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BROBETIE. LEROREODET, @MIZ2OWHBFAE2BHELLEL =,
EMIZFLERIWTLADOH LT, MBKENZHE (WM2<EZ. ThEEEY
TATCAERSR), BERFETTIVKEDSHHNT - oW, RET M
BREROKENBMAAZAVWCSMAFOMBEEG. R — b7+ ) T EREE.
BEBFLOKBORKEEZLD2EIBWMANTOLNTVET, ZO0LIITH
BREETHE > THEENINODEEADT, ZOYAYPTLTIE. MR
ABDEHET, SMIZLEERIWTROBMNT, EOXIBWMERTOHNTWVS
MIZDWT, EDKSIRENT, EDXIRAERERANVWTHEL TWED,
KOWTHBIZETTHRAILELE, SEBIENBACBSZOETAYAT
BHI20KEMTUL LN, HETIR, SBMEEORNTIE1 0 EL EaTH
SHMBLTWEEDITTN, T<HBERB—ROAENEBTH LA DEL
o MODT, AT a  EBREHRE” H. ORTITR,". EEIABVEL
B, WERL,” HETTR &F-ok0, £k, T—Fa0H. &h. BRI
CEa—F—FEE, LEoLVLET, FNTNYUELS>TNELEIANHD
FY. MEERICKLCT, 770—-F, AENESIRTLLI. Fhid. é@T
FELVWERTORFABRELZLESTWET., 22T, BN T—99Hh %
EOR SRR E2DOBFELLET,

1. HH Y X7 EHOREH T ®E

HERTEICORBROVEFETLIHHRBIVAHAOBEEL LI TI RSN EZFAOD
FEIZDOWTBHELLET, SHBBENRETIHHELOH 2 &BGE S O i
MEDXSITEBHTHNZMANT, 1HZ. 1EM, 12 AMTREBHOHER
RTREDLITHENZRT. ZAOLUREHEEDDIVEFRHTEI L%
BERELTWET, COHEEEEN)2a—T v MATEFRATER—FT 1V
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FOYAVERZHALEST, HHOHBEZOIIKXERTERT L, &F
OB HEEIF— I CETNWTEZZ DR, BROFESREINET. K —
P74 UARR, HEEOSMELZ2E0ETOT, MROFESEIHRERER
D—BEETHBEVNI T EICARD,. FTHABERVWTEADFEN—DOE
WTT. BI5—2F. BBRAHICEIAETT., TIN5 2D0EAMNFHEE
BIELTEANHELEZREZBHFLLELE, TNEREHADELE, EH D
ERBAMENIHTHENET, ZOHERLD I A REEOHRRIZIDONWT &
Salb—yavplERWTCHBALELE, THUXJERAOBE T2 < HEHY
METHY. KERFEENBMINEHEETTIOT. FIKRO LT THHAL
FL k.

2. BREYEIETA T4V EFOMBER
MREYMBIIESENDINTAY—OBMLHETEL, THhICL VBB I N
RETFNEANT, BHEMEBRERFENICELS, LI ERNTHEIHOFEL
ZLELE, ZOMKR. 199 0 FHETORTHEORRIHFLLRE 2
RAMAESDTT. MRANEECEETNEILEST Y XA — )b RASHER
BEIRS ELT, V—RA, BRBRCEKEFELTREZ LI H#%. IF
TATAV I/ EHOMBRZHEEELE, CITHWAMBNEHOBHE S
B.7Iv 7« 2a—VADFTa HkRNEHEODEELICHDIHETT .,
MOPBODZEBALIDPNEHKRDIAETTOT. YNF ¥ — )L ENEKK
BRERBERPAERIEDIVDOSBRVELETHHIIDT B EAMKET, 20
FHEDORERBEANTOIOBEOHRIIHEZI NS &, ZLTEEI TR LH!
REFOME TINEELMEO - DOTHEI 28N LELE, ZZTELRN
R ERANWT, BERELZHBELED, CEMBORITOBRKEZE X /-
DHEDZDOTITN, TEINIEENEB TRULBERCE>TETVWEI E, FL
TEINDITENHRDIAMBDELS T, T3V AMERERETETHZ &
bROELSNTNDENWI T EHBHELLELE,
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VR 7 RALHER & BT A

mERE RRKZREREER2ZHER)

BE7 74 FVRIBOVTRRENT AT R2HET I DB, L
L. Heath iZ&hid. TEHDBAE, 2RB-O-BDEEEL TNV
Z35THd. bbAHA Implied THEZEZHVWTHEELTWAED T
TR SRV, EELBEFEZ VR TVWOREN OFRME £ D
& 5 B &% Default Risk 2R3 BEREETFTINVHBEMEICR D, Headging
SHREICRIBETH D, RIBEFEHEELOLS CHERZER TR
EPSDPOSRVRDEV, R, SHOHMBEICET 2 ERDFER
REFMIBRIITAREZDLIIICE S ABETCRIMAVHEETCHI2Oh%E
RLTWEREWN,

1. BE7 74 FV ROEREH

(No Arbitrage] = TELMM OFEZE | LW OBEXRKLREXHT
H»B. L L. No Arbitrage XD LS ICEBT ADIFZENLRBEETH
%, Delbaen-Schchermayer 5IC X DERHE N TWEBRIIUTOL S =2
HDTH %o

%7 (Q,F, Fiepo), P) & usual condition % 7= 3 Filtration T & #X
LT B, N BEOD secwrity 2°H b, ZOMMiEERE S, t € [0,7],
i=1,...,N, £33, THIZ S & locally bounded 72 semimartingale
Tinfyer S >0, P—a.s,i=1,... ,N &5 5%, TD N BEED security
DR T frictionless ICRETEBZ LW IRED T TCUTO I LHRIN
TW3 (PR ITEPLED B ),

