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On Difference Sets in Dihedral Groups

Dominic Tion Elvira

Kumamoto University

1. Preliminaries

A (v, k, A) difference set (DS) is a k—element subset D of a group G of order v such that every
element g # 1 of G has exactly A representations g = didy ! with dy,dy € D. The order of the
difference set D is the integer n = k — A and D is called non-trivial if and ouly if n > 1. Moreover,
a difference set D is called cyclic, non-abelian, etc., if the underlying group G has the respective
property. We study difference sets because they are equivalent to symmetric (v, k, A) designs with a
regular automorphism groupl[4].

Almost always, difference sets are studied in the context of the group ring Z(G). For X C G and
t € Z, we write X* = 3" x'. With this notation, D satisfies the basic equation DD™! = n + A\G.

When n = v/4, we call D a Hadamard Difference Set(HDS) and its parameters are given by
(4u?,2u? — u, u? — u) for some u € Z (see [5]). The HDS’s provide the most abundant source of known
examples of difference sets. See [1] and [4] for more on DS and HDS.

2. Previous Results

Let Doy = (8,h |8% = h™ = 0h6h = 1) be the dihedral group of order 2m. We denote the cyclic
subgroup of Dy, by H = (h |[h™ = 1) & Z,,. Suppose @ is a (2m,k,A) DS in Dy,,. Then we can
write Q = A + 6B where A, B C H and the basic equation is equivalent to the following system of
equations:
(1) AA"'4+ BB '=)H+n
(2) AB '=BA™!'=3H.

Letting |A| = @ and |B| = b, we have a? + b? = Am +n and ab = Am/2.
In 1985, Fan, Siu, and Ma made the following conjecture.
Conjecture([2]) No non-trivial difference set ezists in Dap,.

In another paper considering difference sets in dihedral groups, Leung, Ma, and Wong obtained the

following two results:
Result 2.1 ([3]) There exist a,u € Z* such thatm = au,n =u?, a = 4(a -1 — Va? — 2au + 1),
b=%(a+1-+va?-2au+1),and A = u(a —u— Va2 —2au+1).

Result 2.2 ([3]) n is an odd integer.

We remark that since n = u2 is odd, u is also an odd integer. Moreover, )\ is even, k is odd and we

must also have o2 — 2au +1 > 0.
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3. Main Results
Suppose Dsa,, contains a (2m, k, \) difference set Q where m is even, say, m = 2. As m = au, ull,
say, | = lou. Then a = 2lyp and m = 2[pu. By the previous remark, lp > u. Now 2|m and since H = Z,,
is cyclic, H > 3FH’ = (h?) = Z,. Then we can write A = Ay + Aith and B = By + B1h where
Ag, A1, By, By C H'. Let |Ao| = ayp, |A1| = aj, lBoI = by, [Bll =b;. Then a = ap +a; and b = by + b;.
Using equations (1) and (2), and comparing exponents we get

(3) ApAgl + AJATY + BoBg ' + ByBT ' = AH' +n
(4) (41451 + B1Bg R+ (AgAT  + BoBy )h™! = AH'h
(5) AoBg'+ A1 B ' = 3 H'

(6) AoBy'h~t + A1 Byth = $H'h.

Using characters of H, we can get the following lemma.
Lemma 3.1 Let s = vVa? — 2au + 1. Then we have the following cases:

{1.)040:(11:()1:%(0(—1— ) =%(C¥+3-—S)
(2.)a0=a1=bo=%(a—1 s)b=%(a+3~s)
(3.)ag =bo=by=%(a+1-5), a1 =F(a—-3~-35)
(4.)a1=bo=b1=1§(a+l s), ao=%(a 3 —s).

Moreover, 0 < ag,a1,bp, by < L.

By Lemma 3.1 and applying a nonprincipal character of H’, we prove the following:

Theorem 3.2 If m is even then no non-trivial difference set exists in Daop,.

As a corollary, we have:
Corollary 3.3  No non-trivial Hadamard difference set ezists in any dihedral group.
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Quasi-Symmetric SDP Designs on 120 and 136 Points and Their Codes
IR RFERZE RH &R

A 2-design is called symmetric if the number of points in the intersection of any two distinct blocks
takes only one value. A 2-design is called quasi-symmetric if the number of points in the intersection
of any two distinct blocks takes only two values. A non-symmetric 2-(v, k, A) design with parameters

v = 22771—1 _ 2m—1,]€ — 22m——2 _ 2m—-1’>\ — 22m—2 . 2771,—-1 . 1, (1)

or
v = 22m—1 + 2m~1 k = 22711.—2 = 22m—2 _ 2777,—1 (2)

is said to have the symmetric difference property, or to be an SDP design, if the symmetric difference
of any two blocks is either a block or the complement of a block. Such designs are quasi-symmetric.
Quasi-symmetric SDP designs are closely related to certain binary linear codes.

A binary linear [n, k] code C is a k-dimensional vector subspace of GF(2)", where GF(2) is the
field of two elements. The elements of C are called codewords and the weight of a codeword is the
number of non-zero coordinates. An [n, k, d] code is an [n, k] code with minimum (non-zero) weight d.
Two codes are equivalent if one can be obtained from the other by a permutation of coordinates. A
code C is said to be self-complementary if it is has the property that if (z1,z2,...,x,) is a codeword
of C then the complementary vector (z1 + 1,22 + 1,...,2n + 1) is also a codeword of C. If C'is a
self-complementary [n, k,d] code then

cl < 8d(n — d)
~n

P YIER (3)

provided the right-hand side is positive. The bound (??) is known as the Grey-Rankin bound. Note
that the bound also holds for nonlinear codes but here we consider only linear codes.

Recently McGuire [?] has proved the following:

Theorem 1 (McGuire [?]) The parameters of a linear self-complementary code meeting the Grey-
Rankin bound are

2

[2Pm=t — 9™l om 4 1,2%M2 — ), (4)

or
[22m-1 4 2m=l om 4 1,2%m 77, (5)

for even lengths.
There is a linear code with parameters (77) and (?7?) if and only if there is a quasi-symmetric SDP

2-(v,k, \) design with parameters (77) and (?77), respectively.

A self-complementary codes with parameters (??) or (?7) has a unique weight enumerator for each
m.

The case m = 1 and 2 is trivial. It was shown in [?] that there are exactly four inequivalent
self-complementary codes with parameters [28,7,12] and [36.7,16], thus there are exactly four noni-
somorphic quasi-symmetric SDP designs with parameters 2-(36,16, 12) and 2-(28,12,11).
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In my talk, I present several new examples for the case m = 4 and 5 constructing certain quasi-cyclic
self-complementary codes.

Quasi-cyclic codes are a generalization of cyclic codes whereby a cyclic shift of a codeword by p
positions results in another codeword. We consider quasi-cyclic codes which can be characterized in
terms of s x s circulant matrices. In this case, C can be constructed from an s X sp matrix of the form

G = [ROa Rla R21 R37 ey Rp—l]w (6)

where R; is an s x s circulant matrix. We say that a code with generator matrix in the form (?7) is
a quasi-cyclic code composed of circulant matrices of order s.

The Case m = 4
For the case m = 4, we have the following classification of certain quasi-cyclic codes meeting the
Gray-Rankin bound.

Proposition 2 There is a unique self-complementary quasi-cyclic [136,9, 64) code composed of circu-
lant matrices of order 17, up to equivalence.

Proposition 3 There are exactly 24 inequivalent self-complementary quasi-cyclic [120,9,56] codes
composed of circulant matrices of order 10. There are exactly 4 inequivelent self-complementary quasi-
eyelic [120,9, 56] codes composed of circulant matrices of order 15, one of which is inequivalent to the
above 24 codes.

By the above proposition, we have the following:

Corollary 4 There are at least 25 non-isomorphic quasi-symmetric SDP designs with parameters
(120,56, 55) and (136, 64,56). There are at least 25 inequivalent self-complementary [136, 9, 64] codes.

The Case m =5
For the case m = 5, we have the following:

Proposition 5 There are ot least ten inequivalent self-complementary codes with parameters [496, 11, 240]
and [528,11,256]. There are at least ten non-isomorphic quasi-symmetric SDP designs with parame-
ters (496,240,239) and (528, 256, 240).

BE K

[1] G. McGuire, Quasi-symmetric designs and codes meeting the Grey-Rankin bound, J. Combin.
Theory Ser. A 78 (1997) pp. 280-291.
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Formally self-dual code O 4348
ZEHBRELTEEREER jE #—

1 Introduction

A binary linear [n, k] code C is a k-dimensional vector subspace of Fy, where F; is the finite field
of two elements. The elements of C are called codewords. The weight wt(z) of a codeword z is
the number of non-zero coordinates. The minimum weight of C is the smallest weight among all
non-zero codewords of C. An [n,k,d] code is an [n, k| code with minimum weight d. Two codes
C and C' are equivalent if one can be obtained from the other by permuting the coordinates. The
automorphism group of C is the set of permutations of the coordinates which preserve C. The weight
enumerator of C' is We(z,y) = Y iy Aiz™'y*, where A; is the number of codewords of weight 7 in
C. When recording a weight enumerator, we shall set z = 1. The dual code C* of C is defined as
Ct ={zeF}| z-y=0 for all y € C} where z - y denotes the standard inner-product of z and y.

A code C is self-dual if C = CL. A code C is formally self-dual if C and C+ have identical weight
enumerators. Self-dual codes are by definition formally self-dual automatically. There exist formally
self-dual codes which are not self-dual.

A code is called even if the weights of all codewords are even. A formally self-dual code which is
not even is called odd.

The minimum weight of an even formally self-dual code of length n is bounded by 2| § | +2. An even
formally self-dual [n,n/2,2| § | +2] code is called extremal. The restrictions on odd formally self-dual
codes are significantly fewer than on even formally self-dual codes. Thus there can be odd formally
self-dual codes with minimum weight exceeding the above bound. This is one reason of interest in odd
formally self-dual codes. An odd formally self-dual code with the highest minimum weight for that
length is called optimal. An optimal formally self-dual code has the highest minimum weight among
even formally self-dual codes as well as odd formally self-dual codes.

2 Classification of Formally Self-Dual Codes

First we determine the highest minimum weight do(n) of odd formally self-dual codes of length n
in order to define optimal codes. The highest possible minimum weights are determined from known
upper bounds for minimum weights of binary linear [n,n/2] codes given in [?] except lengths 8, 18 and
24. The extended Hamming code is a unique [8,4,4] code. Thus dp(8) < 3. Any linear [18,9, 6] code
is equivalent to the extended quadratic residue code of length 18, which is even formally self-dual [?].
Thus do(18) < 5. Since it is well known that a linear [24,12, 8] code is equivalent to the extended
Golay code, there is no odd formally self-dual [24, 12, d] code with d > 8.

For length n < 24, we list in Table 7? the highest minimum weights do(n) of odd formally self-dual
codes of length n.

