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Mon－aml   

Quantum‡n払dynamics：Descrip七ionofDynamics of  
OpenQuantumSys七emsBasedonQuantumIn錠膵mation  

Theory  

VladimfrBu云EK＊，＊＊1   

＊月e5eαrCたCem加わrQ祝肌ねmJガロmα如れ，玩£ま血まe扉P九訂占豆cぶプ罰0γαた  

AcαdemyoJざc五e71Ceβ，  

動静m路摘ceβねタ，βイ5JJβmf由gα叫∫gouαた乞α  

＊＊飽c視軸げJγゆmαわcβ，〟α5αryたと血豆uerβ軸，助ね几戎cたd∂鮎，6βββββmoJ  

Cbec九月ep祝わg豆c  

Abstract  

InrnylectureIwillanaly21ehowinた）rmationencodedinaquantumsystemis“diluted”  
inreservoirs．Ⅰwiupresent asimple modelthat wouldallowustounderstand various   

aspectsofdynamicsofopensystemsinteractingwithanenvironment．   

Keywords：dynamicsofopenquantumsystems，quantuminformationprocessing，maSter  

equations   

Iwillanalyzehowinfbrmationencodedinaquantumsystemis“diluted”inreservoirs・In  
Particular，Iwilldescribeauniversalquantumhomogenizer【1｝2，3］，Whichisaquantummチー  

ChinethattakesasanlnputaSyStemqubitinitial1yinthestatepandasetofNreservolr  
qubitsinitiallypreparedinthesamestateE．Inthehomogenizerthesystemqubitsequentially  
interactswiththereservoirqubitsviathepartialswaptransfbrmation．Thehomogenizerreal－  

izes，inthelimitsense，thetranSformationsuchthatattheoutputeachqubitisinanarbitrarily  

Smal1neighborhoodofthestateEirrespectiveoftheinitialstatesofthesystemandthereseト  
voirqubits．Thismeansthatthesystemqubitundergoesanevolutionthathasa昆Ⅹedpoint，  

WhichisthereservoirstateE．Themodelofthehomogenizerallowsustounderstandvarious  
aspectsofthe dynamicsofopensystemsinteractingwithnon－equilibrium environments・In  
particular，thereversibilityvsorirreversibilityofthedynamicsoftheopensystemisdirectly  
linkedtospeciBc（classical）informationabouttheorderinwhichthereservoirqubitsinteracted  

withthesystemqubit．Ⅰwi11analyzepossiblephysicalrealizationofquantumhomogenization  

［4］．InadditionIwilldiscusshowentanglementisestablishedbetweenparticlesinvoIvedin  

homogenizationprocSS［5〕・FinallyIwi11showhowamasterequationgoverningdynamicsof  
thesystemqubitdurlngthehomogenizationprocesscanbederived．  

1E－mail：buヱek◎savba．sk  
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Mon－am2  

Can QuantumNon－localityImpI、OVe  
QuantumEstimation？  

MasahitoHAYASHI＊1   

＊且月ArO（ヨ㍑αmねm Comp㍑ね如m肌dJγ的rmα如mPrqクecま，J∫r，mたyo  

Abstract  

Inquantumsystem，WeCanObtaininformationonlythroughquantummeasurement．  

Forexample，WeneedanquantummeaSurementinordertoestimatethedensitymatrix  

Ofthesystemofinterest．Inthissetting，thechoiceofquantummeasurementisessential  

becausethequantummeasurementcausesstatedemolition・Ofcourse，inordertoreliable   

inference，Weneedtoprepareseveralnumbersofthesystemsofinterestwhichareequiv－  

alent witheachother．Thus，Weformulatethisproblemasstatisticalinfbrence，and we  

ca11itquantumestimationwhenweestimatetheunknowndensitymatrixofthesystem  

Ofinterest．Thisproblemcanberegardedasthequantumversionoftheestimationof  

probabilitydistributioninthemathematicalstatistics・Atlea如inprinciple，WeCanuSe  

quantummeaBurementhavingaquantumcorrelationbetweensystemsofinterestfbrthis  

purpose．Itisaninterestingproblem缶・OmnOn－localityofquantummechanicsaぷWellas  

htomstatisticalinferencewhetheruslngSuChacorrelationalquantummeasurementim－  

provetheperfbrmanceoftheestimation．Inthistalk，WeprOPOSeaCOrrelationalquantum  

measurementimprovlngtheestimationerror．  

Keywords：QuantumEstimation，QuantumCorrelation，QuantumGaussianState，Number  

Detection，HeterodyneDetection  

1 FormulationofQuantumEstimation  

First，WeglVeaformulationoftheoretical1yavai1ablequantummeasurements・Whilethequan－  
tumstateisdescribedbydensitymatrix（operator）p，i・e・，aPOSitivesemi－de丘nitematrixwhose  
traceisl，quantummea5urementisdescribedbyapositiveoperatorvaluedmeasure（POVM）  
M＝（吼）ontheHilbertspace7iofthesystemofinterest，WherePOVMM＝（几む）consists  
ofthepartitionofunityIbypositivesemi－de丘nitematrixes（operators）ML。On7t，i・e・this  
partitionsatisfies  

吼＝∫・  （1）  

Whenweperformthequantummeasurementcorrespondingto POVM M＝（吼）tothe  
systemwhosedensitymatrixisp，WeObtainthedataLJWiththeprobability‥  

P㌢（山）‥＝n〆軋・  

1E－mail：maSahito◎qci．jst，gO．jp  
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Whenthedataset（LJ）iscontinuous，anintegralreplaces∑intheequation（1）・   

Inquantumestimation，WeaSSumethattheunknowndensitymatrixisincludedbyapか  

rameterizeddensityfamilyS＝‡pe∈S（7i）lO∈0⊂R）・Inthees七imationofprobability  
distributioninmathematicalstatistics，Weneedtoassumeaparame七erizeddistributionfamily  

払rreliableestimation，becausei七isverydi氏culttotreatreliableestimationfromfinitedata  

underanin丘nitedimensionalfami1y．Thesimilardi臨culty appearsinthequantumcase．In  

thisassumption，anyeStimatorisdescribedbyapairofPOVMM＝（吼）。∈Oanqafunction  
OfromdatasetntotheparametersetQ・Usual1ytheestimationerrorof（M，0）isevalu－  
atedbymeansquareerror（MSE）vo（M，0）whichisgiven aB fbllowslnthecontinuous and  
One－Parametriccase：  

／ 
′ヽ γβ（〟，β）‥＝  ■ヽ （β（山トβ）2甘伽〟（血）・  

Inthemulti－Parametriccase，thei－thMSEisglVenby  

ム 
〈■ （β乙（山）－βi）2T七戸㌘れ〟れ（血），  

Wbusual1yassumeann－independentidenticallydensity（i・i・d・）p⑳n：＝ （空こ望βandthe  

Tl  

i．i．d．parameterizedfamilySn＝（p㌘n∈S（71⑳n）岬∈0⊂腿）・Inthiscase，anyeStimatoris  
describedbyapairofPOVMMn＝（吼）。几∈nnOnthetensorproductspaceナt⑳nandthe  

■ヽ functionOnftomr之nto（）．Intheone－parametriccase，itsMSEisgivenby  

ム 
＜ 軌（山卜β）2Trp㌘れ〟m（血）・  uβ（〟れ，軋）‥＝  

W占oftenaBSumethattheestimatorMn，6n）satisaestheunbiasedcondition：  

ム  
∂m取β㌘れ〟れ（血）＝β，∀∂∈臥  

（2）  

Intheasymptoticcase，thisconditionoftenisreplacedbytheasymptoticallyunbiasedcondi－  
tion：   

上  

土  

βm¶β㌘几〟几（血）＝β，∀β∈0   

∂n¶p㌘几〟れ（血）＝1，∀β∈0・  

1iIn  
Tl→∞  

d  

，  

Undertheasymptoticallyunbiasedcondi七ion，theasymptoticbehaviorofMSEcanbecharac－  
terized as  

頑〟m｝町≦去  

i．e．，theinequality  

l  

lim両肘れ心≦  
71→00  
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holds，WhereJbiscalledtheSLDFisherinformationandde£nedby【1，2】  

dββ      詭‥＝¶私有＝去（エ摘＋扉β）  

Thelowerboundgivenin（3）isattainedbyadaptivemeasurementMnde負nedby  

◎財m＝（咄）⑳…⑳咄さ‥．，山両，Uれ）（町…，〕m）∈nれ，  
◎A 

‥刊叫 ＝（咄ミ．‥町1，叫）†≧0，  

中上吼…叫＝∫（帰…，几）・  
Sinceanyquantummea5urementhavingquantumcorrelationdoesnotsatisfytheabovecon－  

dition，SuChacorrelationalmeasurementdoesnotimproveMSEintheasymptoticsettingin  
theone－Parametriccase．  

2 QuantumGaussianS七a七esFamily  
Thus，Weneedtodiscussamulti－parametricstatefamilytoresearchthequantumcorrelational  

e仔ectinstateestimation・Inthispaper，WetreatthequantumGaussianstatesfamilyasthe  

typicalexamplehavingsuchaneffect．Let，sconsideraHilbertspaceL2（温），Whosenormal  
OrthogonalsystemisgivenbyHermitefunctions（Fn〉）・Inthissystem，thecoherentvector  

［a）a：＝∑毘。e一釦〉（α∈C）isaneigenvectorofannihilationoperatorawhichde丘nedas  

aln〉＝、′句n－1〉・Thestatepek，0‥＝Iα〉aa〈αliscal1edacoherentstateanditsGaussianmixture  

p”：＝孟Je一軒 α〉aa（aldαiscal1edaquantmGaussianstate・Inthephysicalsystemof  

PhotonwhosefrequencylSレ，thequantumGausslanStateP（oe一孝一Wt和一e－Ct） istheanalstate  

ofthefollowingMasterequationwhentheinitialstateisthecoherentstatel缶〉aa〈缶l＝  

C（膏＋1）  如 京＝一豆【〃α†α，直写（αα†β一桁αりαα†卜   （αα†β－2α匹†＋匹†α），  

Whereciscouplingconstant，and而istheaveragephotonnumber・  

InthequantumGaussianstatesfamily（p（，NI（∈C，N＞0），thefo1lowingPOVMisvery  
useful：OneisthenumberdetectionN，theotheristheheterodynedetectionH：  

N：か→匝〉〈可  

H：針→桓〉…〈αl・  

Concerningthesubfamily（po，Nl（∈C，N＞0），itissufBcienttoestimateonlytheparameter  
N．Inthisγレi．i．d．case，thefollowingestimatoristheoptimal［3，4】：First，WePerformthe  
ワumberdetectionNindividua11yandobtainndatakl，・・・，kn・Thefinalestimateisdecidedas  
k：＝∑ニ1怒・Inthiscase，theunbiasedcondition（2）issatis丘ed，andtheMSEiscalculateda5  

孟夏（…）2恥刷榊】＝  
た＝0  

〃（Ⅳ＋1）  

几   
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N（N＋1）coincideswiththeinverseoftheSLDFisherinfbrmationofthisfamily・   
Next，WeCOnSiderthesubfamily（pく，Nlぐ∈C，）whichdependsonN，i・e・，WeeStimateonly  

thecomplexparameter（．Inthiscase，theaveragedatabytheheterodynedetectionisoptimal  

estimator．Inotherword，WeperfbrmtheheterodynedetectionHindividually，andobtainthe  

ndataα1，…αn，anddecidethe丘nalestimateastheaverageEn：＝∑芸1誉・Italsosatis丘es  
theunbiasedcondition，anditsMSEiscalculateda5   

‡か一昭叛満潮α＝去か2勅〃榊α＝誓  
Thisestimatorisoptimal．   

However，intheestimationinthequantumGaussianstatesfamily（p（，N（（∈C，N＞0），We  
havetodiscussthesimultaneousestimationofNandぐ．Ifweperfbrmnumberdetection，the  

obtainedinformationabout（isverysmal1．Ifweperhrmtheheterodynedetection，theesti－  
也ニ；ヱ  

一 mationofNisboileddowntotheestimationofvarianceofnormaldistributionポ珂e N＋1  

Inthiscase，札n：＝嘉∑芸1Iαi－el2－1issuitablefortheestimatorofN・ItsMSEis  
calculatedaぶ  

2  

ピー2一陣））2軸（よ妄－α‘朴（Ⅳ＋1））  Eく丁（÷  
一αi一  

皇ユ。－  
i＝1  

ピー2）2  

αit2－  

れ2  

ー（Ⅳ＋1）2  ー（Ⅳ＋1）2＝  
2
 
 

）
 
 l

 
 

れ
 
 

（
 
 

ーど・2）2  

（ 

史  
i＝1  

1   

Tl  
－（〃＋1）2  Eo．Ⅳ  

（几－1）2  

要一αi－2）2塞α‘l21どl2・暮ぞ・4）－…2＝   （（  

l
一
m
 
 

Eo．Ⅳ  
（m－1）2  

TheMSE誓ヂislargerthantheonebythenumberdetection・Thistrade－Offissolvedas  
fb1lows【5］：First，Weper払rmthetimeevolutionas‥  

β買‰－β㍉く，〃⑳β買㌃1・  

Thistimeevol11tioncanbeperfbrmedbyuslngbeamsplitter．Next，Weperformtheheterodyne  

detectioninthefirstsystemwhosestateispJE（，N，andperfbrmthenumberdetectionother  

′ヽ SyStemSWhosestateispo，N・Lettingthethesedatabe（andkl・・・，kn＿1，WeCanusedataぐ  
aBtheestimateofぐandtheaverage丸：＝∑慧嘉astheestimateofN・ThefbrmerMSE  

isequivalentwiththeoptimalone，andthelaterMSEequals史崇拝，Whichisasymptotically  
equivalentwiththeoptimalone．  
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YbshiyukiTsuDA＊1  

リmα戎伽α乃ねmCo叩p視ね如れαれd坤mα如㍑P頑ecち且月ArO′ノ∫℃  

古一男β－β－2βム肋m抑別冊たyo－た叫Tb毎0，JJゴー0β甥J叩αれ  

Abstrac七   

Weconsiderstaもisticalestimationproblems uslngOnlylineaJmapSbetweensample  
space＄andparameterspaces．Severalkinds ofrestrictions ofthelinearmapswi11be  

introduced．As one example，thisformulationincludes the estimation problem ofthe  

locationparameterofcomplexamplitudesofmultimodecoherentstatewiththethermal  

Gau5Sian noise．  

Keywords：Covariancematrix，Liegroups，Unbiasedestimation  

1 Introduction   

LetX＝Rnland㊤＝脱n2arerealvectorspaces（nl≧n2）andlet◎：0→Xbeareallinear  
iI再ectivemap・LetTbeasetofrea11inearmaps．LetVlandV；arerespectivelyanlXnlreal  

matrixandan2×n2realmatrix．Fbr甘∈T，1et  

月（せ）＝tr（啓伍t甘鴨）・  
（1）  

Ⅵ在consideraproblemtominimizeR（甘）fbr宙∈T．Inthispaper，Wedonotdistinguish  

transpositionandadjoin七．   

IfⅥandlちarepositivesymmetricandtherestrictionbr宙∈Tis  

中∈T⇔甘0◎＝identityonO，  
（2）  

thenthisproblemis equivalentto acla朗icalstatisticalestimationproblemconsideringonly  
linearunbiasedestimators・Inthatcase，Xisasamplespace，Oisaparameterspace，◎：0→  

Xdeterminesthemeanvalueofthedata．withrespecttothetruevalueO∈00ftheparameter  

OfafamilyofprobabilitydistributionsonXhavingaconstantvariancell．鴨isaweightfor  

theriskfunction・W6canconsider町1asapositivemetriconX，and◎pulトbacksitandwe  
ObtainapositivemetricF＝t◎巧◎onlろ．If申。∈Tisoptimalinthesensethatせominimizes  

月，ifandonly汀  

恥捏鶴＝ダ‾1  
（3）  

holds・Suchせoiscalledthebestlinearlinearestimator（BLUE）．Ifthefamilyofdistribution  

isnormal（orGaussian），thenFisequaltotheFisherinfbrmationmatrix，andEq．（3）says  

thatせo attainstheCramer－Raobound．  

1E－mai1‥tSuda＠qci．jst．go．jp  
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Makingtheconditionof申∈Tmorestrict，WeObtainvariouskindsofproblemsminimizlng  

R（Qr）forせ∈T・Oneofthesetypesofproblemsisequivalenttotheestimationofthecomplex  
amplitude ofmultimode Gaussianstatewhichis one ofthe most fundamentalproblems of  

quantumestimation［1，2，3，4】，Whichis closely related to asymptotic theory ofquantum  

estimation【5，6，7，8ト   

Throughthispaper，Weidentify1inearmapsandbilinearformswithmatricesbynaturally  

fixedba5isoflinearspaces．  

2 Restriction   

Define Y as avector subspace ofX that satisBes X＝Im◎oY．Let W andl机′be the  

restrictions ofVitoIm◎and Y，reSpeCtively，andsuppose that坑can bewritten a5Vi  

WoWシ．Thisconditionforllcorrespondstothe casethatthemainsystemIm◎andthe  

ancillarysystemYareindependent・Asarestrictionof甘∈T，Werequirethat◎∈Tsatisfies  

thecondition（2）・Then，itissu侃cienttoconsiderthecasesせ∈Tisoftheform  

甘＝◎‾1（D中y  
（4）  

whereeachelementofthedirectsumlSjusttherestrictionof甘tothecorrespondingsubspaces  
Im◎andY，SOOurChoiceislimittothefreedomofせY．SinceR（Qr）canbewrittenas  

月（叫＝tr（◎‾1Ⅳ上◎‾11ろ）＋tr（せyl弟′亡◎‾1vら），  

theproblemisreducedtominimize  

属y（甘y）＝tr（申yⅥ～土饉「11ろ）．  

（5）  

（6）  

Let7i，beacla5SOflinearmaps中：Y→Osatisfyingsomeconditions・Inthispaper，the  
restrictionsfor苅′istha七重′isaLiegroup．  

3 Non compact cases 

First，WeCOnSiderthecasethatlちispositivesymmetricandWシis七heidentity・Inthiscase，  
if7i，isacompactLiegroup，RY（甘Y）isconstantandtheproblemisobvious，SO7irmustbe  
anoncompactLiegroup．SinceRY（甘Y）dependsonlyon甘Yt督Y，theproblemistominimize  
afunctionon得／HwhereHisamaximalcompactsubgroupof7i，・   

3．1鞄（乃，R）  

Themostimportantcaseisthat7（isasymplecticgroupSp（n，R）（n2isevenandn＝n2／2）・  
Thisproblemisequivalenttochoosethedirectionofhomodynedetectionsforacomplexn  
dimensionalmode．   

Theoptimalsolutionis  

J房‾1擁∨屠‾1  
（7）   

せ1・＝‥   
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WhereAisanan七isymmetricmatriⅩ  

A＝（三才）  （ん：ndimensionalidentity）・  
（8）  

3．2 gO（p，q）  
The previous exampleis related to theantisymmetric matrix A・In contrast，the case of  