FE®; [No Arbitrage] THDZ LIFUTOI & LFEE, P EEWZ
X EGERERAE Q BEELT. (SH)S8,te0,T),i=1,...,Ni&
Q-local martingale o

Q & S} % Numeraire & 3% ELMM (Equivalent Local Martingale
measure) LR, S} BREFEDOMETHA2LE, COQEVRIH
VHERY XE

4. EROHEREE

FIRERE G |

(Q, F, Fieo,0), P) 1% usual condition % %7z 3~ Filtration i S HERZER
ET3, FTEBEOT >0 UTRAT 2% L U, pay-off 2* 1T
HBLEDRYRXT DR zero-coupon EHNELET B LIRET %, p(t,T),
te[0,T) 2ZDEFOMEBEL T2, IHIIHEELLT
(i) & TR LT p(t,T), t € [0,T], i& locally bounded 2t I ¥ )VF
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F—T. FLIZRHLT p@t,T), T >t X1 THEER
(i) D) = limneo [[2°0 p(2"(k — 1),27k) 5% L. D(t), t>0
locally bounded & I < )VF 27— )V

CDEIRBRFBEDT T D)™ 2 Numeraire EAHRL. 7714 F X
OEXEEDERBIOSRDO LD RIEVBIFE7E A5 P EEWITHENE
SGRERAE Q BFEEL, TRTO T >0z L D@)PE,T),t € [0,T),
& Q -local martingale

TDQMWIRIBIAHERTH B, 7= THHORMME] /L. 7T
~RT O Derivative D& %E2 Z DHEEXRAIE Q 2 TICEHEL L3,

REZERTYVTEEZ R, o<1 <...<Ty &lL.m=1,... , N &
T %0 B%l Ty CBWT Ry, (Fr, THIRHERER) 28D, UTOLS R
EHOETDIET B,
(V) BRHATL,i=0,1,... ,m—1, KBVT 1—exp(—Rn(Ti+1—T3))
527N
(ZIFBD) BRRT,i=01,... m—1, BT 1-p(T;,Tiy1) B
5

Z OIS Fair TH 5 =D

m-—1 m—1

Y E9[D(T:)(1~exp(—Ran(Tin~T:))F] = Y EAD(T)(1~p(T;, Ton))| P,
i=0 i=0
CRBVDEDEDH D, CORBZRDEISIBRALELTE 5o

m~—1

> 2(To, T)(L = exp(=Rn(Tipr = T3)) = 1 — p(To, T)
i=0
£2T RM, m = 1,2,. . ,N b"—:v‘-i%hé &p(To,Tm), m = 1,2,... ,N
Db b,
BEERE T 747V AOEREFEDOREO ZL S BRTEEN, £
TN ODPDOERNREEDLH %,
(D) ITRTOT >0 KN LTENERRL TEEB LV ORI EEE
T—HD TICH LU TOARBEORYZIEINTNRDICTERNI &,
(2) —A T Derivative TH B ZX T v ZIXIEFEICEEMDEIEIN TV B,
UL, ZRIXEHES BDERDEIESLTWE I LIIRD, EhiE £
hE774F ROBEREEDRELITES,
COBETCHLEDOMBEICITZBAS RN, L L. FEEERFEHL
ED, FENERZTBI L T2 LBEVARRBERCEOPZILE
RUEW,.
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|Geometric Lévy Process & MEMM] Pricing
Model & ZAUIZEE 4 2 HERBEROHEE

HEBRTMRYE EBRFERXR

1 [XLE®IC

AfEOBMIL, EEMHBICBIT D47y a VOB HTDdDDO—
DETFNERRBL, TOETNAVEZERTIHAICLEL RBHE (k8
BOWE) OMBEERFTIZ L TH B,

2 [Geometric Lévy Process & MEMM] Pricing
Model

FHEMHTHBIT DA T a v OMRATERICE T B EHEE T VI,
RD2ODERNLIRD. |
(A) REECMEBRE L TORBBRRES(t) 2ERTHIZ L,

(B) A7 a rofitk (liff) #EDDRE~LVF 5 —NVJIESR 12
EDDHZ &,

Z DI T TOET /TN OO REB I TV B8, 5
%\ Z81F % Black-Scholes 7 NV DERIC, EAXRAZR DL LT—RIZED
BRIZET R, FEEMABHIT OV TIZELE,

bhbh D€ 7V [Geometric Lévy Process & MEMM] Pricing Model
X, EOHHEL DT T,

(A) REEOMHEERE : &/ Lévy A& |
(B) FfE~/F % —/VRIEE :MEMM (minimal entropy martingale mea-

sure)
RELDTHD, TODET /ML (1] TEXESH, MEMM DOFFEEEMN
BHENLTND, 5T, ZTOETFMZLY option it ZHET 720D
EXRAAIBEONTND Z LIZRB, L, ERICZIDETNVEH
AT 2 10IIIRFTREFEBNL OO0 d D, RETTIEEDO—2IZON
TRB~B,

COEFAORSTNL Db B, Tk xiE, (A) KBLTHE, log
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return DA E LT, FEAFRZ L DB LU fat tall DH B H DA ERIZH
haz &, (B) LTk, MEMM MREEF O HABEE & BEEAA T 6
nNazl, RERDS,