In the third column of the table, we list the number N(n} of the inequivalent optimal odd for-
mally self-dual codes of length n. To compare with do(n) we also list the highest minimum weights
de(n),dr(n), dj(n) and d;;(n) of even formally self-dual codes of length n, all linear [n,n/2] codes,
Type I and Type II self-dual codes of length n, respectively. The highest minimum weights of even
formally self-dual codes are determined in [?] and [?]. Note that the even formally self-dual codes
which we consider are not self-dual. All even formally self-dual codes of lengths 2 and 4 are self-dual
[?]. Al extremal Type I and Type II codes of length up to 32 have been classified (see [?]).

we denote the highest minimum weight among all linear [n,n/2] codes, by dmaz(n) Let Ng(n)
Ng(n) and No(n) denote the numbers of inequivalent optimal linear [n,n/2, dmqz(n)] codes which
are self-dual, even formally self-dual and odd formally self-dual, respectively, and let Nr(n) denote
the total number of inequivalent optimal linear [n,n/2, dmqz(n)] codes.
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# 1: The highest minimum weights of length up to 24

Lengthn | do(n) N(n) | deg(n) dr(n) di(n)  dir(n)
2 1 1 - 2 2

4
6
8
10
12
14
16
18
20
22
24

3V

N O UL R W W N
)—ap—s»—-lv»—tgma—-ll\’)»—w—!
OO R B R BNN
[o N NorNerNoi SRS A NY OV R V)
OO B R BN NN

# 2: Np(n), Ng(n), Ng(n) and Ng(n) for 2 <n < 24

Length n | Np(n) | dmaz(n) | Ns(n) Ng(n) No(n)
2 1 2 1 0 0
4 3 2 1 1 1
6 1 3 0 0 1
8 1 4 1 0 0
10 4 4 0 1 1
12 43 4 1 2 5
14 > 1360 4 1 9 112
16 1 5 0 0 1
18 1 6 0 1 0
20 >8 6 0 7 1
22 1 7 0 0 1
24 8 1 0 0

SE
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# 3: Classification of optimal formally self-dual codes
Length n | d(n)  N(n)
2 1 1

4

6

8

10

12

14

16

18
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DHFEITIE, EKEERIDSteiner System & 5 WK EIRIGroup Divisible Design DFF1EAY, LR &I~
ROBRIZIZIID.
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HEETYA VORI
BEASEISEH BR H—

SOBETIE, (1) (t,m, 5)-net & MERT BEC () REHRAFFEERT A 57 FHFA v 125
WTHERT B,

1 (t,m,s)-net & EEREHT
BE kR ORERSIT (¢, m, s)-net EFHIN D EEERESFTNTH S (4], 3)).
I, =[0,1) x [0,1) x --- x {0,1)

% sRTEf cube E L. bm>tEEERETD. Ef2.dy,-di B di=m -t ERISTIHFERE
BETH FEMP0<La; <bHIZXLT,

d a; a;+1
I=I(dlr"':ds;aly"':as)=H{;UT‘1_1;1.T':——>

i=1

% elementary interval in base b &FES. [(dy,---,ds;a1, -, as) OEFE V"™ THD. T,

T ={I(dy, - ds;ar,+,a)| D di=m—t0< a; <b¥}

EB<.

VEIOEBESESETS. (D) |V]|="TH)., QEEQI[IecIRVOVYBELOIEZELLE,
Vit (t,m,s)net THBHEWVD. VOEEDEEEEY bERTRLILLEDNEUTm -t FTETE
FORTTELLE (BF) SKBERITLER (6, m,s)-net THD, v, €V OF jEREZE

() (P) P
R e =
&ﬁu,u@}%@n_gxwwmﬁﬂcwq@%@Jpwﬁ%af5.f&b%\%ﬁm@ﬁﬁ@gw
% (m —1) x s BIUCE~, Fni b™ BENRE IKRTEFME C(V) TH5.

WE, Q(dy,---,ds) = {(, )11 €1 < d;j,1 <7 < s} % qualifying collection & 5. £ LT,
Q={Qd, -,d,)| T ;di =m—1,0<di} & TDLE, ! xsx Ant 5 C = (cgf)) A% cubic
OAL(t,s,n) THBEIE, KO (1), (2 BHVIDI L THS.

()CnEEFT Z,={0,1,---,n-1} DRE.
(2) £E D qualifying collection @ € Q (KL T, g € Zn ((,§) €Q) ZEEIZfix L& & 7T
D (i,5) € Q 1t LT cl?) = gi; &7 p DEA—FE (= A).

@4 (Mullen and Schmid (3]). V 2% (¢,m,s)-net TH D Z & & C(V) A3 cubic OA(m —t,5,0) T&
DI LIIFMETSH 3.

(t,m, s)-net IZ-2\ T, ¥ bound, large set of (¢,m,s)-net, (t,m,s)-net %727 pseudo random
sequence 72 EDFFFA /L EN TS,
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2 ERARHEELERTOY S TFHA
BRI LICEREBET S 0,1 FIntERY
ag,ay,a22,03, ", 4.

LT B IOTF—FER2EDEETEETILIE Yy P TOLRIBEIDLEDHZHEZHET D2
T, ERABRLYZETIILNTERN. ZITRE, 7oy /FF0HEELERII, H3BEHUTD
RO L TRERICESHTEARSEDOFIEIONWTERATHLD.

=Y. EOF—FDF KN a(z) —Z a;zt EEL, b(z) == g(z)a(z)
L4z™ 4+ ™t T F) EOZEXNTHY, ERSEAXLFEND. T LT,

a01b01alxb17"'lanybn:”'

0)!115\9:7"*—5’%5731'5?'6‘ BIERT. ag,a1, - bo,by, - (2D /A RRFNETHAEN. e, ey, -
fo,fi,o- &L elz) = ¥, eax, flz) = 3, fir' €T3 L. ZEFIOZERNE r(z) = a(z) + e(z),
q(z) = b(z) + f(z) "‘726 L, BERFE ETEZRS.

Soglz)=l+c™ 4™+ b oM {IEWTm; —m{i > j) BT XTERDLEE, ZOFFF
., ZRAERE2(Mee +1) EV bD e-BRYTTERZHAAFTS LFEE.

Fl. g(z) =14z g(z)=1+z+z*+1°

EROM I HAHFEE, ERE v b (a;) © information rate 3 1/2 THAHH, BEOEMEERN
g(z) =1+z™ - g™ (=1, ) IZHLT, myu—my;(i>5,1<1<s)) MERTERD L
WIERBEBZDZELICED, £9 rate DBV AIRALZFFTEEDL T LAEHEKS.

S5 3

(1] Colbourn, Dinitz and Stinson (1999), Surveys in Combinatorics, London Mathematical Society
Lecture Note Series 267, Cambridge University Press.

(2] C.F. Laywine and G.L. Mullen (1998), Discrete mathematics using Latin squares, Wiley-
Interscience.

(3] G.L. Mullen and W.C. Schmid (1996), J. Combin. Theory, Ser. A, 76, 164-174.
[4] H. Nederreiter (1987), Monatshefte Mathematik, 104, 273-337.
(5] H. Nederreiter (1992), Discete Math., 106/107, 361-367.

(6] & E4F4 (1092), FSEBAM, BRE.
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Group testing problem and related designs
KBRHFSIA - T A =

PELED item O LRHEEEL, FDOIHHD dHIT “ defect ive” 7 item TH Y, BH D b-d
it “good ” THBETEH., W OND item EDT, test XITH I &IZL, TORD LN/ item
DEEE X(CP) £T5E, group test DFFRE LT, X M4 7%< &b 1 2D defecti ve item Z & ir &
& “yes (positive) *, £ Th & & “no (negative) ” AEHNSH S D E T 5. Group testing problem
D BEEE, DD group test Z1To> T, &ED item 2 defective TH 2N EEMEIIHROLZILTH D,
fAIEH D grou p test AFEEFIZITHN S & &, Z ORIEIL nonadaptive, £ 9 Th\W& &, adaptive &
Wiy, I 2T, nonadaptive DFEFE X DI EIZT 5. Group testing DIEE ) IE Dorfman (1943)
IZBWTALN, KELBERA (EK) 25 5HA (HEH) OANTRHET L7201 group testing AT
Huw bz, T group testing DAL Bruno, Knill, ete. (1995) (2A& 64, DNA @ string &\
{ONDEG (clone &) 1250 F, #5817 DNA OF% & clone ZHFET 5T LAMBEEL & T
WA, ZZTiE, group testing problem (ZBE T AMACHEELMBNT LI LIITA.

X % group test [IXIGT 5 P DIIEENRINV LT H. ZDLE, (P, X) % nonadaptive group
testing problem DfETH 5720 DUEFH LML, defective £EERX LN D item 5L BEEDES
Dy,Dy IZH LT,

(X DINX#A0,Xe€X}={X:D:NX#0,Xe€X} = D;=Ds (1)
PO ILDZLTH 5.

VavBEOROEEEL, B%2 V OFSTES (block L\v29)) DEFH ETHLEE, (V,B) % design
LS, (P, X) D dual % design (V,B) LEZXZDHIEHNTE, X D group test D E v &L, £
group test % V O AIZXIE &4, b D item % B ® block IZMIE & 5. Dy, Dy (23T % block
DEFNE B, B, £T5L, (1)1

U B= 1] B2 = Bi=5 (2)
B,eB; B;eB;
LEEMRZ SN 5B, Group testing problem (ZBWTIZ, & (group test) DL v 2352 bk &,
block (item) DEE b ZHRAIZTH I LAHME S NS, H5 threshold value p BT, < D
&, d<pHMWYILE, hype rgeometric problem Tid, d <p WIRFE SN A. F 7z, strict problem T
i3, d<p D& X, defective item ZHFE L 2ITIUIR OV, d>p DE XL, FHITHHI LR
FIET L, defective item % 4F5E T ALEIT R\,

(V,B) #*d < p T A hypergeometric nonadaptive group testin g problem DR TH 5728 DE
RS, B <p, |Bs| <p THBIEED By, By 1K LT, (2) ALY IO ETHD, ZDEE,
(V.B) DESTTIIL “ B4 p Stk d 2 DOREDEFNEFND union 1$8% 5 " LWIHEE L.
D& ) R1TH % rp-separable &\ Wy, FIUIXTIGT B set system % p-union free &\ 9. p-separable
275 DFiE superimposed code A L, [EFIZ p B F TP codeword # %5 Z EMNTE S, L
L, decode 578121, pHlFTHOTTD union ARSI ENLELLRLTHA). bIHILLE
HFEHR LT, ZOESITII < p Flnt 2 5840 union S DMDF| % cover L2\ (£EELT
BEhW)? EwHIHEE L DL E, pdisjunct &V, FAUIKIST B set system % p-cover free &
V. ZOMEICOWTIE, “pFIT E EA pHl Y EIRELERTH L. ZOHAED decoding 1
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FHELT, ZUTELS L7 union (2 & 2T cover ELABFTRT D codeword #F “ positive” TH B, LM
2, p-disjunct (p-cover free) % 51, p-separable (p-unio n free) T#H 5.

(V,B) 128\ T, B ® block size 25— (k) T, V DLED t MOEHH £ & 120D block (2&
FhadL &, (V,B) Z Stei ner t-design &\, S(t k,v) LET.

