_."' 1 Far East Journal of Mathematical Sciences (FJMS)
L Volume 32, Issue 3, 2009, Pages 335-346
q'p \ Published online: March 28, 2009
2 ,-) This paper is available online at http://www.pphmj.com
w © 2009 Pushpa Publishing House

SYNTHETIC VECTOR ANALYSIS III
FROM VECTOR ANALYSIS TO DIFFERENTIAL
FORMS

HIROKAZU NISHIMURA

Institute of Mathematics
University of Tsukuba
Tsukuba, Ibaraki, 305-8571, Japan

Abstract

In our previous paper [Synthetic vector analysis, Internat. J. Theor.
Phys. 41 (2002), 1165-1190], we have shown, following the tradition of
synthetic differential geometry, that div and rot are uniquely
determined, so long as we require that the divergence theorem and the
Stokes theorem should hold on the infinitesimal level. In this paper, we
simplify the discussion considerably in terms of differential forms,
leading to the natural derivation of exterior differentiation in the usual

form.

1. Introduction

Vector analysis presupposes dogmatically that every physical

quantity is either a scalar or a vector, excluding the possibility of tensors

as natural physical quantities. In vector analysis, the force and the flux

are equally vector fields, but, to tell the truth, the former is a field of

tensors of degree 1, while the latter is a field of skew-symmetric tensors

of degree 2. In electromagnetism, E and B are fields of tensors of degree
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1, while D and H are fields of skew-symmetric tensors of degree 2. It is
not desirable to apply div to E or B, though curl is indeed applicable to
both of them. It is not desirable to apply curl to D or H, while div is
indeed applicable to both of them. Since E and D as well as B and H are
proportional in the vacuum, the confusion is apt to occur and develop!
Some physicists even insist wrongly that the CGS system of units, in

which gg = pg =1 holds, is superior to the MKSA system of units.

Nowadays the number of textbooks on elementary physics
(elementary electromagnetism in particular) using differential forms in
place of vector analysis is increasing, though there are still only a few. It
is easy to give a dictionary of vector analysis into the framework of
differential forms, so that vector analysis is really to be absorbed into the
calculus of differential forms. Nevertheless vector analysis is still popular
among physicists and students of physics, mainly because vector analysis
is highly intuitive, while the calculus of differential forms is not. The
exterior differentiation in the calculus of differential forms is usually
given as a decree without taking care of its intuitive or physical

foundations at all.

What is easily forgotten, such geniuses as Newton and Leibniz
discussed advanced calculus in terms of nilpotent infinitesimals without
using limits at all. It was in the 19th century, in the midst of the
industrial revolution, that advanced calculus was reformulated in terms
of limits, while nilpotent infinitesimals were intentionally neglected as
anathema. Synthetic differential geometry, born in the middle of the 20th
century, succeeded in reviving nilpotent infinitesimals in advanced
calculus and differential geometry without hurting mathematical rigor at
all. Newton and Leibniz saw nilpotent infinitesimals not in this world but
in another world, and the 20th century witnessed powerful gadgets, such
as seen in forcing techniques of set theory, sheaf theory and topos theory,
by which many other mathematically meaningful worlds can be
coherently constructed. Synthetic differential geometry regained the
natural meaning of exterior differentiation in differential forms. The

principal objective in this paper is to convince physicists that the exterior
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differentiation is well motivated, just as div and curl in vector analysis.
The paper is more expository than anything else. We have tried to help
physicists understand how naturally vector analysis develops into the

calculus of differential forms.

2. Preliminaries

We assume that the reader is familiar with Chapter 1 of
Lavendhomme [5]. The set R of (extended) real numbers is required to
abide by the Kock-Lawvere axiom (cf. p. 2 of [5]). We denote by D the set
of real numbers whose squares vanish. The Kock-Lawvere axiom implies

that, given a mapping ¢ : R” — R and x, a € R”, there exists a unique

¢'(x)(a) € R" such that

o(x + ad) - o(x) = ¢'(x)(a)d
for any d € D. It can be shown easily that the mapping a € R" —
¢'(x)(a) e R", which is to be regarded as the derivative of ¢ at x, is

linear. The mapping ¢'(x) goes as follows:

0
ax‘i (x)dx,,.