7i，＝SO（p，q）（p＋q＝n2）isrelatedtoasymmetricmatriⅩ  

β＝け呈）・  
（9）  

Similarlyto（7）wecanSeethat  

㌦㌃1両派∴   
（10）  

甘y＝  

Inproof白fortheoptimalityof（7）and（10），WejustusetheLagrange’smultipliermethod．  

Thatme七hoditselfcanonlyguaranteeanecessaryconditionforthelocaloptimality．Inour  

CaSeS，however，WeCanSeethattheop七imalsolu七ioncanbeseenasafiⅩedpointforainvolution  

OftheLiegroups・SincesuchafiⅩedpointisuniqueiftheLiegroupisnoncompact（【9】），We  

CanSeethatthelocalconditionissu氏cientfortheglobaloptimality．  

3．3 ぶエ（m，温）  

If7i＝SL（n，R），theoptimalsolution宙YisalineartramSformation  

鴨－土中y坑恥ニ（detlち）ん．  （11）  

3・4 0thernoncompactcases  
TheaboveexamplesareallirreduciblerealRiemanniansymmetricspaces．Wecanconsider  
OtherslikeSL（n，叫，SU（p，q；C），U（P，q潤），SO（n，斑），andcomplexforms．LetaLiegroup  

Gbeoneofthem・Then，thereisanextensionsofthegroupGG⊂GL（＊，K）＝Fwhichis  

minirnalamongK∈（C牒）・（Theinclusionrelationis，forexamPle，GL（n，H）⊂GL（2n，C）・）  

IfVB∈F，thenwecanobtaintheoptimalsolutionsinthesamewayas（7），（10），（11）．  

4 Compact cases  

Let73，isacompactLiegroupinF＝GL（n，K）（K∈（温，C，H））．Supposethatlろ，Ⅳy∈Fand  

theyarenottheidentity・WeconsiderⅡ⊂C2⊂隠4andanyelementinGL（＊，K）isfaithfully  

representedbyarealmatrixbythenaturalway．Sotheadjointisjustthetranspositionofthe  

matrix・Weassumethat鴨and仲ゝarebothsymmetricorbothantisymmetricaccordingto  
thetranspositionfbradjoint．  
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AnecessaryconditionforせY tObeoptimalis坊WY＝t4q，V；．SinceVち，Wシ∈F，thereis  

嗜／∈Tsuchthat  

別件柏里＝鴨射畔上凱  
（12）  

LetWbethesetofQr勒′t甘satis＆ing（12）．ThereisadiscretesubgroupGofTisomorphic  

tothesymmetricgroup6n．Since射弟′tOandlろarebothsymmetricorbothantisymmetric，  

tr（射作句戦）canbewrittenas  

（ 

tr（畔畔 
五tri。 

（13）  

Whereliandpiaretheabsolutevaluesofeigenvaluesof鴇andⅣシ，reSPeCtively，and  

人1≦…≦ん・  
（14）  

Therefore，ifV；andWンaresymmetric，thentheoptimalsolutiorlisonethatpermutesiLl，…，Pn  

topi，…，FLLbeing  

巌≧…≧〃L，  （15）  

and，ift4and勒′areSymmetric，then  

〃1≦…≦〃L．  
（16）  
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and甘elepor七a七ion  
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＊Cor氾egg仇れ昭和軸，劇んαCα，〃eひyb止  

Abstrac七  

DensecodingandteleportationarequantumprotocoIsthatexploitsharedentangle－  

menttofacilitatecommunicationbetweentwodistantparties．Thesamecommunication  

Canbe achievedclassical1y，butonlybyintroducing additionalinteractionbetweenthe  

Parties．lshal1derivetheseexoticquantumprotocoIsfromtheirstraightfbrwardclassical  

VerSions，Showlngthattheinteractionneededcla5Sical1yisstillpresentinthequantum  

CaSe，hiddenawayasthein七eractionnecessarytopreparethesharedentangiemen七．What  

remainsremarkableinthequantumcaseisthatthispartoftheinteractioncantakeplace  

bqfbretheinfbrmationtobetranSmittedhasbeenchosen．  

Keywords：Entanglement，DenseCoding，Tbleportation，Quantumcircuit  

Thecircuitdiagramsdevelopedtorepresentthesequenceofgatesusedinaquantumcom－  

Putationcanalsoprovideeconomicalandinsightfu1derivationsofcertalnquantummeChanical  

PrOCedures，Withouttheneedforanyanalyticalmanlpulationsofquantumstates．  

IshallillustratethisbyderivingtwoquantumprotocoIs，densecoding［1，2】andteleportation  

【3，4］，fromsimpleclassicalcircuitdiagramsthattransparentlyachievethesamereSultsasthe  

quantumprotocoIsbyexploitingdirectdynamicalinteractionsbetweenthetwoparties．（Bya  

ClassicalcircuitdiagramImeanonewhoseinitialandfinalsta七esareclassical1ymeningful［i・e・  

StateSOfthe“computationalbasis”】，eVerygateOfwhichtakesclassicallymeanlngfulstates  

intootherclassicallymeaningfu1states・）   

CircuitsrealizingthequantumprotocoIsareextractedfromtheirparentcla朗icalcircuits  
byexpandingeachclassicalgateintoproductsofgates，SOmeOfwhicharequantumgatesthat  

donotpreserveclassical1ymean1ngfulstates・BythenallowlngrearrangementSintheorderin  
WhichcommutinggatesactonearrivesatcircuiトtheoreticversionsofthequantumprotocoIs．   

ThisproceduremakescleartheclassicalparentageofthequantumprOtOCOIs．Itshowsthat  

thequantum protocoIshavejust as much dynamicalinteractionastheclassicalones．Buta  

CruCialpartofthatinteractionisabsorbedintothepreparationoftheinitialsharedentangled  

State・This part oftheinteraction canbe executed befbreanybody has even speciRedth〔、i  

twobitstobeencodedinaslnglequbitortheunknownstatetobeteleported．Theroleof  
entanglementintheprotocoIsistostoreinteraction，unrealized，untilthetimearriveswhenit  

is needed．   

Allthegatesusedintheseconstructionsaresimpleenoughfbrsomebodyunfamiliarwith  
quantumCircuitdiagrams（andunacquaintedwithdensecodingorteleportation）tobeablet（B  
fo1low thederivations．  

1E－mail：ndm4◎cornell．edu  
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Abstract  

Wehaverecentlyintroducedameasureoftheentanglementofidenticalparticles，Ep，   

basedontheprlnCiplethatentanglementshouldbeaccessiblefbruseasaresourceinquan－   

tuminformationprocesslng・Weshowherethestrongconnectionbetweenlocalparticle   
number conservationand reference phase uncertaintyand we demons七ratethe comple－   
mentaritybetweenlocalparticlenumberconservationandtheaccessibleentanglement．   

Keywords：entanglement，identicalparticles，quantuminformation，SuperSelectionrules   

IntrT）duction．EntanglementisaneSSentialresource fbr quantuminformation processing．  

The non separability of the wavefunction of two distinct systemsis the usualhallmark of  

anentangledstate．However，thesymmetricorantisymmetricwavefunctionsofcollectionsof  

identicalparticlesisinhe†℃mtlynonseparable．AcruCialquestionthenishowtoquantifythe  

entanglementofidenticalparticles・TheapproachofZanardiandothers［1】istocalculate  
theentanglementofthequantum鮎Idmodesoccupiedbytheparticles，EM．ButEMCanbe  

non－ZerOeVenforthecaseofasingleparticle・Analternateapproach［2】istoexaminethenon  
SeParabilityofthewavefunctionbeyondthatrequiredbysymmetrizationorantisymmetrization・  
ThedifBcultyhere，however，isthatthereisnofiⅩedpartitionintodistinctsystems．   

Theapproachwetake［3］istoinsistthattheentanglementbeaccessibleinthesensethat  
itcouldbeusedasaresourceforquantuminformationprocessing．Thisrequiresstrictpariite  

SeParaLionandtheentanglementtobeaccessibleuslnglocaloperationsonly．Theserestrictions  

areequivalent to alocalparticle numbersuperselection rule．Entanglementinthepresence  

generalsuperselectionru1eshavebeenexploredfurtherin［4］・   

Inthispaper，Webrie月．yreviewourmea5ureOfbipartiteentanglementofidenticalparticles  

［3トW占thenexploretherelationshipbetweenlocalparticlenumberconservationandreference  
Pha5eunCertainty，anddiscussthecomplementaritybetweentheaccessibleentanglementand  

theconservationoflocalparticlenumber．   

Entan9lementqfidenticalparticles．Weimaginetwowell－Separatedparties，AliceandBob，  

SharingacollectionofNidenticalparticles，SuChaBatOmSOrelectronsetc．，Whichareinthe  

PureStatel叫AB．Manyparticlesofinterestinquantuminformationprocessingarecomposite  

（e・g・atOmS）andsotheirnumberisnotconservedingeneral．However，thereareunderlying  
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quantitiesthatarestrictlyconservedsuchaselectricchargeandleptonnumber・Theseunderly－  

ingconservationlawsimplythatthenumberN77isconserved，WhereT7isaconserved－quantity  

number（e・g・1eptonnumber）associatedwitheachcompositeparticle・Fbrbrevity，Wereferin  

thefollowingtoNbeingconserved，althoughtheargumentsapplytothestrictconservationof  

Ⅳり．   
Theentanglementsharedbetweentwopartiescannotincrease undertheactionoflocal  

（separable）operationsperformedindependentlyatAlice’sandBob’ssites・Localoperations  

includeunitarytransformationsaswellasnonunitarymeasurements・Incontrast，theshared  

entanglement canincrease under the action ofnonlocaloperations，SuCh as transporting a  
quantumsystem鈷・OmOneSitetotheother・Entanglementmea5ureSmuSt，therefore，eXCludethe  

possibilityofnonlocalmanipulationsandsoparticleexchangebetweenthepartiesisforbidden・  

Hence，thenumberofparticlesateachsiteisunChangedbylocaloperations：  

［丸現＝0  
（1）  

人一ヽ whereN；istheparticlenumberoperator and Liisanarbitrary Hamiltonianor observable  
localtositei．Fbrthesharedentanglementtobeaccessibleforuseinquantuminfbrmation  
processing，Werequirethatitbeabletobetransfbrred（e・g・local1yteleported）toasetof  

localquantumregisters，SuCha5regular（distinguishable）qubitsateachsite・Thelocaltransfer  

involveslocaloperationsonly．Afterthetransfertheentanglementinthelocalquantumregisters  
canbemeasuredbyconventionalmeans．The accessible entanglementinthesharedparticle  
systemisthemaximumentanglementthatcanbetransferredtothelocalquantumregisters・  
Theactualnumberofparticlesateachsitecanbem讐5uredafterthetransferoperationwithout  
Jヽ disturbingtheaccessibleentanglement・ButsinceNicommuteswithal1Li，WeCOuldequally  
mea5urethelocalparticlenumberfirst，andthentransf6rtheentanglementtothelocalquantum  
registers， 

〈 

〝ml甘〉AB  
，島＝AB〈叫乱世〉A。，  （2）  仲兄〉AB＝   

√琵  

■ヽ andlListheprojectorontostateswithnparticlesatAlice’ssiteandN－natBob’s・Here  
仲n〉ABrePreSentSaeldmodesoccupiedbya飯ednumberofparticlesateachsite；theentan－  
glementofthesemodescanbetranSferredtothelocalregistersandisthereforeaccessible・This  
tellsusthattheaccessibleentanglementinthestate仲〉ABisquantifiedby［3］：  

刷軌B）≡∑朋欄〉AB）  （3）  

whereE（I鶴〉AB）＝S（PT）），S（P）isthebinaryvonNeumannentrOPy－n（Plog2β），and産）  
isthereduceddensitymatrix結）＝nB仲n〉AB〈叫］．Inessence，Eq・（3）resultsfromalocal  
particlenumbersuperselectionruleinthat，duetoEq・（1），thecoherencesbetweensubspaces  
ofdi鮎ringlocalparticlenumberarenotobservablebylocalmeanS・   

WtnowgivesoeeXamPles・W6usethesecondquantizednotationwhereln，m〉ABrep－  
resentsnparticleslnafieldmodeatAlice，ssiteandmparticlesinafield modeat Bob，s  
site■SharingasingleparticlebetweenAliceandBob，却0，1〉AB＋ll，0〉AB），WOuldyield  
theprojectedstates EO，1〉AB Orll，0〉AB Withequalprobabilityafterameasurementoflocal  
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particlenurnber at each site，andsothe accessible particleentanglementis Ep＝0■Inde－  

pendentlysharing2particles，圭（JO，1）AB＋ll，0〉AB）⑳（JO，1〉AB＋Jl，0〉AB），givestheprojected  

StateSIO，1）AB⑳IO，l）AB，Il，0〉AB⑳Il，0）ABand割0，1〉AB⑳ll・0）AB＋Il，0〉AB㊥tO，1〉AB）with  
probabilitiesl／4，1／4andl／2，reSPeCtively．The丘rsttwostateshavenoentanglementwhereaB  

thelasthaslebitandsotheaverageentanglementisEp＝1／2・Thisi11ustratesastriking  
featureofEpinthatitissuperadditive：Ep（lg）⑳ゆ〉）≧Ep（仲〉）＋Ep（沖〉）・Thesuper  
additivityisadirectconsequenceoftheinherentindistinguishabilityoftheparticles・   

RqFbrencephaseunceriainty．Theabsenceoftheentanglementinthesharedsingle－Particle  

State，剥0，1〉AB＋ll，0〉AB），CanbetracedtouncertaintyinthediGerencebetweenlocalreト  
erence phases at the twosites．Reftrencepha5eunCertaintyhas recently been discussedin  
relationtocontinuousvariableteleportation【5］．Itoccursherewhenwetransferthestateof  
thesharedparticletoapairofregular（distinguisha，ble）qubits，aSfollows・   

LetAlicehaveaverylargenumberM≫lofancillaryparticlesinaparticular鮎1dmode・  
AnoperationisthenperfbrmedwhichsharestheparticleswithanothermodeatAlice’ssiteto  

，r。d。Cethestate∑禁。V乍nlMMn，n〉AWhere孔isapproximatelyPoissonian7L∝凸± n！  
andFL2isapproximatelytheaveragenumberofparticlesinthes？COndfieldmode・Wecan  
rewritethisstateasbeingproportionalto  

か（β）〉血潮A芸  （4）  

whereIFLeie）＝e－P2／2∑芝。PneinO fn〉／挿isacoherentstate，bM＝∑禁。［n〉〈叫projectsonto  
thesubspaceofstateswithuptoMparticlesand凧0）〉＝∑禁。e－inOIM－n）／、乃不朽isa  
phasestate【6】－W占nowimaginethattheparticlesinthesecondmodearesharedequallywith  
afurtherm－1modesatAlice’ssitevialinear“beamsplitter”interactions．Eachcomponent  

丘MIFLeiO〉AinthesuperpositioninEq．（4）isreplacedwith（flMIFL／eiO〉A）帥，apprOXimately，  
whereFL／＝FL／v局・AcorrespondingprocessisperformedatBob’ssitewithhislocalancillary  
SyStem，reSultinginthecombinedanCillarystate  

か槻（‰躍〉A）⑳m芸⑳⊥榊〉B（白〟躍〉B）⑳m芸  
（5）  

Thetransf6rofthestateofthesharedparticle別0，1〉AB＋tl，0〉ÅB）toapairofregular  

qubits19i9〉ABCannOWbeperfbrmedusingthemethodofMayers［7】・Wbuseanunderlineto  
distinguishthestatesofaregularqubit，但），は），（suchastwoorthogonalelectronicstatesof  
anatom）fromtheFbckstatesoftheBeldmodesIO），ll〉，…・AliceperfbrmsalocalCNOT  
operationusingherlocalshared－particlemodeasthecontrolandherlocalregularqubitaBthe  
target・ShethenperfbrmSaCOntrOlledoperationwithherregularqubitasthecontrolandthe  
state［4，（0））AOfthefirstancillarymodeandhersingle－Particlemodea5thetarget，Wherethe  
latterparticleistranSferredtothefirstanci11arymodeifherqubitisinthestateは〉andno  
changeotherwise・Bobperformsthecorrespondingoperationsathissite・Ttacingovertherest  
ofthesystemgivestheendresultthat，Withprobabilityl－2／（M＋1），thequbitregistersare  
in the mixedstate：  

妄L芸上芸（e－iO旭AB＋e－i¢191）AB）（eiOAB（i9t・ei4AB（W  

＝喜促〉AB〈鮎l叱恥B〈辺り  （6）   
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Aspredicted【3］，thereisnoentanglementhere．   

Entan9lementandparticlenumbercompLementarity．Itisinterestingtoseehowtheentan－  

glementcanbeincreasedbyexchangingparticlesandviolatingboththerestrictiontolocal  

Operationsandthelocalparticlenumbersuperselectionrule．Theentanglementincreasesifwe  

fixtherelativephasedi庁erencebetweenthetwotermsinthesuperpositionstateontheright－  
handsideofEq・（6）．OnewayofdoingthisistomeasurethephasediGerenceO－¢between  

theAlice’sandBob’scoherentstatesinEq・（5）andapplyacorrepOndingphaseshifttoone  
Ofthequbits・Themeasurementwillrequireaninterferenceexperlmentthatwi11collapsethe  
SuPerpOSitionsinEq・（5）toaspecificvalueofO－4）．Anyresolutionofthephasedifference  

△（0－¢）requiresaminimumunCertainty△NinthenumberofparticlestranSf6rredfromone  
sitetotheother．Theuncertaintyinparticlenumberisgivenby△N＝V屈whereⅣisthe  
meanparticlenumberofthecoherentstatetransf6rredbetweensites．Thephasedi庁erenceis  

approximatelyGaussiandistributedwithavarianCeOf△2（0－4））黒1／（2万）forlarge－amPlitude  
coherentstates［6］・AfteranidealphasedifFerencemeasurementandthelocalpha5eShifting  
OPeration，thestateofthequbitsbecomes  

去［［91）AB〈揖［・C（［iJ9）AB〈91回9i！）AB〈iL91）＋且』AB〈iL9り  （7）  

whereC＝e‾1／（47V）istheaver撃Ofei（0－4）・Theentanglementoffbrmat車［8］ofthisstateis  
givenbyEF；Y圭（1＋lC［2）fbrN≫1・ClearlyEFaPprOaCheslebitasN，themeannumber  
transferred，incre甲e鞍TheHeisenbergupcertaintyrelationfbrphaseandnumberdi拝erences  

＄ives［q2＝l〈ei（4＾‾毎）〉Ⅰ2≦〈△2（鶴－Nh）〉／【1＋〈△2（血一鶴）〉】fbrphysicalstates，Where  
4iandNiarethePegg－Barnettphaseoperator【6】andparticlenumberoperator，reSpeCtively，  
fbrsitei，and〈△2e）isthevarianceine・Inparticular，〈△2（亀－NB））＝墜fbrtheco－  
herentstates・TheentanglementEFCanbeincreasedfbrafiⅩedmeannumberNofparticles  
transferredっbypreparin苧ParticularanCillarystateswithalargervalueof〈△2（鶴－Nh）〉・   

AnothermethodfbrlnCreaSingtheaccessibleentanglementistoshareNparticlesbetween  

AliceandBobinthestate∑慧。CnlN－n，n）AB．Forexample，Ep＝1～1／（2万＋1）forthe  
ie   

Discussion．Onlymanipulationsbylocaloperationsarepermissiblewhenquantifyingthe  

accessibleentanglementinasystem．Operationsthatchangelocalparticlenumberaretherebre  

forbiddenandthisgivesrisetoalocalparticle－numbersuperselectionrule．Thisconceptun－  

derliesthede丘nitionofEp，theentanglementofidenticalparticles．Ttansferringparticlesfrom  

onesitetoanotherviolatestherestrictiontolocaloperationsandthelocalsuperselectionrule，  

andindoingsoincreasestheaccessibleentanglement．Thisdemonstratesthecomplementarity  

betweenlocalparticlenumberconservationandaccessibleentanglement．   
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Be11inequa且i七iesde七ec七e紀ciem七en七amg且emen七  