E¥ 2.1. (Erdds, Frankl and Fiiredi (1982)) S OME%4% v T, blo ck size #—3E (k) @ 2-cover free
family 1285V T, block DEBARAE 225 L DA, k =2t—1 DL &, Steiner t-design S(¢,2t—1,v) IZ&
S2THZOLN, k=2t DL &, $5 design (V*,B) IZ&->THE2bNE. 22T, B* = {{z}JUB: B € B}
T, 2(e V) IS LT, (V\{z},B) 2 S(t,2t ~1L,u—1) Thd. &H, t>2 Thb.

FH 2.2. (Frankl and Fiiredi (1984)) SOEEAT v T, block size #% 3 Tdh A 2-union free family (2
BT, block DIEBAFARKE %25 b DA Ste iner triple system S(2,3,v) 2L 2 THZHNB.

%72, (V,B) %% strict problem DET&H 57O DUEAGHEMHIL, (alBy| <p THEEED By, By |2
LT, (2) AN IZDI ETHBHH, D&M pdisjunct (p-cover free) DHRMFLRETH 5.

Group test DFEHR L LT, “false positive ” 2SFFEN2HELXEZ, D LI % false positive D
Biz ¢ LT THABETH, (V,B) 2° threshold value p & 5, ¢l F T false positive {245 LT error
correcting T& % strict group testing problem Dfi# ((p, g)-solution &v29) TH B HDLE 55
12, |Bi| <p THEEED By, By 123 LT,

L9)e ()

DN IO ETHA, Z 2T, BAC:(B\C)U(CZCLS}LB) T b,

>q

EE 2.3. (Balding and Torney (1996)) (V,B) %% (p,q)-soluti on T 5 /2O DLE-1 551 p BD
block DAEED union (25 LT, 5D DT T block #°Z® union 121 FF bbb ¢+1
HOEELPZETHA.

(V,B) #° (t, k,v)-packing TH 5 &ix, B ® block size 2°—%E (k) T, EED 22D block By, B,
KR LT, |BINBy < gt MDD ThHB. LRI, k>pt+g+1 THIEED (t,k,v)-
packing (7EH 2.3 DUE+IEEEWMT. T2, S k,v) & (¢t - 1,k,v)-p acking ThH 5.

FH 2.4. (Balding and Torney (1996)) BOEEAT v T, block size B —ED (2, g)-solution 2BV T,
Steiner system S(t*,2t* + ¢ — 1,v) I& bloc k DB RADOHEE 52 5. TIT, tid
alg-1)
<5t 424 —=
v < + t+q

T TRODEHTHS.
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Flag-Transitive 2-(v,4,1) Designs
UMK ERZ B B R 728 SR B BAGL

2-(v,k,1) 74 ¥ (X,B) I2BWT, incident % point-block MM LRI HERBEATTHBIERLT
WhE &, (X,B) % flag-transitive (JE L) THS L\ ), Flag-transitive % Steiner triple system
BT TIZFEHEINTWED, 70y 244 W4 U EDOBHEOFEIRMBERTH S, Lo L, 1991 FiZ
7 F 7 » A &7z Buekenhout, Delandtsheer, Doyen, Kleidman, Liebeck, Sax] & O#58I- X+, 40
BTV 2\ flag-transitive design D EHEFEBIZ, HRELDO m RTET7 714 ¥ 2M X = AG(m,p)
WAER LTS LRITT 7 4 B4 ATL(1,p™) OMABEETH 2 (FFIITHETH ), FEHE
BTV ZOEBOERT HATIE, HREMBOSES > TTE 5 flag-transitive design D45
FITTER L, BRo TV TTELVWHFRIAEERCEREDEMROFIZ® bR, EwHZET
Hbo

AHEETHE, p=2T, 7OV IHF2RILT 71 YEFEMTH S & ) % flag-transitive 2-(v,4,1) 7
WA Y OPRX BT EBBEII DWW TREDERZBET b, Flag-transitive &L WHBHE»S, 2Dk
RTHARERDLZEIIGEEN PG(m—1,2) Dline 2Z A5 LIZREESIN, 2S5 ICHR
B GF@R™) 2B REMLBBECRES NS,
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Bounds on numbers of constraints for three-symbol
balanced arrays of strength two

S oh [EIRE B SRET
M KR BIRER
LE FesE WILBA . B, IR E R

SYHRN 012 FEHELTS N xm BEH T 258E 20 3 ¥ ¥ KHWFES] BAWN, m, 3,2 {150 1)
L, ZDY Y EVDERME W = [(wo), (w1), (w2)] T 5H. 242 (wa) = (wa(l),- -, wa(N))
T, wa(j) &, T DE jITIBITEY VRV o OEHEET. 0L &, ROBHERAHE D 7.0:

Y wo(3) el ()0 wy (5) 93] = mbpli) 0, (Yu e {1,2))

- 2—u)! 2 - : k .
22U e = Cpptprtpems W%;u;.;,,m TH Y, BREH M =] (- i+ 1) 28T
i=p

N RFEFINT MV (0a) = (ga(D) - 0alM)) (@ald) : w,()(y = 0,1,2) Db 2 ML) NhEE
O ={(p1), -, (p)} £ETB. IDEE, KB B OEBEEIHH LM

ea(i)pp(i) 7% wy(j) P u(e {1,2}) RFBATHS

BT 2 51E @ AOMKEND Gram 1750 (1), -, ()] (1), -, (1)) OEERIE, HFES T
DI m LIE 1Py, PBHBMBE Y EOFFIOEEAMED & m IZHT B TERAAEON
B, RREHSEELELT N KTFINY PLOEEE LT A= {(1), (wo), (wi), (ws)} HEXHND.
CZIEN RIEFINRZ RV (1) =1,---,1) THE. ZOEEDLEPNLAERRILDHIHE m
ER m(W) BN 5.

(FE 1) £E AL EPNE m BT HTRERRIE, &6 A = {(w), (w)), (wy)} HENLNDE m
T EXREFETH 5.

(EFE 2] 85 A 2HEIND m BT AAERRIE, £6 Ay = {(1), (wy), (wa)} 2258EhNb m
(M B ARER A

(2) (2)

: (2) (2) 2) (2
(i) m{ (k00 + Hi10 T Hio1) M0} < N(ﬂ(uo + IL10)1)
(2) (2) )

- N
. 2 2 2 2
(i) m{(ﬂ(n)o + tgs0 + Hor1)? — Nﬂéz)o} < N(#(u)o + #(()1)1)
. (2 2 2 2 2 2 2
(&) {(m =~ DNuEy - m(uih + uith + o) (it + uin + u5t))
2 2 2 2 2 2
< [N(M(u)o + #(10)1) - m{(ﬂ(zo)o + #51)0 + Hgo)1)2 - Nﬂ'go)o}]

(2) (2) (2) (2) (2) y2 (2)
'[N(/-‘llo + tor1) — m{(ky10 + Hoso + Ko11)” — Nﬂo'zo}]

2

ERETH 5.

IO EMNG, BEIIIL, £8 A 2oBINIRERXREHCT, HHE m O LR m(W) 2555
nas.

—7, 3" ERETE OB EE (j1,j2, -+, Jm) (p =0,1,2) & 3EDNEIFRFIL/2b D% Z &L, 2D
BIMENS PV E y(2) L5 ZOLE, TRTOERBRANS bV O(Z) = (1/3™) Dy, Ely(2)] T
SEHTD. TN Diyny 1E D = [dy,dy,do] Dm B TRy H—F&T, dy = (1,1,1), d} = (dos, d1s, dai)
(i = 1,2) & didy, = 36y (i,k =0,1,2) 9. TOERDOTII, HS 2 © 3 2V RIVEHFERT
BA(N,m, 3,2 {2 5o }) 225N 2 — R EH 3™ EREFHE (3™-FF 38) T 2% 5. 7L 2 |
FULOBARTERIZERTEL T2, T &, BIPRIL y(T) = E(1,T)0 + e(T) THA LN
5. 222 EQ,T) (3 E ERHBICHIET 2H XS PUVTHERENS N x (1 + 2m) FHEATH,
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8(= (8(¢); (8{p*r}))) TEMEE TOERBHRAY P, (T) WHRENT MV (e(T) ~ (0,6Iy)) T
BB ZOEE ERITH M1, T)(= EQ,TYEQ1,T)) &, XXTHZ 5N A5:
m-—1

e e,
M(1,T) = P'diag(Ko; K, --- K;)P (PP € O(2m + 1))
T 2D 3 KABATH Ko = (k5] 8 L0 2 KAFRATH Ky = (kY] DBEBERIERKTERAHNE:

kY = N
81 = Z\/‘d‘““ﬂ pa-0 T Z Vm(dai + dgi) Ho--ga-rqu---0 (i=12)
0<a<f<L2
méj = Zmdmda]uo pa-0 F Z [dai{daj + (m —1)dgs;}
a=0 0<a< A2
+dgi{dg; + (i — 1)da9}}l-‘0 Gargp0 (1<i<j<2)
KT = ST (dai — dpi)(dag — das)i g gse0 (i, =1.2)
0<a<3<2

72720 pa=2; ga,gp =1 Th 5.
DL E, ERITH MQ,T) 7% b5 ZFORUTHIOERSTH Ko OFIEMED S HHFET] T Ol
BEm oLER mI) »ESRS.

[(:E%; 1], [(f%_ 2] BX U‘Eﬁ'ﬁé‘ﬁ [(wo),(wl),(‘wz)]’[(wo),(wl),(wg)] = LK()L/ ffﬁﬁlf\f, ’ka)ﬁf@ﬁ‘
BHhd. T2 L= $Ddiag(m, v/m,y/m)(€ GL(3,R)) TH %

T ORX 203 Ly RLVHAFEINOFEHE m DEAGAPLELND LR (W) 12, R
L/EENE m OER m(I) (ZF L.