3 REEOMBBEDHEE

i CRR=ETNVEEAT I THDITIE, RO 2ODZ L BRLED

25,
1) BERENMBEESRED TS Lévy B DHEE,
2) AT a v DEDFEDT-HIZ, Lévy @R DI OHFEOFE,

TDIHBD1) IZOWTHRET 2,

Lévy @ X(t) iX characteristic triplet (Z & D EEE D, EDDHITIE

X(Q) ommBghiiE Ly, £Z T, X(1) @ empirical 253035 %
bz & &I, FOSTNERIEIESHNODY TN THD &R
LT characteristic triplet ##E35Z & &535, S biZ, ETNVDI T
AEROED I TAZRELIZ LT, 20 T ANTHEEZIT) Z &I
R
(I) X (t):Gaussian + #HFR{&E D jump part,

(1) X (t): A BRMED jump part D,

—DODHEILEE LT, ROX I RFENEX bIVD, X (1) O empirical
RAFD2RKRETDE—AL FERD, T—A bBRENE—KTDHL
97z process &, ) BLUA) DENLEND T T ADHFTRD, #HES
NETNVELT, TNHLEEATS,

TDHEZ L DHEEEOTHA, FR. BIOBERZIZONT, B3,

BTN

(1] Miyahara, Y.(1999), ‘Minimal Relative Entropy Martingale Mea-
sures of Geometric Lévy Processes and Option Pricing Models in
Incomplete Markets,” Discussion Papers in Economics, Nagoya City
University No. 249(1999), pp. 1-8.

[2] Miyahara, Y.(1999), ‘{Geometric Lévy Process & MEMM] Pricing
Model and Relating Estimation Problems.’
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REMSHEXOELUROBEICONT
BATERE (BAKAE) . &/l B (&RAF)

BUEEERIC B SSDE DEAELD R R

1. 750 EE% T > LT — 0 THEBMUEEZITELDBEORES.

2. SDEDEMRIBIIEHBLIELE 2 H W TR I N 5. FEELEL BTS2 LT,
MOTERITIEHDFITRED DI TIEis 0.

3. SDEDIT{EUH D HEEIEL B D 7340 125 d % iR e % R 5
- AMNCNT 2B HEEOBBEI R INNE, EBROKEERTIZ. E0X5kH
LELE 2 /S OB ERNINDEZS.

Euler-Maruyama®8iE{RUROD L7 — 34

XY, IO VEBET DY LTI THBUZEZWCEUBTEOREIRHNT
SDEDERIBOKEZGETS. {B1).0si<1} 2EHEET 57 2 EH, {X,,ostsl}
(d21) %2 d- XK JILSDEDR T %

dX(t) = o(t,X(1))dB(t) + b(1, X (1))dr, 0<1<1

X(0) = X,.

T ZTo(t,x) kW b(t,x)M LipschitzG&h 22T EEHRNWEKROMNEET S.

The Euler- Maruyama Algorithm
AL (1955) IC & o THRL & Nz {X(), 01} D 3E B 7,:={7,(1), 011}
_E’%Té :
zZ,(1):=X, +_f o, (u dB(u)+j u)du, 0<1<1,

7=7ZL
X .
O'n(l):=0'( l,xk_l), Kn<t<(k+1)/n, k=0,---,n-1
n
k-1
bn(l):zb( ’kal)» kfn<t1< (k+1)[n, k=0,---,n-1
n
k _ k .
Xy —XO +20‘(—————‘]n xj_l) j+2b(-]~’;— xﬁl)/nk 0.1 1
j:l j=1
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k k-1
7]k2=B 71' - —n-—' ) k=1,~--,l’l.

7,:={2,(1), 0<i<1} cm:raﬁ[’i,"—*—l-], k=01 =1 T T T 2 B &6 Uit %55 D7
H n
BT OEFTHAEEERICIING 5h5 2 SRR, 20 ’C‘%IXFE‘?&,ICTH—} I8
THERBABMIELZONKRDX, ={X,),0si<1} TH 5.
X,(D):=x;, kn<t<(k+1)/n, k=0.---,n-1
X,(D:i=x,,
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X, Bz OMEIWDWTGhiman-Skorohod(1979). Shimizu(1984),
Kanagawa (1988)7 E DR MNA 5N TN 5B,

FH(1988) 0<s,1<1 &U“x,yeRd XL T
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UK KK s, t, x, yICHEBI R EH ET B, CORBILEEDp22RK N
e>p[2I2XHL T ..
E(max IX(I)-»Xn(l)szo(n_piz(logn)s) as n— oo,
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Effects of Stochastic Interest Rates and Volatility on
Contingent Claims

by Naoto Kunitomo and Yong-Jin Kim
November 29, 1999

1. Suppose that St(e’é) (t > 0) represents the price of the underlying security at ¢ and
it does not pay any dividends. We investigate the pricing problem of contingent claims
by using the asymptotic expansion approach called the small disturbance asymptotics
under the probability measure Q(e,§) when the spot interest rate and the volatility
of the underlying asset change stochastically. We assume that the price process St(e"s)
follows the stochastic integral equation :

t i
1) SEO) — 5y 4 / r© 58 s 1 / o) 58 g,
0 0

where r§‘), the instantaneous spot interest rate, is given by the solution of

S S
(2) 'rgé) =0 —}-/ Hr("'«.(f), u)du + cf 'w,('rff),u)dWh
0 0

and ogé), the instantaneous volatility function, is given by the solution of

'S 8
(3) o =gq + / o (00, u)du + 6 / we(0®) u)dWay, .
0 0

The instantaneous correlations among the underlying three Brownian motions Wi, (7 =
1,2,3) are denoted as p,, pr, and p,r, respectively.