叫1，AntonioAciN2，NicolasGISIN3，MichaelM．WoLF†4  

Cm叩0∫Appg豆edアんy5豆c5，仇豆uerβ軸OJGemeuα揮ひ乞壬zergαれdノ  

†乃cん花由cんe仇豆㍑rβ地βrα肌5Cん∽吻「Cem氾乃yノ  

Abstract  

BellinequalitieshavebeenintroducedinphysicsasatooltodiscriminateQuantum   

Physicsh・Omalternativemodelsinspiredh・Omtheclassicalworld，Butrecentresultsshow   

thatBell’sinequalitieshavealegitimacyalsowithinQuantumPhysics：aStatethatviolate   
anirlequalityisentangledenoughtobe”e伍cient”inquantuminformationprotocoIs．In   

thistalk，Iwill払cusononeoftheseresults：Bellinequali七iesarelinkedtothedegreeof   

distillabilityofN－qubitentangledstates．  

Keywords：Bellinequalities，multi－Particleentanglement，distillability．   

QuantumcorrelationswerenoticedtobeastonishingbyEinstein－PodoIski－Rosenandby  
Schr6dingerbackin1935．Inparticular，theEPRpaperstressedthatthepredictedcorrelations  

COuldnotbeexplainedbyexchangeofaslgnal，Sincetheentangledparticlescouldbeatan  
arbitrary distanceたom oneanOther・Ifsignalexchangeis excluded，inthe classicalworld  

Weknowonlyanothermechanismtoestablishcorrelations：COmmOnPreParationatthesource．  

ThiswasruledoutbyJolmBe11in1964：thepredictedquantumcorrelationsviolateacondition  

（”Bel17sinequality”，BI）thatshouldholdifthecorrelationswereestablishedatthepreparation．  

AlltheexperimentsperformedsincetheAspectexperimentin1982confirmquantumphysics．   

Nowadays，althoughoneshouldnotforgetthedetectionloopholeuntilitsdirectexperimen－  

taltest，formostphysiciststhedebateonquantumcorrelationsisclosed：entanglement does  

e3：ist，andmoreoveritha5beenrecognizedasaressourceneededtoperformtasksthatwould  

Classical1yimpossible［1］・Thequestionarisesthen：isitstillworthinvestigatingBIactively？  

Ofcourse，theinterpretationalcontentoftheBIshouldshapeanyphysicist’sviewoftheworld，  

butintheresearch，Shouldn’tweratherconcentrateonquantumin払rmationprocessing？The  

mainmessageofthepresentworkisgoodnews：thereisnoneedforadi如nctiveanswer！We  
Shouldindeedpaygreatattentiontoquantuminformationprocessing，andBellinequalitiesare  

apowerfultoolforthisinvestigation．Speci6cally，ithasbeenprovedthat：  

1・ConsiderthequantumkeydistributionprotocoIswithentangledstates，inthepresence  

OfEve’s optimalindividualeavesdropping：ifthe quantum state sharedby Alice and  
BobviolatesaBe11inequality，thentheerrorrateislowenoughtoallowone－WayerrOr  

COrreCtionand privacyamplification－thatis，efhcientsecretkeyextractionfromthe  

rawkey［2】・  

1E－mail：Valerio・SCarani＠physICS・unlge・Ch  

2presentlyat‥InstituteofPhotonicSciences，Barcelona，Spain；e－mail‥antOnio・aCin◎upc・eS  

3E－mail‥nicolas・gisin＠physics・unige・Ch  

4presentlyat‥Max－Planck－Institut、Carching，Germany；e－mail‥michael・WOl帽血Pq・mpg・de  
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2．IfaN－qubitstateviolatesaMermin－Klyshkoinequality，aParticularinequalityinthe  

W占rner－WblLZukowski－Brukner（WWZB）family［3】，itcanbeusedformulti－Partitese－  

cretkeysharingprotocoIs【4］・   

3．IfaN－qubitstateviolatesaWWZBinequalitythereissomedistillableentanglementin  

thestate；mOreOVer，theamountoftheviolationisa5SOCiatedtothedegreeofdistillability・  

AsimilarresultholdsfortheU侃nkinequality【5］・   

4．Tbsometwoqu－ditsBe11inequalityonecanassociateacommunicationcomplexitypro－  

tocolthatworksmoree侃cientlywithquantumthanWithclassicalinformation［6】・  

Inal1thesecases，the Bellinequalityacts as a detectorqfq伊cient entan9lement．Itis an  

interestingopenproblem，tOdeterminetowhichextentthisholdsingeneral．   

HereIfocusonitem30fthepreviouslist．InthisextendedabstractIwi11justgivethe  

basicideas・Theref6rencesforallthestatementsbelowcanbefoundinthepublishedpapers  

【5ト   

TheentanglementofaquantumStatePisdistillableif，OutOfmanycopiesofit，OneCan  

extractmaximal1yentangledstates（two－qubitsinglets）usingonlylocaloperationsandcla5Sical  

COmmunication（LOCC）・Operationally，thismeansthefollowing：ifasourceSproducesastate  

whichisweaklyentangledbutdistillable，thenonecanbuildanewsourceS，，thatislesse侃cient  

butproducesstronglyentangledstates，bysimplyappendinglocaldevicestotheportsof  

andallowingthepartnerstocommunicate・Inotherwords，ifwehaveS，thenwecanbuild  

S／andrunanyquantuminformationprotocolliketeleportation．Thenotionofdistillabilityis  

nottrivialbecause，inal1quantumCOmPOSedsystemsbut（〕2⑳4］2andC2⑳C3，thereexist  
SO－Calledbound－entangledstates，thatareentangledbutnotdistillable．   

HerewestudyquantumsystemscomposedofN＞2qubits，describedbytheHilbertspace  

（C2）◎N・Insuchacase，Whe竺thesystemiscomposedofTOrethantwosub－SyStemS，thenotion  
Ofdisti11abilityisnotevenun1VOque．Thestrongestrequlrementis”fu11distillability”：anytWO  

partnerscandistillasingletbyLOCC．Theweakestrequirementis”bipartitedistillability”：  

the Npartners splitinto two groups ofnA and nB＝N－n＾partnerS，and the stateis  

distillablewithrespect tothispartitionnA／nB．Specifically：Withineachgroup，themost  

generaltranSformationsareallowed；butonlyclassicalcommunicationisallowedbetweenone  
groupandtheother．   

Obviously，ifNislarge，allkindofintermediatesituationsbetween”fu11distillability”and  

”bipartitedisti11ability”canbefbund．Wbhavedemonstratedaninteresting，quantitativelink  

betweenthishierarchyorde9reeqFdistillabilityandtheamountofviolationoftheWWZBBell  
inequalities［3］・Thisfami1yofinequalitiesischaracterizedbythefo1lowingtwofacts：（i）They  

arecorrelationinequalities；mOreSPeCifical1y，theyarelinearfunCtionsofcorrelationcoe侃cients・  

Inthequantumformalism，thecorresponding Belloperator BNis alinear combinations of  
O・nl㊥cTn2㊨…0・nN・（ii）Twoandonlytwosettingspersiteareconsidered：thatis，theinequality  

usesonlytwosettingsnjand免；foreaJChqubitj・   

Thisfamilyofinequalitieshasaninterestingproperty．Letussetthelocalboundaryat  
n（pBN）＝1・Thenthemaximalamountofvi01ationisTt（pBN）＝2（N．1）／2，Obtainedonly  
払rsomeinequalitiesinthefamilyandforthe N－qubit GHZstate．In－between，theamount  

Ofvi01ationde丘nessomeboundaries．ForinstanCe，ifMqubitsamongtheNareentangled，  
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n（pBN）cannOtbelargerthan2（M‾1）／2；inotherwords，ifthevi01ationexceeds2（M‾1）／2，One  
CanbesurethatatleastM＋1qubitsareentangled．   

TheUfhnkinequalitiesareageneralizationoftheWWZBfamily：theyarealsocorrelation  
inequalities usingtwo settings per qubit，but theconditionis quadratic，Or alternatively，is  

linearbutanadditionalparameterisfreeforoptimizationapartfromthe2Nsettings・   
Wbcannowexplainourresults，thataresummarizedintwotheorems・   

Theoreml．AnyNrqubitstatep thaiviolatesoneqfthe WWZBinequalitiesisatleast  
わ画面まed乞5ま豆鮎最eげまタ．Jノ・  

Inclear：ifonecanfindaBelloperatorBNintheWWZBfamilysuchthatTt（pBN）＞1，  
thenthereexistsatleastonepartitionoftheNpartiesintotwogroupsnA／nBSuChthatthe  
twogroupscandistillaslnglet．Looselyspeaking，Theoremlensuresthatinanysもatethat  

violatesaWWZBBe11’sinequalitythereissomedistillableentanglement，althoughinorderto  

extractitsomepartiesmayneedtojoln．   
Theorem2．β叩pOβe〃摘亡兢eⅣ一匹む宜まβね£ep血Jαまeぶ0乃e q′兢eⅣⅣZβれe匹α抽eβむ訂  

α乃αmO肌古材  

叫pβ〃）＞2竿  
（1）  

わrαg五ve†1れ吻erpβ祝Cん兢αま2≦p≦肌7Ⅵemanye†もβem鋸eげp叩ゐ如c肌わe血豆dedれわ  

如0β視軸m叩β，αれdαβ如geまCα乃ゐe dぬf∽edむe如eer乙兢e5eβ加わタm呼5占ymeαmβ扉opem如乃β  

びゎ乞cんαre～ocαヱび拙re叩eCfわ兢e〃－p＋2pα再五eβ「ダ豆ダ．卯．  

Inparticular，ifn（pBN）＞2撃，thenthestateisful王ydistiilable．Inasimilarway，We  
couldalsoprovethattheviolationoftheU且nkinequalityimpliesfulldistillabili七y・   

・PM。   
●  

●  ●   

●  ●  

・V ．  
●  ●  

●  
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●  

●  

●  

●  

●  

●  
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●  

Figurel‥Theoremli11ustratedforN＝12qubits．Thestate卜叫isatwo－qubitmaLXimally  
entangledstate・  
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Figure2：Theorem2illustratedforN＝7qubitsandaviolationmeasuredbyp＝4・AsinFig・  
1，thehollowarrowsrepresentLOCCoperations，andthethicklinksrepresentthesingletstate■  

AnythreeN－P＝3qubitscanperbrmasuitablemeasurementandcommunicateitsresultto  
theothers．Thefourremainingqubitsendupwithastatewhichisbipartitedistillable．Note  

thatonlythreeoutoftheC言＝7！／（3！4！）＝35possibilitiesareshown．  

【4】V・ScaraniandN・Gisin，Phys・Rev・Lett・87，117901（2001）；idem，Phys・Rev・A65，   
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● Anomalousquantumstatesin負nitemacroscopICSyStemS  

AkiraSHIMIZU＊1  ，TakayukiMIYADERA＊＊2，andAkihisaUKENA＊3  

＊βepαrれeγもま扉β鮎宜cgc正邪Ce，仇れer5軸扉7もたyo  

クーβ－J〝omαわαフ乃毎oJ5β－βタ喝J叩αm  

＊＊βepαrれe†もfげJ†的rmα如mβc乞e†ほe5，∫c宜e†lCe U■m血eγ5軸扉mたyo  

仇血27β－β5JqJ叩αれ．  

Abstract  

Weconsider丘nitemacroscopicsystems，i．e．，SyStemSOflargebutfinitesizes，Which  

Webelievearepoorlyunderstoodascomparedwithsmallsystemsandinfinitesystems．  

Wefocusonpurestatesthatdonothavethe‘clusterproperty，つwhichmeansthatthey  

havelong－rangeCOrrelations．Suchapure－stateisentangledmacroscopical1y，andisquite  

anomalousinviewofmany－bodyphysicsbecauseitdoesnotapproachanyPureStatein  

theinfinite－Sizelimit．However，WeOftenencountersuchanOmalousstateswhenstudying  

finitemacroscopicsystems，SuCha5quantumCOmputerSwithmanyqubitsandfinitesys－  

temsthatwi11exhibitsymmetrybreakingintheinfinite－Sizelimit．Westudystabilities  

Ofsuchanomalousstatesingeneralsystems．Incontrasttothepreviousworks，WeObtain  

generalanduniversalresults，bymakingfu11useofthelocalityofthetheory．Usingthe  

generalresults，Wediscuss theappearanCeOfaclassicalworld，theorlglnOfsymmetry－  

breakinginfinitesystems，andakeytorealizingquantumcomputerswithmanyqubits．  

Keywords：maCrOSCOPicsystem，Clusterproperty，entanglement，decoherence   

AquantumsystemcomposedofNqubitscanhandledataofsize2N・Inquantuminforma－  
tiontheory，Oneisusuallyinterestedintheasymptoticbehaviorsofquantitiesofinterestasthe  
Sizeofthedataisincreased．Tbstudytheasymptoticbehavior，OnemuSttakethedatasize  

largebut貝nite．Therefore，quantuminformationtheorytreatsquantumSyStemSWithlargebut  

＄nitedegreesoffreedom，1≪N＜＋∞．Ⅵ屯callsuchasystema‘finitemacroscopicsystem．’   

Finite macroscopicsystems are poorly understood as compared with smallsystems and  

inBnitesystems．Inparticular，thereexistanomalouspurestatesthatdonotexistinin負nite  

SyStemS．Forexample，COnSidertwoN6elstatesofanantiferromagnetconsistingofNspins，  

lAF＋〉≡け010・‥〉，lAF＿〉≡但101…〉，  
（1）   

Wherell〉andlO〉denotethespin－uPand－downstates，reSpeCtively・Intheantiferromagnetic  

Isingmodel，thesetwostatesarethegroundstatesofa艮nitesystem，havlngthesameenergy，  

1E－mail：Shmz◎ASone．c．u－tOkyo．ac．jp  

2E－mai1：miyadera⑬is．noda．tus．ac．jp  
3E－mail：ukena＠ASone．c．u－tOkyo．ac．jp  
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each approachinga’vacuumstate’ofanin丘nite system as N→∞・Itis obvious that a  
SuperpOSitionofthem，  

ーC〉≡F＋〉＋F－〉  
（2）  

isalsoapurestatehavingthesameenergyasIAF士〉・However，itcanberigorous1yproved  

thatthisstatedoesnotapproachanypurestatea5N→∞，butapproachesamixedstate．A  

convenientwayofjudgingthisistoexaminethe‘clusterproperty，’whichisde員nedinin丘nite  

systemsasfb1lows［1］：Aquantumstateissaidtobavetheclusterpropertyif〈6a（x）6b（y））→  
Oas匝－yI→∞fqranytpcaloppratorsa（x）andb（y）atxandy，reSPeCtively，Where6a（x）≡  
a（x）－〈a（x）〉and6b（y）≡b（y）1b（y）〉【2】・Here，byalocaloperatoratxwemeana員nite－Order  
polynomialof負eldoperatorsandtheirfinite－Orderderivativesatpositionx［3］．Forirtf；n  

quantumsystems，thereisafundamentaltheorem【1］：Anypur”tatehastheclusterprvperty．  

Since〈Cl6∂z（x）6a・z（y）lC〉f＞0，lC〉withN→∞doesnothavetheclusterproperty（whereas  

IAF土〉do），hencelC〉doesnotapproachanypurestateas〃→∞・Therefbre，lC〉with丘nite  

NisaquiteanOmalousstate・AlthoughitmaybepossibletojudgesimplybyintuitionthatIC〉  
isanOmalous，becauseithasaverysimpleform，WeCaninvestigateuslngtheclusterproperty  

Whethermorecomplicatedpurestatesareanomalousornot．   

Sinceweareinterestedinafinitemacroscopicsystem，fbrwhichl≪N＜＋∞，Wegeneralize  

theconceptoftheclusterpropertytotheca5eOffinitesystems．Itreadsrough1yasfollows：  

（Theprecisede丘nitionisdescribedinRef・［4］．）Le七0（e）bethesizeoftheregionoutside  

whichcorrelationsof且uctuationsofanylocaloperatorsbecomesmal1erthane．Ⅵ屯consider  

asequenceofsystemswithvariousvaluesofNandassociatedstates，Wherethestateswith  

diHerentvaluesofNaresimilartoeachother［5】・W占saythatthestates（forlargeN）ofthe  
SequenCehavetheclusterpropertyifforanye＞00neCanmakeO（e）≪NbytakingNlarge  
enough．   

ThelackoftheclusterpropertymeanStheexistenceofalong－rangeCOrrelation（s）．There－  

fbre，fbrapurestate，itmeanSanentanglement．SinceasmallnumberofBellpairs donot  

destroytheclusterproperty，thelackoftheclusterpropertymeansa macrvscopicentangle－  

ment・AmongmanydefinitionsofentanglementfbrsystemswithlargeN，theentanglement  

intheabovesenseisrelatedmostdirectlytomany－bodyphysics．Sincemany－bodyphysics  

hasbeendevelopedalongwithmanyeXPeriments，theentanglementintheabovesenseisalso  
relateddirectlytopropertiesofrealsystems．Fbrexample，thefo1lowlnginseparablestatehas  

theclusterproperty，henceisnotentangledmacroscopica11y；  

岬≡‖100‥・0川010…0〉＋仰…0〉＋…＋lOOO…1〉ト  （3）  

Althoughsomeotherde丘nitionsofentanglement classifythisstateas anentangledstate，it  

isaquitenormalstateinmany－bodyphysicsandexperiments：Itrepresents，e．g．，alow－1ying  

excitedstateofaninsulatingsolid，inwhichaslngleFrenkelexcitonisexcitedontheground  

State．Suchastatecanbeeasilygeneratedexperimentally．Itisthereforemorerea50nableto  

ClaBSifyrW）asastatewithin丘nitesimalentanglement・Furthermre，SOmeOtherde丘nitions  

Ofentanglementleadto anunphysicalresult that aSlaterdetermlnantOfidenticalfermions  

isentangled・In contrast，aCCOrdingto our de丘nition，SuCh astateis not entangled atal1・  

Moreover，itisguaranteedbythefundamentaltheoremmentionedabovethatamacroscopical1v                                                                                                                                                                                                                                                        ヽノ  
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entangled state by our de丘nitionis quiteananOmalous statein the sensethatit does not  
approachanypurestateasN→∞・   

Itisconvenienttoconsideradditiveoperators，Whichisde昆nedasthesumoflocaloperators；  

A＝∑a（ご）・  
（4）  

エ  

Forexample，ifwetakeゐ（x）＝卜1）X∂E（x）foraone－dimensionalspinsystemsしAbecomes  
thez－COmPOnentOfthestaggeredmagnetization・Ifaquantumstatesatisaes〈（6A）2〉≦0（N）  
fbreveryadditiveoperator，WeCal1ita’normal1y一再uctuatingstate’（NFS）．Ifthecorrelation  

t〈6a（x）6a（y））lofanylocaloperatora（・）decaysquicklyforlargelx－yI，thenthestatehas  

theclusterpropertyandisanNFS．If，Ontheotherhand，aPureStatehasanomalously－large  

fluctuationsas（（6J4）2〉＝0（N2）forsomeofadditiveoperators，WeCal1itan’anomalously－  
auctuatingstate’（AFS）．ItiseasytoshowthatanAFSdoesnothavetheclusterproperty，  

henceisentangledmacroscopically．Therebre，anAFSisquiteananOmalousstate．   

Whenstudying負nitemacroscopicsystems，WeOftenencounterAFSs．Forexample，COnSider  

afinitesystemwhichwillexhibitsymmetrybreakinga5N→∞・Whentheorderparameter  
doesnotcommutewiththeHamiltonianofthesystem，itisknownthattheemctgroundstate  

for負niteNisnotasymmetry－breakingstatebutthesyrTmetricgroundstatethatpossesses  
a11thesymmetriesoftheHami1tonian〔6，7，8トThewe11－knowndiagram， 

