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B — J2iRSARMYYY ONRX MESHE, BT,
B-27S54Y, 9z—TLwvhk

BIRHSIRFERERR - REBFHER A7 &%

1 IFLHIC
(1) 228X R w7, v X MESHE HoDEZ L5 %DM
(2) BRI DEIR, BESHICBIT DT A—F OHEE
(3) B-R7 94y, v=z—T L vk IR

2 JUINTARYyY ONXRMREE

OB L BRVRERE BRI MR FE., X MBRE
O EE /N FIE, NBALHEE R, o O TOERMEE
QI ~Fzx2 MBRE L BEREEEOEFNEBEIIEIERICL > CTIEH LTV S
B, BRI I 2L— Va3 VML TUMERDBEIZL ZN O OEBFIENE W &
DEREETE B,
QBFHBEDTE > TV DER S ER/FET DI EITEE LV,

BH O BEEREIIRHIBEND,
OCHAMEDOUE > TV OISV BIFEDSHDOEFIIASTWA EHEL, £Z2T
DIBEBRFIELBIRLEHFEN T2, HO0D 7T —FICEA TR, SN EICLEBE I N
ZEIZA. LIRFTICR LTI D EHEBIC L D2 FEO R S ORIEIXTEE

3 BEEO T

DEIRICBODTREXT B LML > TXF A —F Ofg/MEE & (shrinkage estimator) %
BRETOIENTE, BEOHEERLWR LTI Z L ENABRIZL > THEHATE
Do Lo & —RRIZHZESAD/NNT A —F ORE/NEEEOERN TE D,
4 B-RTS5AY

Ni@)=Ioy ([0,1) LSRR
mKDOH—F 4 FIB-RT T4 B8

Np(z) = /jo Npy_1(z — )N, () dt = /01 Ny1(z —t)dt

Np(2) 13D (1) 106 (v) DHEEZ R,
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©  supp N(z) = [0,m]

(ii) O<z<m7tdzeRIZXTL Ny(z) >0

(iii) Np(B+z)=Np(3—z) T€R

V) N(s) = by Srto(~ D () [max{0, @ — k)]

(v) Np(z) e C™ 2 nD EBED k€ Z 1272 LT
[k,k+1) ETIE Np(z) i Tz dm-1K
DEER

V7 = span{25 N (29 — k) 1 k€ Z} (%0 L*(R) LoBa)
LBl EE,
eCVIECVrECVE Cee
AV =10}, Uvr=I'®)
JEZL JEZ
BARATZTA % LA(R) OEETIEH HBREREETIER,

5 RITSA4vHxz—TLvyk

PE) =1, Pa(e) = (cos&)Prr(€) — o (sin€) Py (€)

(Sinl(%g))n+l 1 (7’2; 733%‘_&)
@(5) _ 5? \/Pzn+1(-12-£)
- —i§ (5038 yn+1 1 <%
e~ ( T ) oo (n BMEEK)
i¢ (sin(56))*n+2 Pynqi(3€+4m) o e g
ﬁ(2€) . € (%f)"“ P2n+l(§)P2n+l(%E) (77, ﬁ"ﬁj‘ﬁ)
e (sin(36))2+2 Pyiri3é+5m) < [ K
we (367! P2n1(€) Pant1(58) (n A {%ﬁ)

T— U B EHROARICE Y, O, gn b o, Lt BIRE B,

IDEE, oiz) ECT MO EED K€ Z 2V LT [k k+ 1) ETIE ot () 1T
T ®n KROSEK, ™) e Cm! o EED ke Z2hWLT [k k+1) ETIE
YPE) iz O n KOSERX, ¢n() & LA(R) DnkOAT I T=—T Ly b &
I Tunb,

FOMDT=2—T Ly hELT, "= Uz—T Ly hRRRRy o —DTz—T7 L b
BHY. [?(R) DERMEREEILRL>TWVDE, X517, BREEEIZR>TWE T =2—
T Ly FE,
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Proportional Reduction in Variation Measure for Contingency Tables

FORHEPIRE - BT REHFARS
RREEARE-EBT 58 4+
REHBRE-BT BE HSB

FEE A X ELINEREY b 2 mmEIRIZBWT, X DEREXLRIZEEDY
PESESNF ﬁ'ﬁ“%’)’f@m\ Y OJEARGAICKTAEE LD b EDORE/NE Lo T
D0 %?{EJZDR}X (proportional reduction in variation (PRV) /) IE, Agresti (1990, P.24)
TN TS L D1, — &Iz

V() - E[V(Y]X)]
V(y)

ODJ: INCHEZLND. ZZIZ V(Y)Y oL GmiztT LB ER L, E[V(V|X) XX

D3 ATICEE U CH G M7 T BBV O TH 5. Goodman and Kruskal (1954) 1%, 25
OD?EJF“ V7(+) < Gini concentration % iV 7z concentration coefficient, & FEIFAL D PRV R 7
/’w]\ L, Theil (1970) %, ZE1DHEEE(Z Shannon entropy % AV 72 uncertainty coefficient
EFEEND PRV RIZEU #8 A L7z, £7-, Tomizawa, Seo and Ebi (1997) i&, 7 & U %5
DA L7= PRV RETW(O > —1) 2WA L. S S RE 7, U, TO 3, X &V I
H*(Dfib‘ﬁT:’ U & HO5EIRIGER S D, AGEEO BRI, SRS X ICIEFA 70 <,

""

EERY WEFOHL 7TV 26202 6HERICEWT, PRV REZEATLHZ LT
H5h.

27 Rx CHERIIBNT, Pr(X =4,Y =j) =pyj, Pr(X =1) = pi, Pr(Yy “3):1 ~
(i=1,2...,R; j=1,2,...,C) £52. T _XTHOi & jZ LT, p;. >0, p,; #1 &IKA

T.PRVREZKRDEIIICEATD: A > -1 IIX LT,

C— 2 R C-1 2
Z Z Fk) ,\Jrll__E:z:p1 Z /p} ,\+1]
d}(,\) - j=1 k=1 : i=1 j=1 k=1
(i Sy
j=1 k=1

i
e
-

©) — 13m0
(U Limy)
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j c J S
2
‘Flgl) = Zp'it) ‘F‘zgz) = Z Dit, F(Jl) = Zp't’ F.(7) = Z Pt
=1 t=1

t=j+1 t=j+1

THb. £z N 1L, Power-divergence #FFANTERT I & b TE 5. ZORFIZAW-EE
DIEHEIT Patil and Taillie (1982) @ diversity index DF1TH 2. REIZ 0 < v <1 TH
D AEBED A (> —1) ICRHLT () 9™ =0 THBEDOSEFHEMET, X LY 2307 ©
HY, (i) pN =1 THD=DDOLEAGEMHE, & XKL Tpy/p =1 &5 § BFEIE
TAHZLETHD. REDEBEXELR FOFMIIEARE L.

SE

(1] Agresti (1990). Categorical Data Analysis, Wiley.

[2] Goodman and Kruskal (1954). Journal of the American Statistical Association, 49,
732-764.

[3] Patil and Taillie (1982). Journal of the American Statistical Association, 77, 548-561.
[4] Theil (1970). American Journal of Soctology, 76, 103-154.

(5] Tomizawa, Seo and Ebi (1997). Behaviormetrika, 24, 193-201.
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RENMBOFOEL TORXARAL VEKIZHOWT

il #i&
RRAKRY - ZEBHRZHFEE > X —

BREMREEROBHATHENEAEZZLLE, Yo LREKBEVWIE Y I —D 3R XA VH
KOMHATHS. AXAVEKLFEReERE (MLE, UMVUE, MRE 2¥) B#HENTH
BREDZLTHY, Stein(1956) A pRAERPHOLHAY MU OREMET, I/ R
EETOVHORAHEEN p>3 DL EHHENTHEIZILERLEZLICEERLTWS. &35
I\C Brown(1966) WA X 4 YHKEFEHROBACBPHLBLTEY, HNEBRORAEEEHELE
ABDLE, BEHAEHEEMINGA-ADORAN IULOBRIHFHEFNTHEZ L ERLE.

METHIREHBONSEI DL, FHARWREERIDN I ERBE T I NEERF - T
55, F-HAVREER, DOIVWIHERD VS AR TEIZLLEEEERT -V TH 5B,
BANBRENDEDE, FHRHVLBEEREEZBLTWIAOH BN RECEYERTZZLTH
5. ZOZLRFEEMEIIHLT, BRI TEER LI VWOERTHEBLEETHL. LERD
FHBFRNLHER YRR T HERERELTH, TEFOREENEFBFHTHOANIBETZD
HERZHBETIOINET, ZOERKRTREZENICIVELVWHERfEVHELEETE S TH S,

CDEIBRBERTAZAVHBEEEAD L E, ERBOILTRIZI VAT (LEOHEICS
Wik, BREHEREE*RR TS, CVWIZLLEAE) P OHFBTHLREEENESHLTVEA,
FEROELTRELALEZALATVWARL., L34 -BULBEOLIEI TRELVWOT, KA
REFICRENHOFOEIRY MVOEMBEEELXS. BEMIE pRTAZ ML X NEEE
B f(lz—0)?) kbokE, BHRY MUY EARBEREE LG, d) =|0-0|>? Db L THET S
MEYXEX5.

ZOMBCHTIBRCASAERRE, ISV /A THEEDOTLEAEICETZLD
MFEAETHY, TALRBRORN-VDROISIILEBETIZ ENAHRS WNEHEER
6o(X) = (1 = (I X|ID)/IX )X D p(w) CHT5+5%HE). LHLEO+SREEFHETHE
BEEHEYIL—DBATY, BLAY2TOBAHERBHTHY, ETHBRREIDILHATHEN
REEREERELEV.

FOEDRERERETIEHODLERIFERIEE, HYAR (—BE) XA XHEEED ISR
DENTCIZRIATHLEDDTRRGELHE ZIHREEEZRTZILTHS. LALRRICELT
REXFRETOM g(]|0]2) K TS KRR, ZOEETREOLORTHRERXF Y
JEBZEIEHERT, TOZEHAHENEATVWRVWERDER R -TWE, LAL, AL
g(18]12) = ||6]1>~7 P& (Brown(1979) I &> T, ZO—RALBR S ICET 5 XA T &L
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Author p | d(w)/w upper bound

general
Berger(1975) p=>3 2(p — 2)infscu F(s)/f(s)
Brandwein(1979) p=4 | N | 20-2)@Eo(| X))

unimodal or f is nonincreasing

Brandwein & Strawderman(1978) | p >4 N 2p((p+ 2)Eo(lI X1 7%))*

Ralescu et al.(1992) p=3 N 0.93(Eo(]|X1]72)) 1
F(t)/f(t) is nondecreasing
Bock(1985) p24| N\ 2(Bo(IX1I72) 1
scale mixtures of multivariate normal
Strawderman(1974) & Berger(1975) | p > 3 N 2(Eo(IX|1172) 1

1 IV RATHIEDOTHEE

HENTHDZLHREIATVS., V) IKE, —BIENRS IHEENVRDIDICEHRENAT, I
TATHIEDDTLHRENERBICFzv 7/ LPT VI AbM 5.

5.(X) = <1 _ foi t"’”*lF(t”XHZ)dt) ;
Jo t12=2F (¢ X|[2)dt
Ed
¢* (w) _ fol tp/z—lF(’LUt)dt

WT
Jo P22 F(wt)dt
DEBHIET HHAEIROLICTLHENB.