TARTORE p2 o, 1 (1) 0,12 BLU (i) 0,1,23 25 AL X RE 203 ¥y RLHFRSIO
HOE m OLER m(W) =m(I) DT XTOEEL, RRTHEZLNL |

R 3 URIVAFEIORMBOEE

(1) (ii)

R A ER | A ER | A
2| 198 21 975 16| 42
3| 218 31218 17 6
41 90 4| 523 19| 12
5| 36 5| 285 20 6
6| 16 61 130 21 ;
7| 27 7| 105 24 6
8| 21 8! 78 25 9
1] 12 9| 61 27 | 12
16 3 10| 12 28 6
19 6 111 66 38 6
+o00 | 101 12| 270 39 6
WE . 728 131 27 40 6
14 6| 400 | 450

15| 12

#EL 4095
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The intersection of conics on a projective plane

RIHEA RSP T B4 BT

1. FU®IC
fFAEBRSHENET S, PG(n,q) LT f(x) =0 %2723 TXTOEEE% variety LIFU, V(f) T
FbT, RICUTFO LD %3 205E%73 L9 7% variety DEE V(1) V(f2),... . V(fs) EEZX 5,

(i) MIZFFBEROEG LTS,
(i) 1<i<s IR LT, [V(f)=pxilizd,
({ii) 1 <é,j<s.i#jIIRLTIV(R)NV(f) e M %ilil=d,

D &) A% mutually M -intersecting varieties &ML, V(p, M) & #E , ¢ D elliptic quadric
MH%B V(G +1,q+1) %, ¢® D hyperbolic quadric 725 7% % V((q + 1)%,3q + 1) 7%, HEZEHIX
WEBRIOBRIZHAWLNE Z LD hhro T 2,3 $I12 PG(2,q9) £ ¢*+ g+ 1 B conic 205 7%
% V(g +1,1) 1, projective bundle & HIFIEN 5,

IITIEHRDEIEHRSNDH D code DHEMIIRILDI L ERT,

(v, k, Aa, Xp) optical orthogonal code (OOC) C &ld, RO 2 oD F&MLiMLTES v, ERE D
(0,1)-sequence NEE N TH D, TED y = (Yo, Y1+ Yo-1),2 = (20,21, .. Zp-1) € CIIH LT,

(1) Socicom YeUrai < Aoy 1 # 0 mod v EHFATo

(”) ZOStSv_l YtZeri < Ab %‘(ﬁf:jqo
F7 Au == ADEE. (1,kA) 00C L,

2. A%

(v, k, A) 00C A% (v = 1) (v =2) -+ (v — \)/(k(k = 1)(k = 2) - (k — \)| BOF&HEEROL &,
optimal QOC LI B, optimal (v, k, 1) OOC & optimal (v, k, 1) cyclic packing design AXFE{ETH
BIER. k=3DEEDOHFLE, FEEOVTIRTTIEMLATVS 4], Z£2TE ) —HDF A—
¥ %450 O0C 2HEMT 72012, KD & 9 % mutually M-intersecting varieties Z £ X %,

EE

[ % PG(n,q) Lo Singer group &35, V(f;), V(f;) € V(ip, M) 12K LT, V()N V(v (f)l £ Aa,
Ve T, 7o [VIF) N V()] < h B2 2512, Vo, M) 13 (g7 = 1)/(g = 1), p Ay As) OOC %
ARSI

3. Projective bundle

T = PG(2,q) €T A mp & = PG(2,¢%) 1ZEBRE, 7 £ conic 25wy & conic & LTEKbD L
X real conic EVVH o GF(q)® EOBIAEERMEIERE 23 = ap+ a1z +axx? £ §5 & &, mp L Singer
cycle t¥, {T":i=0,...,4°* +q},

0 1 0
T = 0 0 1
ap ap az

ELTEZHZENTES,
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BEsER

o % Frobenius collineation, P % mo DEM FIZRWEETE, 20L& P P7. P %5 ¢ +q+1
B @ real conic ##F7E L. projective bundle % 7% ¥,
g i

P = (ap, (a—ax)a,a) & T 5, 72721, aldz® =aptarz+arz?® DEBTETH, TDL & P,p°.po’
%85 g% + g+ 1B real conic Co, ..., Cpryq &\

C; :TiCoTi’,izl,...,q2+q

EFEEDH, 2FN D V(g +1,1) 4, optimal (¢ +¢+1,¢+1,1)-00C 7% 3,

4. FHEER (¢ =3)

00 1 00 010
Fr=]l001}{,Gi=| 001 |, Hi=]0 1
0 0 0 0 0 0 01

1 1 1 01 2
F,=1000|[,Ga=| 001 |,H=]0120
0 1 0 00O 0 0 0

MF + Gy + v Hy BLF MFy + oGy + veHs, (A, pivi € GF(g), 1 = 1,2) 1. %/i?projective
bundle TH . (> +q+ 1,9+ 1,1)-00C M T 5, 7=,

(V(MF + G+ i Hy) NV (A Fa + paGa 4+ v Ha)| <2
THAHI EDG, (g2 +g+1,¢+1,1,2)-00C 2 HRT 5,
SEH

[ 1 ] R.D. Baker, JJM.N. Brown, G.L. Ebert, J.C. Fisher, Projective bundles, Bull. Belg, Math. Soc.
3 (1994) 329-336.

[ 2 ] R. Fuji-Hara and N. Miyamoto, Balanced Arrays from Quadratic Functions (to appear).

[ 3 ] R. Fuji-Hara and N. Miyamoto, A Construction of Combinatorial arrays from Non-linear Func-
tions, Utilitas Math. 52 (1997), 183-192.

[4 ] JX. Yin, Some combinatorial constructions for optical orthogonal codes, Discrete Math. 185
(1998) 201-219.
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Optimal balanced incomplete split-block design & efficiency

NE - FNEA (I R - T ER)
R R (BEERB AR - HTHEE)
Bl = (INBKRF - FRHEER)

Stanistaw MEJZA  (Agricultural Univ. Poznan)

2ODNERAL CHHY, FERIIEZNEN vy, v EOWRE (KHE) 2FOL L, MEOEES® A = {4,
A}, C={C1,...,Cp,} ETB. 7T v 7, WTFND k Tk SIOEFITH Y, THEICER A
D1I2OMENPRES N, FIBIIERNCO 1 2OMENBEINELDETE, 72, ki<uv, ko <uwp &
L, f—7ay 2ATik, EOUNELEL1FEHENS (binary EE) &3 5. split-block design Tid,
WE, KEERDRICETIHENTENLE 252 4%\, Ozawa et al.[?] Tid, split-block design
WBITBHMBETNVE LT, 1T, IS A0 OE ) 4TI randomization 55 L, WO TEHE,
KEFRZR, BLU 70y 7 HREBYETITROETNVIORGETF NV EEZ 2. AHRETIE, B
BOEMR, TEAERADHRELBHREL, 70y JHRLBEORSIIER L L THAA 7 Hering and
Mejza[?] THRONTVBEETFIVERFELREETIN (EFNVI) IIPWTHER S,

7V 1 Ozawa et al.[?] DIREET IV

y =X+ Xoy+ Xi2(ay) + X3B+¢€, E(e) =0, Cov(e) = 3%,

! ’ s
1 t=t, r=r, c=c,
! 7 /
p t=t, r=r, c#c,
2 ! ! !
Cov(etre,epme) =0° X ¢ pp t=t, r#r, c=c,
!

ps t=t, r;ér/, caécl,

E7)V II | Hering and Mejza[?] & [HEEDREET IV

y=Xia+ Xoy+ Xia(ay) +€e, E(e) =0, Cov(e)=0?%,

1 t:t’, r:r', c:c',

P1 t:t/, ‘I‘=’I", cyéc',

2x{ pp t=t, r#r, c=c,
03 t=t, r;ér/, c;éc’,

pe  t#L.

72EL, y,eld, bkiky ROBNENY PIVEBRENRZ PV THY, a,v I EEER A, COEHE, (av)
EHR A, C OXEERADER, Blx7a vy 7 %R, X, Xo, X1, Xz ldENEN, Fuy b EER A,
7oy FEERC, 7Oy N EREERBR, Tuy b eTOv 2 FNFROMOEEITHTHS. £
72, ©RIEEEITHERET 5.

LEAEFSE (ay) Of/ 2 FHEER (ay) 10T 5 EHFRERI,

Cov(gire, Etrrier) = 0

O (X)(ey) = F(X)y

EBb. 122U, C H(X),F(X) &bl VMR, FMILEET5.
E7 IV I(Ozawa et al.[?]) Db & Tk, EHABLIPCIH LT TFNRLNEVEREM 7T v 7 5HH
TEZBRTEATHORELR =, Ltk &, M A, Ay, Cy, Cp 2RIZEL 7Ty 7 OBN—ETH
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niE, FTEAT X i35 ) OF TREMFEHR (oy) DERIILOHEEIZHE L T universally optimum
Thol., KEHETIE, TFLVIIDOFTIZBVTH Ozawa et al.[?] FIMAHRVBOLNDL T & 2RT.

TR TN OHER X € 5 ) HLT,
p2 + (ky —1)p3 — kops 20, p1-+ (ki —1)p3 — k1ps 2 0

D2 OoDFEEEFLL, w7, 25i,1,5,7 DBEFFIZE LT —F (= A2) THAUL, FHEATHI X
BE ) OFTREERADE (ay) PERKLOHSEIZHE L T universally optimum T 5.

LT, EB%i#727 incomplete split-block design % balanced incomplete split-block design & M-8,
BISBD(v1, ki;v2, koy Ao2) £ EKS.
F 7z, efficiency factor i, FTEIfTHIOR S #MA L& X {FAEN, UTOXTERIND.

Ve
v

Rl Veid, ZBEFTEATH (v = k) OXREERDROERSILOHEEREDERF LTI TH
D, Vi, efficiency factor A% & 1A FHEI{THI O ELAEFRIR O AL H OHE 78 & O FA A48
Thb.

BIETIZ, =D efficiency factor E & VT, unviersally optimum ZFTE{THIOR S 2B, &5
12, universally optimum TixZ\ A%, ZOREEIZT: efficiency & & D ETEITTYI DM & 5w A AFELZ
DVTHLERD.

72, €70V, LI DL L T Hering and Mejza[?] DEEBRO 77— 2 FIH L, EMROI, KHEH
MBEOEERM, BEOEKFEHATIHNE /T A -7 28845 MLE % Ko, EFVHTHE®IT)
NHEDOMLE 23K 57012, FETIVIIBWTEREICERYSHL7-OIZUTE2RET A.

E:

-
.

FBREIETNIIZBCT, V()= O 1 EOBEFMEIZA LT
o1+ (k2 = 1)p1 + (k1 — D)pa + (k1 — 1)(ka — 1)ps} = 0.
BRI ETNVIIIIBWYT, V() =S O L ECEFMHEICHLT

02{1 + (kg - 1)pl + (kl - 1)/92 + (k‘l - 1)(1{32 - 1),03 + klkg(b - 1),04} = 0.

E51Z, GLSE # BV TKAMEAMROERM LA EET 2HE L stratum %V TRETERHED
EARMH e HET S E1281T 5 efficiency factor Z#ll V), efficiency fator THET 2 E D CHEH
HMRODERGHDMEFFEFDREIIOVWTLERT 5.

SEXH
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Some series of balanced bipartite block designs

Bz B A & L2 R F A F =g EfF
BB KBRS (A8) @R

In a recent paper of Mishima, Jimbo and Kageyama [?], a special type of balanced bipartite block
designs (Vi, Vs, B) was discussed, which satisfies the following conditions. Let V; be a set of v; points,
V4 be another set of v3 points and B be a collection of k-subsets, called blocks ( superblocks), of ViU V5.

(i) The pair (V;, B;) forms a balanced incomplete block (BIB) design with parameters v;, b, 1y, ki,
A; fori=1,2, where B; = {BNV; | B € B};

(ii) each pair of points in V] x V5 occurs exactly Az subsets of B;
(iii) each superblock of B is divided into a ki-subset of Vi and a ko-subset of Vs, i.e., k = k; + kg.