Let ry = ro-+ [y ir(Ts, 5)ds and Y{" be the solution of dY;" = O, (re, t) Yy dt with Y] =
1. Also let 03 = 0g+ fg po(0s, s)ds and Y be the solution of dY}7 = Op,(0y, t)Y dt with
Yy = 1. We have investigated the theoretical prices of the futures, the forward rate,
and the options for the underlying security when € and é are small. The asymptotic
expansion approach we are using has been justified by the Watanabe-Yoshida Theory
on Malliavin Calculus as discussed by Kunitomo and Takahashi (1998).

2. Theorem 1 : An asymptotic expansion of the futures price at time zero with
delivery time T, Fp, is given by Fy = Sp exp (fér rsds) {1 + ng;)} +o(e,8), as €,6 | 0,
where Eg? =pr o ([ Y;rds) (V) Ywp(ry, u)oudu .

Theorem 2 : An asymptotic expansion of the current forward price with delivery
time T', fo, is given by fo = Spexp (fOT rsds) + o(e,8),as €,6 | 0.

Theorem 3 : An asymptotic expansion of the current value of the European call
options with maturiy T, Vj, is given by

T
Vo = [Sodb(dl)—Kexp (— L Ttdt) @(da)]
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__2("‘) T
+e—32 [dfzSo¢(d1) — d1K exp <-A Ttdt) ¢(dz)}

o(T)?
2(‘7) 2(‘7) 9 T
15 { [0 S R 1)] [Soqs(dl) ~Kexp (- Ji ndt) ¢(da)]
2(‘7)
—So 0_(;—?)2 da ¢(dl)} +o(e, 6),

where ®(-) is the standard normal distribution function and ¢(-) is its density function,
d1 = 3 [log2 + J§ (o + 302) ds], dp = d1 — o(7), o(T)? = [ o2ds, and B =
Po fg (f‘:. Usstds) (V) wg (0w, w)oudu -

3. When both the spot interest rate and the volatility of the underlying security follow
the diffusion processes, the security market is incomplete. When € and § are zero,
however, the market is complete and it is simply the Black-Scholes economy with the
deterministic interest rate and volatility. Thus we are considering the situation when
the market is incomplete, but it is not far from the complete market (i.e. near-complete)
in the sense of the small disturbance asymptotics.

We have discussed the effects of the theoretical prices of the contingent claims on
the underlying security numerically. Two immediate examples are the Cox-Ingersoll-
Ross type interest rate process and the Heath-Jarrow-Morton type processes. The spot
interest rate in the latter case is not necessarily Markovian, but it is straightforward
to extend our analysis to this case which was partially investigated by Kunitomo and
Takahashi (1995).

We also suggested that the risk premium factors can be incorporated by modifying
Equations (1)-(3) when both the spot interest rate and the volatility of the underlying
security are stochastic under the probability measure Q (equivalent to the observed
measure P) in an incomplete market framework.
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Asymptotic Expansion for Small Diffusions
Applied to Option Pricing

iR T ECERT SERT MH 2
RERFEHHE = H A

1 Introduction

Let Xp = {X{;t € [T0,T]} be a d-dimensional diffusion process defined by the stochastic
differential equation (statistical model)

dX; = Vo(X[.0)dt+eV(X].0)dw,, t € [Ty, T]. € € (0,1], (1)

X5 = =z,

where T is a fixed value, zg is a constant, a p-dimensional unknown parameter § € ©: a bounded
convex domain of RY, V is an R9-valued smooth function defined on R x @, V is an R‘@R’-
valued smooth function defined on R? x © with bounded z-derivative and w is an 7-dimensional
standard Wiener process.

Under the ecquivalent martingale measure P, we consider d-dimensional diffusion process
defined by the stochastic differential equation

dX; = Vo(X5,0)dt+ eV (X5, 0)duy, t € [Ty, T), € € (0, 1], (2)
X5 = =0,
where V; is an R%valued smooth function defined on R? x ©, 4 is an r-dimensional standard

Wiener process under P and 6, V, T and zy are the same as (1). Many option pricing problems
associated with small diffusion are related to functionals of the form

T T
F%(9,7b>=Fn,+/T JolXE.,0)dt + ¢ / X5, 0)di, (3)
1y JTy

where Fr, € R*, fo(z.,0) € C’f"’(Rd x © — R¥), i.e., fo(z,0) is an R*-valued smooth function

defined on R? x © and for any 4,5 € N there exist mq,Cy > 0 such that supyeg 16107 fo(z,0)] <
Ci(1+ |z|)™, and f(z,0) € C’f"(Rd x © — RF® R"). Morcover,

T
G7(6,w) = exp{~/ ri(@,/u"))ds},
Tt

0
T T
ro(0,) = TTO—f—/T hO(Xf,G)dt—l—e/T h(X;,8)dw,,
0 0

where r1, € R, ho(z, ) € C’}’o(Rd x© — R), h(z,0) € CTOO(Rd x® — R@R")and r5(6,w) >0
for s € [Tp,T]. To price European-typc options at time ¢ = Tp we obtain the expectation
ET0 Ho [GET(B(), dw)Max{ F75~ (90, ’IIJ) - K, 0}], (4)

where E7, ,[] stands for the conditional expectation operator under P given 6y € © at time
t = Ty and K is a striking price (see Hull [2]). However, we can not obtain this expectation
because fg is unknown parameter. Therefore, we estimate 6y and predict (4) by mcans of

ET()”(;E(“;)[ %(éE (“])1 QD)Ma’X{F';(éE ('IU), 'JJ) - Ku 0}] (5)

where 6. (w) is an estimator of 6y independent of {w;;t € [Ty, T]}. It is difficult to obtain this
expectation explicitly, so we will derive the asymptotic expansion of (5).
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2 Asymptotic expansion and option pricing