- limy s oc G4 (w) = (p — 2)E0(]|X|[2)/p
RO FICHL, ¢ (w) R w KB UTEERRL TH 5.
CF@)(Ef(2) 7 NEEFEINR S, 6, (w)/w EEFHNTH B,

W N

IORBERCET LI 2t ORGEEEPEDEDZLICEY, 6, (X)HIZT I R THOHE
BTHDLORTHRENBOND. FHIERTIN, FOIRVENISRICHLTIZY
ATHhOHBENTHEZ L NEHTE S,
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SOONER AND LATER WAITING TIME PROBLEMS
FOR PATTERNS IN MARKOV DEPENDENT TRIALS

The Institute of Statistical Mathematics Qing HAN and Katuomi HIRANO

The waiting time problems of patterns have been discussed by many authors (Robin and Daudin
(1999), Fu (1996) and references therein). In this paper, we discuss the sooner and later waiting time
problems for patterns Sp and S in mnltistate Markov dependent trials. The probability functions
and the probability generating functions of the sooner and later waiting time random variables are
obtained. Further the probability generating functions of the distributions of distances between
successive occurances of Sy and Sp, of Sg and S; and of the waiting time until the r-th occurrance
of Sy are also given.

Let X;, X, ... be a first order Markov chain with the state space Q = {w;,ws,...,wn}, the
initial probabilities p,, = Pr(X1 = w;), (1 = 1,...,N) and the transition probabilities p., ., =
Pr(Xip1 = wilXe = wi), t=1,2,...5; 4,5 =1,...,N). Let P = (pu; w,;)Nxn be the transition
probability matrix and p((‘,mL, = Pr(Xiym = wj|X: = w;), (m = 1,2,...) be the m-step transition
probabilities.

Let So = ajas---ax and S; = biby--- by, (ai,bj eM1<i<kand1<j<{¢ k< £), be
any patterns of length k and ¢, respectively. Let Wy (resp. Wi) be the waiting time until the first
coourrence of the pattern Sy (resp. S1) in X1, Xs,.... Let Ws be the waiting time until the first
occurrence of Sy or Sy, whichever comes sooner, (i.e. Ws = min{Wy, W1}, it be called the sooner
waiting time). Let W be the waiting time until the first occurrence both Sy and S;, whichever
comes later, (i.e. Wy = max{Wy, W1}, it be called the later waiting time).

If @ = {0,1}, So is a O-run of length k (Sop =0---0) and S; a 1-run of length £ (§; =1---1),
then the waiting time problems of patterns reduce to the waiting time problens of run which have
been discussed by many authors ( e.g. Han and Aki (2000), Aki and Hirano (1999)).

The waiting time distributions for patterns depend on the structures of pattern (Blom and
Thorburn (1982)). We introduce the overlapping indicator €; ;(r) between S; and Sj;, (3,5 =0, 1).
€i,;(r) is equal to 1 if the last 7 letters of .S; are the same as the first r letters of S;, equal to 0 for
otherwise, (i,7 =0,1).

Let Wéo) (resp. W él)) be a random variable denoting the number of trials until Sy (resp. S;)
occurs sooner than S (resp. Sp). Note that

Pr(Ws =t) = PrW{" = ¢) + Pr(w{) = ).
We introduce some notations:
pP ) = Prwl” =), p{) =pPrvi) =1),
Ao(1) = Pay e Pasnaise  Paryaer (8= 1,00k = 1), Ao(0) = pa, 4o(1),

Al(]) = pr’,bj+1pbj+1,bj+2 t 'pb[_l,bgy (J = 1,~--a€— 1)? Al (0) = pblAl(]’)'

Since the event {Sy occurs at t} can be divided in three disjoint events, we have

i

SN P A1) = Prw =1)

+ th;ll Pr(Wéo) = 2)Pr(Sp occurs at t|W§°) = z) (1)
+ Y2 Prwl) = 2)Pr(S, occurs at t|Ww{!) = z).
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From the relation (1), we can get the recurrence formulae of the probability function of Ws.

Let ¢s(z), q.’>(50)(z), ¢g)(m), é1(z), do(z) and ¢, (z) be the probability generating functions of
Ws, W, W8, Wy, W, and Wi, respectively. (ie. ¢g(z) = 352, ps(t)z?). In both sides of
formula (1), multiplying by z*, and summing each side of these equations, we have

THEOREM 3.1. The ¢E90) (z) and qﬁ(sl)(:z:) satisfy:
(Coo + Bo(ak)Ao(l)ﬂik—l)cb(go) (z) + (Cw + Bo(bt)AO(l)l‘k'l) ¢(5”(m)
N
= (Peyz+ D P Bo(wr) ) Ao(1)z* 7,
i=1

(Cor + Bulan) 41128 (@) + (Cur + Bi () As (1"~ ) 6§ (=)

N
= (puz+ Y puaBi(w) ) (D",

=1
where Bo(w;) = Z(pfvj.-),alzj)s By(w;) = Z(Pff.{b, 29 @)
=1 =1

k-1 E—1

and Coo = 1+ e00(r)Ao(r)z*™",Cio =) _e10(r)Ao(r)z*™",
r=1 r=1
k—1 i1

Con = Y eon(r)Ai(r)z'™,Cli=1+ 261,1(T)A1(7‘)w£".
r=1 r=1

And, the probability generating function ¢s(z) is
#s(z) = 65 (z) + 8§’ (@)-

Using Jordan type decomposition of matrix P, we can compute By(w;) and By (w;).

By letting £ — oo, we can obtain the probability function and the probability generating
function of Wy. From the relation {Ws = t} U {W =t} = {Wo =t} U {W, = t}, we can also
obtain the probability function and the probability generating function of the later waiting time
Wri.

Similarly, we can obtain the probability generating functions of distances between successive
occurances of Sy and Sp, of Sp and S; and of the waiting time until the r-th occurrance of Sg.

These methods and results can be extended to the waiting time problems of several patterns
S1,--+,Sm and to a higher order Markov sequence (when the order < k).
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N — PR IABETICH I NI — DR 5407 &8 5%H

at BORPTSIRT B PR
RERFE RN BT AR = B

1. [FCBIC

EHONY — T B RO, EELRDRIID {0,1}-ETHY. FA—0n
IR TN THEEIIEMTH S, LNLERS, BRI, HIDWTOW DMDOHE
BV O LD REHASHICD ZENMESN TS (Hirano, Aki and Uchida
(1997)). FWMETIE, NY—20HDBI FANIHLT IXF—=MNILDTEIDET
iz, BESNEESULOY TS -2 ORI HEROMHIL. KERFITH>TH, &
fAIFICHED ) TEL2HET D,

R FEBIE ¢(t) = pt/(1 — (1 — p)t) BDOEMAMTTE Gy (p) En<s

2. R

X1, Xo.... &2 {1,2,...,pu}-H iid HEREEINETD, JIJI, 7 =1,2,...,p X
LPXi=j)=pj pr+pe+ - +p,=1T. INTDj=1,2,..., 0 THLTp; >0
ET B, 7z (a1,as,...,a8) & {1,2,...,pu}-NF =2 TabB {1,2,...,u} DEE
DAEMF. B L (1< L< k) LHLAT—SDENSDHTNE—> (a1, a0, ..., az)
EEXD,

L Xipp1 =a, Xigqya =0a2,..., Xi =0 TXsp_py1=0a1,...,Xi = agpn, T
HBED2 (k—L) UTOEBE LW MEFEELBEWESIE BS LULEDY TN =204
EHORMITTEIIZEND,

BE 1. NF— (41,0, .., a5) KE L. KD (1) B (i) OWTRHTHIE, BT
K= (a1,...,a0), (£ < k) Bl A BT E0S :

(1) a1 = Q41,02 = Qj42,...,0p = Qj4¢ T%%&ﬁf&g’%{ ) ﬁiﬁﬁbf&lﬂa
() BLEZDE 7 i HWEETIUT, TRTD j=1,2,...,(k—£—1) KU apyiy; =
Ap+j o DA I

ARETHEATEITINI—COBAHE (- 1)-BHEOBRAL T BHo7 T NRT —
COEE ((—1) WTOEEZRFIRAF THS (Aki and Hirano (2000)). FIZIE /85—
>(1,2,3.1,2,1,2,4) WELOTRISETIZ, B 3ULDTT /NS — > D 3 EEK
EMAD. BHOERBRMEN (1,2,3,1),3,2,(1,2,3),4,(1,2,3,1,2,[1,2),3,1,2,1,2,4] &
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TrE, NF—2IMFLDTRIBET, BT IULOYTINI—VIB4EEI-T
W5 (hy 328K), BED 2 DOV TNI—VI3EE 2 DEHETEH>TNS,

FE 1. YINFT— (a1,az,...,a0) BERHE A ZWLLTNELLET D, TOLE,
%= (ay,ag,...,05) WIECHDTRIDETIE, RELULEDOTTNI -2 DRIS
EHIE. (- 1)-BEORAF TRX 2 LB G1(Pasy, - Pay) KD

B, BEOEARY TN =2 b4 A 2230 T, EE 11 Akl and Hirano
(1995) @ Corollary 3.1 DIETH B, AT~ HERBE. FTNF—>D, (£—1)-
EETHAEED, BZ5E%KE. non-overlapping THRAEEBITHEL W,

EORERIIEERFNTHIRETE %,

Xemat, Xmayay oo Xo, X1, X, oo Z{1,2,...,pu-TEm-KNIATRINET S, Tz
ZU. QM EHBERIT. o1,...,2m2=1,2,..., 0 E1=1,2,... ITHLT

Tayrgm = P(Xemyr =21, X mi2 = 123,..., X0 = Tm),
Dayyzme = P(Xi = 2| Xiem = 21, Xicmy1 = T2, .-, Xim1 = T)

ETD, El oz, 72,y T, 8 KLU TO< pay, g <1 ERET B,

EE 2. YINI— (a1,a9,...,0,) BERE A Z#Zl. RIE m-K3IVIT%
FITL>m &T%, TDEXE/NNT— 2 (a1,a2,...,a;) WECHDTEIDETIT, B& ¢
PEDYINY—>DEIBERIE. (£ 1)-BEEHORA S TEAD L, B Gi(p)
CHED e I P = ParmitrnaesaessPaccmezromaessaers * Paremyonanotiar CD Do

723, A& Hirano and Aki (2001) KEITWTWVS,

SEH
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ASYMPTOTIC THEORY FOR THE MULTISCALE WAVELET
DENSITY DERIVATIVE ESTIMATOR

BIRRFRFMREETENERN ®E BF
BRAFMREETFHR  NE EX

1L.IELHIZ Uv=—T Ly Y € Lo(R) & % &AM SN DBEECR {vr () = 2% (2°
—m) [{,m € Z} 1’ Lo(R) DIEREREETH D79, EFEDEHE f € Lao(R) I

f@) = Y demtbom(®), e = (F.ibem) = / F@bem () dz
£,meZ

EREND . E-T,UV=—T Ly MERAVWCHEEEERICCRIFREE (Wb Ly Biks ¥
D) ZHEETDES, VNI EEEBEIC»DME d,, ZHEET 20 0MBEL 2 5. BES
EDOHEEIZI\V T, Donoho et al. (1996) 1% Wavelet Thresholding {2 & I EBHE YV =—T L v
MEEELZTREL TW5. ZhZxf LT, Kerkyacharian and Picard (1992) <2 Huang (1999)
TERSNLTVWIRE Y 2—T7 Ly MEEEBIFIIV VU A REOHERETHD. 22Tl
BT z—7 Ly MEERER OB, MENRIIEEEEK CH 5. BEEEAKEFHEENSR L
L 728 %CiE Prakasa Rao (1996) I2& 605 45, BT EREIC DWW Tl o v Tuveny, &
72, Wu (1996) 3= NV F A — B XV BEBEROHEEEZHER L, TOEEERMEIZS
WTER LTV AT, BEEEROEERL v AL F R & —/LEIZ X W R L. £ 0
SEEIMEEIZ DWW TESRT 5.