Conforming to [?], such a design (V;, Vs, B) is simply called a balanced bipartite block design with
parameters vy, va, b, 71, r2, k1, k2, A1, A2, As. By conditions (i), (ii) and (iii), it is easy to see that
the parameters satisfy the following:

o '1)2)\3 — ('Ul - 1))\1 - '01/\3 _ (U2 - 1))\2
T Tk k-1 T Tk kp—1

r1v1 ToUg V1V Ag

b= = = .
k1 ko kika

For such a design, some constructions have been given by Sinha and Kageyama [?], and Mishima,
Jimbo and Kageyama [?]. The most basic construction would be one in [?], which is regarded as a
direct product of blocks in two initial BIB designs. But it is possible that a balanced bipartite block
design with lesser number of superblocks exists.

Then what is a lower bound of the number of superblocks of a balanced bipartite block design?
An answer to the question was given in [?] as follows:

Theorem 1 If there exists a balanced bipartite block design with parameters vy, va, b, 71, 72, k1, k2,

A1, A2, Az, then b is divisible by
4 1 ()
1
d1d2d3(2><2>’ M)

that s, (?7) is a lower bound of b, where

dl = ng(kTg('Ul - 1), (k‘l - 1)'1)2), d2 = ng(kl(Ug e 1), (kQ - 1)111),

_ k‘g(’l)l - 1) kJ] ('U2 - 1)
ds = ged ( a , & .

It is natural that the reader wonders with what parameters a balanced bipartite block design
attains the lower bound of Theorem ??. In this talk, we will consider the most primary case, i.e.,
k1 = ko = 2, and show the following theorem by using the method of graph decomposition.

Theorem 2 (Main Theorem) Let v; < vy. In the case when k1 = ky =2, if v1 = 3,4,5,6,7, then
there exists a balanced bipartite block design such that the number of superblocks attains the lower
bound of Theorem 7?2, irrespective of vs.

A balanced bipartite block design with parameters vy, ve, b, 71, 7o, k1 = ko = 2, A1, A9, Ag, is
expressed as a graph
ME oy, UKy, UKy, o, (2)

which can be decomposed into b K4’s, where K, is a complete graph on v vertices. In this case,

v _ V9 _/\32)11)2
u(z) =0 (3) -
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holds. Since A3 is determined by A; and Az, a graph of type (??) is simply denoted by A1 K, V A2 K,
hereafter. Minimizing the number of superblocks is equivalent to minimizing A; and A; under given
vy and vq, which allows us to restate Theorem 7?7 as follows:

Theorem 3 If there ezists a balanced bipartite block design with parameters vy, vo, b, 71, ro, k1, ko,

A1, Az, Az, then a lower bound of b is
E v Ug
g\2 2)

(%)) and t is the smallest integer for A3 = t(v; — 1)(va — 1)/g to be an integer.
() /g and Xa =1("}) /9.

;jFrom Theorem ??, we have only to consider v, modulo v;(v; — 1) and Theorem 7?7 can be
established by the following lemmas and propositions.

where g = ged ((5)
In this case, Ay =1

Lemma 4 Let § = 2 if u is even, otherwise 6 = 1. Then a graph A\ K, V \aK, can be decomposed
into b Ky ’s when Ay = 25(35)/(6(u — 1)) and Ay = su/8 for some integer s such that s(3) is divisible
by 8(u — 1)/2. In this case, b= su(})/é.

Lemma 5 Let u be an odd integer. Further let § = 2 if (u — 1)/2 is even, otherwise § = 1. Then a
graph M Ky V MoK, can be decomposed into b Ky's when Ay = s(3) /(6u) and Xy = s(u — 1)/(26) for
some integer s such that s(3) is divisible by Su/2. In this case, b = s(u —1)(3)/(26).

A set of pairwise independent edges of a graph G is called a matching in G. A matching M in G
is said to be perfect if every vertex of G is incident with an edge of M.

Proposition 6 A complete graph Kyg can be decomposed into five subgraphs on six vertices, each of
which consists of three perfect matchings.

Lemma 7 Let F be a 1-factor in a graph on six vertices and let G be another graph on siz vertices
consisting of three perfect maichings. Then 3F V G can be decomposed into 9 Ky '’s.

Lemma 8 Let F be a 1-factor in a graph on six vertices. Then 2F V K4 can be decomposed into 6
K4 ’s.

Proposition 9 Let u and v be integers divisible by 3. Then a bipartite graph K, ,, can be decomposed
into uwv/9 Ksgz's.

Lemma 10 Let F be a 1-factor in a graph on siz vertices. Then 3F V K33 can be decomposed into
9 K4 ’s.

Lemma 11 For some positive integer n < 10, let v = 3n + 1 (mod 30) and assume that (n(3n +
1}/10)Ks V Kapy1 can be decomposed into 3n(3n +1)/2 Ky’s. Then (v(v — 1)/30)Kg V K, can be
decomposed into v(v — 1)/2 Ky'’s.
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Nested row and column design DL

e B R A T 240 28 ¥
BRI SRR HE TSR0 iR Re—

For a set V of v points, let A be a set of ky x ky arrays called blocks, whose entries are elements
of V. We denote the number of blocks of 4 in which two distinct points ¢ and j occur in the same
row, in the same column, and in the same block by Ag(i,7), Ac(i,J) and Ap(i,§), respectively. The
pair (V, A) is called a balanced incomplete block design with nested rows and columns, denoted by
BIBRC(u, b, 7, k1, ka, A), or BIBRC for short, if the following conditions are satisfied :

(i) Every point occurs at most once in each block of A.
(ii) Every point occurs in exactly r blocks of A.
(iii) For any pair of points (4, j),

A= kl}‘R(ZaJ) + k2/\C(Za.7) - )‘B(ij)
is a constant independent of the pair of points (4, 7).

Moreover, if v = kiky then (V, A) is called a balanced complete block design with nested rows and
columns, which is denoted by BCBRC(v, b,r, k1, k2,)) or BCBRC for short. The notion of BIBRC
was introduced by Singh and Dey (1979, Biometrika, 54, 479-486).

In this talk, we shall show some constructions of a completely balanced BIBRC or a BCBRC by
utilizing the method of differences. The construction given in this paper includes those of Uddin and
Morgan (1990, Biometrika, 77, 193-202) as special cases. Furthermore, we shall compare the designs
constructed by our Theorem with that of Jimbo and Kuriki (1983, Ars Combinatoria, 16, 275-285)
and shall show that, under some conditions, our methods generate BIBRC’s with fewer replication
number than theirs.

Theorem 1 If there exist

(i) a completely balanced BIBRC(v,b, 7, ki, k2, A),

(i) a completely balanced BIBRC(v', b, 7', k1, ka, AX),

(iii) an OA(NV"2, kika, \),

then there exists a completely balanced BIBRC(vv', Nv"2b +vb', Nv'r + 1/, ki, ko, AX).

Theorem 2 Let v = mpqf + 1 be a prime power, where gcd(p,¢) = 1. Let o be a primitive element
of V.= GF(v) and § = ™. We write % =1~6* fori=1,---,pgf — 1.

(i) If there exists an integer u such that u # u; —u; (mod m) for any 4,5 =1,---,pqf — 1, then there
exists a completely balanced BIBRC with parameters

v=mpqf+1, b=mav, r=makiks,

klzpf7 kQZQf’ A:(lf(pf_]')(q‘f'_'l)a

where a = p and q.
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(ii) If there exists an integer u such that w # —uq, u # u; —u; (mod m) for any i,j =1,---,pqf -1,
then there exists a completely balanced BIBRC with parameters

v=mpgf +1, b=mqu, 71 =mgkikz,
ki =pf, ka=qf+1, A=qf(pf-1)(af +1).

Moreover, in Theorem ?7?, If pgf is odd and m is even, then we can obtain a BIBRC’s with half

reprication number.

Theorem 3 Let v = 2pgfm + 1 be a prime power, a be a primitive element of GF(v) and § = o*™,
We write o' =1 —69 gnd o™ =1 -6 fori=1,2,---,pf—-1and j=1,2,--+,qf — 1.

(i) If there erxists an integer w such that u # 0,u; —w; (mod m) for any i and j, then there exists a

completely balanced BIBRC with parameters

v=2pgfm+1, b=2pgmu, 7r=2pgmk;ks,
ky =pf, ke=qf, X=peflpf—1)(¢f —-1).

(i1) If there exists an integer u such that u ¥ 0, —w;,u; — w; (mod m) for any i and j, then there

exists a completely balanced BIBRC with parameters

v=2pqfm+1, b=2pgmv, r=2pgmkiks,
ki=pf, ke=qf+1, A=pef(pf—1)(¢f+1)

(iii) If there exists an integer u such that u # 0,u;, —w;, u; — w; (mod m) for any i and j, then there

exists a completely balanced BIBRC with parameters

v=2p¢fm+1, b=2pgmv, r =2pgmkik,,
ki=pf+1, ke=qf+1, A=paf(pf+1)(¢f+1).

Moreover if pgf is odd then there erists a completely balanced BIBRC with the following parameters
corresponding to (i), (ii), (iii):

(i) v=2pgfm+1, b=pgmv, r=pgmkiks, ki =pf, ka=qf, A= ipgf(pf-1)(¢f -1).
(i)’ v=2pgfm+1, b=pgmuv, r=pgmkiks, ki =pf, ka=qf +1, A= 3pqf(pf —1)(¢f +1).
(i)’ v =2pgfm+1, b=pgmv, = pgmkika, ky =pf+1, ka=qf+1, A= 3paf(pf+1)(¢f+1).
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Radial Perfect Partitions of Convex Sets in the
Plane
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M. Kano (baraki University), G. Nakamura (Tokai University),
E. Rivera-Campo (Universidad Auténoma Metropolitana),

S. Tokunaga (Tokyo Medical and Dental University) and
J. Urrutia (University of Ottawa)

The problem studied in this paper arises from a simple practical problem: how
to divide a cake among the children attending a birthday party in such a way that
every child gets the same amount of cake and the same amout of icing (exposed
area), where only the top and sides of the cake are iced [1]. If the height of the
cake is constant, then the above problem can be said as follows. Let S be a convex
set in the plane, which corresponds to the base of the cake. Then is it possible to
partition S into n convex subsets so that each subset has the same area and the
same boundary length of S. If such a partition exists, we say that S can be perfectly
partitioned into n convex subsets, and call this partition a perfect n-partition (see
Figure 1). In this paper we deal with a perfect n-partition that is obtained by n
rays emanating from the same point in §. We call such a special perfect n-partition
a radial perfect n-partition, and if S has a radial perfect n-partition, then we say
that S is radially perfectly partitioned into n convex subsets (see Figure 1).

(a) (b)

Figure 1: (a) A perfect 4-partition; (b) Radial perfect 3 and 4-partitions.

Theorem 1 A conver polygon P in the plane has a radial perfect n-partition
for every n > 2 if and only if P is a circumscriptible polygon (i.e., a polygon that
contains a circle tangent to all its edges.) In particular, every triangle has a radial
perfect n-partition for every n (see Figure 2).
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X3

Xo X,
%’v Xn
Figure 2: a circumscriptible polygon.

Theorem 2 FEvery convex set S in the plane can be radially perfectly partitioned
into three convezr subsets (see Figure 1).