(x) = 20
O

We denote by e;

0
(1 <i < n), where 1 is positioned at the ith place. Given vy : D™

R", e € D and a natural number i with 1 <i < m +1, we write yé for

the mapping (d;, ..., d,,) € D™ — y(dy, ..., d;_1, e, d;, ..., d,,,) € R".
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Let us consider the usual three-dimensional space ]Rig, which is the

favorite space of vector analysis. Viewing the force f(x) at x € R? as a
vector in the usual way should be called an idealistic or Platonic view of
force. Our pragmatic or operational view of force is to consider how to
measure f(x) experimentally. If we move from x to x + ad infinitesimally
with a e R? and d € D, then we get the power f(x)-ad, where

denotes the inner product of vectors. Our pragmatic view of force
recommends that the force at x should not be f(x) but the linear

mapping a € R® 5 f(x)-a € R. We stress that f(x) is recognized via

the linear mapping a € R? > f(x)-a e R. This is our view of force as a

tensor of degree 1. Therefore a field of forces is no other than a

differential 1-form from a mathematical viewpoint.

Let us consider a flow of air in R?, which is very often represented by
a field f of vectors. Our pragmatic view of flow recommends that we
should measure how much air passes in a unit time through the
infinitesimal parallelogram whose four vertices are x, x + ad;, x + bd,
and x +ad; +bdy with x,a,b e R3 and di, dy € D. The result is
surely f(x)-(a x b)d;dy, where x stands for the vector product. We would
like to consider pragmatically that the skew-symmetric bilinear mapping
(a,b) e R? xR3 5 f(x)-(axb) e R is no other than the mathematical

representation of the flow at x. In this sense, the flow is represented by a
field of skew-symmetric tensors of degree 2, namely, by a differential

2-form.

We know well that every linear mapping from R? to R is of the form
o1dx + agdy + asdz with oy, a9, og € R, while every skew-symmetric
bilinear mapping from R?® x R® to R is of the form oydy A dz + aydz

Adx +ogdx Ady. We know well that every skew-symmetric trilinear

mapping from R% xR% xR? to R is of the form adx A dy A dz with

o € R. More generally, every skew-symmetric k-linear mapping from
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R” x.--x R"™ to R is of the form
k

E ai1,~-,ik+1dxi1 /\--'/\dxik.

1< < <ip<n

In vector analysis, the operators div and rot are determined uniquely
so that the divergence theorem and the Stokes’ theorem should hold on
the infinitesimal level, respectively. In the same way, the exterior

differentiation from a differential k-form to a differential (k + 1)-form is

determined uniquely so that Stokes’ theorem should hold on the
infinitesimal level. The principal objective in this paper is to give a lucid
explanation on these facts as elementarily as possible from the
standpoint of synthetic differential geometry, while avoiding the utmost
generality, which would usually be liable to defy ordinary physicists.

3. The Fundamental Theorem for Gradient

Theorem 1. Let ¢ be a scalar field on R3. Lett :d e D> x +ad be

a tangent vector at X on R®. Let e € D. Then we have

J‘a(t;e)(P ) J‘(t;e)d(P’

where
o(t; e) = (x + ae) - (x).