2. Mutiscale Wavelet Den51ty Derivative Estimator (MWDDE) f ZiEREE
B E L, X1, X0, . Xy KU FeFBLE F oo WEREEK T ¢ LyR) OHERS
E2D. 111u1ti1‘esolutlon apploxxmatlon (nmltuesolutlon analysis) [Daubechies (1992), Vi-
dakovic (1999)] AV UE, BECR {pu() = 20227 - —k) | k € Z} 2Z=R V; (V; C
VJ+1 7' €EZ)DERERERE T D Ly(R) DM ZEHOFINELND. Fiz, f(’”) % 2 ]
Vi \E s LT REER

m)( = ajnpin(z), e = (" )
kEZ
1, 0T Ly DEBRTRET S (limjooe || /) — £ ||, = 023D 310). 5T, j = 00
b & TR f}”‘) DEEZE F) OHEEE L BT 2 L3 TE 5. Prakasa Rao (1996)
HOEODOERMV ICBWTHERELHEM L TVDHA, 2 CIFEKOERM OB EEEt
HEEZEXD. TP X = (X1, Xe, -, X)) = (Y1.Ya, Y0, . 21, Zo. -, Zny) = (Y, Z)
ETD. L, ni+na=n,n =0(Mn) THD. LEDEEMV;, (0<j <2< <JL)
TO ) OHERE G0 = (—1)"n; 02 0 ];"A ) & LT,

m n2

f (m) ZK ™m)
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LF5. 2T K (2, y) = 20 Vie T, on(20ta — k)l (2ty — k) TH Y, o 1RZEH
Vv, DIEERE *EE%E&?%%@%%& Vs ThB. Zof™ (=1,2,- L)
#% sub-estimator & L, f(™ & MWDDE 2KD & 9 IZEETS.

Fim (e, x Z)\e 2, V)™ (z, Z).

L A2, Y)(0=1,2, L) IMEED 2z e RIZX LT, 0< Me(z,Y) < 1, Sopey Aele, Y) =
1 W= T Y IKESCEARATHS.

3. MWDDE O#HEHIMEE BEYU2&EDOL E TMWDDE O/31f 7 R ESEITEFNF .

Alm 2“Sj1 3 m (s+a 58]
Bias [fi(5, )] = —=Xi()f " @)y (20ta) + O (27F 00 ) 40 (277)
(m 2(2711+1)jL B . )
Var [f/(u)(m,X)] = T/\L(-’B)zf(m)vm(?“i’)
92mjy o(2m+1) (i1 +iL_1)/2
10 < ) o
No N9
LB 2L, b(z) = =z ——]R ayydy, Valz) = RK maz/ iy, Mlz) =

Ey X(z,Y)] (£ = 1 2,-+,L) T&)ZD F7, iy, oo Vi (222) = o, p(2)? & LS A
T AEGRERDRE E& X @;1:{4:72’}‘ LA&YH B Z & TIRAEY L.
na2 O (fi (e, X) - B[fi) @ 20])
S‘L(‘IB)OTVIL(I) V f('L)

(3. 1) & [ L&HED YL & T sub-estimator fI | oE DU EoDZER Vi WL THERL ST
HEEBIZOWTHELEERMENR Y 322, LrL, MWDDE O F BT 8D E NS .
Fi, :n&wﬁ%t;’c%&: m=0&75&& Wu (1996) DFERIZ—EKT D

N(0.1), as n — x. (3.1)

SEXH
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B-Spline Non-parametric Regression Model (Z33F 5 1B%#E & O ELEEIZ-DVT

AT ECENTICAT  BUR KFa
IRBR - RES K %%

1. Introduction

REZEVDLOBEMELZ MLV FEROT— Y ICE L THEE(LE B IR IBE, B- AT T4 v
NI ARNY 2 IERETAERNWEREL, TOMD I o RT A Y o I RFEIIHAT, FOF
ERPEROBIZET MIBITDRMNRT A —F —HEMBEICRECTE 572D, B THhOEWE
BRI CRREEZBIZ LN TEL LV ORAERD. LOLANBEL I DOETF /I, AEFEHLT
FATHDHD, LEICELMBEIES, TV BRALEEZEITIENDD. ARETIHZ
DEHBRBEEICEB L, ThEEBT D L5 RFELRETS.

2. B-Spline Nonparametric Regression Model

DA BEROM (X,Y) T2 n BHOBREL {(z:,v:) |i=1,2,...,n} £ T5. B-
AT TA ) RGRA M)y ITETATIET —ZOFEHEZLUTOL 5 2BEaOEERKOfmE LT
x5

m
yi=§:aij($i)+6'i$ i:l,Z,...,’n.
i=1

72U g 1EFNENIRII R HERER T, B E(e;) =0, 98 Var(e;) = 0? 2 b O0MHICHED &4
5. ZLDBE, ZORFRICERMELZREL TERLED TH A, KVEWT T 2A~DERD
=¥, BEED BEM RS OREENT. &,

Bi(z1) -+ Bm(z1)
B =(by,...,bn) = S : ,

Bi(z,) -+ Bm(za)

L,y =(y1,92,---,¥n), a=(a1,a,...,an) &R L, ET VT y=Bla, LEENZDLZ L
MTE, B-AT 54 2 RWEERGE, BHET VBT a, 0?2 OMEEMBEICBEINDZ L
BOMND. ZOETND a\d, BEFLFCHBORBFEDOBRE 2B E L= HRIFT EZETLH
(Penalized Residual Sum of Squares) DF/|MLIZESWTHEEIND. ZOREEB*HIET 5F
BIL N7 A= N EEEBEOER m (CETIRELICIIFRERZELAVOI, FRELES
—FBNELTHAE mEEHERELSNS.

3. New Criterion and Robust B-Spline Smoothing Method

HEDKEBE LT, EEBEOBEZOBME FVETANFEICRVBREEYEITI 08D
5. BB EIT O FREEED N 7T RIEIZES, HESBIVNEL RV TETWS Z LIZE
FAAR®HHEBOND. ZOX 2 REEFERET A7 DICOBOHEEEICTREEZ, TN XY b/
WHEESBIITREBERZ 2RERZRETS. ZOTFTBRBELTEBFBRE Y +v MIESW-H
E & (Gasser, Sroka and Jennen-Steinmetz, 1986) Z AV /=, 4 BEME z; T z1 <z0 < - < z,,
VD TeRABBEMBRIZ L TWA ETH. ZDLERARE T 4v MIESWI-SEOMERIT,

n—1
1
2 __ E : 2 =2
Ss - Ci&i,y
=2

n—2i
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Thd. L,
R LTI~y = aio by — 4, (2£8Sn—1),
Y i -z Tip)] — Tiol
Th0, E= (2 +B+1)L FOTFTBEAVTUTOL) BH LV G BEZRET D.
RSS(a
C,(\,5%) = mg,?(gl + 2tr(Hy) — n.

=L,

3

s - | L ES (a2=12<yz~—bza>2)-

ns? (6? < 82) =

7 D DEFIMMIEREN D FICANERERIIR Y, BREAZEITILELHD. K
IZRET A —F—OHEICE L TR E EBET S TILR <, Silverman (1985) TR Eh
TV ARRIN X B EBEEFMEB/NITE 2 L CHERSHM T 2 CRERHEEERELIRET
5. ZOEZORDFIZIE Andrews (1974) OFEXREGT D, EREOEELT VI Y XLIFLT
DEHTRD.

LRE c 2RETD (BT ¢ =1.5).

2. BEMEOBE (BROEE) m 2% 5.

3. /LT A—F A BHLHLDEXTHL.

4. OIHfE a) = (B'B)"'B'y EHEL, TNEDH LI 6F ERD .

5. Fg“l) =y ~bag-y (1<i<n,1=12-), A = mediani—,  n <‘f§l‘1) ), L LT,
B . f_z(l——l) -1 ng—n
of =1 (cfﬁ,‘f”) /7 ( A0 = CW) ,
0 (otherwise)
BEHT .

6. W) = daig(a{ ™, o{ ", ..., al™) L L, ¥4 %
dw) = (B'Wy-1) B+ ADy D) ' BWy_1)y,
TEHL, 6 £EHET 5.
7160y = 6f_yyl <8 TRMEL, ZORMEMLTETS, 6 ERETS.

8. &(21) il dgy BHHOVTEREEEE IC(m,\) 2HELT5.
9.m & AEEZXT2~8EREIY IC(m,\) BB/IMLE m, A\ ¥ BERELT 5.
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Generalized binomial and negative binomial
distributions of order /i by the /-overlapping
enumeration scheme

KR R IERE THF9E R JF - 2l
KBRS KBRS TRFER L35 il

1 [FL®IC

Xo, N1 Xy, ... % time homogencous {0. 1}-valued Markov chain & L. & OHEB {4
H,op = PO = [ Neoy = i), (0> 1, i) = 0.1), IEESRIE, P(Xg = 0) = po. P(No=
1) = p &T5. (B%IE, 717,700 2F0FNR, ), REMESZ ST S) kS8
ke OREENEA - BB A £ TO waiting time O EA— 5 — k OB ZIAG A0 &M
IENTWa, ZOaMAICE L T, moEi_1750 (5] 21F, binary sequence of order k,
sampling from urn models 72 &) OH ETOERELITON TS, Fi, Jk—UJAJ?_-@féC/L}J

CHEBELZWTEX D2 HE S L U EoWEEz AL BES L oMz E#E L THx

}J/[ HrdERS K OMERZL I BHGONDRE e RdliED T/ £ TIC

2 OWTE e ST E o AT, IiE Aki and Hirano (2000) 2 8-> TREIN
7= (-overlapping count &% HIVT, {0, 1}-valued MZEITHNC VT, KE b O hk—yh_
23 e A FE T waiting time DA DWW T S 41D, 72120, 0< (< k-1 &
T4,

2 Generating functions

Too(r > 1) & &S ko BRI ¢ I Z 5 FTO waiting tine &5, 2D & & T,
¢> probability generating function H,.(:)f double generating function I](~. w) BENE
FURO L 5 ZEHET S,

He(z) = ZP PENIELS

n=0

Hizow) = Z[/ ' —"ZZP T, = nj="uw'

r=0 r=0. =0
Noutras and Alexandrou (1995) 12 LXUE H (3, w) L9705 < s 178 AL B 2T

H(z w) = w:z Tr()Zj’ (A +wB)]™!

LanasZ LpmohTnA 2L, ,_eBl’ 1<i<s. e, =(0.....1....0) € .
o= (pu.p1- 00 0) ST P(0). Q(2). Re(z) OV EDISERT S

Py =+ (popor — prion) =
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k
Q(z) =1 = pooz — purpio? Z Pu=

1 42, r=0,1,2,...
R.(z) = +r4 2t
0. otherwise.