Theorem 3  Let S be a convex set in the plane possessing the property that for
every lune(XY) with £(arc(XY)) = £(9(S))/4, it follows that area(lune(XY)) <
area(S)/4. Then S can be radially perfectly partitioned into four convex subsets (see
Figures 1).

Theorem 4  Fuvery convex set S in the plane can be perfectly partitioned into n
conver subsets for every n > 3 (see Figure 1).

In order to prove the above theorems, we need some lemmas. We show some of
these lemmas.

Lemma 5 Let AABC be a triangle in the plane such that /B > /C, and let X, Y
and Z be points on AC, AB and AB, respectively, such that |CX|+|XY|+|YB|=
|CZ| +|ZB| (see Figure 2). Then

area( AZBC(') < area(quad(XY B(C)).

Lemma 6  Let S be a conver set in the plane, and Py, Py, Py be three points on
0(S) such that {(arc(P1 P;)) = {(arc(P,P3)) = £(arc(P3P,)). Then for at least two
1 € {1,2,3}, we have area(lune(P;P;y1)) < area(S)/3, where Py = P,.
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Steiner Pentagon Covering Designs
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(joint work with R.J.R. Abel, H. Zhang and L. Zhu)

1 Introduction and Summary

Let K, be the complete undirected graph on n vertices. A pentagon system (PS)
of order n is a pair (Kn, B), where B is a collection of edge disjoint pentagons
which partition the edges of K,,. A Steiner pentagon system (SPS) of order n is a
pentagon system (XK,,B) with the additional property that every pair of vertices
are joined by a path of length 2 in exactly one pentagon of B. It is known (Lindner
and Stinson, 1984) that the spectrum of SPSs is precisely the set of all n =1 or
5 (mod 10), except n = 15 for which no such system exists. For other values of
n, we have Steiner pentagon covering and packing designs.

A Steiner pentagon covering (SPC) of order n is a pair (Ky, B), where B is a
collection of pentagons from K, such that any two vertices are joined by a path
of length 1 in at least one pentagon of B, and also by a path of length 2 in at
least one pentagon of B. It is well known that any SPS of order n gives a BIBD
on n points with block size £ = 5 and index A = 2. Similarly, an SPC of order n
may lead to a usual covering on n points with k = 5 and index A = 2. It is known
that such a covering contains at least

blocks. If an SPC(n) contains the minimum number of ¢(n) pentagons, we call it
a Steiner pentagon covering design (SPCD), denoted by SPCD(n).

It is clear that an SPS(n) is also an SPCD(n), which is known to exist for
n=1,5 (mod 10) and n # 15.

Theorem 1.1 For any positive integer n = 1 or 5 (mod 10), there exists an
SPCD(n), except for n = 15.
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The following results are also known from earlier investigations:

Theorem 1.2 For any positive integer n = 7 (mod 10), there ezists an SPCD(n)
ezxcept posstbly when n = 17,27,37,47,67 or 77.

Theorem 1.3 For any positive integer n = 9 (mod 10), there exists an SPCD(n)
except possibly whenn = 9,19, 29,49, 69, 79, 89, 99, 109, 119, 129, 139, 149, 159,169,
or 189.

The main purpose of this paper is to investigate the existence of SPCDs. Since
there are above known results for odd orders, we shall focus on the existence of
SPCDs when n is even. The following result is established in this paper:

Theorem 1.4 For any even integer n > 6, there exists an SPCD(n) except pos-
sibly for n € D, where D contains the integers in the following table:

n (mod 10) | n
0 none
2 22,42, 82
4 14,74
6 none
8 18,28, 38

We also give some improvements to the known results of Theorems 1.2 — 1.3
as follows.

Theorem 1.5 For any positive odd integer n # 3 (mod 10), there exists an
SPCD(n) except for n = 9,15 and possibly for n € F, where F contains the
wintegers in the following table:

n (mod 10) | n
1 none
5 none
7 27,37
9 19,29,119,139, 159
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Wide-diameter of graphs
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1. Introduction

In this note we consider a generalized distance arising from a system of k internally disjoint (edge
disjoint) paths in a graph. In some situation, systems consisting of long paths may not be of any use,
so it is natural to consider systems consisting only of paths of bounded length. We deal only finite
graphs with no self-loops. Let V(G) and E(G) denote the vertex set and the edge set of a graph G,
respectively. Let P be a path in G. We define the length of P by the number of edges of P and denote
it by len(P). Each vertex of degree 2 in V/(P) is called an internal vertex of P and we denote the set
of internal vertices of P by Int(P). Let P and P’ be paths in G. If V(P) NV (P') = {, then we say
P and P’ are disjoint. Similarly, if E(P) N E(P’) = ), then we say P and P’ are edge disjoint. If
Int(P)NInt(P') = 0, then we say P and P’ are internally disjoint.

Let G be a connected graph and let k be a positive integer. Let U and W be subsets of V(G).
A Menger path system P (U, W) of width k between U and W is a set of k internally disjoint paths
between U and W. The maximum value of the lengths of paths in P, (U, W) is said to be the length
of P(U, W) and is denoted by len(Py(U, W)). A Menger path system Py (U, W) is said to be disjoint
if any pair of paths in it are mutually disjoint. Let u € V(G) and W C V(G) such that |W| = k. A
(u, W) — fan is a Menger path system Pr({u}, W) such that all end vertices of paths in it other than
u are distinct. In the case that both U and W are singleton, say U = {u} and W = {w}, we write
Pr(u,w) for Pp({u}, {w}). Sometimes a Menger path system Py (u,w) is called a container of width
k and denoted by C(u,w) ({?]).

We define the k-wide-distance di(u,w) between v and v as follows.

0 fu=w
di(u, w) = 00 if there is no Menger path system of width k
between u and w
min{len(Pi(u,w))} otherwise

The maximum value of di(u,w) in G is called the k-wide-diameter of G and is denoted by di(G).
Using edge disjoint paths instead of internally disjoint paths, we can define an edge version Menger
path system. The edge version k-wide-distance df(u,v) and the edge version k-wide-diameter dg(G)
are defined similarly.

By definition we observe that d;(u,v) = d§(u,v) is the distance between u and w. So, each of the
k-wide-distance and the edge version k-wide-distance is a generalization of the distance in a graph.
The concepts of Menger path system, wide-distance, and wide-diameter are arising quite naturally
from the study of transmission delay, reliability, and fault tolerance in interconnection networks for
parallel and distributed computer systems.

Many sufficient conditions for a graph to have the given wide-diameter were investigated by Faudree
et al. [?], [?].

Some lower bounds on the number of edges in a graph with edge version wide-diameter 2 or 3 were
given [?].

For a fixed positive integer k, edge version k-wide diameter of a k-edge connected graph with
diameter d is bounded by a polynomial of d of which degree is & [?].

In this note we give some results on fan, cycle and path.

2. Fan, cycle and path
Let k be a positive integer and let G be a k-connected graph. Let u be a vertex in G and let X

and Y be subsets of V(G) such that |X| = |Y| = k. Then Menger’s theorem assures us that there
exist the followings in G.

(i) A (u, X)-fan.

—267—



(ii) A cycle containing all vertices in X.
(iii) A disjoint Menger path system between X and Y.

Now we give some results on the relation between the wide-diameter of G and the lengths of
fans, cycles and path systems in a k-connected graph. Note that Menger’s theorem itself gives us no
information about the lengths of them.

Theorem 1 ([?]) Let k > 2 and d > 1 be integers and let G' be a k-connected graph. Let u be
a vertex in G and let X be a subset of V(G) such that |X| = k. If the wide-diameter of G is d, then
there is a (u, X)-fan Pi(u, X) such that

len(Py(u, X)) < max{d, (k —1)d — 4k + 7}.

Theorem 2 ([?]) Let k> 3 and d > 2 be integers. Let G be a graph with the wide-diameter d.
Then for any k distinct vertices in G, there is a cycle C containing these k vertices such that

\B(C)] < 2(k — 3)(d - 1) + max{3d, L—IEC-ZE)LEJ}.

Theorem 3 ([?]) Let k > 3 and d > 1 be integers. Let G a graph with the wide-diameter d.
Then for any given two subsets X and Y such that |X| = |Y| = k, there is a disjoint Menger path
system Pi(X,Y’) such that

d ifd<3
len(Pe(X,Y) < k+1 ifd=4
(k—2)(k+1)d/2 -2(k*—k—4) ifd>4
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Theorem 1 (Brandt et al.) 777 G ORNREN|V(G)|/2 W REwE & EEDL<n/4%5
B XL T, GBS T k BFFD 2-factor % & 0.

G 7] OEEA S, 797 DEEONE—KIGELZL 5, HORANERVTEONEED &I
AL Y H A S LERRD S L Db D

Theorem 2 (Egawa et al.) 777 G OR/NKED |[V(G)|/2 D KREVEL, zy & G DIEEDL
EFH, ZDLEE, ROFNERVTEDLEELENIN Y F LI VD H 5.

1. GONEBIZBEHT, HA 2,y 280 |[V(G)|/2BOTHANSL 25 1EE S HFEL, G- Si3d%
e, de, GIlAEE% L C Kg (LT, Ko + L LR
2.G - {(E,y} IZIEEETH 5. e, GIT K V(G} -1 +xy +Krac|V(G)|2—l & EL
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Another Construction of Dudeney sets of Kpio

HRRIIRE IHAED
BB AIRE RN
FEMBERN BLEN
iR HAS SR AE

1. (FU&IC

Kn= (Vo,Ep) % n HBOTHEALORES T 7875, K, DIEED 2-path (EE 2 O path) #
5 &9 &1 ET2E T Hamilton cycle D#E&% K, ® Dudeney £E&E V). TXTH K, 123 LT
Dudeney # & %3 % H&EL Dudeney DHERME L TN TV 5.

n PMEHD & £ D Dudeney £EIFELIHER ST W5 [3]. n MHFHD L & D Dudeney £4122\0
Tid, REITIZHER SN TW20IE,

(1) n=2°+1 (e IZBHRED) [4]

2)n=p+2 (p \TFEE, 2 & mod p DELER) [1]

Byn=p+2 (p lIFHRHLT p=3 (mod 4), 2L mod p DEERD 2 ) [2]

NDEEDARTH B,

—HEDFHUZ DT Dudeney EEEHRT H120E, n=p+2 (p IZIFHEH) OHEIHELBD, =
DiFEE, (2), ) DEE, Tabb, 25 22 mod p DEHBBOL & LR STV 2RV, Ly
b, TORBEE, BHETHVIGRT 2 I LB TER V. 22T, (2), 3) DHEIZ2WVT, &
D EMTOEN 2MREL R, S%IE, ZOBREETRVT, MoOBE~DOILRE HA 0,

2. BB EHRE

n=p+1&BL. IITpldHEH>19LT5. K, D EREE%E V, = {0} U{0,1,2,---,p~1}
EBE, 1RTFF, L (0<i<p-1) & F, = {{o0,1}}U {{a,b} € E, | a,b # c0,a + b = 2i (mod p)},
I; = {{00,i/2}} U{{a,b} € E, | a,b # c0,a+b =i (mod p)} LEHTE. HENEMRE 0 =
(00)(0123 - p-1) LEHKL, L=<0> &BL.