． 

StateS，SuChasAFSs，CannOtbeobtainedbythemean－Beldapproximation．Anotherexample  

isstatesofquantumcomputers．WeshowthatAFSsalsoappearduringquantumcomputation  

inaquantumcomputerperformingShor’sfactoringalgorithm［9］・Therefore，itisimportant  

toexplorepropertiesofanomalousstates，SuChasAFSs，0‖initemacroscopicsystems・   

Forthispurpose，WeStudythestabilityofquantumstatesofgeneralmacroscopicsystems  

Offinitesizes，againstweakclassicalnoises，Weakperturbationsfromenvironments，andlocal  

measurements【4］．Incontrasttothepreviousworks，WeObtaingeneralanduniversalresults，  

bymakingfulluseofthelocalityofthetheory．   

Wらsaythatapurestateis骨agile’ifitsdecoherenceraterisanOmalouslygreatinthe  
sensethat  

r～〝〃…，  
（5）  

Where Kis afunctionofmicroscopic parameters，and6is apositiveconstant・Thisis an  

anomaloussituationinwhichthedecoherencerateperqubii，r／N，grOWSWithincreasingNas  

～KN6．Incontrast，6＝Oisanormalsituation、WeshowthatanNFSneverbecomesfragi1e  
inweakperturbationsfrom anynoisesorenvironments．Hence，thestabilityofNFSs，Which  

aretypicalnormalstates［10］，againstdecoherenceisshownmostgenerally，independentlyof  

detailsofmodels，払rthe鮎sttime．   

Regardingfragi1ityofAFSs，Ontheotherhand，We艮ndthatanAFSbecomeseither♪Ⅵgile  

OrnOnJねgiledependingonthespectraldensitiesofthenoisesorcorrelationfunctionsinthe  
environments・AlthoughonemightthinkthatanomalousstatessuchasAFSswouldalways  
befragile，Ourgeneralresultisagainstsuchnaiveexpectations．Thismeansthatwemustgo  

beyondthedecoherencerateinordertostudythestabilityofanomalousstates．   

For this purpose，We PrOPOSe the new criterion ofstability：We say aquantum stateis  

‘stable againstlocalmeasurements’if the result ofalocalmeasurementis not a抒ected by  
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anOtherlocalmeasrementatadistantpoint・（TheprecisedefinitionisdescribedinRef・［4］・）  

AccordingtoexperlenCeS，maCrOSCOpicstatesseemtohavethisstability，i・e・，theydonotchange  

Slgnificantlybymea5urementOfonlyatinypartofthemacroscopicsystem・Indeed，WeShow  

thefollowingtheorem：Ha quantumstatehas the clusterprvperiy，thenitissiable against  

localmeasurtments，andviceversa．Namely，StateChangesinducedbyanylocalmeasurements  

aresmallfornormalstatesthathavetheclusterproperty，Whereasanomalousstates thatdo  
nothavetheclusterproperty，SuChasAFSs，areChangeddrastical1ybymeasurementsofsome  

relevantlocalobservables．   

Therefore，We havesuccessfully clari丘ed what stabilities are related to what anomalies  

ofquantumStateSOfgeneralsystems・Usingthesegeneralresults，We discuss the orlglnOf  

Symmetry－breakinginfinitesystems，rOlesofanomalousstatesin quantum computers with  

manyqubits，andtheemergenceofaclassicalmacroscopicworldfromquantumtheory．  
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Eins七ein－PodoIsky－RosenCorre且ationinGeneral  
Relativity  

HiroakiTERASHIMAlandMasahitoUEDA2  

乃毎0九5f血とeoJ旅cんmogog仇mた封OJ52－β古∂JJ叩αれ  

Abstract   

WestudytheEinstein－PodoIsky－Rosen（EPR）correlationintheregimeofgeneralrela－  
tivity．Weshowthatbothaccelerationandgravitydeterioratetheperfectanti－COrrelation  

OfanEPRpalrOfsplnSinthesamedirection．TomaintaintheperfectEPRcorrelation，  

Observers must measure the spinsin the appropriately chosen di仔erent directions that  
dependonthevelocityoftheparticles，thecurvatureofthespacetime，andthepositions  

oftheobservers．  

Keywords：Quantumcornmunication，EPRcorrelation，Generalrelativity  

1In七roduction   

TheEinstein－PodoIsky－Rosen（EPR）correlationtl］isthenon－localquantumCOrrelationthat  

OrlglnateSintheentanglement．Itisnotjustastrangefeatureofquantumtheorybutalsooff6rs  
avitalresourceinquantumcommunication 

． 

correlationin various physicalsituations．Recently，the entanglement have been discussed  

intheregimeofspecialrelativity【3，4，5，6，7］usingtheLorentztransbrmationofspin・  

Inthispaper，WeCOnSider theEPRcorrelationintheregimeofgeneralrelativitybyin．  

troducingthegravitationalfield．Ourmotivationisthatinthecontextofgeneralrelativity  
thespinofaparticleisdefinedonlylocallywithrespecttothelocalineTtialframe・Notethat  
thegravitationalfieldingeneralrelativityisdescribedbythecurvedspacetimewhichentai1s  
abreakdownoftheglobalrotationalsymmetry．WeclarifyhowtoextractthenonJocalcorre－  

1ationfbrquantumcommunicationfromthelocallydefinedspins．Asanexample，WeCOnSider  
CircularlymovlngParticlesneartheSchwarzschildblackhole・  

2 LocalInertia＝旺ame   

Consideramassivespin－1／2particleinthecurvedspacetimewithmetricgpu（x）・Tbdiscuss  
thespinstateoftheparticle，WemuStintroducethelocalinertialframeateachpoint・The  

localinertialframeisrepresentedbythevierbein（eaP（x））definedby  

（1）   e。〃（ェ）e♭レ（ご）恥（ェ）＝侮，  

1E－mail：teraSima＠stat．phys．titech．ac，jp  

2E－mail：ueda＠ap・titech・aCJp  
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whereT7abdenotestheMinkowskimetricdiagト1，1，1，1）andrepeatedindicesaretobesummed．  
Hereandhencebrth，itistacitlyassumedthatGreeklettersrun0Verthefburgeneralcoordinate  
labelsandLatinlettersrunoverthefourlocalinertialcoordinatelabelsO，1，2，3．Thevierbein  
specifiesthegeneralcoordinatetransformationfromthegeneralcoordinatesystemxPtothe  
localinertialffamexaateachpointandtransformsatensorinthegeneralcoordinatesystem  
intothatinthelocalinertialframe・Theinverseofthevierbein（eap（x））isde丘nedby  

eα〝（∬）eαレ（ェ）＝∂〃〝， eα〟（ヱ）eゎ〝（〇）＝Jαい  
（2）  

Thechoiceofthelocalinertialframeis not unlqueSincetheinertialftameremainsinertial  
undertheLorentztransformation．Thus，thechoiceofthevierbeinhasthedegreeoffreedom  
ofthelocalLorentztransformation．Thespin－1／2particleinthecurvedspacetimeisdefined  
asaparticlewhoseone－particlestatesfumishthespin－1／2representationofthislocalLorentz  
transformationratherthanthegeneralcoordinatetransformation・  

3 Spin Precession 

Withthelocalde丘nitionofthespin，themotionofthepar七iclegivesrisetoasplnPreCeSSion  

duetoachangeinthelocalinertial丘・ameandduetotheaccelerationbyaneXternalforce・  
SupposethattheparticleislocatedataspacetimepointxPandismovingwithfour－Velocity  
up（x）normalizedasuP（x）up（x）＝－C2・Thismotionisnotgeodesicinthepresenceofan  
externalfbrce．Thefour－mOmentumOftheparticlewithmassmbecomespP（x）＝muP（x）in  
thegeneralcoordinatesystem，anditbecomespa（x）＝eap（x）pP（x）inthelocalinertialh－ame  
atthatpointxP・Afteranin丘nitesimalpropertimedT）theparticlemovestoanewpointx／P＝  
xp＋uP（x）dr．Inthelocalinertialframeatthisnewpointx’P，thefour－mOmentumbecomes  
pa（x′）＝Pa（x）＋6pa（x）duetoachangeinthelocalinertialftameandduetoacceleration  
causedbytheexternalfbrce．TheresultantChangePa（x）→Pa（x）＋6pa（x）isa・nin丘nitesimal  
LorentztranSformation6ab＋入aむ（x）dT，Where  

入榊＝一志 榊）由）－pα（小潮＋x榊  （3）  

withthefour－aCCelerationaa（x）andthechangeinthelocalinertialftamexab（x）definedby  

αα（∬）≡eα〃（ご）［㌦（∬）∇〝㌦（£）】， XGb（∬）≡㌦（ご）［eみレ（ヱ）∇〃ea〃（ご）］・  （4）   

NotethattheLorentztranSformationrotatesthespinaccordingtotheWignerrotation［8］・  
Whenthe four－mOmentum Ofthe particleispa，theWigner rotation causedbythe Lorentz  

transfbrmationAabisgivenby  

Ⅳ㌔（A，p）＝［エ‾1（毎）A拍）］αむ，  

WhereLab（p）isthestandardLorentztranSformationdefinedby  

（5）  

エ0。（p）＝7，エ0五（p）＝エ五。（p）＝pソmc，エiた（p）＝∂兢＋（7－1）がが／l酢   （6）  

wiヤh7＝ノ同間／mcandi，k＝1，2，3・SubstitutingEq・（3）intoEq・（5），We丘ndthe  
splnPreCeSSionduringthemotionoftheparticle・  
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SOurCe（¢＝0）   

1  

Figure3＝AnEPRgedankenexperimentintheSchwarzschildspacetime．  

4 EPR Correlation   

WenowconsidertheEPRcorrelationinthegravitationalfield・Tbbespecific，WeCOnSiderciト  

CularlymovingparticlesatradiusronthetheequatorialplaneintheSchwarzschildspacetime．  

Inthesphericalcoordinatesystem（i，r，0，4＞），themetricoftheSchwarzschildspacetimereads  

恥d班エレ＝一榊c2糾2＋r2（折sin2嘲，  
（7）  

Wheref（r）＝1－（rs／r・）withrs beingtheSchwarzschildradius，andthefour－Velocityofthe  

Circularlymovlngparticlesaregivenby  

COSh∈  

、J（汀  

CSinh∈  

r  

・U．d・＝士  ㌦（ェ）＝  
（8）  

Whereどistherapidityinthelocalinertialframe．Sincethismotionisnotgeodesic，WeaSSume  

thatanexternalforceisappliedtotheparticlesinordertosustainthecircularmotion．Two  

ObserversandanEPRsourcearea5Sumedtobestatic，Whoseazimuthalangles¢aregiven  

by士◎andO，reSpeCtively（seeFig．3）・Thestaticlocalinertialframeonwhichtheobservers  

mea5urethesplnSisspeci丘edby  

榊）＝㍉甫，舶）＝三，擁）＝rs志β・ （9）   
eot（ェ）＝  

c、冊’  
First，theEPRsourceemitsapairofentangledparticlestooppositedirectionswithfour－  

momenta粥＝（x）＝（mccoshE，0，0，士mcsinhE）inthespin－Singletstate，  

別冊軋〉欄↓〉1叫  （10）  

Whichis definedin termsofthelocalinertialframe at¢＝0．The particlesmovewith the  

SPinprecessionandreachtheobserversafterthepropertimer◎／csinhモ．Then，intermsof  

thelocalinertial缶・ameSat¢＝◎and－◎，thestateisdescribedas  

串叶蝿，岨卜・軋誹匿，↑〉）＋呵射抽竺，↑棚，肌〉）］，（11）  
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where  

録◎咄卜恭］仰  （12）  

SincethespinsarerotatedinoppositedirectionsontheequatorialplanethroughtheangleO，  
thespln－Singletstateismixedwiththespin－tripletstate・Therebre，ifthespinsaremeasured  
inthesamedirectionwithrespecttothelocalinertialframesat¢＝土◎，theperf6ctanti－  
correlationisdeteriorated．TbextracttheperfectEPRcorrelation，theobserversmustrotate  
thedirectionsofmeasurementinoppositedirectionsthroughtheangleO・Weemphasizethat  
thisangleOisnotequaltothetrivialrotationangleofthelocalinertial丘ames◎・Inthe  
non－relativisticlimit ofc→∞andrs→0，theangleO reducesto◎・However，ingeneral  
relativity，theangle（）isdi鮎rentfrom◎duetothecurvatureofthespacetimeanddueto  
theaccelerationbytheexternalforce・Evenifthespinsaremeasuredinthesamedirection  
（expectedinnon－relativistictheory），theperfectanti－COrrelationisdeteriorated・  

Ifthereisanuncertaintyinidentifyingthepositionofthe observers◎，itisdifRcultto  
extracttheEPRcorrelationnertheeventhorizonr…rsSincetheratioO／◎isverylarge■  
ThisisbecausethespinprecesslOnisextremelyrapidneartheeventhorizonduetothestrong  
gravity．Actual1y，rightontheeventhorizonr→rs，theratioO／◎becomesin丘nite・This  
divegenCeOriginatesfromthesingularityofthestaticvierbein（9）andthatofthecircularly  
movlngfour－Velocity（8）．Tbcircumventthesesingularities，theobserversshoulduseadiff6rent  
localinertial＆ameanddi鮎rentparticlestoextracttheEPRcorrelationneartheeventhorizon・  

5 Conclusions   

Inconclusion，WehaveshownthatbothaccelerationandgravitydeterioratetheperfectEPR  
correlationifthesplnSaremeaSuredinthe same direction・Tbmaintaintheperfect EPR  
correlation，thespinsmustbemeasuredinthedirectionsthatdependonthevelocityofthe  
particles，thecurvatureofthespacetime，andthepositionsoftheobservers・Neartheevent  

horizonofablackhole，theseappropriatedirectionsdependsosensitivelyonthepositionsof  
theobserversthatevenaverysmal1uncertaintyintheidentificationoftheobserver’sposition  
leadstoafatalerrorinquantumcommunication．Thechoiceofthevierbeinandfour－Velocity  
isimportanttocommunicatenon－local1yinthecurvedspacetimeuslngtheEPRpairofspins・  
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Abstract  

Polarizationentangledmulti－Photonstatesobtainedfromparametricdown－COnVerSion  
areusedfbrthefirstfourobserverBell－eXPeriment．Whilethevi01ationofaBell－inequality  

isapossibletooltoanalyzeentanglement，thedetectionloopholepreventsonetousesuch  

experimentsastestsoflocalrealism・Wepresentaschemetocircumventtheproblemin  
anatomopticsexperiment．  

Keywords：Entanglement，Belトtypeexperiments  

Theprocessofspontaneousparametricdown－COnVerSion（SPDC）offerscurrentlythebest  
waytogenerateentangledphotonpairs．There，Photonsfromanintenselightbeamarecon－  

vertedtopairsofdaughterphotonsinanopticallynonlinearmaterial・Inthisconversionprocess  
conservationlawscausestrongcorrelationsbetweenvariouspropertiesofthegeneratedphotons・  
Particularly，tyPerIISPDCoffersamethodtodirectlygeneratepairsofpolarization－entangled  

Photons【1］．Recently，pulseddown－COnVerSionenabledthesimultaneousobservationofmore  

thanjusttwophotons．Thisformedthebasisfbr丘rstexperimentswith3－and4－PhotonGHZ  

states［2］，Whereinterferometricsetupswereusedtogeneratethedesiredmultiphotonentan－  
glementoutoftwopairsofphotons．   

Fouトphotonentangledstatescanbealsoobtaineddirectlyfromparametricdownconversion  
Withoutoverlappingsinglephotons［3，4l・Hereweanalyzethepropertiesofthisfbur－photon  

state．The highstabilityofthe sourceenabledthe負rst experimentalviolation ofthelocal  

realisticconditionofageneralizedBelトinequalityforfourobserverS．However，thedetection  

loopholepreventsonefrom uslngSuChmeasurements as testsoflocalrealistictheories・We  
presentaschemewhichshouldallowtoclosethisloopholebyusingtheentanglementbetween  
apairofatoms，WhichcanbedetectedwithhighefBciency．   

AnalyzingtheprocessofSPDC，OneObservesthatnotonlypairsofentangledphotonscan  
beemitted，Theemissionoffourphotonsbecomespossibleinasecondorderprocess，Whentwo  

photonsofthepumplightaresimultaneouslydownconvertedintotwospatialmodesaoandbo  
（Fig．1）・TheremarkablefeatureofthisfouトPhotonstateisthatitisnotsimplytheproduct  

oftwoentangledpairs．Duetotheirbosonicnature，theemissionoftwophotonswithidentical  

1E－mail‥harald・Weinfurter＠physik・uni－muenChen・de  
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polarizationintothesamedirectionistwiceasprobableastheemissionoftwophotonswith  

orthogonalpolarization・Thisveryfundamentalinterferencecau・SeSentanglementbetweenthe  

fourphotonsemittedbytype－ⅠISPDC・   

rrbmakethefour－Photonentanglementaccessible，WeSPliteachofthetwooutputsofthe  

type－IISPDCbynon－pOlarislngbeamsplitters・Furthermore，WeSelecteventssuchthatone  

photonisdetectedineachoftheresultingfouroutputs（a，b，C，andd）ofthebeamsplitters・  

Thestateofthefourdetectedphotonsisthengivenby［3］：  

岬血d＝誼【  

一（  

世椚叩〉 ＋‡VV月廿〉   

lガV月■V〉 ＋但VV〃〉＋  

lVガ甘V〉 ＋lVガVガ川αb。d  （1）  

Thefourentriesin thekets describethe polarisation（horizontal－Hand verticalN）ofthe  

photonsinthearmsa，b，C，andd・Inordertoobtaintheparticularbrmoftheabovestate  

itis necessary to compensate birefringencein the SPDC source and ofthe beam splitters  
withcompensationcrystalsrightbehindtheSPDCcrystalandadditionalquartzplatesinthe  
reaectedoutputarmsofthebeamsplitters（notshowninFig・1）suchthatthetwo－Photon  
StateIせ－〉canbeobservedbetweenarmsaandc，aandd，etC■   

OnecanwritedownaBellinequalitywhichsummarizesallpossiblelocalrealisticconstraints  
onthecorrelationfunctionforthecaseofeachlocalobservermeasuringthepolarizationsalong  
twoalternativedirections［3，5］．Forthispurposetheobserversinthefourmodes（3＝＝a，b，C，d）  

performmeasurementscorrespondingtoapolarizationobservablewitheigenvectorsllx，4）＝〉＝  

Ji75（暮R）＝＋l。e碩xIL〉。），andeigenvaluesIx＝＋l，－1andtherebyobtainthevalueofthe  
correlationfunctiondefinedastheexpectationvalueoftheproductofthefburlocalpolarization  
observables．   