IOEE Hzow) it ROLIIZESND.

wP(z)(pryz)*!
[1—w(pnz)*YQ(z ) — wporpropis FFH Ry -y (p112)

H(z.w) =

3 Negative binomial distribution of order £
H{z,w) ZREL. v OFEER S &, H(2) ZRODHZEHBHEKD
Theorem 3.1 T, OMRGHEE H,.(2) 1T, ROXIIZRIND;

— k=1 _k . A1
f{/(+)(:) _ (p112)F7'P(2) (Pnz)k_( porpopyy 2 Ry eo1(p1iz) F>1
Q=) Q=)
D Ll RpPEPND.
Theorem 3.2 r > 2 DL X, W, NZ7e s HOMEEBEORIC L TEEND;

r—1

72T+
j=1

4 M

WHIT. (<0 OBAIHIE LTz C-overlaping counting ELFRNTH. /2, r =500 &
L7l &, A==k OO TS OMEEIIZ SOV TORY EiF s, S610F, &
E3 0 (fixed integer) TH D {0. 1}-sequence (ZFITHRE b O WIHE OO AT
TLELETD,

SEXH

AkiL S and Hirano. K (2000). Numbers of success-runs of specified length nutil certain
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TIRIENE — o DIE LR R RE

KIRKZFRERT EEEETHHIR % B
WCRTECERATSERT B B

ZOWETHE, KOLIBRTRIENRE—OFLERMELZHE Y. X, i=1,2,... %
m-IRITOMSL TR U oAU D fEHR S~ bV (random column vectors) & L, ZD%#
AR IE BRSZR D { 0,1 }-EMEEEL T,

P(Xij=1)=p(=1-q)

EWMIZTbOETD. ZIT, X B X, D-BBOMSERT. D AHBROEE Lo
BENRBEAMDLDONRE—ThBET5.

Fo, ML FHEICENDD, ¥ —2 D %8BS L5 7REFHFHO scanning window
REMETD. Iz7ZL, RIZKRFED scanning window T, FOEII D OEEEILE L,
ROBSIED O&ESULETHDET D, Z 0 scanning window 13 m-IK TTHEEF~= 7 K
RIS ARIZFN O R E R X v L, window O T, RNZ—2 DMREI 5 TLNEMNE
IMEFxy /YD ZLT, ROEEINVm IV H/hENE &1L, RIZEAIZEN 51T
T2, ETIZbm—(ROBE)-AT v 7508 2 &N TE 3.

ZOMBETH, SETITONTEL L) RERN2EHGIBEEIC R 0T, 22T
i, FIREZR T NTOREEIISEL, BREN G 2 o & & DT LIRS O &b RS
BEESME TR TRRREERN T ET VIV XL EX B 5D RN T AT T %
HU, BESMOMEREEELEL.

Scanning window D& S BFERNT MADIRITIZ—ET D & £121F, scanning window
EEFIZLPBIK ZEMTERNOT, FHIERMMEIIN 2 VEEIIARS. 220, %
TIOHEICENT, ZRENNZ—OFELEMAS A2 HE T2 EANREZ H2HW
T5.

ZWotNG—r D EENEE D K D 7 scanning window R R E X bR ET S 5
L, R=[ry ro .. e, S E70d " 2G5 o2mx (T8I THD. 22T,
YCIEIERZFOOELLTHLRNZ EEZEKT S,

TRuEANZ = DBELOTEILDETOEBEM KD &L &2, AR~/Lra7iE
HFORDIALIEII BT DIREEMROFMU(THERREE BT D (EohTREZIVE DR
BED 2] 1L, BERAICBOLTERSTI RE)(=[r re ... 7)) DD LT 50
EOMEBETLHILILE > TEETAIZIENTED., ZOZ &L, 1RTEDRZ—0D
HHERBBET, $FACBVWTREI STV AREROE IO/ NF— 152 EE LT
BRTDZENTERILEEXMBHTHD. YOI EELEEEZER LRITH
2 n72nnbEnd &, Ko RH DD, HOEIFET, ROBIHSITINREZ T
WBEEZ, ZFAETOERTIIEZOFATENL D /DN EWESITIINEZ o T D E
INELT LHLEITTED LIIRORVNLTHD. TIT, K& (D {01 }-~7 b
a=(aj,ag,...,a;) \ZE>T, BEFROREEZRTZLIZTH. ZIT,

0, (FOAT R@) WEZ > TWiziThid)
“= { 1, (FOFFAT R(1) N Z » TWid)

—661—



ThHD. bbAA, ac{0, 1} THAHM, {0,1} OERBTAT (LI ETRIVE
DIRAE] 12720 LIZR G2V, ZI T TEZhORRTREZ W BSRE] O2%k% S(D, R)
LEY. E7, S1(D,R)={a € S(D,R)|ag=1} & So(D,R) = S(D,R)\ S1(D, R) %
ExELTEL.

ZTIT, FUNRERBBHOB-THEAIRIREZER T2 R FEY 52 5.
V(m)(={0,1}™) #EAD 0D 1 1625 mRTFINY MADRIKETS. Fi=1,...,0
XL, u 2y D+ IZ0ZRALTHRLNDFIANY b $3. 22T, r; T scanning
window R DE i EB DS P THD. RIZEH fp: So(D,R) x V(m) — S(D, R)
% fD(a, 6) = b(= (bl,bg, ,bg)) ‘:J:’)TE%T% ZIZ T,

by — 1 ife~u120
7)1 0 otherwise

FLTi=2,... 0izxt LT,

b — 1 ife—-wu;>0and a;_; =1
"1 0 otherwise

Thd. ZDEE, ROBEEBELND.

EE 1. 5267/ % — D L scanning window RICH LT, /3% —>2 D A3, Mst
TRIU DU D V(m)-EFEFE~T ML 2RUCE NI OFR TIE LD THLL £ TOE
HATEREBEEIIROBRETEXR LM T. & ac So(D,R) 123 L,

glait) = > pMO1—p)m Mg fp(a,e):t)
eclV(m)
MDD, ZIZT, Ni(e) iF e DESHTO 1 OHEEWRTS. £/, & ac 5,(D,R)
CR LTI, ¢la;t) =1 238 0 325

FE. EE 1 IITRITAY — 2 D OFLEHE O RSB OB TR R
REATRHIZEXTNENDT, ZNIZESNT, TORBIERXZLERTH5T7 LY X
LESZBDIESTHD. 12, ZOTNALITY XL EHIMB L 27 LA, S
#— & scanning window # ANTNIXFHEMSAOEERBEFHATI T s
LEBELZENTED. F£72, scanning window R DEE h A m LD /NhEWNEAIZYL,
RREHETITH LD, FH 1 LRARR—RIOREREBDLI LN TESD. T TR
B,

Aki, S. and Hirano, K. (2001). Waiting time problem for a tw-dimensional pattern,
Research Memorandum No. 804, the Institute of Statistical Mathematics.
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LINEX BREEHOH & TCORTY U 3HD
B DA XBEIRHEE

REAKRE TZ2H R EER

X1, Xn BEWIZHINLT, A—4% B,,we Q, CHOIBEEERFIE L. 0 =0(w) OFRHE
EEEEEZ 2. FREL. 0DEEITHELELEDE%E L(0,0) L, EX1EHEDDHY
TR MR >0 T B, BRMEEFXE

6=(S,0s),
YEh. 2T SEEILEL O EERERT, SOU RS
R(w,68) = E, {L(a,és) +c5}
CEZBNB, I wDRHAHL LEL &,
Ra(5) = [ Rlw.8)TI(d0)

BEODRAZXNRZ LN, TORS YRV EZE/NIT 2 6n & (BRI2HE O IZHT3) <A XF
RHEZALE VD,

On & n AOER X,,... , X 0b 3 BEEKLO,0) e <1 XHERL S 2, EEOE
WHEESRR 6= (S,0s) WIHNLT, HEEL LTS IHEREAVWERREESR 6= (S,6s)
EEZLE

R (8) = Rn(§)

DAL T Do 2T, A XRKRMEFREZRD DEETIBEERFLLE (XA X{ELLR) £KDBH
BIZIRET 2o

Z, = nE{L(@,@n)le,“.,Xn},
L.(c) = —nﬂ—l—cn
B,
Rp(8) = E{Ls(c)}
g,

E{Lr(c)} = min E{Ls(c)} (= p(c))

Wz TEIERl T DBIRA XEBLRAITH B
A ZZIEANEE K OBBIZ BV T ZOHFEERRILET TV % D5 (Chow, et al., 1970), F DAL
TRERZEVE NV, ZOREOINEN (c — 0) IZ_S X(Z LA FE L 2 A2 ERIOB DTS R
T&E /s T I TR, Bickel and Yahav (1967, 1968) & % APO(asymptotically pointwise optimal)
ARIZDNWTEZ 5,
Zn—V(>0) as. as n-—oo

ERET Do JDLE (FILH]

T.=inf{n>1,Z, < cn2}
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#APO TH B, BiZ
supE(Z,) < oo
MERIZ T HUE. T, i& AO (asymptotically optimal), T7&H B,

A S C)

=0 p(c)
WERIT Bo Wik DHEEL,

E{Lr(¢)} = plc) + o(c) as ¢—0
DEITEIPEILTH D, TNDKILT B & &, T, It asymptotically non-deficient Td 3 & 115,
X; OBFIEHRT v 55 Py(0) DFH § OH#E % LINEX (Linear Exponential) 185 BI%Y
L(0,0) = exp[a(§ — 0)] —a(§—8) —1 (a #0)

DY LTEET 2. 0 DERIAHIIROBEERBERO>T 4/ LT 5,

e g0 0,8>0
————— >0 (@>0,8>
Ta)pe ( )

CDEE Xy,...,. Xq BEZLSNLED I DA IHERIT

5o a‘,“s'n. aﬂ
Bn-—( - >10g<1+nﬁ+l)

b JIN
Zn = (a+ Sp)An
bl UR
_ nf+1 af
A, = n{10g<(a+n)ﬁ+l>+nﬁ+l}
Sn - .}(1++Xn
H-T, \
Zn—>—(12—0 a.s. a8 M — o0
DT e s{ERE]

T.=inf{n>1,2, <cn2}
d APO THd, £z,
E(Z,) = (a +naf)A,

LB, sup, B(Z,) < co AR L. FIERI T, i& AO TH 5. BEIZRDFER (Takada, 2001) 55
asymptotically non-deficieny €& 5.