Proof. This is no other than the definition of dep = ¢’, namely,
o(x + ae) - o(x) = ¢'(x)(a)e. O

4. The Fundamental Theorem for Rotation

Theorem 2. Let o = fdx + gdy + hdz be a differential 1-form on R3.
Let y: (dy, dy) € D® > x + ad; + bdy be an infinitesimal parallelogram

at xon R3. Let (ey, ey) € D?. Then we have

J. o= J do,
oy;ep,e) (v:e1,€2)
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where
or: 1, eg) = (vs e1) + (g 5 €2) = (v2 s @) = (03 e3)
and
do = (%—a—g)dy/\dz+(a—f—%)dz A dux +(a—g—@)dx A dy.
oy Oz 0z Ox ox 0Oy
Proof. We have
j o
6(77 e, 92)

o I(v;;ezfo ) I(v;;el)w S

= {f(x)a; + g(x)ag + h(x)azje
+{f(x + ae; )by + g(x + ae; )by + h(x + ae; )b3}ey
~ {f(x + bey)ar + glx + beg)as + hlx + bey)ay)e;
—{f(x)by + g(x)by + h(x)bs}ey

= {f'(x)(a)by + g'(x)(a)by + I'(x)(a)bs}ere;
~{f(x)(b)a; + g'(x)(b)ag + A'(x)(b)as}ere

The first term delineated by { }and followed by e;es is
obtained by combining the second term and the fourth
of the preceeding formula, while the second term delineated
by { }and followed by eje, is obtained by combining the
first term and the third of the preceeding formula.

f'(x)(a) f'(x)(b)
=1 &g'®)(a)|-b—|g'(x)(b)| arees.
h'(x)(a) h'(x)(b)
Let ¢ : R? x R? - R be the mapping
f'(x)(a) f'(x)(b)
ola, b) =| g'(x)(a)|-b—| g'(x)(b)| a
h(x)(a) h'(x)(b)
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for any (a, b) € R? x R3, so that

J. o = ¢(a, b)ejey.
a(y;er,e2)

Then it is easy to see that ¢ is a skew-symmetric bilinear mapping, so
that ¢ is of the form

¢ = oqdy A dz + agdz A dx + agdx A dy
with a; € R (i =1, 2, 3). By taking
l.a=e9 and b = eg,

2.a=e3and b = e, or

3.a=e;and b = egy,
we get
_Oh \_08
a]. - ay (X) 62 (X)’
_ O ()_ R
a2 - az (X) ax (X)’
_ 08 o
easily. This completes the proof. O

5. The Fundamental Theorem for Divergence

Theorem 3. Let ® = fdy A dz + gdz A dx + hdx A dy be a differential
2-form on R®. Let y:(dy, dy, d3) e D> > x +ad; + bdy + cd3 be an

infinitesimal parallelepiped at x on R3. Let (e1, e9, €3) € D3. Then we

have

do,

J‘a(Y;eLez,e?,) J‘(Y;61,62,€3)

where
: — (L. 1. 2. 2.
(v 1, eg, e3) = ~(vo; ez, e3) + (Yel, ez, e3) + (105 €1, e3) = (1,5 €1, e3)

~(10; 1, e9) + (1,5 @1, e2)
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and

of 0g , oh
do = (_8 — _6y + —azjdx A dy A dz.
Proof. We have
J ®
ay; 91,92,93)

I J ®+ J' , o
(vb; ez, 63) (v} seg.e3) (vGser,e3)

er
o + (O]
JA(Y et O 63) J’(vﬁ;ehez) J.(ng;ely%)
c3 b q
{f(X) + g(x) + h(x) }6293
a 2 Co
Co C3 (4]
+ {f(x + ael) + g(x + aep) + h(x + ae)) }e2e3
c3 a by cg
a C3 a C1
+ f(X) + g(x) + h(x) eres
@ G Ay Cg
a a C
{f(x+be1) lraxabe) o lenxabe)| }eleg
C3 G G ag  Cg
a by a 2]
{f(X) + g(x) + h(x) }6162
a]_ 02 b2
a a
+{f(x+ce3) 2 2 + g(x + ce3) ° + h(x + ceg) 1 b }elez
ag b3 ) ag by
b 02 b 3 Cl
=1f'(x)(a) + g'(x)(a) +h'(x)(a) ejeges
by c3 a by ¢y
a Cy Q ] a q
- 1f'(x)(b) + g'(x)(b) +h'(x)(b) ejeges
as C3 G G Ao Co
by ¢y 3 b
+ {f (x)(c) + g'(x)(c) + h'(x)(c) }616263
b3 C3 (4] 2 C2
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f'(x)(a) f'(x)(b) f'(x)(c)
=3lg'x)(@) b c|+|la gxDd) ecl+|la b g'x)(c)|eeses.
r'(x)(a) r'(x)(b) h'(x)(c)
Let o : R3 x R? x R? - R be the mapping
f'(x)(a) f'(x)(b) f'(x)(c)
o(a,b,c)=|g'(x)(a) b c|+|la gx)b) c|+la b gx)(c)
H(x)(a) H'(x)(b) n'(x)(c)