LetusintroducetheshorthandnotationE（d）5，紘4）T，¢3）forthecorrelationfunctionsde－  
ducedfromtheobservedcountratesforthefu11setof24localdirections，Withk，l，m，n＝1，2  
denotingwhichofthetwoalternativephasesettingswaschosenbythelocalobservermeaSurlng  
inarmx（£a，b，C，d）・ThegeneralizedBellinequalitygivesanupperboundfortheobserved  

correlationslnalocalrealisticdescriptionandreadst5］  

∑  
占α，軸，β亡，βd＝土1   

∫（4）  

（2）   

∑ β雲轟㌢那（紘軋貯凋）  
た，∠，m，れニ1，2  

≦1．  

Themaximalviolationofthisinequality forstate（2）is obtained whenthree observers，  

（T＝a，C，d）performpolarizationanalysis along士7T／4andtheobserverinmode bchooses  

between現＝00r¢冨＝打／2・ThenthequantumpredictionisashighasS＆＝1・886［31  
andresultsinaviolationoftheinequality（9），Wheneverthecorrelationfunctionhasvisibility  

greater53％・ForafouトphotonGHZstateoneobtainsS払＝2Vちandacriticalvisibilityof  
l／ノ宮恕35％．  
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Figure4：Experimentalsetuptoobservefbur－Photonentanglementobtaineddirectlyfromtype－  
ⅠIdownconversion．ThefourphotonsareemittedfromtheBBOcrystalintotwospatialmodes  

aoandbo，Pa5Sedthrough3nminterfbrenceBlters（F），anddistributedintothefourmodes  

a，b，C，dby50％－50％beamsplitters（BS）・Tbcharacterisethepolarisation－entangledbur－  

photonstatelQ，（4）〉（2），apOlarisationanalysisinvariousbasesisperformedineachmodeusing  
人／4and入／2platesinfrontofpolarisingbeamsplitters（PBS）andsinglephotonalanche  
detectors．Jointphotodetectioneventsin thefour arms arerecordedin amulti－COlnCidence  

unit．   

Fig．2showsal1256four払Id coincidence probabilities necessary for theanalysis．They  

WerereCOrdedinblocksof16coincidenceratescorrespondingtothe16phasesettings，withan  

averagemeasurementtimeofl・5hoursperffame．FbrevaluatingthegeneralizedBellinequality  

WeuSedtherawdatawithoutanycorrectionfbrbackground，COllectionordetectione氏ciency．  

TheresultingvalueS（4）＝1・664士0・028clearlyviolatestheboundaryforlocalrealistictheories  
andthusprovestheentanglementofE甘（4）〉．   

Thisvalueisalsohigherthantheboundforbipartiteentanglement（S＆，tite≦J5）【6】  
andthusconfirmsthattheobservedstatehasatleasttripartiteentanglement．Yet，inorder  

to unambiguouslytestfour－Particleentanglement，theBellinequalityisnotsuited，aSthere  

aretripartiteentangledstatesgivingvaluesupto鴎a，tite≦2・Althoughthepossibletripar－  
tite entangledstatesdonotexhibittheobservedcorrelations and arethus ruled outbyour  

measurements，therecentlydevelopedentanglementwitnesswouldbethepropertool【7ト   

InspiteofthisclearviolationoftheBelトinequalitythedetectionloopholerulesoutanycon－  
tradictionwithlocalrealistictheories、Eveniftherequireddetectionefhciencybecomeslower  

inmulti－partyeXPeriments，theexperimentaldi氏cult，iesingeneratingentanglementbetween  

manyseparatedobserverswillpreventconclusiveresultsfromsuchmulti－photonexperiments．  
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E（1．2．2．2）篇・0．50  E（1，2．1．2）＝0．56  E（1．2．2．1）耳0．53  E（l．2．1．1）建一0．13  

E（2．1．Z，2）土・0．12  亡くZ．1．2．11…・0．49  E（2．1．1，1）ヨ0．52  E（2，1ふ2l芸・0．55  

E（2．2．2．1匡0．33  E（2．2．1．1）ニ0．30  E（2．2．l．2）零0．29  

l。，lb．いd．＝1・1・1・1‥∴ト1ん1  

Figure5‥FburfbldcoincidenceprobabilitiesfortheevaluationofafourqparticleBe11inequality・  

Forthesixteensettingsoftheanalyzerphases¢a，4）b，Qc，Qd，thenormalizedcountratespk，l，m，n  

obtainedareusedtoevaluateageneralizedBellinequality（9），1eadingtoS（4）＝1．664士0．028．  
Thisclearlyexceedstheboundoflgivenforlocalrealistictheoriesandprovestheentanglement  
oftheobservedstate．Forthismeasurementtheacquisitiontimeforeachindividualframewas  
l．5hours，Withabout670fourfoldcoincidenceeventsperhour・  

Weproposetousetheentanglementbetweentheinternalstateofasingletrappedatomwith  
thepolarizationofanemittedphotonasthebasisforaloopholefreeexperiment〔8トEntangle－  
mentswappingoftwosuchphotonswillentangletheinternal，longlivedstatesoftworemote  
atomswhichinturncanbedetectedwithhighefnciency．Wewi11presentthescherneofthis  
Bell－tyPeeXPerimentandthefirsttestsofatrapforsingleRubidiumatoms・   

ThisworkwSuppOrtedbytheEU－ProjectRamboQ（IST－2002－6・2・1）andtheDeutsche  
ForschungsgemelnSChaft・  
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Abstrac七  

IntherapidlyadvanclngSCienceofquantuminformationourexperimentalcontribution  

hasconcentratedontheinterfacebetweenstrongpulsesoflightwithrmaCrOSCOpicsamples  

Ofcesiumatoms．Inthetalkwereviewtheinteractionbetweenpolarizedlight and the  

atomic ground state spln，and we explain how thisinteraction enable us to create an  

entangledstatebetweentwosamplesofcesiumatoms．WらalsoglVeanOutlookfbrfuture  

experimentalprogress．  
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Vioiation ofLocalRealism as a R．esource  
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Abstract  

NewBellinequalitieswillbepresented，anditwillbeshownthattheirviolationscan  

beutilizedtobeatsomeclassicallimitsincommunicationcomplexityproblems．Allthis  

Willbeshownfbrsystemsinvolvingentanglementofsub－SyStemSWhicharequbitsaswell  

asfbronesofahigherdimensionality．  
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PhysicsofPoin七sandⅥも1lsinQuantumMechanics  
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Abstract  

Pointsandwallsarebasical1ytrivialobjectsinclassicalmechanics，buttheyarefar  

fromtrivialinquantummechanicsduetotheirarbitrarinessadmittedtheoretically・We  
discussbrienyhowthearbitrarinessariseswhenquantized，andmentionseveralintrigu－   

1ngquantumphenomenawhichbecomeavailableifthe arbitrarinesscanbe controlled．  

Theseincludeduality，SuperSymmetry，Berryphase｝quantumanholonomy，COpybytun－  

neliIlg／caustics，andquantumforceasastatisticaleffectofawal1．  

Keywords‥Quantumsingularity，Duality，Berryphase，Quantumtunneling  

1・Familyofsingularpoints andwallsinquantummeChanics  

Inclassicalmechanics，aPOint（orawal1withoutthickness）willhavenocharacteristicsand  

isbasical1ytrivial・IncontてaSt｝quantummeChanicsa1lowsforaU（2）fami1yofthemonaline，  

forinstance，becausetheslngularitycausedbythepointorwallcanbedealtwithboundary  

COnditionsthatpreservetheunitarity［1】butsuchconditionsarenotunique‥thereexistaU（2）  
familyofconditions 

． 

noclassicalcounterparts・Inviewoftherecentprogressofnanotechnology，WemaySOOnbe  

abletomanufactureobjectsthatcanberegardedaspointsandwalls－POSSiblyinthefbrmof  

quantumdotsorJunCtionsofsemiconductors－SOthatsuchexoticphenomenacanbeobserved  

inlaboratories．Herewementionsomeofthese，   

2・Duality，SuperSymmetry，Berryphaseandquantumanholonomy   

TheU（2）familyofquantumpointsaredescribedbyfourparameters，Whicharecharacter－  

izedbytheirdistinctivephysicalroles：tWOOfthemdeterminetheenergyspectraofthesystem  

underthepointswhiletheothertwospecifythescattering（re貝ectionandtransmission）pOP－  
erties［2］・Rough1yspeaking，theparameterspaceU（2）isaproductofthespectralspaceglVen  

byatorusT2（moreprecisely，itisT2／Z2WhichisaM6biusstript3］）andtheisospectralspace  

givenbyasphereS2（Figure6）．Thestructureofthefamilythenallowsustoplayaround  
Withthequantum points byobservingwhathappensifwechangetheparameters properly，  

Thesimplestofthemoccurswhenwecomparetwolantipodal，pointsintheirspectraandthe  

Strerlgthsofinteractions・Here wefindthattheirspectraareexactlythesameeventhough  
theirstrengthsofinteractionsarethereciprocalofeachother，WhichisDualityinthespectrum  

1E－mail：izumi．tsutsui＠kek・jp；http‥／／research・kek，jp／people／itsutsui／index，e．html  
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underthestrong－Weakcouplingexchange【4］・Onecanthen丘ndasubfamilyformingacircleSl  
onthetoruswheretheabovephenomenontakesplaceontheirown・Attheseselトdualpoints，  
allenergylevelsaredoublydegenerateandthesystempossessesacertains叩erSymmetry［5】・  

Figure6：（Left）U（2）parameterspaceasaproductofatoruSandasphere・Changesalongthe  
looponthesespacesproducetheBerryphaseandthequantumanholonomy．（Right）Energy  

levelsat’antipodal’pointsonthetoruS．Atthecentreistheself－dualpointwherethesystem  

acqulreSSuperSymmetry．   

Alesstrivialphenomenonarisesifwecontrolthequantumpointscontinuouslyalongaloop  

ontheisospectralsphereS2while丘ⅩingthepointonthespectraltoruST2・Aftercompleting  
theloop，OnefindsthatthestateacquiresanextraphaBePrOPOrtionaltotheareaencircledby  

theloop．ThisisnothingbuttheBerryphaseassociatedwiththeloop，Wherethephaseisgiven  

bythemagneticfluxofaactitiousDiracmonopoleatthecentreofthesphereS2・Moreover，  
ifweinsteadtakeanontriviallooponthetorusT2whilefiⅩingthepointonthesphereS2，  
thenaftertheloopiscompletedwe丘ndthattheenergylevelsareshiftedwithoutchanglngthe  
SpeCtrum．Thisisanexampleofphenomenacalledquantumanholonomywhichmaybeofuse  

inpumpingenergyoutofthesystemindirectlybymanipulatingtheparameters［2］・   

3・Quan七umtunnelingandcopy  

InthepresenceofawallrepresentedbyapotentialV（T）whichdivergesatapoint（1ike，  

e・g・，the Coulomb potential），We may pickup the singular pointand treatit similarly to  

theafbrementionedquantumpoints．Thismeansthatsuchpotentialsingularitiescanalsobe  
Characterized bytheU（2）group［6］，andhencethephenomenamentioned abovecanOCCur  

hereaswell・Becauseofthepotential，however，Wehavemoreinterestingpossibilities，OneOf  

Whichoccurs whenwecombinequantumtunnelingwith’caustics’whichareorlglnal1yfound  
ingeometrical   

Optics閏・  
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Classically，CauSticsarisewhenthe貝nalpositionbecomesinsensitivetotheinitialvelocity，  

andthisleadstorecurrenceofstatesinquantummechanics．Thesimplestexampleofcaustics  
isfoundintheharmonicosci11ator，butitisknownthatcatlSticsremaineveniftheoscillator  
coupleswiththesquareinversepotentiala5V（x）＝牢x2＋gB・Whenthecouplingconstant  
gislarge，theright andleft halflines，X＞Oand x＜0，areSeparated physical1y and no  

informationcanbetransmittedbetweenthem．However，ifgissu侃cientlysmal1andsatisaes  

O＜9＜監，thenquantumtunnelinglSallowedeventhoughthepotentialatx＝OisinBnitely  
high・Remarkably，Onefindsinthiscasethattherecurrenceoccu・rSinduplicate）thatis，the  

originalprofileofastateontherighthalfx＞0，Say，isreproducedontheleft：ご＜Oasweu  

asontherightx＞Oatlatertimes．Thisimpliesthatonemay’copy’aprofilepreparedon  

onesidetotheotherbetweensubsystemswhicharecompletelyseparatedclassically［8】・（This  
COpyingprocessinOtinconnictwiththeno－gOtheorem［9】ofquantumcloning，becausethe  
processtakesplacelnOneHilbertspaceratherthantWOaSPreSumedinthetheorem・）   

4．Quantumfbrceonaparti七ionwal1   

Consideraquantumwellwithapartitionwal1atthecentreofthewell（Figure7）・Ifwe  
putidenticalparticlesintothewellsothatthesamenumberofparticlesaredistributedon  
therightandtheleftofthepartitionwall，thenthephysicalpropertyofthewal1wi11show  
upinvariousstatisticalquantities・Take，fbrsimplicity，theDirichletboundaryconditionsfbr  

theleftandrightsidesofthewe11，andsupposethatthepartitionwa11enforcestheDirichlet  
boundaryconditionforitsleftandtheNeumannforitsright（whichisspecifiedbyaparticular  
elementoftheU（2））．Ifwemeasurethenetforce△F（T）actingonthepartitionundervarious  

temperaturesT，WemayeXPeCtthatithasanonvanishingvalue△F（0）inthelowtemperature  
limitT→Oduetothedifferenceinthespectrumofthesubsystemsontherightandleft・This  
Canbeconarmedeasilybydirectcomputations・   

Ontheotherhand，Wealson前velyexpectthat△F（T）wi11vanishinthehightemperature  

limit T→∞because the difference ofthe spectrum due tothe boundary conditionswi11  
becomeirrelevantintheclassicalreglme．This，however，1SnOtthecase：infact，WeObserve  

that△F（T）decreasesuptoCertaintemperaturetoachieveaminimumandthenincreases  
indefinitely，e．9．，forthebosonlCparticles，We丘ndasymptotically△F（T）～ヽ庁forT→∞【10］・  
Interestingly，theforce△F（T）isgeneratedpurelybytheboundarye鮎ctwhichisavailable  
onlyatthequantumlevel，butnonethelessitdoesnotvanishinthehightemperaturelimit  
wherethestatisticsbecomesclassical（theBose－EinsteinisreplacedineffectbytheMaxwell  
distribution）・  
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Figure7：（Left）Quantumwellwithapartitionwal1atthecentre・Anetforce△F（T）arises  
duetothedistinctboundaryconditionsatthepartition（‘D’＝Dirichletand‘N，＝Neumann  

boundarycondition）towhichtheenergyeigenstates（thelowestisshownineachsubsystem）  
mustobey．（Right）Theforce△F（T）exhibitsanontrivialbehaviourasafunctionoftemper－  

atureT，aChievlngaminimumbeforeitdivergesa5T→∞・  
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Abstract   

Theappearanceofnon－localityinquantumentangledstatesthatisclearlydemon－  
StratedintheBohmapproachtoquantummechanicsledBelltoaskwhetheral1theories  

thatattributedpropertiestolocalentitieswouldexhibitnon，localityorwhetherthisfea－  

turewasonlyaparticularpropertyoftheBohmapproach・AsBellsubsequentlyshowed  
this featureis quitegeneraland notconfined to theBohmapproach．Inspite ofthe  

interest generated byentangled states overthelast two decades，七here has beenlittle  

interestintheBohmapproachanditisperceiveda5beinglnSOmeWayaaWed．Y如al1  

thepredictionsofthestandardapproachareeractlyreproduced．IndeedBohmwasonly  

re－eXPreSSingtheSchr6dingerequationintermsofitsrealandimaginarypartSandthen  

exploringwhat theresultingequationsimplyforthephysics．W毎findthatone ofthe  

equationshasafbrmverysimilartotheHamilton－Jacobiequationofclassicalmechanics，  

Whichmakesacomparisonbetweenthetwoapproachesstraightfbrward．Thedifference  

arises丘omanextratermthatlookslikeanewfbrmofpotential，thequantumpotential．  

1tisthisterrnthatcancompletelyaccountfbrthediirerenceinthebehaviourofparticles  

inbothcaBeS・Fhrthermorethisquantumpotentialisamathematicalexpressionofthe  
non－localitythatappearsinthequantumdomain．ThequantumpOtentialvanishesinthe  

ClassicaldomainleavlngOurfamiliarlocalclassicalworld．  

WithallthisgolngforitwhythenisthereageneraldismissiveattitudetotheBohrn  

interpretation？Itcannotbetheweirdpropertiesthathavetobeattributedtothequan－  
tumpotentialbecausethequant－1mphenomenaarethemselvesverystrangeand‘counter  
intuitive’・MqybethebaBicproblemisthebeliefthattheunCertaintyprincipleimplies  
thatbecausewecannOtmeaSureSimultaneouslypositionandmomentum，themotionofa  

quantumparticlecannotbedescribedinanr3Nxp3Nphasespace，thena七uralstatespace  
Ofcla5Sicalmechanics．ButthatispreciselywhattheBohmapproachdoesandinciden－  

tauyexactlywhattheWigner－Moyalapproachdoesaswell．Thelatteralsoreproduces  

exactlythestandardquantumresults．Howisthispossible？  

ThereasonwhysuchadescriptionispossibleinbothcaBeSisbecausethevariables  

usedarenoteigenvaluesoftheusualェ・andpoperators・InthecaseoftheWigneトMoyal  
approach，theェ・andpoperatorsareconstructedh・OmaPalrOfoperatorscorresponding  

toapalrOfpointsinconfigurationspace・Inthiscasexandparethemeanoperatorsニご＝  
（xl＋x2）／2andp＝（pl＋p2）／2・ThesePeratOrSCOmuteandtherefbrethecorresponding  
Pha5eSpaCeisconstructedfromtheslmultaneouselgenValuesoftheseoperators．Inthe  

1E－mail：b．hiley◎bbk．ac．uk  
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Bohmapproachthexistheeigenvalueofthexoperator，Whilethepturnsouttobea  

meanmomentum戸alreadydefinedinMoyal’sseminal1949paper・Thisvariableisnot  
anelgenValueofthepoperator・Moyalevenshowsthattheequationthattransports声is  
therealpartofSchrodingerequationusedbyBohm・ThustheWigner－Moyalapproach  
alreadyimplicitlycontainsthequantumpotentialalthoughMoyaldoesnotdrawattention  

toit．ThusthereisanintimaterelationbetweentheWigner－Moyalapproachandthatof  

Bohrn．Theyareea，Chconstructingx－PPhasespacesbutthesephasespacesaredi鮎rent・  

Howthenare we to understand the appearanCeOfd離rentphase spaces？Tb un－  
derstandwhythisispossibleletusassumethatprlmaryrelevancecanbeglVentOthe  

algebraicstructl∬eOftheoperatorformalismandproceedinthespiritofnon－COmmutative  
geometry．TbexplainwhatImeanbythisconsiderthetraditionalapproachinwhichone  

buildsupafieldtheorybyfirstdefiningatopologlCalspace，glVlngitalocaldiGerential  

StruCture andthenimposlngametricbe払rebuildingastructure offunctionson that  
SpaCe．Gel，fandshowsthat wecanalsoproceedinthe opposite direction．1fwe start  

Withthe algebraoffunctionsfirstthen，PrOvidedthisalgebrais commutative，We Can  

abstractfromthealgebraallthepropertiesoftheunderlyingspace・Thepointsofthe  
SPaCearethemaximalidealsdefinedbythefunctions・Howeverifthealgebrais non－  
COmmutativethenthereisnounlqueunderlyingspaceandwehavetobecontent with  