FEBaf+1>0,a>11R561F,

E{Lr(c)} =Tovc+Tic+o(c) as c—0

4
4
A

_ V22T (3 + ) VB 1,2 1
= Ta) TRt E timohs

T

E{Lr(c)} =plc)+o(c) as c—0
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IEFHI#INH D 2 2DH IR MO REBRDERERDEE

BEKX - AX & TR
BICR - BT B {3k

1. [FL®IZ
X; ~T(og, N),i=1,2¢& L, FORBEREE
Ful@) = 257N %™ D (), 0 < z; < 00

&'?“)50 RERBOGIEFERIN < WoB3bb e, TOEFEERLI-RELHEER M
LE) &
So= 2y (cpypleeXas anXa)” i=1,2,
Qi ai(al -+ 012)
Thbd, 22T, at =max(0,a) THY, X;/aidNORREHEE (UB) THDH, —
5. FRSEEEER LT RER O, ERNESERMNRHER X /(0 + 1) IZESNT,
HIHRG 2B THERZRO L HITE 2 5,

;\. — Xi + (__l)i((a2 + 1)X1 - (O!1 + 1)X2)+
Coaitl (@i+ D +ag+2)

MEIMLEIZBWT, as%oy; + LICEEXHAZ I-BITh > TV B,
TIZTIE, FH2RBEX R, 2 00O RERMOBHEEOEEMELE X
%o MLENPTMREHER L, L0 LERTHD, Shic, ADHER XL, L0 bEh

TWBH0, BRI A NEHS&EE ZREHIZOVWTER B,

2. %K

Y27 DRBEBDTOIZIE, RO Lemma BEATH 5,

Lemma 1. X ~T'(e,A) & L. g(z) ZAEXHERREEE L. TOMSE () &35, W
F, glZx LT,

() E[IXg (X)]] <00 23D Elg(X)]] < oo

(i) T_TDOA > 0ITxF LT, glci%g(x)a:“e_'i‘ = Q}Lngog(x)wae‘f =0

NI N TS ETHE

ElXg(X)] = MaE [¢(X)] + E[X g (X)]}.

i=1,2

N5 AVAC R

Lemma 2. X; ~ U(ay,\),1 = 1,28 L, Z ~ Beta(ay, o) &7 5, EEOFEE
b > 00Xt LT,
DG 20X | BXlXa 2 b 1
E[X1| X1 > bXa] ™ Eg[Xi1| X1 > bXo]  E[Z|Z > p]

PRI Do 22T, p = b/(bt1) T Eol ] [3Ar = A D& EOHHHETH D, EolXa| X 2
bXa]/ Eo[X1|1X1 > bXo] 1A = A DIEIZIKTF L2V,

&3 1- Ip(al + 1,0?2)
a1 + O 1-— Ip(al,ag)

1 (1 — p)*
o {1+1 P p) }

a1 + Qo I(ay, ag) (a1 + ag) Bag + 1, ag)

() B[212 > 5] =

I
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= 2T, Lia, f) = [Fuel(1-u)f~1du/B(, B), TH Y. Bla, f) E~—FBHETH Do

3- ﬁ§ N N7
XpJWMMJ=LuﬂA&Kmﬁﬂ%hghﬁkékféo1@2%£§(MS

E) REMET, o) + o DHEEMELE2D LA, TROEENFELND,
(1) MLE (O, he) E RRHEEE (D, £2) DL

ay? ag

EE1. TTON < MR LT, MSE(XL, aXifai) > MSE(TL, ci)i) AL
T 51D DNEFHFEHIT

a__p 2-p-F (2 = 0D —REET)

g 1-=p R—p
ThBD, 22T p=ayf(ay+ag). R=(1—I,(cn+1,09))/(1 = I)(y,2)) THD,

1. TRTUON < gy TTDe 20,0 <OLEDBD>TTATDe < 0,09 > 0)
X LT, MSE(SL, e Xi/os) > MSE(Y2, ch) BRI T BT D DLE+y X
(43] Z 1«(‘:&)50

(2) MLEZBWT, aka;+ LICEERITHEER (M, X)) & (K, 22;) L DHER
BE2. TRTOA < MWMIIH LT, MSE(XZ, ¢:Xi/(os + 1)) > MSE(TZ, eih)

75‘5212‘?*6 f:ﬁ)ﬂ)ﬂ\iﬂ“ﬁ%ﬁ:?‘i\ p' - ((11 + 1)/(&1 + a9 + 2)\ R = (1 - Ip/(al -+
1, O‘g))/(l - Ip/(al,ozg)) ET’E) s &

! — 2pR’ e _ap+1
'S E1DE X, P <4<
WR>PHIPES 7+ 6 S et 1
THY,
1
PR <P+1DLE, —co< DT (cz = 0D —R % Ete)
e g+l

T D,

2. TRTON < MIEH LT, MSE(X, /(g +1)) > MSE()) BRI T 278D
+§?§E{4:6ia2 _>_ Qy, Qg Z 1 T&)éc

BEFHBEORRICOVTIE, HHFRT,

BE B

(1)Berger, J. (1980). Improving on inadmissible estimators in continuous exponential
families with applications to simultaneous estimation of gamma, scale parameters. Ann.
Statist., 8, 545-571. (2)Kaur, A. and Singh, H. (1991). On the estimation of ordered
means of two exponential populations. Ann. Inst. Statist. Math., 43, 347-356.
(3)Shinozaki, N. and Chang, Y.-T. (1999). A comparison of maximum likelihood and
best unbiased estimators in the estimation of linear combinations of positive normal
means. Statistics & Decisions, 17, 125-136.

(4) SRITAR. RIR{EHE (2000) NEFFHRIRO H 5 2 DX < 5D R EERIOBTEIE D
EE-TRBENR25BE—, $6 SEAXNKHEETHE
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EREBESHICEIFTHO/NX MEE
FEKEFRFT BEEE

1 INTRODUCTION

Suppose that there are k different populations whose underlying distributions are normal. When
the observation is sampled with mixing proportions w;’s from the populations and the label of
the population is missing, the probability density function is given by

k
F(2:0) = wid(a; pj, 03),
j=1
where 6 is the symbol of the parameter, Z?:l w; = 1, and ¢(z; ,uj,o§) is the normal density
with mean u; and variance 012-. This is called normal mixture model.

Let z1,...,Zn be the random data sampled from the normal mixture model. A feature of
the normal mixture model is flexibility of density shape, but its flexibility causes some diffi-
culties for inference. One of the difficulties is that the likelihood function is unbounded, more
precisely, supy Y i log f(zi;6) = oo, which brings about spurious local maxima. See Section
3.10 of McLachlan and Peel (2000) for detailed discussion. These make the maximum likelihood
inference unreliable.

This paper adopts a modified likelihood for robust inference, given by

1g(6) = 7—11—5 > f(zi;6)F — bs(6),
1=1

where 8 > 0 and bg(0) = [ f(=;0)'*Pdz/(1 + B), which was suggested in Basu etal. (1998).
It may be noted that the case § = 0 corresponds to the usual log-likelihood. This modified
likelihood and its maximizer will be called -likelihood and f-estimator throughout this paper.
Results obtained can also be applied to the multivariate normal mixture model.

2 B-LIKELIHOOD METHOD

The B-likelihood and its properties were discussed in Basu etal. (1998). This section reviews
some facts, which will help our understanding for this paper.

The estimating equation is expressed as 0lg/08 = 377 hp(zs;0)/n = 0, where hg(z;60) =
f(r:0)8{dlog f(z;0)/06} — dbs(8)/06, which can be viewed as M-estimation and unbiased as
estimating function. The weight f(z;0)? of the score function would weaken the contribution
of an outlier.

Let 6 be the maximizer of the S-likelihood. The standard theory of the M-estimation will
show the asymptotic normality. It might be noted that the case 5 > 1 causes much loss of
efficiency for some basic models, as described in Basu etal. (1998). Hereafter we focus on the
case 0 < 8 < 1 because of high efficiency.

3 BOUNDEDNESS

The likelihood function is unbounded under the normal mixture model. as discribed in Introduc-
tion. It can be shown that the (-likelihod function is bounded above under the mild condition:

mjin wj 2 Y(B)/n,
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where 9(8) = (1+8)*2/8. It should be noted that the likelihood function is not bounded even
under the above condition and it may be noted that the above condition is changeless even for
the multivariate normal mixture model.

4 ROBUSTNESS AND EFFICIENCY

The influence function, say IF(z;6), is known as a criterion of robustness (See Huber 1981).
Let GES = sup, || IF(z;6)|, which is called gross-error-sensitivity. If the gross-error-sensitivity
is finite, then we will expect that the estimator is robust to outliers. It is well known that the
gross-error-sensitivity of the maximum likelihood estimator is infinity for £ = 1. However, we
can show that the gross-error-sensitivity of the §-estimator is finite under the normal mixture
model.

Focus on the neighborhood of 8 = 0. Let us investigate a behavior of the gross-error-
sensitivity as well as the asymptotic relative efficiency. The gross-error-sensitivity goes to infinity
and the asymptotic relative efficiency to one, which means fully asymptotic efficiency, as 8 limits
to zero. We can show that the bound of the gross-error-sensitivity is the order O(1/3) and the
convergence of the asymptotic relative efficiency is the order O(B?). These imply that we can
expect both the robustness and the high efficiency of the -estimator with a small 3.

5 METHOD FOR SELECTING 3

The j-likelihood method has been suggested already and explored as robust version of the usual
likelihood. If we hope more strong robustness, we will use a larger 8. However, the large 8 would
reduce the efficiency of the S-estimator because the case § = 0 corresponds to the maximum
likelihood estimator with full asymptotic efficiency. We would like to select a reasonable 8. Two
methods are suggested in this section.

One can be suggested in view of the condition min; w; > %(83)/n and the asymptotic relative
efficiency. The values around § = 0.2 would be appropriate candidates.

Another is to take 3 = arg ming D(g(ac),f(x;@ﬁ)), where D(g, f) means a divergence, if we
know the true distribution g(z). As a candidate of the divergence, we can take the Cramer-
von Mises type, given by [ (G(z) — F(z;6))*dG(z). Using the empirical version and taking
into consideration the idea of the cross-validation, we can propose a method for selecting the
optimum 53 by

- n ) — . 2
- wpngp 5 (00 )

i=1 n

where 52;0 is the (-estimator obtained by leaving the i-th observation out.
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HABEICE>TEBSIESEORESHEONX MER~DIGHA

MRS - BRE - BT &k R
MRS - HEER R XE

1 {ZC®IZ

WEEDE/NZA PR (FEEN) 2302 0EL LT, BHLEELRLLOOVE DL, E
FNFHDOUHELECOHERDBRRAAT ATHB., ZHITHEEDORKKRM AL 2 /N2 b
AAREBETDHIZTHRAREREZ< L-oTED, IFh) CHRTEIZLDOTEX A%
FOBRE D OHOTHREARLETADANLOM/ND [Fh) I8+ 3RBORE X%
KT GESIZHTAHHERLZTATVND., ZORKAAT A0 /N2 NRRADEEARRE &
L, INE2E/NMNTHIHEBERDDLENVHI NS T RA—u/8R hR A 772 —F % Huber
(1964) IZ X DIBBENED, TOEEMMAEFRBEIN-20H 5.

AEE T, BEROZMAODETALHPLD [P 2RBET 3L LT, HRE
B (special capacity) IZX WV EBENDAHEEZREL, ZOMEORHE-SITEE LB
DN ONDEAEER2H5ZD. ZLT, INOLORESPREBORETED A TR -1
N2 MR RABGEUTICA L, BRAAT AEAMT 5.