for any (a, b, ¢) € R® x R? x R3, so that

o = ¢(a, b, ¢)ejeqes.

JA@(Y;ehez,es)

Then it is easy to see that ¢ is a skew-symmetric trilinear mapping, so

that ¢ is of the form

¢ =adx Andy Adz

with o € R. By taking a = e;, b = e5 and ¢ = e3, we get
O gy 08 gy O
o= L+ Zw+ T
easily. This completes the proof. |

6. The Fundamental Theorem for
Exterior Differentiation

Theorem 4. Let o = Zlgi1<---<ik£n fi,.,ipdxy Andxy,  be a

n
differential k-form on R™. Let y:(dy, .., dp.)e D" > ald) ++
ak+1dk+1 be an infinitesimal (k +1)-parallelepiped at x on R". Let

(e1, ..., eps1) € D*1. Then we have

do,

-[5(“/;91,.--79k+1) J‘(Y;elw-,ekﬂ)
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where

(15 €1 wes €py1)

k+1 ] ) R ) R

= Z:(—l)Z {(Y05 €1 os €y vens ek+1)—(y2i €Ly ees €y ey €41 )}

=1

and
k+1 ) afi > ;
do = Z Z(_l)ﬁl % do Aeendyy
1Si1<~~~<ik+1Sn ]=1 Lj
Proof. We have

(O]

I@(y; €1y Chil)

k+1

:Z(—l)Z j ; - m—j ; ~ o)
) (Y05 €15 s € -oes €py1) (yei;el,..., €, s €11)

a_l vee a%_l a%+1 vee a_k+1
i u h h
fy,p®)|F 8 0t h e ey —
a_l vee a%_l %+1 vee a_k+1
Rl I o i %
- % S
1<ty < <ip<n i= i-1 i
i <-<ip<n i=1 a.1 e g 1 a§+1 a{e+1
h h u i
i Do Do : o
fil,...,ik(XJra e) o Dot epeepy
1 -1 i+l k+1
U i U
al a%_l a%+1 a.k+1
k+1 1 ] ] u
_ i+1 g AR : . :
= E E D) L (x)(@Y) e eyl
1< <--<ip<n i=1 i— i
1 ke al ... gt gttt ak+1

3 73 73 3
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foo @) e fr s (x) (@)

1 ak+1

i U]
. | C laan

1< <+ <ip<n
al eoe ak+1
Ik Ik

Let ¢ : R? x---x R” - R be the mapping

k+1
1 k+1
fo, L ®@) o fy &) (@)
al !
1 k+1 11 i
ola’, ..., a"") = ' ‘
1<i <--<ip<n
al gkl
3 173

for any (a’, .., a*"!) e R” x ---x R”, so that
k+1

o =0, ..., a* e ep.q.

.[a(y; €lsrehil)

Then it is easy to see that ¢ is a skew-symmetric (k + 1) -linear mapping,

so that ¢ is of the form

¢ = z : iy Wy A o A A

1Si1<"'<ik+1ﬁn

with

: 1
By taking a* = e, a €y, s A =e;, , weget
k+1 afi > ;
_ o PR o B IR Rk e
a’ll,..., 7%} _Z( 1) ox:
j=1 Y

easily. This completes the proof. O
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