Let (W.F, P) be a probability space. Let (W, H,P)bean r-dimensional Wiener space associated
with the Ornstein-Uhlenbeck operator L. It is then possible to extend L over the product space
W =W x W (cf. Bichteler et. al. [1]).
Lemma 1 F%(ég(w),‘zi:) € D*(W; R"’) and it has the asymptotic expansion
Fqsn(ég(w),zb) ~ f_1( +€f0 c(w). ) +€” fl(f) (w),d) +

x k
in D*(W;RK) as e | 0 with f_l( ), fol (6, (w), ), fi( 95 w),w), - € D*(W;RF).
Assumption 1 For any p € (l.), the Mallicvin covariance T o)) of fo(F)g(w),-) in

Lemma 1 satisfies sup,¢ (g E[(det T o(6ete)) ) P < x.

Lemma 2 Let F%(és(w),‘zii) = Fietw).d) . =/-1(fe(w) and 2 : R — R be a smooth function
such that 0 < o(z) < 1 for o € R, ¥(z ) =1 for |z] < Loand (z) = 0 for |z| ? 1. Let
E(w,w) = 2(det UFE(H (), — det T fo(Bolu) /de‘ra (e ().) (md YI(w,w) = P& (w. w)). Sup-
pose that Assumption I holds true. Then for any T(z) € S"(R*) (the space of Schwartz tempend
distributions), ¢ (w, w)T(FT(H (w),w)) € D™(W) has the asymptotic expansion

7 (w0, )T (F5 (0 (w), 1)) ~ Bo(Be(w), @) + @1 (B (w), ) + - - -

in D™(W) ase | 0 uniformly in every class {T} mhefwnq the condition 5) of Theorem 4.1
in Yoshida [4], and ®o (0. (w),0), @y (B (w), ). in D™°(W) are determined by the formal
Taylor expansion.

From Lemmas 2.1 and 2.2 in Yoshida [3] and Lemmas 1 and 2, we sec that for A4.(8) =
{r:a: > R—j-”—‘(—m} the composite functional (FT(H:(w) w)—K ) (w, )l .06, (o) (PP (0e(w), 0))
= F’%(ég (w), ) is well-defined and we define HT(OE(w), W) = GT(QE(w .w)F%((;E(w)., ).

Theorem 1 Suppose that Assumption 1 holds true. Then Eﬂ)qés(w)[ﬂ%(ég('w),u"r)} € L,,(R"')
kas the asymptotic expansion

ETo,ée(uv)[Er%’(és(TU), w)] ~ /

i po(m,és(w))dm + s/ R (. 95 (w))dr + -+~
Ae(fe(w))

Ae(8e(w))

in Ly,(R¥) as e | 0 with f_,‘g(és(w))po(m,ée(w))dx,f‘,ﬁs(éstw))pl(m,éE(w))d:c.,--- in L,(R¥).
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Lower bounds for estimating the stochastic volatility

Marc Hoffmann

We observe X" = (Xi/m,1 =0,... ,n), where (X¢)iepo,1) is @ 1-dimensional diffusion process of
the form

t t
X: =10 +/ vs dB; + / b(s,vs, X5)ds, t €[0,1] (0.1)
0 0

where zg € R, B is a standard Brownian motion, the function b is smooth and the diffusion coeflicient
(vt)ie[o0,1] -the so-called stochastic volatility- solves the 1-dimensional equation

i

t
vy = Vg +/ o(6,v,) dW, +/ p(s,us)ds, t € [0,1] (0.2)
0 0

with vy € R, W a standard Brownian motion independent of B and p smooth. The function o(8, z)
is known up to the parameter § € ©, where ©® C R¥, & > 1 is given. Our aim is to estimate 8
from the data X™. Asymptotics are taken as n — co. In this setup, the drift term (b, p) cannot be
identified from the data and is considered as a nuisance parameter. Likewise, the initial condition
v is unknown. The assumptions on Equations (0.1) and (0.2) are the following.

Assumption A Al. For all § € ©, the map z — o(f,z) is Lipschitz continuous and satisfies
inf, a(8,z) > 0.
A2. We have sup, . [b(t,z,y)] < Ci(1 + |y]) and sup, |p(t,z)] < Ca(1 + |z|) for two constants
Ci,Co>0. B

We assess the quality of an estimation procedure in squared-error loss, uniformly over the pa-
rameter set ©. If 4,, = én(X ™) is an estimator of 8, we introduce its risk
R,.(0n,0,0,) =sup sup EF {cp;Qlén - 0}2} (0.3)
b,p wEV,0€0
where (,, is a normalizing factor and |- | is the Euclidean norm on R*. The notation EF = Eg (b, p)
denotes integration w.r.t. the law of (X, = 1,...,n) on the canonical space R™ endowed with
its Borel o-field B(R™). The supremum in (b,p) is taken over all admissible drifts which satisfy
Assumption A2. The supremum in v is taken over a (known) subset V' C R of possible initial
conditions for the process v. Of course, the finiteness of R, will be meaninful only if ¢, — 0 as
n — 0.

We further impose the following restrictions on V, © and o, which assess in some sense the
non-degeneracy of the parameter space ©. If { € R*~! and 49 € {1,...,k}, we set

i, ¢) = (Ciy- - Gio—1, 0305 Gigt1s - -+ Ck)

and write ©;, for the restriction of © to its ip-th component.
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Assumption B There exist ¢ € R*"!, 4y € {1,...,k}, U C ©;, such that
B1. The family of equations
T = 0'(9[2'(),(],2)), 9,'0 eU
has a family of (measurable) solutions (z(0[io, (]),6:, € U) satisfying
(i) (z(6lio, ¢, 0;, €U)) CV,
(i) (o(8[io, (], z(6]io, C]),0; € U)) contains an open set.
B2. The map 6;, — o(8[io, ¢],vo) is Lipschitz continuous, uniformly in vo € V. &

Theorem 1 Grant Assumptions A and B. The rate o, = n~/* is a lower bound for the estimation
of 8, i.e.
liminf inf R (6,,0,n7/%) > 0

n— 0O 8,

where the infimum is taken over all estimators.