2 BHEEEAMER

X BFEM I 0 HEEEZER], BE2 X OBOYESI L2 D Borel BEIK, M % (X, B) £D
BRERNEOCLENCRIERLETD.
WE Fe MOufss LT
Prlc.y)={FeM : G(B)<cF(B)+~."B e B}, (1)
BEEXD. TIZTO0L<y<ll—y<ce<oc. ZOHEFIZHDOEIITET ZLNTES
{Ando and Kimura 2001).
EE 2.1
Pple, 1) ={F=c(F-W)+yL | W& Wpx. Kk € M}. (2)
T2 L WrA X YB e BIZHLTW(B) S F(B) THH, W(X)=A=(c+y—1)/c &
RADEDIBRTNTOREW PLRIEAETHD.
EEER R EOBERE Fo (34~— 7 RIE B U B TR S FR 7 MR % BRI 8K
foEboLL, a% Fobf =l sy 57 g %
W(B) = Fy(BN[—a, a]°), "BenB
WCEDEZL, A I TFRAIIBVWTHERLI 2 LD ANMEET T 5.
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EH 2.2 XY #HRERLTHEX, FXF(FEPrlc,7) PbLTD|X Y| D5
X F =F =c(Fy— W) +vA D& EREFRICR/NC25. TRDH0<I <ok
LT

sup P(IX -Y|<t)=Ppp(lX Y| <?) (3)
FEPFG(C,‘Y)

N AIRVAGR

3 O/NX +FHEE~DEH

1. (LB RO ERBE T, TR TOMNBEREHFREDY T AIZB VT e-contamination
TEEREH, FO—RLE 25 (2) OFEFELTORKR AL T A ek/NIT DHEEER
AT 4TV ThDTLETLIE

9. RESEOEERETIE, RAENLeAR MREHERTH S MAD (median absolute
deviation) & Rousseeuw and Croux (1993) E L= S & Q DifF (2) LTORN
WA T AEZEH LT

3. FESESHIIE {Fp) \CBT 2 BE 0 O u SR MEERICE L TIL, (2) DiEFELETOR
EEDEK AT ADTHREEH L, He and Simpson (1993) OFERDOIBRE 25 Z
E&ERLI

4. B XA MEIE~DISH & LTI, Rousseeuw and Yohai (1984) {(Z L D #BBE SN2 S
HEEZRY BT, EFEQ)OLTOSHERDRERNNATADLERE TREZEHL,
¢ < 1(Rieder(1977) DIEEE) DBEITIT LR L TRB—BEL TERNA T ARELR
HZlERLE.
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V-, LB-#EtE 2 &0 U-HEH & DS S ® Berry-Esseen bound

BEREEREIN D2 FH %—ER
B B ARIEAY KA T

1. F
X1, 0 Xn B9HF 2PbDOKEE n ODERET D, Rk OxFFF7% kernel g(zy,...,11) DD
estimable parameter §(F) D#EFEE L LT, U-#EtE U, & V-#EtE V5

Un = (n )_1 Z g(Xjn--'ant.-)a

k 1<.71< <JkEn

n
. i,_}: S 6K X5)

Jr=1
PERCHLNTWE (GJZJi Lee (1990) Z88). —7, Yamato (1977) 12X V), 8(F) DEEEL L
TH#ERR Bayes # & (LB-#&r=) B ;
B,=("TF 1 S 9K Xy ey Xy ey X
k b=k ;q/___/ ;_.\,_._./

PEONI BL, S, it =k FBATTRTOERER 1y, LTS

N5fMEERT.
Toda and Yamato (2001) i3, V-#5t&, LB-HEtE 4 &80 U-HMETEDHKTEEE Y, 2RRELL. Y,

liU\T@I LT 52.57(17,)
j=1,...k L:?T w(ry, ...,m5 k) & oy +- +7J —lc i 7c T IEER r1, ..., r; OXFRZIEEHM

iﬁ[c‘:’?’% @L ki emelg@«kﬁf%% ]—1 k23 LT, w(ry, ryik) 2R CESL 1D
IIETHAEL, .

d(k,j) = Zrl+m+”=kw(r1, T3 k)
LB L, zm e BT by =k EBAT T RTOERS 1y, .y ETE HIBHE
%‘a_ ] =1, in iz ;TL C g(j)(:z:l,...,a:j) %

1 +
9Ty s zj) = mzrl+-~+r,-=kw(rl’ T k)g(Z1, o T, s Ty, )
T . T
WX D555 kernel & L, gij(zr, ..., z5) IIXIET 5 U-#EETE % U vt ok &, 6(F)
DHfFEEE LT

k
1 n .
Yo = =) dk,j Ul
SR j§=1j (k3 )
FRELR. AL, Din,k) = S5 dk, ) () ThB B, by = k(G =1,..k) £ D
J

IE.?&%;& T1:0000 Ty L:;@LT, UJ(T1,..,,T:,;I\,) =10 % Y 13 LB- "1‘]5;:1‘_:1 B k 7;3 l’) w(rl,.. ,Tj;k) =
K (rleooryl) DEE Y, 13 VHKEE V, &5,

AEETIE, Y, 1T HERIANDYRDE S LEBIRED FEROFFHIZOWTHBNT S, LT
TE,r(> )T LT e, v, €7, C,Cr 201 FILKFLRVWIEERE L, O(z) 2 IEEERSH O
%?ﬁﬁﬁj;ﬁt B < . if:, j = 1,...,k L:;(UL LT, v,bj(a:l,...,xj) = E{g(Xl,...,Xk) I Xl = xl...Xj = .’Ej},
O'Jg- = VO,T{’(/)J‘(Xl, ,)Q’J)} t B < .

2. Y, ICHTIERDHAOPNRDER

Toda and Yamato (2001) i, ¥, (2% 5 Berry-Esseen bound %1872, 02 >0 & L,
k-1

d(k.k) ,ny 1 o 3
' B0 & )T Dk ;d(k’j)( j =%

RimsTIEER 81 PHEETHERETS.

Theorem 1  E | g(X1,., X)) —0P<é<o0 &L, FED j1,., 5k (1 <j1 < < g < k) 3T
LT, E | g(Xh,...,XjL_) —Eg()&’jl,.. XJ,\) l < 1] &:’9’_5 'IE l..« AO’? S 1) < 5 2/3 . u.@(‘: g, {f%@
n(>k) 23 lT

M < »,;} - d(z) |< ce AL SVES

sgp | Pr o e 3
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%c:y

D(n, k) 4

It EEHR B PHEET A LIRET .
9 % Berry-Esseen bound 2% 5%.
Theorem 2 Elg(Xlsan) GIBS§<007Elg(Xla"'>Xk)_9|3/2S V)Elg(XthaXQa“-\
Xk-‘l) —Eg(Xlinina"'an—l) l3/2_<_ Y (‘: L/, {E%@ j]_,...,jk (1 S jl _<__ ce S jk S k‘) L:id’t‘f
Elg(Xj o X)) |[Sm ETH ABL,0<2u <723, 42 <6 ZDEE, EED n (2 k) KL T

V(Yn = 6) _ Ci¢ Cyy Capry _1/2
[—————— <z|-®(z)|< (k3a§ 13253 * o, yn=1/2,

Borovskikh (1996) 1%, k¥ 2 @ U-#&t&2xt L T Berry-Esseen bound & 13 &% 2 XD ER DA
ADPWHEDE E 2D LTLf’ Borovskikh (1996) D#ERZHAWVT, RE 2 D Y, 1235 LT~
TRERLBIBLAIVOEREES.

Theorem 3 E ! g(Xl,Xg) -0 {3< o t L, E%@%ﬁ jl,j2 (1 5 j] S jg S 2) L:jd’tf
E|g(X;. X5,) — Bo(X;0, X5,) P<vs 55, SOEE EED g (€R) & n(28) K LT
[vn(Yn - EYn) c ~1/2
| Pr [——————2—;—————~ i —®(z) < (1+'$|)3n .

DL E, Theorem 1 £ ELIZTFVEHEDOTTY, 123

( k!

I~

sup | Pr

3. Y, (3T 3 ERIUR O TEROFFE

R?2 EDOEEREEZ, K2 @ kernel EXHILT 2 YV, ILDWTERA. w(2;2) = wo, w(1,1;2) = wy 4
EBL. My, zg) = gz, z5) — ¥i(z:) —@bl(xj) &8l c‘: K20V, 1%

y, = (= lDt(“l 12+ 2w Zwl {wQZh Ko X)+wn S (X, X0} (1)
1<i<j<n
LETIENTED, Eg(Xl,Xg) =0, E¢2(X1) 1k 1,, (1) DEDDE 1 BOSEE 2 L5 <.
s M2, ... %, I THE— Wﬁﬁﬂiﬁﬁa\ﬁb WOMREHDINE L, Z1, Zy, ... &, WL TR—DHHIC
BEOHEEHOTI LT 5. &5\ Iom & Zp MM E L, CE D TRTORERE %LX = (n;, Z;) € R?
D&% R 7. Bentkus, Gétze and Zitikis (1994) X, B g ;
g(z,y) = 1 + 1 + Toya; = = (21,22), ¥ = (y1,%2), T,y € R* X = R? (2)
ZHGT, X €C, B2 |°=1 0L &, k¥ 2 O UAIHEIT 2 EAITRO FROFME L.
o> 0, AIZEM X, 3 eEH g X2 - RIHLT, Eyi(X;) =0, Evi(X,) =1, E | ¥1(X)) P=
4 Eh(z1,X3) = 0, E | h(X,, X3) |°= 1, E | h(Xy, X)) [M2< 1 A7 TR OREEROR &
(X, g) ETB. BRCITBI BHBEER X, = (15, Z0) € R2 (1= 1,2,...) 123 LT, Ba(X, g) #ZET
t;tr;w (2) ICEhESNHBH g %%‘2_5 (B b, g(X X;)=mi+n; + Z;Z;). :@2:%, (1) &9

n_lyn— TD {w2zZ + Wi Z Z:Z;}
1<i<j<n
é_’_ 7:6 V), Tn = (’U)2 Z?:l Z? +'U.)1‘1 }:1_<_1<j<nZ Zs )/{TnD(n 2 } (1: B < C‘:
sup | Pr{r; 'Y, < 2] - &(z) J—SUD | E®(z — T) — ©(x) | (3)

BN IO, (3) OTREDFMY, E| Z; |°=1 &k er/? 3ONER ELTRTONFREEREK
Zi ETERBZEILD, RE 20 YV, (I T 2B ROTIROFMEE .
Theorem 4 e<2/3 &% BEDOn(>1) I LT,

supsup | Prir; Y, < 2] — ®(z) |> Cle)n®/4-1/2

Ehb e DHRIKETHER C’( ) (>0) EFHEIZEM X EFHREK g PEETA. EL, BOO
sup 13, TXTOMEREM X, = (0, Z,) e R? (1=1,2,..) ETEL 6N B, ZIT,n (JHEE IE%E >F
ICHEIEEEHTHY, Z, X E|Z, P =1(2~e>0) % A7 B ERTH 5.

SENE
[1] Bentkus, V., Gotze, F. and Zitikis, R. (1994), Ann. Probab. 22, 1707-1714.
[2] Borovskikh, Yu. V. (1996), U-statistics in Banach spaces. VSP, Utrecht.
[3] Lee, A.J. (1990), U-statistics. Marcel Dekker, New York.
[4] Toda, K. and Yamato, H. (2001), J. Japan Statist. Soc. 31(2), (to appear).
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Estimation of Moments Parameters in Elliptical Distributions

FAREMRFEREREERER Ll FA
R R FHE R WE B

1 FUCSHIC

iy, DBRENETNE(X)=p, £=Cov(X)=-2¢0/(0)A THASND pEEEMASH E, (1, A) 1T
OB RN X DE—ARNTA—F &, ZOWEIIDNTHERT D.

2 BHETH

p BEFEMAS E,(pu,A) ICHD X OFEBEKEFMHEERT, ROXSICTEZBEIND (Muirhead(1982)
BH).

flz) = cplA\|—%g ((z—w)'A Nz —p) . ) XEEE, g3 2 HAME (2.1)
o(t) = explit’up(t'At), idd DK (2.2)
3 E—XArF

LY =ATN X ), AV =AEBE, RP=YY, U=Y/RETH. ZZT, URU'U =1 0%
AWV, R(>0) EURBMIUITHS. REUDE—ALMERDDIEICLD, KOEFEMNKRDILD.

[ 2.1] X —p OFERE—AME0, 2mKE—AD NI, RKOLESIzEINS.