K, O l-path P = (ay,a2,---,a;) (a; # 00,1 <i <) 22T P ® difference sequence % XD & 9
IZERT D !

d(P) = (ag —ai,a3 —aa,---,a; — ay—1)

2 20 difference sequence d = (dy,dg,- -, dy), d' = (d},dy, -, d}) (22T, d=d' & dy =d|,do =
dy,---,de = dj, £72l&, dy = —d,,dy = ~d}_4,-++,dy = —d} LEDHAH. T & Hamilton cycle D
difference sequence I£XD & 9 12k S, Kppy @ Hamilton cycle C 1F co ZEFIZELZ LIZL,
C = (00,a1,az, -,ap) IZ2WVWT, d(C) = (a2 —ay,a3 — az,*,ap — ap—1) ERD DB,

3. h(0) DAL
p EHFFEHT, 2371k 22 modp DRI THL LT, r=(p—-1)/2 £BL. h0) 2RO &
INES.
() p=1 (mod 4) D& &, h(0) = (co,1,-1,-2,2,22, 2% 23 23 ... _9or-1 or-1 ()
(i) p=3 (mod 4) D& &, h(0) = (00,1,-1,-2,2,22, 22 -23 23 ... or—1 _gr=1 ()

4. h(1) DAL

ROME %D Ky @ Hamilton cycle h(1) ZHER L 720,
1. h(1) 1% 5-path (c0,0,1,-1,-2,2) 2 &,
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2. {EE M half-set H mod p (2% LT, T{ah(l) |a € H} i& Kpyy @ Dudeney £5TH 5.

k(1) iX, Kp41 @ Hamilton cycle Fo Ul = (00,0,1,-1,2,-2,3,-3,---,7,-7) BEIZLTC, In%E
ERLTIES. T2 Tk, p=3 (mod 4) DHEEIZ2WTENFERT. (p=1 (mod 4) DHE b R
TH5b.) FyUI; ® difference sequence d i,

d=(1,-2,3,-4,5,-6,7,--+,—(r = 1),r;r,—(r = 1),---,7,-6,5, 4,3, -2,1)
THb, NEERLT
d=(Q1,-2,-1,4,-5,6,-7,---,(r — 1), —-r;—r,(r—1),---,-7,6,-5,4, -3,2,-1)

%#{E%. difference sequence d, \2&HE N5 (—2,-1,4) ¥ -3"' fETAH L, (2:371,371,-4.371) LB,
T, dy ORTPESRSSIEET 5. 371 O R/AIMEIRE b LB L, bIAHT, (237,37, -4.371) =
(—=(b=1),b,—(b+1)) THAILIRENE, TIT, 51, difseq ELTOFFTTHSD.
FIT, d ERLTRODENI dy 216D, FHEEZD.
dy= (1,-2,-1,4,-5,6,—-7,--,—(b—1},=1,(b+1),—(b+2),---,—=(r = 1),7;
T,—(T—‘ 1),"',“(b+2),(b+1),“1,“(1)—1),'",—‘7,6,—5,4,"‘1,'—2,1)‘
ds VZXHET % Hamilton cycle & h(1) £BL L&, ThAROLLDTH 5.
sequence NEFNT

5. Dudeney &0

h(0) = FyUG E5<. G OERIH LWTEA A 2HALT G 5. Thbb, G* = {(a A b) | {a,b} €
G} &$5. ZIZT, (a,\b)1F Kpyo (IBITH 2-path THS. h(a) = ah(l) (a 13¥H #£0) £B<.
G ORIEREIPFTIRTELRDLDT, KAV D,

SBE1 S({h(a)|ae HIU{F UG }) it Kpyp DEED 2path 25 £ ) & 1 BT 2&.

UG ICA-Twah r+ 1O XD L, 1EEEL THO » 8% h(a) N1 ETOHTH I AT
CEMTLV. Hy = {(=2)1 | i=0,1,2,---,r =2} EB<. h(1) I S-path (1,—1,-2,2) & L5,
h((—2)") i& 3-path ((=2)!, —(=2)%, —2(—2)%,2(=2)}) &, 2 3-path OFMBIZ N ZIEA L7 cycle
 h((-2))N &&ELL F72, A1) (00,0,1,-1) &, G {r,0} 2EL L &I, H=H,U{r}
&L, h(r) @ (c0,0,r,—r) DFEIZ N E AN cycle & h(r)* EEL. G2 {-r,0} &L L &I,
H=HU{-r} &L, h(-1) D (00,0, -7r,7) DHFE/IZ X\ % A7 cycle & h(—r) LEL, h(0) DI
{0, 1} DI X & AN cycle & h(0)* LEL.

ZFE 2 Z({h0)*}uU{h(a)* | a € H}) i& K,y D Dudeney £6Th 3.
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NORM OF ALIAS MATRICES FOR BALANCED FRACTIONAL 27 FACTORIAL DESIGNS
WHEN INTERESTING FACTORIAL EFFECTS ARE NOT ALIASED WITH
EFFECTS NOT OF INTEREST IN ESTIMATION

Masahide KUWADA

Hiroshima University

Consider the following linear model:
£lyl=E®,+E®,+E®B,, 1)
where y . is an N-vector of observations for a fraction Twith two levels (0 and 1, say) and N as-
semblies, E, (p=1,2,3) are Nxn, design matrices corresponding to @, of T. Here 8,=({6(¢)};
{00} O(u,-1)}), O;=({O(uy 1, )} Oy, )}) and O;=({ Oty )s-{ O(L -
m)}) are an n,-vector of factorial effects to be of interest in estimation, an n,-one not of interest in
estimation and not assumed to be negligible, and an n.-one assumed to be negligible, respectively,
and n, are the number of elements in @, Under 8,=0,, the normal equations for estimating (8,;
8,) are given by
M,6,+M,6,=Ey, and M, §,+M,6,=E'y,, 2
where M_=EE_. Then under det(M,)=0, solving (2) with respect to @, and ,, we have the fol-
lowing solutions:
6, = M, B -M, M BE] - MM, By, - M, M (L BB)z
and
8.= B(E-M,M,"E))y, + (I,-B*B)z,
where B=M,—~M, M, ~'M, and A® is the generalized inverse of A. Therefore a necessary and
sufficient condition for @, not to be aliased with 8, is the following equation holds:
M, (I~ B°B) = Onyxn- 3)
Under (3), if ©=05 in (1), then
el@,] = Ql +A,8,,
where A =M, “{M,-M,B(M,-M, M, 'M,)} is called the alias matrix of 7. As a measure of
comparing designs, the norm |4, |={tr(A, A)}" was introduced by Hedayat, Raktoe and Federer
(1974).
By utilizing the triangular multidimensional partially balanced association scheme and its algebra,
the matrix [|M,_ || (p,¢=1,2) associated with a simple array (S-array) 7; which is written as SA(m;
{A}) for brevity, is isomorphic to K =[|x,*" || for 0p =/+£, where x,*" are given by some linear
combinations of A. Consider the partitioning of the matrix K 4 for O<p</+f such that K,
=|K P9Il (p,g=1,2), where K (1,1) are the first ({+1-B)x(¢+1-p) submatrices of K, for 0<ps<,
K,(1,2)(=K,(2,1)") are the (£+1-p)xfones of K, for O=f<¢, and K (2,2) are the £f ones of K,
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for 0<f=</ and the ({+£+1-B)x(¢+f+1-p) ones for f+1<p<r+f. The matrix [E() E ()] (p,¢=1,2)
associated with 7, which is an SA(m;{A=1, A=0 (j=1}), is isomorphic to H (d)=[jn ,* ()| for O<
p=t+£. Further let H()=|H (p,¢;)|| (p,g=1,2). Then we can get the following:

Theorem. Consider an SA(m;{2}), T. Then under det(M, )=0 and M, (I, B*B)= O xn,
AP = 272, ¢, {t[K,(1,1)" + Q/LQ,
+ I A A -DA{K(L,1) (r g T PsQH, (1,150, + PO
~ 2Ly p+ PLOYH(1,2:DP, + PH(2,2:) P 1K (1,1) l}]}] - m,
where P=K(1,2)L%, Q=K,(2,DK,1,1y", L=K(2,2)-K,(2,)K(1,1)" K/1,2) and ¢ = (m)
—-( m ) for O<f</. p
B-1
Let Tbe an SA(m;{A }) with N assemblies satisfying det(M,,)=0 and M, (I~ B*B)=0xxm,. Then
if JA, |lslA. || for any S-array T with N assemblies, which also satisfies the same conditions men-
tioned above, T'is called a best alias design.
Consider 2°-BFF designs derived from SA(m=6;{1}) satisfying det(M, )=0 and M, (L.,—B*B)
=0nxn- When 42<N, there exist resolution VII designs. Thus we consider S-arrays with N<41.
For (I) ¢=1 and £2 and (I) ¢=2 and £=1, best alias 2*BFF designs satisfying det(M, )=0 and

M, (I,,~B*B)=0, ., are given in Tables 1 and 2, respectively.

Tx35

Table 1 Table 2
N "'A;W ]'0 A’l )"2 A’S A’4 A’S 2'6 N "‘AT " A’O A’l A’Z A’S A’4 A’S )'6
28 55076 0 1 1 0 01 1 32 46904 01 01 010
29 54863 1 11 0 0 1 1 1 010101
30 54870 2 11 0 0 1 1 33 46904 1 1 01 01 O
31 54877 3 11 0 0 1 1 2010101
32 26458 0 1 01 0 1 0 34 45826 1 1 01 0 1 1
1010101 35 45848 2 1 01 0 1 1
33 26458 1 1 01 010 36 45869 3 1 01 0 1 1
2010101 37 45884 4 1 01 0 11
34 26339 1 1 0101 1 3845826 1 010111
35 26342 2 1 01 01 1 39 45830 2 01 0111
36 26344 3 1 0 1 0 1 1 40 45833 3 01 01 1 1
37 25482 1 01 01 10 41 45836 4 01 01 1 1
38 2.5125 1010111
39 25128 2 01 01 1 1
40 25127 2 01 01 1 2
41 25126 3 01 011 2
References
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METNZEHE  RKARHY
WP RESEREE AL

atit

MEDH AW EORETFEETE (SD) T, REBEOEE L 272 LLEOHEIL, FICHERE RN
MLV, 22T, k=2 DBEEIKY, ¥3Ial—LarT, BREFIEOLK, 512, WAWLAL
FHEOLE @ UT, SD OBELFE- T I L2 BREILT 5,

1. HE4H
KDL HMEEFNVEER 5,

y=A1& +Acba+e, V(e)=0"ly

ZIT, y(N x D) BEEARS b, AN x v) WEFTETH (0= 1,2) . &y x 1) BT by
(i=1,2) . e(N x 1) IFFBENRZ bv, o2 EREDH, Iy BRKES N OHRMITHTH S,

