ĴJ2Þ such that ĴJ1ðaÞ ¼ 0 and kĴJ 0
1ðaÞk1 ¼

kJ 0
1ðaÞk1 have a form ĴJl ¼ Jl ~JJ, where J ¼ ðJ1; J2Þ is a strong V-Jacobi field
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with J1ðaÞ ¼ 0 and ~JJ ¼ ð ~JJ1; ~JJ2Þ is a U-Jacobi field with ~JJ1ðaÞ ¼ 0. If ten-tuples

V and W satisfy the assumption (1), (2) and (3) of Lemma 3.4, then it is

reduced to the case 1. Since (1) and (2) is true, we may prove (3). We assume

that c A ðt0; b� is a W-conjugate point to a. If ĴJ ¼ ðĴJ1; ĴJ2Þ is a W-Jacobi field

with the decomposition ĴJl ¼ Jl l ~JJl such that ĴJ1ðaÞ ¼ 0 and ĴJ2ðcÞ ¼ 0, then we

get J1ðaÞ ¼ 0, ~JJ1ðaÞ ¼ 0, J2ðcÞ ¼ 0 and ~JJ2ðcÞ ¼ 0. By the hypothesis, we have

that Jl is trivial on ½a; c�. Moreover, since U and V satisfy the assumption of

Lemma 3.4, ~JJl is trivial on ½a; c�. r

Lemma 3.4 and Lemma 3.5 show that Theorem 2.1 holds.

We say the Jacobi equation splits relative to GðvlÞ if Rl
t preserve GðvlÞ. We

say that t2 A ½a; b� is a strong V-conjugate point to t1 A ½a; b� ðt1 0 t2Þ if there

exists a nontrivial strong V-Jacobi field which vanishes at t1 and t2.

Suppose the Jacobi equation splits relative to GðvlÞ. Then Rl
t preserves GðvlÞ.

Since Rl
t is self-adjoint, it also preserves GðvlÞ?. Let Rl;1

t :¼ Rl
t jGðvlÞ and

Rl;2
t :¼ Rl

t jGðvlÞ
?. Then Rl

t ¼ Rl;1
t lRl;2

t and the following holds:

Lemma 3.7. Suppose the Jacobi equation splits relative to GðvlÞ. Let Y ¼
ðY1;Y2Þ be a V-Jacobi field and let Yl ¼ Y 1

l þ Y 2
l , where Y 1

l A GðvlÞ and Y 2
l A

GðvlÞ?. Then Y 1 :¼ ðY 1
1 ;Y

1
2 Þ and Y 2 :¼ ðY 2

1 ;Y
2

2 Þ are V-Jacobi field and Jacobi

equation becomes

ðY 1
l Þ

00 þ Rl;1
t ðY 1

l Þ ¼ 0 and ðY 2
l Þ

00 þ Rl;2
t ðY 2

l Þ ¼ 0:

Moreover Y 1 is a strong V-Jacobi field and Y 2 is a V-Jacobi field with

Y 2
1 ðt0Þ ¼ 0. In particular, if Y is a strong V-Jacobi field, then Y ¼ Y 1.

This lemma shows that Lemma 2.3 holds.

The following assertion holds:

Lemma 3.8. We assume that the Jacobi equation splits relative to GðvlÞ, the

conditions (1), (2) in Lemma 3.4 hold and any t A ða; b� are not strong V-conjugate

point to a. If a perpendicular V-Jacobi field J :¼ ðJ1; J2Þ with J1ðaÞ ¼ 0 and a

perpendicular strong V-Jacobi field J :¼ ðJ1; J2Þ with J1ðaÞ ¼ 0 satisfy kJ 0
1ðaÞk1 ¼

kJ 0
1ðaÞk1, then

kJlðtÞkl b kJlðtÞkl on ½a; b�:

In particular, if there is d A ða; b� such that kJlðdÞkl ¼ kJlðdÞkl, then

kJlðtÞkl ¼ kJlðtÞkl on ½a; d �:
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Proof. Let V̂Vl :¼ GðvlÞ, ŴWl :¼ Wl, ĉc :¼ c, v̂vl :¼ vl, R̂Rl
t :¼ R

l

t jGðvlÞ and

ÂA :¼ A. Then ĜGðv̂vlÞ ¼ GðvlÞ and Q̂Q ¼ Q. We put W :¼ ðV̂V1; V̂V2; ŴW1; ŴW2; ĉc; v̂v1; v̂v2;

R̂R1
t ; R̂R

2
t ; ÂAÞ. The assumption that there are no strong V-conjugate points to a

on ða; b� means that there are no W-conjugate points to a on ða; b�. Since J is

a strong V-Jacobi field, J is a W-Jacobi field. By Lemma 3.5, we obtain the

consequence. r

This lemma shows that Theorem 2.4 holds.
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