Assumption B is satisfied for some classical stochastic volatility models, such as those considered
by Hull and White or Heston ([6],[5]). A slightly annoying fact is that the model with diffusion
coefficient ¢(#,z) = %\/ém does not satisfy Assumptions Al and B1, and has some importance in
the mathematical finance literature (see Wiggins, Chesney and Scott, Melino and Turnbull (see [g§],
(1], [7]). However, in this specific case, a simple modification of the proof of Theorem 1 yields

Theorem 2 Grant Assumptions A2. Assume that © C (0,00) and that V N VO contains an open
set. For the particular model o(8,z) = %\/5:1:, we have Theorem 1.

Several remarks are in order: first, Theorem 1 and 2 are still valid if we take V = R and if we
relax assumption A to arbitrary (p, b) -provided that Equations (0.1) and (0.2) are still meaningful-
but it is dubious that one can find an estimator providing the finitness of R, for any ¢, — 0 in this
case. Second, under further minor restrictions, this rate can be attained and is therefore optimal.
Indeed, Gloter, [4], constructed asymptotically mixed normal estimators for the normalization n-1/4,
Presumably, a slight modification of his argument -and additional assumptions like for instance the
boundedness of ©- would show that the estimators he considered converge for the risk R.,.
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An Improvement in Portfolio Selection through Parameter Certainty Equivalence

IBJ-DL Financial Technology Co.. Ltd.

Hiroyuki Kashima

Abstract

This paper discusses an improvement in portfolio selection through Parameter Certainty
Equivalence. Specifically, we first show that the portfolio selection problem can result in a
statistical decision problem in some situations. Second. we illustrate methods of portfolio selection
that are supcrior to the Parameter Certainty Equivalence method from the viewpoint of maximizing

the expected utility. Third. we consider the Bayestan approach in this discussion.

Key words
portfolio sclection problem. Parameter Certainty Equivalence. maximization of expected utility.

Bavesian approach.

Introduction
In portfolio sclection through the cstimation of parameters. problems of Parameter Certainty
Equivalence (the concept of decision-making by regarding estimated values as true parameters)
have been discussed n several papers. For example. Lence and Hayes (1994) have indicated the
following :

(a) The realisticallv existing estimation risk is neglected.

(b) Subjective information not reflected in the sample data is unavailable for portfolio

selection.

It is well known that the Bayvesian approach is well suited for solving these problems. (e.g. Frost and
Savarino (1986), Jorion (1986). Lence and Hayes (1994)). However, we believe that this problem
has not been sufficiently discussed from the viewpoint of maximizing the expected utility. The
purpose of portfolio selection is to maximize the expected utility, which involves the utilization of
statistical methods.

This paper is organized as follows. Before our discussion, we formulate the problem of
sclecting a portfolio through the estimation of parameters. We then specify the relation between
portfolio selection and the statistical decision problem that is present under some circumstances.
Second. we derive methods of portfolio selection that are supenor to the Parameter Certainty
Equivalence method. Third. we consider the relation between the Bayesian approach and this

problem.
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Conclusion
We can obtain the portfolio decision function ¢£{U ) so that it dominates @pep by adopting # so that

it satisfies a regularity condition, for example 7, . In ¢,(3'J we can select any 3, as a subjective

view of the unknown true £ . That is, ¢L;;) constructed by r satisfiing a regularity condition can

play a role as a composite device to guarantee a synergistic effect between the objective information
[ and the subjective information [, in portfolio selection.

Moreover, if we require the admissibility of & to construct ¢, then it is enough to adopt 7"
as r n tzﬁ(ﬂ:). ¢$}’0) can be obtained by regarding £ as a random variable that has a special prior

density with a mean of £, . Although the accuracy of prior information is usually the crucial

problem in the Bavesian approach. we can surmount this problem in portfolio selection by using the
special prior density.
Consequently, we come to consider the estimation risk by regarding f as a random variable

and to obtain the availability of subjective information by using (}5%) Thus. (a) and (b). which are

defined in the section 1. can be naturally solved by pursuing the maximization of expected utility.
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Optimal Estimation for Random Coefficient
Autoregressive Models

Ajay CHANDRA and Masanobu TANIGUCHI

Osaka University

Abstract

This paper dicusses the problem of estimation for a class of non-linear models, which
are called random coefficient autoregressive (RCA) models. First, assuming that the
nuisance parameters are known we construct an estimator 6 for parameter 6 of interest
based on Godambe's asymptotically optimal estimating function. Then, using the condi-
tional least squares (CLS) estimator given by Tjgstheim (1986) and moment estimators

for the nuisance parameters, we propose the estimated version 9 of 6. We study the

asymptotic behaviour of 6. Comparison between the CLS and b is given via simulation
studies.

Keywords and Phrases: Non-linear time series models; random coefficient au-
toregressive models; conditional least squares estimator; estimating functions; moment
- estimator; asymptotic optimality.