Hijour = (H(m) + 1) Z Tij " Ouv
{d)

B
[

Lm0) e I'(:+m)
oy 1 = , 1m — 2"1 el — 2m 2 /
o ooy <2>n

4 HFE

B A BRNRNTA=F ki, OHEFEIZTDOWT, Anderson(1993) DHEHRL THDRE/NTA—F k= w.»,
O—BHEERDEBIEEL -HEEE X, Anderson(1993) 12Xk D HERIT,

E{X -pw)/'S "X -w}]=pBs+p+2)
NEEETS &,

E[{(X —p)S™HX —w)}?*] = (x+1)p(p + 2)
THD, c D—HHEEEITIKODEDIZEZENS.

/V

. 1 - 2 1 =\ e —

K = /3'3”[,—1‘ leEN E {(XI—X)S I(X,—X)}
i=1

R

plp—2)

INLD, —BREBIEIROHRELLS.
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[RE4.1)] X -p D 2mEKE—RAL MTA—S k() O—BHER i(m) 1X, KOKDIKKEXENS.

: G = LS X -X)STHX; - X)}" (4.3)
N(m)=mﬁm.p—1, ﬁm,p~A—,§{( i ; .

FHE T, T = VN (Rm) — £(m)) PERESHICONT, (1) SABEMOLE, (2) SARMO L EITH
W THERBOE CHERTS. —MEEEI LR =1, 273, 7 (1) OBBIROEREED.

[E8 4.2] S BFEHOEE, 2m RE—RA Y MTA—F km) OD—HHEERZ

N
%k 1 2% A * _ 1 < ~x ~1 >y ™
K’(m) = 2,"_(%)mﬁm,p -1 ) :Bm,p - ]-\F Zl {(Xz - X)IE (Xz - X)}
EEB. COLE, T = VN(R,,) — Km)) OWIESEIL,
(B + 771)171 2
Uz(m) = —_2—(?‘)77_—(’{(2171) + 1) - (H'(m) =+ 1)) (44)

KIZ, (2) DBEEEZD. LNAUKEICERRFHEEZEIOT, m=208H, DEDRENITA—
Yk D—BHEEELICDVTHIEMRMER2ZX 52 L1275, 24T, Seo and Toyama(1996) DR &
—5{ 5.

(B 4.3] SHRHDOEE, 4 RE—AZINITA—Y (RE/NTA—F) n O—BItEEE

1

A A A __1 al Tyt o-1t . 12
n—mﬁz,p“ly B‘l,p"N;{(Xi—X)S (X,'-X)}

ETBH. ZOEE, T =Nk - k) ORI EIL,

ot = B D ) - D+ 1w )+ D e 1P - 1) (43)
SE 3

(1] Anderson, T. W. (1993). Nonnormal multivariate distributions: Inference based on elliptically
contoured distributions. Multivariate Analysis. Future Directions, {C.R.Rao ed.}, Elsevier Science

Publishers, pp.1-24.

[2] Kellker, D. (1970). Distribution theory of spherical distributions and a location scale parameter
generalization, Sankhya A32, 419-430.

(3] Mardia, K. V. (1970). Measures of multivariate skewness and kurtosis with applications. Biometrika
57, 519-530.

[4] Muirhead, R. J. (1982). Aspects of Multivariate Statistical Theory. Wiley, New York.

[5] Seo, T. and Toyama, T. (1996). On the estimation of kurtosis parameter in elliptical distributions.
J. Japan Statist. Soc 26, 59-68.
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HOBEEICEHI ALELRERETEDRESHD
FIERIEICHT S8

IEBRFEREGEEFENER EH 5
RSB RFERFGEHFEF AR Ak FET7
MR ERERRTZERT PR ZF0

FHZE T, FHEERMEDOS & THGBATIO H 2 EIZBET 2 RIBREDOLE
AR BDOIFESMERVEKD. BX2EL5BHEEIL, (1) Hy - & = %o, (i)
Ho : £ = o®, (if) Hos : & = diag(Su1, -+, Ske)y (iv) Hoq : $1 = --- = T
D42, DFEY (1) EESBATINEH HEE 9 B>, (i) EEMITHIO EEAE,
(iv) Z k BOBEROESETHIORERHORBTH Y, (i) iEpkT7 b
= (21, -,2p) ZhkEY =2, -, x}), T :p; x 1, ITHEIL, FHIIKG
L= S ONE %

oo D
Y= oL ,  Xab @ Di X p; sub matrix of ¥

koo Lk
L&, £O5BITIDRMAT ey 7ITHITHA W IHIEFRTHD. b4
DRFNZ T D LEHHMHEE L, (=1,---,4) LT3, ERHEOTTIE, T, =
—2log L; DIFFESFITENLRINC x2 SFICHED T EBHMON TR Y, b O
BB HEH STV D (see, e.g., Anderson, 1984; Siotani, Hayakawa and Fujikoshi,
1985). TN HERMICESWIIMIRERIIF A BN TWD R, ZOEREDK
EENLIZEEOHITLED LN TS, Tto (1969) Tik, FEEHMED T CIRE
SADOEESANBERAD4RF 2 L5V NIEKFTDHZ E2BELTWS,. —
M BUCET O REITFEEREICE L TERTIIRZWE EDLN2EHEN Z 0O
WAFBEERE EROBFRIZERDZLEVWHIZLTHY, ZANEHZETIH
EEREMICRRIRTHD. ZOXIEHFEOTHIZE L TERRICKIGELTL
EFOREICBWT, HFERMOEELTANDIZ LIIEEICEELMETCHL LE
2. LLeay b Ito (1969) THEENA LA OBEH LI IZf Tuhian, B
EBy72 2 & LTI, Muirhead and Waternaux (1980) 13485 [ 434 O F T O IR ESY
MOBEGHE RO TND. Td b, k % kurtosis parameter &35 &, T, Th
EENEENS X2 9 E (1+ k) E LD EFETH Y, FetEE (1+k) TEH-T
EELLLOOEESHIL ML iesd. 7, Tyler (1983) IFEASHEDO T T
(14 k) TEHOTHREERABEBEET D ENTAETH D &5 —BRB 254
Bz Tws., il REEDOZ A FIZBET5%&ETHY condition h & FEIN5.
EODAOTT Hy:h(Z) =0 0¥ A FTOEFICH L TFOLELERES T &
3% &, condition h W7~ T L& T — (1+k)x2 THY, condition h 2 X
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VEE T — (14+r)xX2 +{(1+k) +k60(E, D)X THB. = OEHETE
DEREE AR p x p IEEMEITFI LD r RTBEE A(T) IZXF LT, A(al) = A(I)
BEED >0 TERBMEITFIC IZx LT Y LD & &, condition A 23E Y 32>
&V 9. Hayakawa (1999) TIEZ O &~ T EENREHEOBE HIF TV 5.
ZOXHITEBETHIE, FHZFMD 7 7 A THHEHLSAE L kurtosis parameter
EEEZTRVOTHD. LL, ZOLIREEZWOLEREE W S T Tk
72, B, T & T B LTCIEEEZITY Z&iIxTE RV, ¥R 5T, T,
Ty DFESHIIBASFOT CTHILMICRRIEALD 2 OOMIL 2 EEDEL
FTEMDOGMERELRD2NDTHD. AFEOBNL, SHAOXEE2EMSF
Vb OIHOEEHIRSHERELZVEEREOT T, RESHOIE
REDEBERDILTHD.

4 DOEER ()~ (iv) IR T2 LELEHE L 1, BFE#z - V% (z — p)
B LTAERDT, BERFOTTEZHLE, —HEEEIZ A< =0,
=L 3D LBTED. LUTOERTHIp =0 S =L LLLTEXD.
R (G = Sy ODRERFE T, = —2log L 1TERLESEITHNCE S HKEE
U=+yn(S—1L) TREAIN, ®AFATIU O E=ARSEE~Z_T b

/
u, = vecs(U) = (uu/\/ﬁ,---,upp/\/i,um, S, Upp, Uz, t - ,up_lp) .

EEERATHI Dy ZAWT, T = usDiu, +0,(n"Y2) L REEND. u, (THTIELR
2S5, FARICFEE 0, H£HEITHQ, D g =p(p +1)/2 RTLEREHSF
RS Z &b, T OBESFHOBEMEEMIIUTOL S ICE T 3.

q
Ci(t) = |1, — Z’ith]“l/Q = H(l — 2it)\§-1))_1/2

i=1
EELAY (G=1,--,¢) & Q, OBEBEEET 5. 2LV, Ty OGS
RERELDOEROEAR (Q, OBEME) FEMONMERETHD Z L 1i¥br
2. D3 ODFEFBICE L CHRBELF TRERETES. ZALDOBENLKRDOE
ALY 320,
THEOREM 1. U [IBEARLSGEIZE SV, BEERMEL L OHEE L T5. O
FY u = vecs(U) — Ny(vecs(X),Q), =72 L Q = Cov(u). ZD L E&HEEN
T =uwDu+0p(n %) LEBATELT DL, (WD) = c(OD), (c ITEE) TH
T T/c — x2, (n — co,d = rank(D)).

SEXH
(1] Muirhead, R. J. and Waternaux, C. M. (1980). Biometrika, 67, 31-43.
[2] Tyler, D. E. (1983). Biometrika, 70, 411-420.

L& B
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HIGHER ORDER EFFICIENCY OF LINEAR COMBINATIONS OF
U-STATISTICS AS ESTIMATERS OF ESTIMABLE PARAMETERS

BPRTHE S (BB ). THEIES (BIRBKE - H). K T (BERBEXF - #)

O(F) 1B —F N g(an, ..., o) BRI FORBEE mIMEE TR ER LT 5, £,
(X1, ., Xp} DA FHL0OKRE S n OEAL TS & &, Toda and Yamato (2001) iX0(F) @
HEREE LT, UK EOBRERES Yo, 8RO L SIZEALTWD,

200 ENOBHE=1,2... L j=1,.. kil LT w(r,...,r; k) 1dr + -+ r; = k&HT
BOEDEEOM (r1,...,r;) W LTHADEELIRY, Z2OFDOL2 L —2XEQHEZRD
AF R ETD, £l j=1,. L kX LT, Bgy (a1, ..., 1) B dk,J) #0DEE,

9(;‘)(3«'1,---,% kg)z"1+ _HJ_kw(rl, T k)T, T Ty, T)
' 1‘11‘@ r,’ﬂa
LB L BEY TR+ 4y =k BT R2TOEOEEOMICK L TRERY .
j=1,...,kicF LT, d(k,j) =Zjﬁ__mzkw(rl,...,rj;k) E¥ D, Fio, UDEA—F guic
Mt U-SMEHBRRTETSH, 20L&, AR, ZROLIIZIEX S,

Y, = lk)z m)( )U“ (1)

EEL. Dl k) = Sk, dik, ])( >a—a~7o
wkj=1,....k. r1+ - +r; =k ZHmIT, EOBEDM r,-- -, rjiZF LT, w(ry,...,r5k) =
kY (ry---75) GCJZO'CE}/’ZE:}’Lé@Qﬁ&TZDO -t B S, 2RO L IIIEBEXD, I—F/ik

k!
90y (@, B5) = !|3L])|Zr1+ rg=k o 9(@1, - Zr e Ty T5)

J
T‘lﬂa r:,@

Th B, 12121, D(n k) = T4 sk, )(n); THY. sk, j) 5 1L EORE— ) o FERT,
NEDH—FMCHIET 5 U-SEHE U I E - T, S,i3

k
Sn D(nk Z sk, 3)1(n);U

ILE2TEEIND, 2O S, TRENDIMIHEE S-HABEES, £l wx j=1,.. k. ri+--4r; =
k &G7ed. EOBEOM ry, -, rj il LT wlry, .., ryi k) = k(- ) IR THEZLN S
WeTd, ZoLE MEAEY,IL. V-HEIEV, TH D (Yamato and Toda (2001), Lee (1990);p.183~
184 and Koroljuk and Borovskich (1994); p.40) .