Whatareknownas（shadowmanifo1ds，・Thephasespacesarethenadirectconsequence  

Ofthisfact．ThustheBohmapproachcanbeconsideredasjustoneoftheseshadowman－  

ifolds・Herethepositionrepresentationhasbeensingledout・Thereareothersdepending  
OnOtherrepresentationsandindeedBohm－tyPeinterpretationscanbeconstructedfbra11  

SuChrepresentationsthusrestoringthefu11symplecticsymmetrytotheBohmapproach・  
Theapparentlackofthissymmetryhasbeenthesourceofcriticismsoftheapproach・  

ThealgebraicapproachrequlreStheminimalleftandrightidealstoplaytheroleof  

thewavefunctionanditscomplexconJugate・Thenfbrtheslngleparticle，thealgebraic  

equationsequivalenttoSchr6dinger’sequationare  

＋掴－＝Oand，β＋吉川．＝O  
WherepisthedensityoperutorandSisapha5eOPemtOr・Noquantumpotentialappearsin  
eitherofthesetwoequationswhich，itmustbestressedonceagain，areOPeratOrequations■  

Howeveronceweprojecttheseequationsintoarepresentationthenthefirstequation  

glVeStheconservationofprobabilitywhilethesecondbecomesthequantumHamilton－  

JacobiequationusedbyBohmwhichcontainsthequantumpOtentialexplicitly・Thus  
WeSeethatthequantumpOtentialisessentiallyanqPParentPOtentialappeanngbecause  

WeareprOjectingthequantumprOCeSSintoaninappropriatespaceforitsdescription．  

Itisreminiscentofthegravitationalfbrceingeneralrelativity wherethegeodesicin  

CurVedspacebecomesacurvewhenitisprojectedintoaaatEuclideanSPaCe．Unlike  

thegravitationalforcetheapparentquantumforceisnon－locala・ndonlyactsbetween  
Particlesinvolvedintheentangledstate・  

Theparticularrepresentationchosenisdeterminedbytheexperimentalsetupand  

therefbretheapparentfbrceisdeterminedbythedetailsofexperimentalarrangement・  
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ThisisinexactaccordancewithBohr，spositionwhenheinsiststhe”wordphenomenon  

Shouldreferexclusivelytotheobservationsobtainedunderspeci鮎dcircuInStanCeS，in－  

Cludinganaccountofthewholeexperimentalarrangement”．Ourproposalisthatthis  

Canalsobeunderstoodifweregardedthequantumpotentialasanirdbmationpotential  

Whichisactiveinthedynamicsoftheevolutionofasystemmodifyingitsbehaviourin  

responsetotheslgnincantenVironmentalconditionsinwhichthesystem丘ndsitself．Itis  

intermsofthisnotionofactiveinformationthattheevolutionofquantumprocessescan  

begivenmeamng・1ndeeditthenaccountsforthenoIトlocalityintermsofthesystems  
respondingtoacommonpoolofin払rmationandasMaroneyandHileyhaveshown，it  

alsocanaccountfbrtherecentlyreportedteleportationexperiments．  

［Moredetai1edbackgroundtothisworkcanbefoundatwww・bbk．ac．uk／tpru】  
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Abstract   

Heisenberg）sreciprocalrelationbetweenpositionmeasurementnoiseandmomentum  

disturbanceholds，ifthosenoiseanddisturbancearestatistical1yindependentofthestate  

ofthemeasuredobject，butotherwisecanbevi01ated■Wbdiscusstwodistincttypesof  

possibleviolationsofHeisenberg，srelation，andexploretheroleofentanglement，inthe  

lightoftheuniversal1yvalidrefbrmulationoftheHeisenberg’srelationrecentlyobtained  
bythepresentauthor．  

Keywords：Measurement，Uncertainty，Noise，Disturbance，Entanglement   

Heisenberg’suncertainty relationfor position measurementnoiseandmomentumdistuト  
banCeCanbeformulatedasfb1lows：」鞄reverymeasurementofthepositionQ ofamasswith  
moま－meα氾一叩α代「トmβノれ0由e亡（Q），兢ermβぬ加わαmCeり（P）扉兢emomemねmP〆兢emαββ  

C肌5edむy兢e乞㍑まemc如れげ蹴βmeαβ餌代me乃士αJひ叩β5αま哀訴e5兢eγeJα如m  

亡（Q）腔）≧芸  （1）  

Heisenberg【1】explainedthephysicalintuitionunderlyingtheaboverelationbydiscussing  
the7raymicroscopethoughtexperiment，andclaimedthatthisrelationisastraightforward  

COnSequenCeOfthecanonicalcommutationrelationQP－PQ＝ih．Shortlyafter，Heisenberg’s  

argumentisrefinedbyKennard［2］，Whointroducedthenotionofstandarddeviationandproved  

therelation  

J（Q）珊≧芸，  （2）  

Whereu（X）standsforthestandarddeviationofanobservableX＝Q，Pinagivenstate．   

Manytextbookshaveassociatedtheformalexpressionof‘くHeisenberg，suncertaintyrela－  

tion”toEq・（2），butalsoassociatedthephysicalmeaningof“Heisenberg，suncertaintyrelation”  

toEq・（1）・However，theuniversalvalidityofEq．（1）haぶbeencriticizedinmanyways．Infact，  

theHresolutionpowernofthel′raymicroscopecannotbeidentiAedinanyinterpretationwith  
thestandarddeviationofthemasspositioninthestatetobemeasured・Moreover，nOOnehas  

SuCCeededinprovingEq・（1）fbrgeneralmeasurementsevenbyapplyingEq．（2）notonlyto  

themassstatebutalsototheapparatusstate・Undoubtedly，thishascausedseriousconfu－  

Sionsamongphysicistsonthestatusofthisleadingprincipleofquantummechanics・Recently，  

thepresentauthor［3，4，5】gaverigorousandgeneralformulationforthenotionsofnoiseand  

1E－mai1：OZaWa＠mailaps・Org  
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disturbanceandprovedthenewrelationsforHeisenberg7suncertaintyprinciplethatincludes  
Eq．（1）andEq・（2）asspecialcases・   

Itiswelトknownthateverymeasuringinstrumentrisassociatedwithaprobabiltiyoperator  
valuedmeasure（POVM）nandatra・Ce－PreSerVingcompletelypositivemap（TPCPM）T，Ifthe  

inputstateisp，theprobabilityofobtainingtheoutcomeinaBorelset△isgivenbytr［n（△）p］  

andtheoutputstateisgivenbyTp・Then，thej；rst andthesecondmomentoperatorsofn，  

denotedbyO（rI）andO（2）（n），aredefinedby  

叩）＝／嘩），  

上  

0（2）（Ⅲ）＝   ∬2dn（∬）．  

Wede丘nethedistancedp（n，A）ofPOVM口ftomobservableAinpby  

dβ（n，A）＝tr【0（2）（n卜0（n）A－AO（叫＋A2）βド／2  
（5）  

Then，thermsnoiseofthisinstrumentformeasuringobservableAintheinputstatepisgiven  

by  

∈（A，P）＝ dβ（Ⅲ，A），  （6）  

andthermsdisturbanceofanobservableBcausedbythisinstrumentintheinputstatepis  
glVenby  

叩（β，β）＝ dβ（r＊が，軌  （7）  

whererEBstandsforthePOVMde丘nedby（rEB）（△）＝r［EB（△）】foranyBorelset△．   
W占nowintroducethemeannoiseoperutorn（A）forobservableAandthemeandi＄turbance  

operαtOrd（B）forobservableBde丘nedby  

m（A）＝ 0（n）－4  
（8）  

d（β）＝ 0（r＊が卜且  
（9）  

Then，WeObtainthemodel－independentuniversallyvalidnoise－disturbanceuncertaintyrelation：  

助e7甘五mβれmeγ1まβαまま頭eβ兢e†℃混血れ  

e（A，P）M，P）・去Itr（［n（A），B］pI・tr（［A，d（B）］p）i≧去Itr（［A，B］p）l （10）  

かαれy占ね土叩舟γぴん豆cんαgg班ereJeuαmf£eγm5αre伽如・   

WesaythataninstrumentrmakesanunbiasedmeasuremeniofA，if七hemeanoutput  

isequaltothemeanoftheobservableAintheinputstate，i・e・，0（n）＝A・Wesaythatan  
instrumentrmakesamunbiaseddisturbanceofB，iffdoesnotchangethemeanofB，i・e・，  

0（rEB）＝B・WesaythatZhas statisticallyindependentrwiseforA，ifthemeannoise  
doesnotdependontheinputstatep，Orequivalently，ifthemeannoiseoperatorn（A）isa  
constantoperator，i．e．，n（A）＝rIforsomer∈R・W占saythatrhasslatisiicallyindependenま  

disturbanceforB，ifthemeandisturbancedoesnotdependontheinputstatep，i．e．，d（B）＝rI  
forsomer∈R．  
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The model－independentuniversally valid noise－disturbanCe unCertainty relationleads to  
rlgOrOuS COnditions onwhatinstrument satisAes Heisenberg7s noise－disturbance uncertaJinty  

relation：Aninstrumentrsa壬i頭esHeisenbery’snoise－disturbanceuncertainty柁Iation，i．e．，  

仁（A励（鋤）≧芸l七r（【A，軸）Ⅰ  
ルrα乃封βね土eβカrび最cんαgJ兢e reg飾αm古土eTⅧβα柁動的げ0乃e q′兢eカggoび血タCO†も血豆0乃β  

九0ヱdβご   

何memeαれ乃0乞5eOpeTⅦねrcomm鮎feβひ豆兢βα乃d兢emeαれぬれ汀占αれCeOpeγⅦかcomm㍑まeβ  

W豆兢A，豆．eリ  

［れ（A），β】＝ 0，  （11）  

［d（β），A】＝ 0・  
（12）   

揮ノmeま几5れmem亡ヱ玩βみ0兢βねf豆β如αgJy血depeれdeれまmo豆βeかA肌dβねま乞ぶ亡友氾gJy哀れde－  

peγ1de†lfd由ねr占αれCe♪rβ．   

召叫meれβれm納まヱmαたeβわ0班肌ゐぬβedmeαβ肌memま扉Aαmd㍊乃わぬβedぬかげむαmCeげ  

β．   

ByapplyingtheSchwarzinequalitytoal1termsintheleft－hand－SideofEq・（10），WenOW  

Obtainthegeneralizednoise－disturbanceuncertaintyrelation：fbranyinstrumentr，Wehave  

兢e陀Jαf由乃  

亡（4榊，小亡（A，β）棉p）＋廟）柵β）≧…恒（［A，卯）I  （13）  

カrα叩ざねfep♪rぴんまcんαJJ班e柁g帥肌ffem乙βα作動軸．   

Ftom theabove，Wehavethefbllowlngtrade－OffrelationsforpreciseAmea5urementSOr  

B－nOn－disturbingmeasurements：HtheinstrumentTdoesnotdisturbB，Wehave  

e（舶棉β）≧去凧A，β洲  

〝Jp陀C由eJymeαβ餌代βA，We九肌e  

棉榊，β）≧喜It榊β抑  

（14）  

（15）   

Fbr丘nitelyaccessibleinputstates，i・e・，Cr（Q），0・（P）＜∞，Eq．（13）excludesthepossibility  

Ofhavingboth亡（Q）＝OandT7（P）＝Osimultaneously．However，itispossibletohaver7（P）＝O  

uniformlyovereveryinputstateoralternativelytohaveE（Q）＝Ouniformly．Inbothcases，  

Eq・（1）isviolatedunifbrmlywithe（Q）77（P）＝0．Thus，Wehavetwotypesofuniformviolations  

OfEq・（1）；WeSha11refertotheformerastypeIandthelattera5tyPe〃．  

IntypeIviolations，bysubstitutingr7（P）＝OinEq．（13），Wehave  

∈伽（P）≧…  （16）  

Theaboverelationevenallowstohavee（Q）→Owithcr（P）→∞，and，aSShownbelow，We  

haveamodelrealizingrelationsり（P）芋OandE（Q）→OwithcT（P）→∞．Inthiscase，the  
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Smallnoiseiscompensatednotbythelargemomentumdisturbancebut bythelargeinitial  

momentumuncertainty・FromEq・（2），thismeansthatwithoutdisturbingthemomentumthe  

POSitioncanbemea5ured aspreciselyasourinitialknowledgeontheobject position．This  

rathernaturalpossibilityhasbeenexcludedfromEq・（1）．   

Simi1arly，intypeIIviolations，Cr（Q）andr7（P）areconstrainedas  

相加（P）≧言，  （17）  

SOthat thesmal1momentum disturbanceis compensated bythelargeinitialposition un－  

Certainty，andactuallyamodelinRef，［6】realizesrelationsE（Q）＝Oandり（P）→Owith  

O・（Q）→∞∴托omEq・（2），thisimpliesthepossibilityoftheprecisepositionmeasurementwith  

Onlydisturbingthemomentumasmuchastheinitialmomentumuncertainty・SinceEq．（1）has  

prohibitedtheprecisepositionmeasurementwithoutinBnitemomentumtransfer，thisopensa  

newpossibilityofprecisionmeasurementsofthemasspositionandsimilarphysicalquantities・   
ATypeIviolationcanbeobtainedbyrefbrmulatingtheEinstein－PodoIsky－Rosenthought  

experiment【7］・Letthemeasuredsystembeatwo－Particlesystemcomprisingone－dimensional  

Particlesland2withpositionsQl，Q2andmomentaPl，ILeSpeCtively，andconsiderthe  

followingprocess ofmeasuring Ql；Our meaSuring apparatusIS aSSumed tocouple only to  

particle2andtopreciselymeasureQ2，butthentooutputthismeasuredvalueofQ2a5the  

OutCOmeOftheindirectQlmeaSurement・Thisisgeneral1ynotagoodmeasurementofQl；  
however，theinteractionforthismeasurementdoesnotdisturbFl，SOthatr］（賞）＝Ounihrmly．  

Inthiscase，WeCanShowthatE（Ql）2＝〈（Ql－Q2）2〉foranyinputstate．Ontheotherhand，  
fbranysmallα＞0，WeCanChooseatwo－particlestateゆsuchthat〈（Ql－Q2）2〉＜α2．Thus，  

inallsuchstaJteS，WeCanmeaSureQIWith亡（Ql）＜αwithoutdistJlrbingPl．   

Theimportanceoftheaboveexampleis the abundanceofsuchstate¢．LetTtibe the  

StateSPaCeOfparticleifori＝1，2・ThereexistaunitaryoperatorUonthespace7il㊨712  

andastateり′∈7i2SuChthatforeveryr7thestateゆ＝U（r］㊨rl／）satisnesthecondition  
（（Ql－Q2）2）＜α2．   

AmeasurementisoftypeIIviolationifandonlyifforany△theoperatorrI（△）isthe  
SPeCtralprojectionofQcorrespondingto△・Allthepossiblestatechangesassociatedwith  
thosemea5urementSOftypeIIvi01ationTeredescribedinRef・［10］   

WehaveshownthatHeisenberg’srecIPrOCalrelationbetweenposition－meaSurementnOise  
andmomentumdisturbanceholdsforeverymeasurementwithstatisitcal1yindependentnoise  

anddisturbance，andalsoclari丘esthelimitationofHeisenberg，srelation．W占proposedanew  

universallyvalidrelationamongmeasurementerror，disturbance，andinitialunCertainties．This  

relationrevealspossibilitiesofmeasurementsbeyondHeisenberg）srelationandclariBesthenew  

COnStraintsfbrmeasurementsbeyondHeisenberg’srelation．  
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Viola七ionoflocaluncer七aintyrela七ions  
byentangledN－1evelsys七ems   

HolgerF・HoFMANNlandShigekiTAKEUCHI2  

Jβアーア月旦ぶrO，月e5eαrC机厄抽血牒m批c加m豆c5’c五e†lCeJ  
肋兢α豆doこ／几乞眠rβ軸，ぶ叩ppOrO，九pα乃  

Abstract  

Entangledstatescanviolatethestatistical1imitationsimposedbyalocalapplication  
oftheuncertaintyprinciple．Inthispresentation，Wederivesoinelocaluncertaintylimits  
brN－levelsystemsanddiscusstheirapplicationtothedetectionandcharacterizationof  
NxMmixedstateentanglement．   

Keywords：Entamglementverification，N－levelunCertainties，LocalunCertaintyrelations  

Origlnal1y，entanglementhasbeendefinedaBaSituationwherethecorrelationsbetween  
measurement resultsin twospatiallyseparated systems areso strongthat the uncertainty  
principleappearstobeviolated［1】．However，theconventionaluncertaintyrelationforposition  
andmomentumcanonlybeappliedincontinuousvariablesystems・Amoregeneraldefinition  
oftheuncertaintycriterionforentanglementrequiresafbrmulationofN－leveluncertaintylimits  
forarbitrarysetsofproperties・Thisgeneralizationcannotbebasedoncommutationrelations，  
sincetheexpectationvalueofthecommutatorisalwayszerofbranelgenStateOfoneofthetwo  
propertiesconcerned・Wehavetherefbrerecentlyproposedarefbrmulationoftheuncertainty  
principlebasedonuncertaintysums・Thesumuincertaintiesfortwolevelsystemsthenallow  
aderivationoflocaluncertaintylimitsforal1separablestates，prOVidingsufBcientcriteriafor  
experimentalentanglementverification［2］・   

SumunCertaintyrelationscanbedefineqforan羊SetOfobservables（Ai）ofaphysical  
system．TheuncertaintyofeachobservableAiforaglVenquantumStateβisthendefinedas  
thevarianceofmeasurementresultsobtainedinvonNeumannmeasurementsofAi，  

∂Aぎ＝n（βAヲト笹（βÅ））2・  （1）  

ThisvariancecanOnlybezeroifthesystemisinanelgenStateOfAi・Therefore，thesumof  
alluncertainties6Aぎcanonlybezeroifthereexistsacommoneigenstateofal1Ai・Otherwise，  
thereexistsanon－trivialuncertaintylimitUA，SuChthat  

∂Aヲ≧ぴ  
（2）  

forallpossiblestatesofthesystem・Thisformulationofuncertainty de負nesagloballimit  
ofthesimultaneouspredictabilityofobservablesinaquantumsystem・However，aSPOinted  
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outint2］，maXimapyentangledstatesallowtheprecisepredictionofmeasurem禦tOutCOmeS  

fbreachpropertyAiinA丘omthemeasurementofacorrespondingproperty－BiinB・This  
ispossiblebecaqsethemaximallyentangledstateisasimultaneouselgenStateOfthejoint  
J∧l propertiesAi＋Biwithaneigenvalueofzero・Ontheotherhand，Separable＄tateSarelimited  
bythelocaluncertaintylimitsofU，  

∑∂（4＋筏）2≧2打・  

l  

（3）   

Anyvi01ationofsuchalocalunCertaintylimitthereforeproof岳thatAandBareentangled・   
Startingたomthisgeneralobservation，itispossibletoconstructvarioussumuncertainty  

relationsandtheircorrespondinglocalunCertaintylimits・Themostsimpleexampleisthelocal  
uncertaintyrelationfbrthesinglettentanglementoftwospin－lsystems（N＝21＋11evels），  