1. Introduction

The studies of non-linear time series models have received a large amount of
attention, for example, Nicholls and Quinn (1982), Tjgstheim (1986) and Tong
(1990). These are due to the observation that a lot of real data in fields such as
hydrology, metrology and biology exhibit features like occasional sharp spikes,
which cannot be sufficiently explained by classical linear time series models.
Such features arise when the coefficients of the model considered have many
random characteristics. One convincing way of modeling the underlying pro-
cess in such situations is the consideration of random coefficient autoregressive
(RCA) models. For these models, Nicholls and Quinn (1982) developed a rig-
orous statistical theory which cover the case of vector-valued autoregressive
(AR) models.

In the estimation of non-linear time series models, Tjgstheim (1986) proposed
a conditional least squares (CLS) estimator, and elucidated the asymptotics of
it. Godambe (1960) and (1985) developed the theory of estimating function
for stochastic models, and introduced the concept of asymptotically optimal
estimating function.

In this paper, we consider the problem of estimation for RCA models. First,
we construct Godambe's optimal estimator for the parameter of interest assum-
ing that the nuisance parameters are known. Then, using the CLS estimator
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and moment estimators for the nuisance parameters we propose the estimated
version of Godambe's optimal estimator. This new estimator is expressed in
a closed form. We study the asymptotic behaviour of the estimator. Also,
we compare, via simulation, the mean square error of the estimator in various
situations.
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Elimination of Third-Series Effect and
Defining Partial Measures of Causality

Yuzo Hosoya
Tohoku University, Sendai 980-8576, Japan

ABSTRACT  Using the one-way effect extraction method, this paper presents a set of partial
causal measures which represents quantitatively the interdependence between a pair of vector-
valued processes in the presence of a third process. Those measures are defined for stationary
as well as for a class of non-stationary time-series. In contrast to conventional conditioning
methods, the partial concept defined in the paper would be mostly devoid of feedback distortion
by the third process. The paper also discusses statistical inference on the proposed measures.
Detection of causal directions and their extent among a set of time series is one of the major
interests in time-series analysis, and the literature has centerd around the causality concept
Granger (1963, 69) introduced as a statistically testable criterion defined in terms of prediction
improvement based on the assumption that the cause chronologically precedes the effect and
the future does cause the past. If a third-series intervention is taken into account, however,
his concept is not necessarily well-founded and is known to incur sometimes such phenomena
as spurious or indirect causality due to possible feedback with third series (see Granger, 1980;
Hsiao, 1982 for example).

To circumvent the difficulty, this paper proposes an operational way of defining the partial
causality between a pair of processes based on the elimination from both of the processes
only of the one-way effect due to the third process. The proposed elimination method would
preserve the inherent feedback structure in the two processes concerned. By means of this
partial concept, the paper extends the measures given by Hosoya (1991a, 97) to circumstances
where a third-series is present, introducing a set of partial causal measures.

The paper is organized as follows: Section 2 illustrates by examples how conventional third-
series effect elimination methods do not pertain to the causal analysis and in contrast how
the elimination method proposed in this paper works. Section 3 provides the background for
the concept of one-way effect via the Sims representation of Granger’s non-causality. Section

4 shows how to construct the partial causal measures between a pair of non-deterministic
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stationary processes on the basis of the elimination from this pair of the one-way effect by a
third process. That section also extends Sims’ characterization of the Granger non-causality
to the case of a third series presence (Theorem 4.3) and also shows that the proposed partial
concept avoids Hsiao’s spurious causality (Theorem 4.4). Dealing with a class of possibly
nonstationary reproducible processes, Section & extends the partial causal measures to that
class and exhibits how to construct those measures in nonstationary circumstances. Section 6
concludes the paper by discussion on large-sample inference on the partial measures.
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(iii) 1/4 < d < 1/2 ® & & (Rosenblatt 1961)
1 T
Tad tE—; (yf - Va?‘(yt)) — Rosenblatt distribution

(iv) 1/2 < d ® &% (Chan and Wei 1988, Liu 1998, Tanaka 1999)
1 & 1 2
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REHDERMEDNL LT, d> -1/2 ZAEEDEH 4 ICHL T, £0 MLE (5
Wi, $MLE) 2d & TAE X, ROERIE Y IO,

VT (d —d) — N(0,w™?)
Z T,
w2:7r2/6—5’Q‘15, S = (f‘il,"‘,’f'p,/\la"',/\q)'
Ki= 'l'faj—i: Ai=-—> l-bj—i;
=i J j=iJ
THY, a; & b1, TNEN, ¢7Y(L) L 07Y(L) DERRAFRICBIT 5 L1 0B, /-,
QINRTA=F L ITRTHT 19T v—1BRTINTH 5.
FRIEMETE (Robinson 1994, Tanaka 1999)
FRE R &
Hy:d=dy H,:d<dy
AT ARERETEE LT,
T-1 1
=1

J

EHEXDL. 2L, pit Hy Db ETHESNRECET CHTHE, 03 d 0RLH#
EEDREBREDHEETHS. Sp /NS VE XI Hy 2 EHT 2/MEId, EEESTE
Beold, BU2EREOLETLBI L 25, $/:, BRSNS Hy - d = dy+ c/VT
(c FEEEN7-BDEEH) Ob LT,

Sr —> N(cw, 1)
TRAOT, EEMNBAREAIZ, N(O,1) OB &) 2o

dim P(Sr < ~zo|d = do + ¢/VT) = & (~20 — cw)

ERTIENTES,
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On Fractional Cointegration

Yoshihiro Yajima(University of Tokyo)

Peter M. Robinson(London School of Economics)

1.Fractionally Integrated Processes and cointegration
Let X3, t = 0,£1,..., be a p-dimensional covariance stationary vector
process and put X; = (Xy,...,Xp)" and its spectarl density matrix f(X) is

defined by
FO) = diag{(1 — =)~} C(e")O(e) diag{(1 - %)}/ (2m),

where —1/2 < d, < 1/2(a=1,...,p) and C(e*) is a p x p matrix.
Definition 1 If C,(e*)(a = 1,...,p) is continuous at A = 0 and

Ca(1) # o/,

where C,(e**) be the ath row vector of C(e®), {X;} is called stationary

I(di,...,d,).