KRBk >3DH—FNEEXD, B—FN g(z1,...,2;). j=1,... kiZH LT,

8; = Elg;y( X1, ..., X;)]

’(/)(j)_c(.’ltl,...,llrc)=—‘E[g(j)(.Xl,...,Xj)IXl,...,XC] C=l,.,.,j
LB, E51Z5=1,..,k ¢c=2,3,.. kKlI LT, KD XHICEL.

K@) = Yyale) -6

Yy, -, C)—Z Z hE;))(I[l,...,ﬂfli)“gj'

=1 1< <...<!, <c

hzj;(wlrur’rc)
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D(n,k),d(k,k),d(k,k—l),d(k,k——?) ‘Cj—dbf\ d(k:J) 75 07 (] = k7k°—17k_"2) @&—3‘\\ ﬂ2+;621 +
,522 = O, ,31 > 0,,52 > O,,le >0 %ﬁf:fﬁﬁﬂl,ﬁLﬂQhBQQ%FHL\T\ @Eﬁ?’%’) ZENRTE o

d(k,k)<n>=1_%+%+o(%), M( n >=é3+o(-1—)

D(n,k) \ k D(n, k) k-2 n? n?
dkk-1)( n \ _ B B, 1
D(n, k) (k-1) = Tt +o(n2)

J VG R NY w7 sy E D 7 5 A0 Efficiency %% %, Forth Order Efficiency % E&E T 5,
EE 20O0%HEYi,, (1=1,2) O 2RBEIMSE(Y,), =1,2) THDETD, bL. A

R 7 RERRIE
2{1 3 MSE[YLn]}
MSE[Y; ]

FETBEE, ZOBBEE Yy, P, Y1,,12B83 % Forth Order Efficiency(FOE) &0,
FOE(Y2,,Y1,n) TR7,

2ODHHBR Y, (1= L) RERZBE wIZL->T (1) TEALNIMEREL L. AR LE
PWRAELDETH, Yl’n‘:*‘TL'C\ ﬂg,l, ﬂglyl, ﬁ22’1, C)(‘_l_)f_,yl, 0k_2,1(:i01§ L. YQ,nL:*‘TL—C\
Ba,2, Bo12, Ba2,2, CS_)'_),Q; Or-22l X2 TRT. Yind 12,087 D gy & g-id. TNEN—HK
+20C, #ETAC RRACEICRS, ELi=1,23,j=1,2c=kk-1IZHLT

lim n
Nn—>o0

<

824y = Var[h(s (Xy, ., Xi)], ¢t = Cow[h{3) (X1, Xi), Ay (X0, X0)], 6 < k=]

FE 1<y << < kiZxw LT, E[g(Xi,,...,Xik)P < oo BIRET 5. },1,71(‘: }fz,n{i (1)
T, BOHALERRE RED MR wic X 2 THA SN AEHEET B, 62, #0DLE. Y0
Yy..icB8% % FOE 12

1

kgéi(l)

FOE(Y2n, Y1.n) =

WE»THEAZBRD, 720,
A =2 {K(Borp = Bar,))8 1) + bk = 1) (B = Ba21 )G, + Kk = 2(Ba26(, = Bon i)
+B1(Ba2,2 — B22,1) k1 = 6)* + B1(6k—1 — 6) [32,2('9k—2,2 = 0) = P21 (Ok—2,1 — 9)]}
ME KM k>3 EBON—RMIH LT, Elg(Xe...., Xig)]2 <00, 82y #0 D& &,

(k-—])(k—?) . (1) (1)
——27175}:;—— {2(k -2 [(3}“ - 1)Ck1~2,1 — (3k — 5)(1.}_2,2]

—8k82 11, + (k= 1)(04_1 — 6) [(3k — 1)0i_2.1(3k — 5)0k_20 — 49] }

FOE(Sn, V) =

2185, 2L, (N 0 Z VLICET B ETH Y. (Y, L0003 S, BT BETH B,
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RN T AN w7 RERAREIZED EEEXMH
TR - BFFIEE  BIREE
X1, X2,y Xn 5% F(z—0) b OBIEBEARL U, DB F(2) 1L F(~2) = 1-F(z)
BT (BEBEN 2 =0 ICB L THFRRSH) &5, D&
RERH Hy:0=0 vs. Hi:6>0

OBRERBBEIZX LT, JUNFRA N v/ BRBRERHELLTHERE, VaNLas YD
BEMBEMBRESELEbh, TOMHERHERINTE . RIEMN ZEEIT 572012 F(z) X
R OSAE L,
1, z2>0
Yla) = { 1

0, z<0

EB< &, FELREREIT

S=3"9(X), Wh= 3 $(Xi+ X))
=1

1<i<j<n

THEZLND. TNHDHEEDHFAIL Hy DT THM F(z) {ZE&TF L2V (distribution-free).
fMEZNODBRERFEIZEDS 6 ORHEELEREIN TS, S IZES AHEEILA

T AT T, WHIZES SH#EIT Hodges Lehmann #HEFEE S L TH O TWD. KRE

THINGLD /AT AN w7 RRERHABICESS 0 OFREFEOERZERTD.
IRERER Hy P T T, TNENOMETED a-RIC—FLVMEE s(a), w(a)

se)=min{s | RS <) 2 @), wle) = min{w | BOF' < w) > a}
LB Tk
Po(s(a/2) <S<s(l- a/z)) ~1-a,
Po(w(e/2) SWH <w(l—o/2)) = 1-a

ERD. ETRMIRFROT TR

S=3¢pxi—0), Wtr= I (X +X;-26)

i=1 1<i<)<n

OHFEIT H OF TS, Wt OREBRIHOT TOSMmE—ET5H. Z ZCTIEFHKHEL
Xy £ X <--- < X

LU, Walsh 5 LMD ((X; +X;)/2,1 <i < j <n} EhSWERBEAT SO

Wiy Wi < < Wt
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LB ZhbEFATDHE
%@ﬁwmmSHwabwmﬂzl“%
ﬂ@%wwmé9éwwmwm0z1-a
OERXMMERTE, INORT—FOEI FMIMEFLRY. L [ 3V 2AESE

TA., EEEESICEAELLAETH D, 2z(a) ZEEEHST NO,1) D a-RETD
L, TREND o-ROELE
s(a) = Eo(S) + z(a@)y/Vo(5). w(a) = Eg(WT) + z(a)\/Vo(W+)
ERD. I THHFERUSEILREERD H) OTTHESND O TH 5.
15 Maesono (1987) TH approximate Bahadur A R.E. DBHET—HRIZ W LV ENRT
W DRERETE
Moo= 3 {0 X)X+ Xk P+ X+ XD
1<i<j<ken
(X + X $(X; + Xi) |

EEHLTND. 20O M OBREFEHOT TOLMLRLIAY Flo) ITEFLRY. ZITao
A%
m™ (@) =min{m” | B(M™ <m*) > o}

e BL. ifl W[g] %__’_‘“Dlﬁﬁbf ‘i=1.2---,n (:?TLVC
uf = #j | X+ X; 2 2Wg, 1<5 <}
LRBX

n
mt = Z(uf)Q. mt ¥ = m*(a)

i=]

RBERE (o) BRDD., k& MIZESERRMEIIZ
Po(Wiaja) < 0 < Wigen-oja)) = 1=
THEALND.

A3 g Y DFEMEMBRERME Wt EHEHE M 50T, =y P U—XBH
MERDOLNTEY, THEBEATIE a-fDRLOHRENB LN, HEROKEL EIF2 2L
MWTED. FIOMIZH N TARNY o7 RHERELT, V= RS v T EXFIAY
DIENTEDN, YaIb—alyOfFFETIH, WT KO M IZESSHEROIZI BEL
o TN A,

[1] Hollander, M and Wolfe. D.A. (1999) Nonparametoric Statistical Methods. 2nd ed.

[2] Maesono, Y. (1987) Annals of the Institute of Statistical Mathematics, Vol.39, No.2.
Part A, pp.363-375.
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BIRITT 2B LOBRERE E Z OISt EN OIS B

SRAFETER  &)IFH
FRRET S
{6,721} #590 uicht> ERIERELRIET B, £ ENFHEK

u(xl,xz,--- ,xk)’é':ﬁﬁﬁﬁ ETHME BN B SRR, k=20 FrEE% u(x, V)
iZxt LT, WFrsEtE

_r( )mqg Y .5, V= = 2 u(z,8)

lSl_}Sn

ZZ T degree 2D U-Fiat &, V-HEIEE LR, BB A DU- £/~
WIV-FERICH U T, ERACTZEM LICEZ R OBRERF O BAICEET 51
REEZIGAL T, SEOEGEHNZHEEZRAND Z &M HkS.

{J>@~audﬁ$W&ﬂr%@ﬁﬁéuatauugnxntmgﬁﬁﬁm
B ET D Eloulduxp B 2 TS TRILL TS, ie, for any real x

Eu(g,x))=0

E9 5. Serfling (1980) IZ4E> T, kernel u 2 5 F FARWAERFE 7. — I* (trace
class) %E];f(x):E{u(El x)ﬁg)], fel £5&, TOEERK{e} L EHMEIT
A} EUTORBERGEZTERETS. FED i21ITHLT

{E(g(éa)% 0, Elgi(&))=1
Hel&)g(8))=0(i# ) B(HEx)e(5))=rg(x)

TOEE L z(&, gj) Z)‘gk( )gk( )tﬁﬁémé
EZAREILA)) %WFEEJH&%OJWE(-,-)\ INVEE| | ROEDITEET .

H{(xz)n : imlgzw}, (= b, Hl=[§|&p:}n.

Z[A,J <= BRETD E(Elxklg ) leﬁ[E( g(&)) = ilxkl <o K U H-ERERZE
k=l
(&(§ )& (& )2 € ) )e H i21 2 M Tdegree 20D U-statistics {U,, N 21} . V-

statistics {V, ,n2 I} B ROEHICRT I ENTES.

sle) T

1

J;H [JZQ&( )T

‘IM=

g3(§r)""}EH

'\d
=
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FUXRDEEL20 i21 DFT
nv, 2'; Z“@ §1)_— Z 2&8*(& gk(gj) ';1;}; js"gx(i)gk(j)

1<i.j <n ISljsn k=1

:Ii—-

ps {2& %’.} J;EGI

el

s {U, n2} RO, n2 1} BHAEREEES{G, i 2 | OBMMTRT LT
E25.

ARERENDGHE
Donsker-Varadhan (1976) & Bolthausen (1986) 225 {U, ,n21}. {7, n>1} 1
M DRIREREDERD LD,

Kanagawa (1999)
Hesldlo]) <= 2RETS. F7a(x)=
mmmmmmmh%iﬁ=m@@ym@@Mag<.tﬁb,HM;H@ﬂ
xtzEfl. M(p):= (exp( (Gl))) ETB,. ZDEE

1) )= suplafx) - )
-1+ gu(gf,g,.f ] - sup{o{x)- ).

L oy P12

v2

i%%,erm%be@
k= '

hm lo ex

1
lim—lo ex;{
e N
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