∑畔i（A）＋エ‘（鞘2≧2～，  
i＝エ，弘之   

（4）  

wheretheoperatorsLiarethethreecomponentsofangularmomentum・However，七hisselec－  
tionofopera七orsmaynotbeoptimal払rsomecases・Fbrexample，ithasbeenshownthat  

thedetectionofbound3Ⅹ3entanglementcanbeachievedbydefininganasymmetriclocalun－  
certaintyrelationbasedontheeightgeneratorsoftheSU（3）operatoralgebra［3】・Thisresult  
indicatesthatlocaluncertaintyrelationscaneVenbevi01atedbystatesthatcannotbedistilled  
toslnglettform．Itmaytherefbrebeaninterestingquestionwhethereveryentangledstate  
vi01atessomelocalunCertaintyrelation，Orifthereexist another typeofentanglementthat  
doesnotviolateanylocaluncertainty．   

Ingeneral，localunCertaintyrelationsprovidedirectlyobservablecriteriaforentanglement・  

Theythusallowanidenti丘cationofentanglementinthecontextofmeasurementoutcomes，  

providingdeeperinsightsintothepracticalaspectsofquantumnon－locality・  
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Simul七ameousmeasuremen七sofspln，Slgnal且oca且i七y，and ●●  
uncertainty   

塑樋＊1，StephenM．BARNETT＊2andAlainAspECT＊＊   
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βJイββOr3α封Cede二ち翫mce  

Abstract  

Ⅵねpresentaconnectionbetweenthelocalityprincipleandtheboundontheaccuracy   
OfsimultaneousmeasurementsofspinofaS＝1／2particle，alonganytwodi鮎rentdirec－  

tions・Themeasurementboundisshowntobedirectlyrelatedtotheuncertaintyrelation   
brtheproductofthevariances．TheresultingunCertaintyrelationistighterthanthe  

Arthurs－Goodmanhrmoftheuncertaintyrelationforsimultaneousmeasurements，   

Keywords：Simultaneousmeasurements，Locality，Uncertainty，Non－COmmutingobservables   

Ithaslongbeenappreciatedthatsimultaneousmeasurementsofnon－COmmutingobservables  

arepossible，attheexpenseofanincreaseinthevariancesofthemeasuredobservables［1，2］・In  

SuChameasurement，Wehavetoacceptsomeadditionalnoiseovertheintrinsicquantumuncer－  

tainty．Thisnoiseappearsasanincreaseinthevariancesofthejointlymeasuredobservables，  

0VerandabovetheHeisenberglimit．   

LetussupposethatwemeasurethespinofaS＝1／2particlesimultaneouslyalongtwo  
directions，aanda′．Atthemoment，Wedonotneedtothinkabouthowtoachievethisjoint  

■ヽ measurement．Ifmeasuredseparately，theobservablesareglVenbyA＝a・∂andA′＝a’・a．・  
Ⅵ屯denotethevaluesobtainedinthesimultaneousmeasurement by AsandA；■ For apy  
quantumstate，WeaSkthattheexpectationvaluesofthesimultaneouslymeasuredobservables  
mustbeproportional，Withrealfa．ctorsαandα′，tOtheexpectationvaluesoftheseparately  

measuredobservables．Thevariancesofthejointlymeasuredobservablesmaythenbewritten  

（△A∫）2＝軍一 石2＝1－α2〈Å〉2  

（△A盲）2＝軍一 重2＝トα′2〈Å′〉2，  
（1）  

wherewehavealsonotedthatthemeasurementresult，士1，alwaysequals＋1whensquared・In  

′ヽ general，thejointmeasurementofAandA′resultsinanincreaseintheirvariancesascompared  
toseparatemeasurements，andthisft｝rCeSlαFandlα′ttobesmal1erthanl・Thepreciseupper  

boundonlαLand回stemsfromthefactthatajointprobabilitydistributionmustexistforAs  
andA；，andthisboundwi11dependonthedirectionsofaanda′・Suchaboundhaspreviously  

beenderivedbyconsideringal1possiblegeneralisedmeasurementoperatorsdescribingthejoint  

measurement［6〕・Inthefollowing，WepreSentaderivationusingthelocalityprincipleandthe  

1E－mail：erikn＠phys．strath．ac．uk  
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existenceofentangledstates．Thisrequiresnofurtherassumptionsaboutthejointmeasurement  

itself，Otherthanthedefinitionsmadeabovel   
ThelocalityprlnCiple，aSitisde丘nedhere，enSureSthatnooperationperformedononeof  

apairofentangledstatescanbedetectedbyobservationofitsentangledpartner［3］・Consider  

twoquantumsystemspreparedintheslngletstate  

伸一〉＝浅（－＋〉1ト〉2－ト〉1け〉2）・  （2）  

Twoobserversha〃eaCCeSStOOnequantumSyStemeaCh．Onquantumsystem2，Observer2wi11  

makeameasurementofspineitheralongboralongb／・Thisyieldstheresults士1withequal  
probability・OnquantumSySteml，Observerlwillmakeasimultaneousmeasurementofspin  

alongtwodirections，aanda／・Becauseoflocality，theprobabilitiesfortheresultsobserver  

lobtainscannOtdependonanyaCtiontakenbyobserver2．Observerlcannottellwhether  
observer2mea5uredb・a－20rb′・∂2．Thiswi11provideaboundonhowaccuratelyobserverl  

canperformthesimultaneousmeasurement・   
LetusdenotethemeasurementresultsbyAs，A；，BandB′；theseareali土1・Suppose  

thatobserver2hasmeasuredspinalongb・TheprobabilitythatobserverlobtainsAs＝Aら  
canthenbewritten  

p（Aぶ＝基）＝p（ん＝現＝β）＋p（Ag＝A；＝ －β）・  
（3）  

The probabilities on the right hand side exist，becausejoint probability distributions must  
existbrthetriplesAs，A；，B（andalsofbrAs，A；，B′）；ineachrunoftheexperiment，three  

Observablesaremea5ured．Becauseprobabilitiesarepositive，  

p（Ag ＝基＝β）＋p（Ag＝A；＝－β）≧tp（Aざ＝A；＝β）－p（ん＝A；＝－β）卜 （4）  

W占canuSethecorrelationfunctionsE（A，B）＝P（A＝B）－P（A＝－B）＝言方towrite  

p（Ag＝A；＝β卜p（Aぶ＝A；＝－β）＝【且㈲β）＋且鶴β）】， （5）  

丘nal1yglVlnguS  

p（Ag＝A忘）≧去榊，β）＋且鶴卯  （6）  

Inasimilarway，ifweassumetha．tobserver2hasmeasuredspinalongb′，WeCanderive  

p（A5＝－A；）≧喜【抽，β′卜且鶴弥  
（7）  

Sincetheprobabilitiesonthelefthandsidesofthesetwoinequalitiesareindependentofwhether  
observer2measuredspinalongborb′｝addingthetwoinequalities，andnotingthatp（As＝  
A；）＋p（As＝－A；）＝1，WeObtain  

匿（Aぶ，β）＋β（A；，β）けlβ（Ag，β′）一旦（A；，β′）l≦2・  （8）  

Thisinequalitybears great resemblanCe tO Bellinequalities［4，5］．Thisisnot surprising，  

Sincetheexistenceofjointprobabilitydistributions，Or”hiddenvariables”，istheaBSumption  
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underlyingbothinequality（8）andBellinequalities．Thedi鮎renceis，thatvi01ationsofBell  

inequalitiesmeanthateitherhiddenvariablescannotexist，OrquantummeChanicshastobe  

nonlocal，Wherea5inthepresentcase，SinceJOintprobabilitydistributionsnecessarilyexistfbr  

jointlymeasuredobservables，inequality（8）mustbesati頭ed．  

Inequality（8）placesrestrictionsonthecorrelationsbetweenobserv竺blesof！hetwoquantum  

SyStemS・W占wouldlikeobtainaboundonthejointmeasurementofAandA′，involvingonly  
Observerlandquantumsysteml．Ifspinismeaぷuredonlyalongaonquantumsysteml，and  

alongbonquantumsystem2，thecorrelationfunctionfbrthesingletstateisglVenby  

E（A，B）＝〈ゆ‾（a■∂1b・∂21ゆ‾〉＝－a・b・  
（9）  

Sincesimultaneousmeasurementsreduceexpectationvaluesbyfactorsαandα′foranystate，  

wemust have  

β（Ag，β）＝α〈ゆ‾la・∂1b・∂2回‾〉＝－αa・b，  
（10）  

andsimilarlyforE（A；，B），E（As，B／）andE（A；，B’）・Usingthisin（8）gives  

l（αa＋α′a′）・bL＋t（αaMα′a′）・bl［≦2．  
（11）  

This must bevalidfor anychoiceofbandb′．Thelefthandsideismaximisedwhenbis  

paral1eltoαa＋α／a／andb／paral1eltoαa－α／a／，glVlng  

lαa＋α′a′l＋lαa－α′a′1≦2・  
（12）  

Thiscondition，linkingα，α′，aanda′，isthesameasobtainedin【6〕・Geometricallythismeans  

thatthesumofthediagonalsinapaJral1ellogram，Withαa＋α′aJandαa－α′aJasitssides，  

mustbelessthan2・Unlessaanda’areparallel，thisforcesbothI叫and回tobestrictlyless  

thanl（aanda′areunitv？CtOrS）・ThesmallerFαIa叫c！（are，themoresmearedthejointly  

measuredobservablesare，SlnCethisincreasestheirvarianCeSaCCOrdingtoequations（1）．   

Thederivationin【6】wasmadebyconsideringthepossiblegeneralisedmeasurementopera，  

torsdescribingthejointmea占urement，Wherea5thepresentderivationisbasedonthelocality  

principleandtheexistenceofentangledstates．Thelocalityprincipleishereusedmuchinthe  

SameWayaStheenergyconservationprlnCiplemaybeusedtosolvephysicalproblems．The  

derivationisnottiedtoanyparticularmodelofjointquantummea5urementS．  

Inthefollowing，WeShowhowthebound（12）andtheuncertaintyrelationforthejointly  

measuredobservablesarerelated・Squaringtheexpression（12），andnotingthatlαa土α′al‡2＝  

α2＋α／2土2αα／a・a／，WeObtain  

lαa＋α′a′IIαa－α′a／1≦2－α2－α′2・  

Squaringthisexpressiononcemore，andcancellingtermsonbothsides，WeObtain  

α2＋α′2－α2α佗（a・a′）2≦1．  

Denotinga・a′bycosO，Wemayalsowritethisa5  

（13）  

（14）  

（1－α2）（1－α′2）  
≧sin2臥  

（15）   
α2α／2  
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Theuncertaintyinthejointmeasurementarisesftomtwosources‥Theintrinsicuncertainty  
inthequantumobservables，andthefa・Ctthattheyaremeasuredjointly・Theproductofthe  

jointlymeasuredsquarevariancescanbebrokenupinfburtermsas  

（△Ag）2（△A；）2＝（トα2〈Å〉2）（トα′2〈Å′〉2）  

＝α2α佗（ト〈Å〉2）（1－〈Å′〉2）＋（1－α2）（1－α′2）  

＋（トα2）α′2（ト〈Å′〉2）＋（1－α′2）α2（1一〈Å〉2）．  （16）  

Inthisexpression，ト〈Å〉2andl－〈Å′〉2arethe”bare”variancesofÅandÅ′，Whenmea5ured  
separately．Thequantities（トα2）／α2and（1－α′2）／αI2arecontributionscomingfromthefact  
thatthe measurementis aJOint measurement．Alowerboundon their productisgivenby  
（15），WhichisnowseentobeanunCeごtaintyfelationgivingalowerboundontheuncertainty  

associatedpurelywiththefactthatAandA／arequantumobservableswhicharemeasured  
jointly．Thisboundcanbeshowntobetight，meaningthatthereisalwaysameasurement  

suchthatequalitycanbereached，anditdoesnotdependonthemeasuredstateatal1，Only  

onthemeasuredquantumObservables．   
AnupperboundonthebarevariancesisobtainedfromtheHeisenberguncertaintyrelation，   

（△Å）2（△Å′）2＝（ト〈Å〉2）（ト〈Å′〉2）≧芸‡〈榊］〉l2＝Sin2梱⊥■紺 （17）  

wherea⊥isperpendiculartobothaanda′・Using（15）and（17），WeObtain  

（△Aぶ）2（△A；）2  
≧sin2即1＋l〈a⊥・∂〉l）2  

（18）  
α2α／2  

as abound on thetotaluncertaintyforthe simultaneous measurement．Thisinequalityis  
tighter thanthe uncertainty relation fbr simultaneous measurements glVen by Arthursand  

Goodman［2】，  

（△Aぶ）2（△現）2  ≧‡〈【Å，Å′】〉i2＝4sin2βl〈a⊥・∂〉12．  （19）  
α2α／2  

The Arthurs－Goodmanuncertainty relationis not restricted to measurements ofspin．The  

rea50nWhyrelation（18），Whichappliesonlytosimultaneousmeasurementsofspin，istighter，  

isthatwehaveusedatightboundontheexternalmesurementuncertainty（15）initsderivation・   
Asa丘nalremark，incontrasttotherelation（15），theHeisenberguncertaintyrelation（17）  

Wi11notalwaysbetight・Schr6dingershowedearlyonthatatighteruncertaintyrelationcan  
be 

（△Å）2（△A′）2＝（ト〈A〉2）（1－〈Å′〉2）≧去価Å′】〉12＋…（〈ÅÅ′＋ÅÅ′〉－2〈Å〉〈Å′〉）2，（20）  

WherethesecondtermisthecorrelationbetweenAandA′．If，inthederivationoftheboundfor  
jointlymeasuredobservables，thisrelationisusedinsteadoftheordinaryHeisenberguncertainty  

relation，theresultwillbeatighterboundonthejointmeasurementsaswell．  
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Predic七imgQuanもumMeasuTemen七Ou七comesUsing  
Loca且Hidden Variables  

HsuLトYI＊1  

＊Pんyβ豆cββ抽5乞om，〃α如れαgCemねγげmeoγ℃出cαg∫c豆eれCeβタ肋豆mcん叫プも血αm，  

戯卯兢cq′仇れα  

Abstract  

Itiswell－knownthatlocalhiddenvariable theoriesalwaysleadtoparity contradic－  
tionsinpredictingsomespeci丘coutcomesofGreenberger－Horne－Zeilinger（GHZ）sta七e．  

Ontheotherhand，thelocalrealismhypothesisandquantumtheorycanmakethesame  

predictionsintheotheroutcomes，WhichcontainlngnOknowledgeindistinguishinglocal  
realismhypothesis andquantumtheory・Inourstudy，Wefbcus on the ability ofthe   

localrealismhypothesisinpredictingtheGHZ－StateOutCOmeS・Weconsiderthepredic－  
tionabilityq11antitativelyandhowtooptimi21ethepredictionability．Moreover，WeCan  

representthepredictionabilityviatherecursiverelation．  

Keywords：Quantumentanglement，Localhiddenvariable，   

InthecelebratedEPRpaper，Einstein，PodoIsky，andRosenarguedthatquantumtheoryis  

incomplete［1］・Theirpremisesarequiteplausiblepropositionsaboutlocality，reality，andcom－  

pleteness・Accordingtothelocalrealismhypothesis，meaSurementOutCOmeSareintrinsically  

deterministic，butappeartobeprobabilisticbecausesomedegreesoffreedomarenotaccu－  

ratelyknown・EarlyandongoingexperimentsshowedtheviolationofBellinequality［2］．These  

experimentsnotonlylendsupporttoquantummeChanics，butalsodemonstratethepresenceof  

theentanglement・Recently，Mermindemonstratedtheparitycontradictionbetweenthelocal  

hypothesisandquantumtheorylnPredictingthemea5urementOutCOmeSOfathree－particle  

Greenberger－HorneqZeilinger（GHZ）state【3】・SeveralstudiesfocusedontheGHZ－1ikeparity  
COntradictionsinthemultiparticlemultilevelca5eS，inwhich，aSMerminpointedout，thelocal  

realismhypothesisandquantumtheorypredictdiif6rentoutcomesofatlea5tOneeXPeriment  

【4］【5］．   
OurstudyexploresGHZ－1ikeparitycontradictionsquantitatively・Ⅵ屯donotanSWerthe  

fo1lowlngqueStion・Howmanyexperimentsdothelocalrealismhypothesisandquantumtheory  
predictdifferentoutcomeparities・Instead，WeCOnSiderhowmanyeXPerimentsthelocalrealism  

hypothesisandquantumtheorypredictthesameoutcomeparities．Logically，ifthelocalrealism  

hypothesisandquantumtheorypredictthesameexperimentoutcomes，SuChoutcomesprovides  
noknowledgeofdistinguishingthelocalrealismhypothesisandquantumtheory・Supposethat  
helocalrealismhypothesisandquantumtheorycanpredictatmostS（N）experimentoutcome  
ParitiesintheN－Particletwo－1evelcaBe・Consequently，WeneedatmostS（N）＋1experiment  

OutCOmeParitiestojudgethattheparticlesareofquantum－meChanicsoroflocalrealism．   

W畠considerMermin，sgedankendemonstrationintheN－particleca5e・Atfirst，Noutcome  

Paritiesarepreviouslyknown・Fromquantum－meChanicalview，informationoftheseknown  

1E－mai1：Cdhu6◎phys．ntu・edu．tw  
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OutCOmeParitiesissu瓜cienttoinferthemaximally－entangledstatevector．Ontheotherhand，  

fromlocalrealismviewpoint，informationoftheseknownoutcome paritiesaresu伍cient for  

且ndingoutal1possibleinstructionsets・Itisbarelypossibleto負ndS（N）byenumeratingal1  
COmbinationsofNoutcomeparities・Hence，WeCOnSiderthelowerboundofS（N），denoted  

bySL（N）・TbfindoutSL（N），WeCanaSSumethattheseNknownoutcomeshavethesame  

Parities．Inthisway，itiseaBilyverinedthat  

た  

ゴム（Ⅳ）＝m弧（∑堵仰乞＝0，1，2，3卜〃  
ゴ＝0  

た  

＝maX（∑環．か豆＝0，20r豆＝1，3ト凡  
ゴ＝0  

（、1）   

Furthermore，WeCaneXpreSSSL（N）viatherecursiverelation．Thebasicideaofderivingthe  

recursiverelationistoconsidertheexperimentalsettingsoftheknownparitiesintheN－Particle  

CaSefromthosein（N－1）－particlecaBe．Wecanshowthat  

5上（呵＝2〃‾3＋2乱（〃－2）十Ⅳ－4．  
（2）   

withinitialconditionsSL（4）＝2andSL（5）＝5，ItisbelievedthatthelowerboundSL（N）  

iscompact．   

Infact，inMermin’sgedankendemonstration，theoutcomesparitiesarerandomforhalfof  

theexperimentalsettings・Manystudiesandtheabovediscussiononlyconsiderthoseexperi－  
mentswithconstantoutcomeparities，Nowwejustconsiderwhethertheoutcomeparityunder  

SOmeeXPerimentalsettinglSCOnStantOrnOt．Inthiscase，WeCanarguethatboththelocal  

realismhypothesisandquantum theoryleadtoexactlythesamepredictions．Asaresult，in  

theN－Particlecase，theratioofthesamepredictionsis  

2〃‾1＋ぶ（〃）  

（3）  

2〃－〃   

Moreover，thesameconclusioncanbedrawntothemultiparticlemultilevelcase［5］．   
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OnThermalSpinStatesthroughBeamSplitters   