B2, EOEFVICBWT, (a) & OFTRTOEEIIRH, (b) & OHIZ, ENrdh 6 ReAs
B4 2BORMBEIEEN, ERNIZ0THE, HETER D,

Z D& &, Srivastava(1975) &, KD & =mRL 72,

£y DFE 4 2 BOXRMBEAIRFETREDD & LHRIHEETRTH HLELMIL, Ay DTTD Nx4
BAATE) Agg 12X LT, ROERNWY LD ETHD, (02 =0 DHEIETIEETLH D)

'rank(Al : Agz) =1 +4 . (1)

SfF (77) il TEHBARETREAE L V),
C(2x1) % & DFRIMBEENY b v, Ay & ¢ WIHIET B Ay O Nx2 8375, Q1 = A(A1A) "1 A]
,B=(I-Q)Ay £¥HE. ¢ DIER (= (B'B)"'Bly &40, BEETFHN S213RDEI 2% 5B,

S=ly-9*=y[I-Q -B(BB)'Bly .
$r2, y=¢C E¥ B, v={C=y'B(B'B) By LB, y OTREER § 1ERDE S 12k 20
4= — (tr(B'B)")(N — v — k)"152
& o T, Srivastava id, EORMBHANY ML (o ZRETLLOD, RO 4 DOFMRERLIZ,

(M) BEFFHM S? #ENENFHEL, S2 PR/MIRb G e b,

(M) 'C(=7) DHEEEAY 2 ENENEEL., 4 PRRIZED G &b,

(M3) 82 A/NEVHLPS hBILRELI B¢ ERDD, TNHDREDNRY MVIZEND 20 BORD
(E¥TE) 0 b, RUBHRAT2 2HORS 2RO G 2L 5,

(Mg) ¥DBKREVHEPS hEIZRB LI R ¢ 2KDB, TNH6DREDRY MVIZBNS 20 HORT
(BEHTH) O b, BRLBECHETE 2EOBS R ( & b,

FiZ. T =(BC) B¢ = (' Agp(I — Q1) A2l EE X B0
A= (BCYB¢ b, A=C'B'BE=y'B(B'B)~'B'y £,  OFRHER 73RN LI 12725,

y' (I -Q1)y

F=A—-(N—-wv-k)"'S*=y'B(B'B)"'B -
7 (N—wn—k) S, =y'B(B'B) BY(1+N—I/1—k') N—-uv -k

INDS, ¢ DRBEDLDIL, ROFIEFELND,
(Ms) # %ZNENEEL. + PRAIILD LD,
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2. RFTFEOLEE

BERE 2 I2L—arofFEi, CERTUS T4 %A, ZEARKIZ 2000 BIO# DK LEHE
BEBL TS, i, RITFLAF T, {TE, ED non-zero DEDHEEETE /-4, ¢ OY Ko
WCR/MEZ o720 D% [RBERINE] LIFERZ LIZT 5,

F9. EfTFIEOLE L LT, Srivastava DR L7 LELD 4 2D FELELZDURIZDWTHE S,
M3),M4) DIFERIIEPRL B 7zd, AREZVAWHEZ2H, KD M6),M7) T 2HiF5,

(Mg) S2HD/PE0HME 1/10 DFEFNICH D (72THY) mORCHTL D 2HOMT 22 & &b,
(M7) 4 DREVWHPE 1/10 D#EIZH S (7ZTHY, ROBCHTL B 2MOERD 2 /2 & &b,

TERLE, FROFTEZIBLBEHIT2, [BA6-6] 14, MEP.2 plan (Q (6,2), Q (6,6)) Th 5,
BN, (D2ODEF 21,5 % 21 =2 ELTLORESHMEL T2, M3) , M4) T, h &L
T BFHE OEF03 EMWoT 2,

#1 BA16-6 DREBIIE

z | M1) M3) M6) | M2) M4) M7) #2 (BA16-6 DRI IIE)
1.0 | 0.537 0.336 0.510 | 0.119 0.194 0.129 é z S

1.2 | 0.717 0.440 0.707 { 0.225 0.311 0.206 3.0 | 0.8960r1.118  0.462
1.4 | 0.864 0.513 0.842 | 0.365 0.432 0.281 4.0 | 1.1950r1.491 0.771
1.6 | 0.940 0.544 0.929 | 0.505 0.561 0.384 5.0 | 1.4940r1.863  0.946
1.8 10978 0.560 0.969 | 0.641 0.680 0.459 6.0 | 1.7930r2.236  0.987
2.0 [ 0.992 0.563 0.987 | 0.756 0.661 0.547 7.0 | 2.0920r2.609  0.998
2.2 0.998 0.568 0.995 | 0.843 0.627 0.630 8.0 | 2.390072.981 0.999
2.4 0999 0.563 0.998 | 0.899 0.594 0.693

Hwme LTE, S2oRDEEIFEML)FL oL BBV, 4 ORKEMED) M2) Tid, & REH
BRI L 3ve M3) R M) DX )2 A 2EEMICHD FETIZ, 22> TRERIIENEL &b, £
TMS6), M7) &, SEFSFLWRFEEEZTAHALD, HRH. M) LY BV DIdhd o7,

KT ZHZAT, 32— aY L TWFIREMS) 2FETLTARD, 72720, 6 =/7/2 %L
BIZFRTVE, 7 2 EI Kb DI, FETY LEHEO%R yB(B'B)~ By 2>, LTFIiE ML) £
CFIET, sTEL T3, EFROKR2 THERL TS,

ZOFIEIE, TROLIHIZ, WA VB L SD DHEIZFIZID,

3. WAWA% SD DLt

IV, EMRETEHEL. 2EFREMERSS 283 T% non-zero £ 35 MEP.2 plan % 2 5,

BEIRY LR HEHFIE LT, BA &L BA TRWEARINRTASL, flziE, BA L LTLEZ® [BA16-6]
Z. BATZHlELT(Q(6,1), Q(6,5)) 2 BIBD(4,6,3,2,1) iz 7z [BI16-6] % H~<Th%,

Fame LT, FLEOTHIOL &, M1) Tid, BA DV RERSIESEVEIZE L5V, Lo L,
M5) Tid. BERIIFRIZ, BA DFIR,

ZOMIZL, ITZEMLAYHIBRL Y L8482, Hadamard 7512 FIF L C{E->7-SD &. BIBD
ZRALTE- 72 SD O tERR, &9 BIBD 22 b{ko7/-SD £ Lixlk~<Twa,

RKIZ, ERR - 2HEHFREMERAFT2#HEL., SEFXEEAD?S 2% T% non-zero £33 V.2
plan *Z %2 %,

B 21X, [36-6V2] :(Q (6,1), Q (6,2), Q (6,4)) & [36-6'V2] :(Q (6,0), Q (6,3), Q (6,4)) TH, 36-6'V2
DFHDRFEIIEA ML) TH M5) TLHE L, BMLEE Lo Twa5 LI s BH L,
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Recent developments in supersaturated design

REEMRKZETZHEE TH#E ILE % (Shu YAMADA, Science University of Tokyo)

1 Outline of supersaturated design

Supersaturated designs are a form of fractional factorial design in which the number of columns is
greater than the number of experimental runs. In practice, it is used for screening the active factors,
where the collected data are analyzed under an assumption of effect sparsity. Supersaturated designs
were originated by Satterthwajte (1959) as a random balance design and formulated by Booth and Cox
(1962) in a systematic manner. Let ¢? and C? be an n-dimensional column vector consisting of equal
numbers of I’s and 2’s and the set of ¢?, respectively. A vector ¢? in the set C™ is called a two-level
column and a matrix C = [¢?,¢3,...,c?] is called a design matrix with n runs and & columns. A
matrix is called saturated and supersaturated design matrix if n = k and n < k respectively.

The orthogonality between two two-level columns, ¢? and c?, are measured by the squared inner

~ ~2 ~
product sZ; between ¢? and C;, where & denotes a transformed vector whose elements are -1's and

2
ij

assigned to the two columns can be described by a function of s;;. The whole orthogonality of given

1’s. The reason of application of s7; is that the dependency of the two estimates of factor effects
design is measured by several ways. The most popular criterion of the design orthogonality would be
average of the squared inner products over all paired columns, where it is sometimes denoted by E(s?).
Booth and Cox (1962) introduced a design criterion based on the maximum value of the squared inner
products over all paired columns. Wu (1993) points out that E(s?) criterion can be regarded as the
criterion for two active factors. He derives Dy and Ay design criterion by extension of E(s?) to the
case of f active factors based on the submatrix from the original design matrix. Deng, Ling and Wang
(1999) proposed a new class of criteria, named Resolution Rank.

2 Developments in supersaturated design

(1) Consider construction of two-level supersaturated design. After three decades from the appearance
of supersaturated designs, Lin (1993) obtained a simple but effective constructing method of super-
saturated design. The constructing method is called “Half Fraction of Hadamard Matrices,” which
produces a supersaturated design with n rows and k columns from 2n x (k + 1) Plackett and Burman
design, where the Plackett and Burman designs are derived by Hadamard Matrices. A theoretical
justification in terms of E(s?) criterion is given by Cheng (1997).

Wu (1993) has proposed supersaturated designs by adding the cross products of two columns in the
Plackett and Burman design. Jida (1994) has obtained some mathematical background on the addition
of the cross products in the Placket and Burman design. Lin (1995) has examined the maximum
number of columns that can be accommodated when the degree of non-orthogonality is specified by
computer search. Nguyen (1996) described a method of constructing supersaturated designs from
balanced incomplete block designs. Tang and Wu (1997) have shown a method for constructing
supersaturated designs while considering the average squared inner products. Furthermore, they
had shown a lower bound of E(s?) criterion for any type of two-level supersaturated design, where
Nguyen (1996) also shows the similar bound by the different ways. Li and Wu (1997) have developed
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columnwise-pairwise algorithms to construct supersaturated designs. Yamada and Lin (1997) have
given a new class of supersaturated design including an orthogonal base.

(2) One of the major criticisms for supersaturated design would be difficulty of analysis of data
collected by supersaturated design, e.g. Wang (1995). Lin (1993) recommends stepwise regression for
data analysis through some numerical examples. Westfall, Young and Lin (1998) show a method to
control the Type I error in stepwise regression for the data analysis. Yamada (1999) evaluates the
Type II error via computer simulation and obtained that supersaturated design would work better
under the small number of active factors.

(3) The definition of supersaturated design is naturally extended to multi-level and mixed level su-
persaturated design. Let c® and C> be an n-dimensional column vector consisting of equal num-
bers of 1’s, 2’s and 3’s and the set of ¢3, respectively. A mixed-level design consisting of two and
< i < p;) and

three-level columns is denoted by C = [c%,‘..,cf,l,cﬁ,...,cf,z], where ¢? € C2(1
c? € Cﬁ(l <1 < py). For the case of multi-level and mixed level design, some orthogonality measures
are proposed such as application of x?-statisitc (Yamada and Lin (1999)), the degree of equality on
the number of appearance of paired levels (Fang, Lin and Ma (1999)). The design measures are de-
fined by average X2 statistics, the average of the degree of equality and so on. Some multi-level and
mixed-level supersaturated designs had been proposed. A lower bound on the x2-statistic had been
proposed by Yamada and Matsui (1998), which is simliar to the bound by Tang and Wu (1997).
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