蜘＊1，MioMuRAO＊＊andVlatkoVEDRAL＊  

＊血peγねgCog軸eクエ0れdorl∫乙／打  

＊＊こ玩血erβ軸扉乃たyo，乃毎0，ノ叩α乃  

Abstract  

Ⅵ屯investigatetheentanglementgeneratedbypasslngathermalsplnStatethrough  
abeamsplitter．Inthein丘nitetemperaturecasethiscanbeseenascreatingdistillable  

entanglementftomamaximallymixedstatethroughunitaryoperations．‡tisthetrun－  

Cationofthestatethatallowsforentanglementgeneration・Theoutputentanglementis  
investigatedfordifferenttemperaturesanditisbundthatmorerandomness－inthe払rm  
Ofhighertemperature－isbetterforthissetup・  

Keywords：Thermal，Spin，BeamSplitter，Entanglement  

1 BackgTOund  

W占knowthatintheinfinitedimensionalcaseoftheharmonic oscillator，ifastate can be  

described a5a StatisticalmixtureofGlauber states，this state cannot be used to generate  

entanglementusingabeamsplitter［1，2〕．   

Herewediscussthe丘nitedimensionalcaseandlookatthetransitiontotheinfinitedimensional  
CaSeforthermalspinstates．Fora丘nitedimensionalsystemtheserepresent，insomesense，  

our＝most cla5Sical”states．   

Wbmustbecarefulheretodefinewhatwemeanbyfinitespace，Sincethebeamsplittercan  

Onlybetrulydefinedonaninfinitedimensionalspace・Herewhenwereftrtoastateofspin  
S，Wemeanthatthemaximumnumberstatethatcanbeoccupiedintheinputbeamsisequal  

to25’．   

Fbrthesethermalstatestobephysical，SuChatruncationmustbephysical1yimposed－this  

maybeappropriateた）reXamPlefbrafinitenumberofphotonsinamode，OratOmSinaBose－  

EinsteinCondensate（BEC）・   

W6丘ndthatfbrany丘nitedimensionalthermalstateentanglementisgeneratedwhenpassed  
throughabeamsplitter・Evenmore，Wedeviseanexplicitprotocolillustratingthedisti11ability  

Oftheentanglement（whichisnotnecessarilyimpliedbythestatebeingnon－SePerable）  

1E－mail：d・markham◎imperial．ac．uk  
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2 Beam Splitter  

AsatwomodeFockstate，？m，n〉entersabeamsplitter，ingeneralwegetheoutputstate  

（汀l＋爪）  

抗βれm〉＝ ∑J（m，m，叫1砿m…一叫，  
〟＝O   

where  

（1）  

mれ（m，財）  

J（m，町呵＝ ∑  
p＝mαご（0，〟－m）  

m！m！碑  
p！（p－〟十m）！（m－p）！（〟－p）！  

×r咋（p‾机れ）月（〟‾p）月（m‾p）ト1）（〟‾p），   
（2）  

andwhereTand RarethecompLextranSitionandreaectioncoe氏cients，withnormalisation  

lTl2＋i即＝1・Wbusethisasourde丘nitionofthebeamSplitteronthegeneralnumberstate  
（i．e．notrestrictedtooptics）・W占noticethatthephasesofRandTcanbeconsideredas  

alocalphasechangeonthebasisstatesofthefirstmode．Thusweassume，Withoutlossof  

generalitythatRandTarereal・Forageneralinputstatethebeamsplitteroperationcauses  
entanglementbetweentwooutputbeams．Infact，theonlypurestatethisisnottrueofisthe  

Glauberstate．  

Asameasureofentanglementformixedoutputstateswetakethelogarithmicnegativity  

‰，de丘ned丘）ragivenstatepas，［3】，  

‰（p）＝log2】l㌔鮎  

＝log2（∑l佑廿  
l  

（3）  

wherepiaretheelgenValuesofpTh，thepartialtransposeofplnSubspaceofparticleA・The  
logarithmicnegativityisawidelyusedmea5ureOfentanglement，indicatinglnSeParabilityfor  
mixedstates．W占notethatapositivevalueofthismeaBuredoes not necessarilyimplythe  

existenceofuseful，i．e．disti11able，entanglement（however，fbrourcasesweprovedistillability  

byindependentmeans）．  

WecanaLsoconsideroptimalityofentanglementgenerationintermsofthebeamsplitter  

renectivityR（sincewearedelingonlywithrealⅤalues，TissetbyRthroughtTi2＝1－tRt2）・  
Numericsshowsusthatonthe？OStPartOPtimalityisfoundwhenR＝T＝1／㍉・Where  
thisisn，tthecase，thedi抒erencelSSmallandthequalitativetrendsremainthesame．Sincein  

thispaperwedealwithmostlyqualitiativeresultswealwaysuseR＝T＝1／1乃．  

3 ThermalStatesThroughaBeamSplitter  

Wenowconsidertwothermalstatesincidentonabeamsplitterdi鮎renttemperatures，  

β五几 ＝Jn⑳J乃，  （4）   
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where  

∑慧。e一血／珊回〈叫  
（5）  Jれ＝  

andZi＝∑慧。e一血／K77isthepartitionfunction・Theoutputstateafterthebeamsplitter  
transfbrmationisthen，  

仙＝‰恥砿   
2S 25 

∑∑e（埼璃）払  

m＝O n＝0  

1  

ZIZ2  

（m＋れ）（m＋れ）  

∑∑  
〟＝0 〃／＝0  

J（m，れ，〟）J（m，れ，〟′）  

×l叫m＋m－〟〉〈〟′，m＋m一叫・  

＋鵬X．刷咄い瑚血叫  
－．Tl事100KT什l｝  
ソ Tl‘10KT加   
一 丁l‡SKT仙  

川■Ll仙川d．b鵬hl叫b  
● Tl－100KT伽．T2上100KT什剛   
● Tl＝■10KT仙．T2暮l00KT仙   
■ Tl＝101くT加．T2－10KT加  

Entanglement of various thermal  

StateS against S oftheinput states  
forR＝T＝1／J5．Thetopfour，  
blue，datasetscorrespondtowhenone  

port has a thermalstate enteringit  

andtheotheronlythevacuum．The  

bottomfour，red，datasetsarewhen  

bothportshavethermalstatesenter－  
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S   

IngeneralthecaぷeWherethevacuumenterSOnepOrtgivesmoreentanglement－thiscanbe  
explainedasresultingftomthefactthetwobeamsdonotdestructivelyinterf6rewithonean－  

other．   

Startingfromthemaximal1ymixed state，Whichrepresentsanin丘nitetemperaturethermal  

State，theheightofthepeakislessforlowertempsandthepeakisoccursearlier．W占might  

expecttheentanglementtobegreaterforlowertemperatures，andthatthemaximal1ymixed  

Stategivesthelowestentanglement・Theobservedtrendcanbeexplainedbynoticingthatfor  
lowertemperaturesthehigherdimensionalstatesarenotaspopulated，reStrictingthepossible  

entanglement・Fbrthezerotemperaturewehavethegroundstatewhichoffersnoentangle－  
ment．  
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Foral1theoutputstatesmentionedherewecandeviseaprotocoltodistillaminimalamount  

Ofentanglement・Fromequation（6）wecanseethatiflocalprojectionsrmadeoneitherarm，  

OntOthesubspacespannedbythestates（0）〈OlandI4S）〈4SltheremalnlngStateisanentan－  
gledstateoftheformp＝FJO，0〉〈0，0［＋（1－F）（JO，4S）＋f4S，0〉）（〈0，4SZ＋〈4S，OI），Whichhas  

entanglementforanyBniteF・ForaniteS，Fisalsofinite（hencewehaveentanglement）．This  

Canbeconsideredasatwodimensionalstateanditcanbeeasilyshownthatitha5negative  

partialtranspose，Which7foratwodimensional）bipartitestateimpliesdistillableentanglement  

［4］・AsSgoestoin丘nity，Fgoestooneandnoentanglementcanbefoundinthiswayaswe  

expect・Allmeasurementswheretheprojectionfallsontotheremainingspacearediscarded．  

Thisschemeshowsthatfbrany昆niteSweindeedhavedistillableentanglement for allthe  
thermalstates，thoughitisveryinefncientanditdestroysmostentanglement・  

4 Discussion  

◎Thegeneraltrendofgeneratedentanglementissimilarforthepurespincoherentstates   
（SCS）andthethermalspinstates，thatisaninitialrisefollowedbyaslowdecline．  

。W占canalsodiscussthetransitioninSasanapPrOaChtoclassicality［5トWithrespect  

tothis，WeSeethattheapproachisslowandappearstobeonlyreachedintheinfinite  

limit．  

。Wbmaybesurprisedtogetdistillableentanglementatallfrommaximal1ymixedstates  

us1ngaunitary operation．Theansweris ofcourse that either we cannot consider the  

beamsplitteraunitaryonthespinspace，Orthatitisthetruncationofthethermalstate  

thatallowsentanglement・Thisisinterestingintermsofhowmuchpurityasystemneeds  
tocreateentanglementandcanberelatedtootherworks，e・g・【6＝7］・   

AnaturalextensionofthisworkwouldbetoinvestigatethesignificanceoftheSCSdecompo－  

Sitionoffinitedimensionalsystems．Althoughtheyareclearlydi庁erent，itcanbehopedthat  

anSCSdecompositionmaytellusthingsasinterestinga5thein丘niteGlauberstateversion，  

Whichallowsustocal1statescla5Sicalandha5meaningfulconstraintswithrespecttophysical  

OPerations，forexamplelinearoperationsongaussianstates，nOentanglementca．nbegenerated．  
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ObservationofAn七inormally－OrderedIntensi七yCorrela七ionof  
ElectromagneticFieldviaStimulatedParametricDown－COnVeTSion  
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Abstract  

Whenphotonsaredetectedbystimulatedemission，ratherthanbyabsorption，antinormally－  

Orderedphotodetectioncanberealized・Sincethedetectionrespondsnotonlytoactual  
photonsbutalsotozero－pOintfluctuationsintheconceredmodesviaspontaneolユSemis－  
Sion，photon－COuntingstatistics ofthe detectionis distinc七色・Omthose ofthestandard  

normal1y－Orderedphotodetectioninthe certainreglme，Whereevencoherentstates ex－  

hibit thebunchinge鮎ct and thesuper－Poissonian且uctuation．We willreport on our   

latestexperimentalresultsmea5uerlngantinormal1y－Orderedintensitycorrela七ionsofvac－  
uumandcoherentstatesofelectromagneticfieldbymakinguseofstimulatedparametric  

down－COnVerSion．   

Keywords：Antinormally－Orderedcorrelation，Zero－POintfluctuation，Stimulatedparametric  

downconversion   

九trvduction．SincePlanCk’squantizationhypothesisofelectromagneticfieldandEina－  

tien7s photoelectric theory were appered，quantumnature Ofelectromagnetic丘eld has been  

intensivelyexplored【1，2，3］・Theclearevidenceofquantizedelectromgneticfield，thatis7  

Photon，Wa5finallyprovidedviathephotonantibunChinge鮎ctbymeasunngnOrmally－Ordered  

intesitycorrelationofresonancefluorescencefromasodiumatom［4】・Thenormally－Ordered  
photodetection（NOPD）theoryduetoGlauber【5】，Whichstems丘omthefactthatelectro－  
magneticfieldisdetectedbyanabsorptionprocess，hasbeenplayingthecentralroleinthe  
explorationofnoncla5icalstatesofelectromagneticfield・   

Insesitivitytozero－pOintfluctuationsoftheNOPDis，Ontheonehand，theveryreasonwhy  

Planck）sspectrumofblack－badyradiationisconvergentregardlessofthedivergenttermdueto  
them［3，6］，and，Ontheotherhand，Whysomeinfbrmationislostduringthedetectionprocess  

andthustheinitialdensitymatrixcannotbelogicallyreversible，thatis，CannOtbecalculated  

fromthepost－detectiondensitymatrixandthereadoutofthedetectingapparatus［7】．   
Whenphotonsaredetectedbystimulatedemission，however，antinormally－Orderedphotode－  

tection（ANPD）canberealized・ThedetectionreミpOndsnotonlytoactualphotonsbutalso  
tozero－POintBuctuationsintheconcernedmodesvlaSpOntaneOuSemission・Thenthephoton－  
countingstatisticsofthedetectionisdistinctfromthoseofthestandardNOPDintheregime  
wheretheaveragephoton－OCCupationnumberinthemodesissmall【8］・Inthisregime，eVen  

1E－mai1：uSami＠frl．cl．nec．co．jp  
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Figure8：Schematici11ustrationoftheantinormal1y－brderedphotodetectionbasedonstimu－  
latedparametricdown～COnVerSion・  

coherentstatesexhibitthephotonbunchinge鮎ctandthesuper－Poissonianphoton－number  
負uctuationdue七Othezero－POintfluctuations．Becauseofthesensitivitytozero－pOin七色uctua－  

tionsoftheANPD，itispossibletocoservethesystem7sinformationduringaphotodetection  
process［7】・Tlms，theANPDmayserve，forexample，analternativewayofmoniteringquantum  

systemfbritsfeedbackcontrol【9］．   

Wbwillreportonourlatestexperimentalresultsmeasueringantinormal1y－Orderedintensity  
correlationsofvacuumandcoherentstatesofelectromagnetic丘eldbymakinguseofstimulated  
parametricdown－COnVerSion（STDC）・   

meory．Theprocessofstimulatedemissioninapulsedparamtricdown－COnVerter［10，  
11，12］iswellsuitedtorealizetheANPDandtoobservetheantinormauy－Orderedintensity  

correlation，becauseOfitslargenonlinearresponseevenintheslngle－paSSCOnfigurationandits  

abilitytoovercomtheslowresponsetimeofthedetectors［11，12】・Theschematicillustrationof  

theSTDC－basedANPDisshowTlinFig．8，Sincewearedeelingwithtraveling－WaVefield，the  

annihilationoperatorofourinterestisthetime－dependentandcontinuous－mOdeone，Whichcan  

bewrittenasd；n（i）＝蔑JニdLJa；n（LJ）exp卜iLUt）withthenarrow－bandwidthapproximation  

〔1】・Here，a；n（w）representsanannihilationoperatorfbramodeoffrequencyw，andsatis丘es  

thecommutationrelation［d；n（w），a3n†（LJ／）l＝6（LJ－LJ／）・ 
．  Theoperatora；n（LJ）iscoupledwiththeoperatorbin（LJp－LJ）viaparametricinteraction  

-t 

withthepumpfieldoffrequencyup，andevoIv竺dintoaLLt（u）＝a；n（u）cosh［s（u）卜b；n（up－  

LJ）expトiO（LJ）】sinh［s（LJ）】，Whiletheoperatorbin（LJp－LJ）becomesbこt（LJp－LJ）＝b：n（LJp－  
LJ）cosh［s（LU）トd；n†（w）exp［ii9（w）】sinh［s（w）］，Where，SeVeralparamtersintheinteraction，SuChas  
thecomplexsecond－Ordernonlinearsusceptibilityandlengthofthecrystal，areincludedinthe  

parameterss（LJ）andB（LJ）［1，13］．Whenthemodeswhicharerelevanttotheoperatorsb：n（LJp－  
U）atevacuaandtheparameterS，S（LJ）andt9（㌣），areaSSumedto♪econstantwithrespect  

toLJ，theNOPDoftheGeldrepresentedbyb仙i（t）＝去ノニdwb軋土（LJ）expトiLJi）coincides  

withtheANPDoftheaelda；n（t）uptotheconstantfactor，thatis，〈J：＋竃t／bこt†（i／）bこt（t／）〉＝  
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Figure9：Experimentalsetup．  

sinh2【s］〈J：＋％／a；n（t／）d2n†（t／）〉・Hereweusethecommutationrelationfortheoperatorsbこ土（LJ）  

and a；n（w），tistheinitialtimeofthedetectionandTisitsduration・Theangle brackets  

indicatequantum－meChanicalexpectationvalues．   

Theantinormally－Orderedintensitycorrel中On［8］ofthe鮎1da；n（f）canbestraightforwardly  

observedasfo1lows．Bysplittingtheaeldb。ut（t）into締）and＆（t），thestandardHanbury  
Brown－Twissinterf由ometer［l］isformedasshowninFig・8・Here，thedetector’simperfect  

quantumefBcienciesandseveralopticallossesduringpropagationaremodeledbyintroducing  

auxiliaryvacuum丘elds61（t）＾and7h（il［1］・Thenthenormalizednormally－Orderedintensity  

correlationofthetwofields，dl（t）andd2（t）ofFig．8，turnSOuttObetheantinorma11y－Ordered  
counterpartOfthe缶elda；n（t），thatis，  

く尤1＋敏昔像′締）抽）締′）如〃）〉  〈烏ミl＋勧だ＋包子′′舶′）α㍍げ）扇れ†（町訂椚〉  

〈尤1十rd壬′あ †（両（珊〈だげdま′轟）頓）〉  〈烏ミ1＋Tdf′ 舶′）銭n廟〉〈ム㌘＋T鵡′砿㈹扇れ廟〉’  

（1）  

regardlessofthesplittingratioatthepolarizingbeamsplitter，thequantume伍cienciesofthe  

detectors，OrOpticallosses．   

Comparingwiththenormal1y－Orderedintensitycorrelation，itcanbeeasilyshownthatthe  

antinormally－Orderedintesitycorrelationinvolvesexcesscontributions，Whichareduetothe  

stimulated emissions丘・Om thezero－pOint触ctuationsin the concerned modes，throughthe  

bosoniccommutationrelation［8］・Sincethestimulatedemissionsffomthezero－POin七色uctua－  
tions，thatis，thespontaneousemissions，areinherentlythermal［14，12】，eVenCOherentstates  
exhibitthephotonbunchinge鮎ctandthesuper－Poissonianphoton－numberauctuation・   

E叩erimentalsetup and Current sLatus・The roughsketch ofour experimental  
setupis shownin Fig．9．With apulsed strongpumpaeld（wavelength：400nm，aNerage  
OWer：200mW，Pulseduration：100fg－andrepetitionrate‥82MHz）fromthesecondharmon－  

1CSOfthemode－lockedTi：Sapphirelaser，thetype」，nOndegenarateparamtricdown－COnVerter  

（2mm－thickBBOcrystal）isfbrmed・Avacuumaeld，Oraheavilyattenuatedcoheren七色eld  
fromthefundamentalofthesamelaseristhesignalfieldrepミeSentedbytheoperatord；n・In  
thelattercase，thesinglephoton－COuntingratefortheBeldb。utShouldbeenhanCedowingto  
thestimulatedemissions．FigurelOshowstheenhanCementaSafunctionofopticaトpa5S－length  
differencebetweenthep11mPfieldandthesignalBeld・  
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FigurelO：MeaBuredenhancementofthephoton－COuntingrateforthe鮎Id b皿t duetothe  
stimulatedparametricdown－COnVerSion．   

Theantinormally－Orderedintensitycorrelationswi11bemeasuredviathestandardHanbury  

Brown－Twissinterf占rometerconsistedofthehalf－WaVepla，te，thepolarizingbeamsplitter，and  

thedetectorsland2（Si－aValanChephotodiodes：PerkinElmerSPCM－AQR14）．Itisknown  

thattheultra－broadbandnatureofthespontaneousparametricdown－COnVerSion（SPDC）makes  
itdifBculttoobservethephotonbunchinge鮎ct，namely，theantinorma11y－Orderedintensity  

COrrelationofthevacuumfield［12］・Currently，Wearetryingtoimprovethesignaトto－nOise  

ratioforobservingtheclearerPhotonbunchingeffect（uptonow，thevalueofthenormalized  

intensitycorrelationisl・3withlOnm－FWHMinterferencefilter）．Wewillpresentourlatest  

experimentalresultsattheworkshop．   
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