Hereafter we assume that
(1) di=... :dil >d7;1+1—‘: cee=dj, > >dis_1+1:...:d¢5,

where 1 <s<p, 1 <13 <ip <--- <is=p,and 4o =0.

Let X; be an I(dy,...,d,) process and B8 = (B1,52,...,05,) be a p-

dimensional vector. Now we express 3 by
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where B(7) = (Bi,_i+1,---,0;)'( = 1,...,s) is an (i;—4;-1)-dimensional vec-

tor, being conformed to the partition of (dy, ..., dp) of (1) and also partition
the original time series X; into subsets of groups Xt(j ) = (Xij_ya1tr- -5 Xij ) (5=
1,...,8).

Definiton 2 If there exists a nonzero vector 8(7) such that 8(j)’ Xt(j ) is
I(d.) with d. < d;; ,then we call X, cointegrated with cointegrating vector
B=(0,...,0,8(),0,...,0)".

-2.Determination of Cointegrating rank (Stationary case)

Defintion 2 implies that a procedure of determining fractional cointegrat-
ing rank should consist of two steps.

First we have to partition the original time series X; into subsets of groups
x9 (j=1,...,8 1 <s<p) sothat (1) holds and each component process
Xat(ijo1+1 < a<ij) of X9 is 1 (di;) with the same fractional difference
parameter d;..

After X, is partitioned into subsets of groups X7 so that (1) holds, next
we determine fractional cointegrating rank of each process Xt(j) j=1,...,s).

We apply a closing testing method for analysis of variance with a suitable
modification to partition the original process into subsets of groups with the
same fractional difference parameter.

Next we estimate the rank of the spectral density matrix at zero frequency

which is equal to that of cointegrating rank by using the periodograms in the

vicinity of it.
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Martingale Expansion and Conditional Mixing

= HBJA
SRR B R R

FRR1 141 2H1—-3H, EA¥EHE

(1) —RITY T OHBIVF T —IVRT 3 2 ROEHEERICDNT
9w L7z, NIVF =)V D72 SN Bk E DA RRDOHIEHED BT D
WTIiEMykland 1992, 1993, 199 5FE0mNH5. Mykland
IR I\ R DERDOAIEICKD, HEOHRMBNT, D0 FHEE— Meyer fi7
WX > TEDRERZHBZ. WolED, HEtFETIidReE, Ri#E, RE—
PiN— Pfanzagl DSEHRERIC K SHEEBOEKMTENE, T—FA RSy
THEICBE Y 5EIER E 2B A USH SN e L D12, HMBEECHNLERS
HETHD. TODITIIFHDE SN DN AER &0, e
DBEFITIEL, —DDOT35MHE LT, Cramér NI HWS NS, B
BIZBWTHEFEIIFE U T, CramérffhzizE 23~ 70y 358175
DIER(LEDSRHTEEWA S OWNLERZES ZENTES, FULEE
EHOBEFELE LU TIINF =V U CTELERZ 5 X 7208, ZOHE
I SHRRR 2N ERR I i T RE I AR IR DGR H IR TE S, BRITB W TIILAAT
/By 2 TRORNF o —IIVOEEERE LTz,

HLVWREHE LT, SBiEk %z OSEETEAOEZRBROERETTFILIZ
BN THIFREOHEEEN 2 KE (ZOBEREEHRETS H0DIE1/28Kk
N7 502 aF)VisiEEisDT, [N 2Kk NMEIZFUIEHE SN TN
M) IZHBWTIEFDRIRNENS Z & 2R U7z, #HLERTE 2 RIEOHEH

*153-8914  HUERE RXENS 3-8-1
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IZEL > T—HR. Berry-Esseen B OFHH D L S ICTR X 570, T4 —5 —i13—
Zn 2 TIIBNDT, ZOERTER X <H 5N TS Berry-Esseen D)\
T2 RERERD. bold, IIINTFITr—ILIHLTIEFOA—5 —h—
iz n 2 L3R 5BV LIZHSNTWSY, ZofITiE 2 KIEOHEEE
TBEATNDDT, JHUIENERMICE > THOND I LETHS.

(2) RIVF 2T =)V OERERERIE TRRE72 ) AET, <IILVa 7 (50
ZDIBLOME) DD ZHEEEIF I O TEH DI ONERLERE 2E < 121
MR THB. (bo &b, EBREOHEEDISICHRAL I F 2 FEEMN
BWEETHINF T —IOHENMINIDZ ENHDZDT, ZHUITILF
IV DHEEEETDHDOTIIRL, DUATZFIIE=MNTHS.) 1T0
DIZEZ RO S HEIBETITIE, /1 XEIFEREREZ B D (&
RELTWDS) B, THA > OBMIEBHEIC X > THERDELLEBO—gHh+
BEHTSZEIETERY. BEEO— R TII2EaI I 0 V&R IRE
THDT, FabT bOWRA—F—1In 2k € Z,) E72 0, #HLEE
DHREEITIV I — MR TEREHEIN, ZHIEN S 2T EBRREROIHEE
BEZRBL TS, WolXd, LOFITIE, SBIEBEICBNT—IZIEFS
HINERNES.
—DDRFELT, /1 XTRICHT 2 EE OERLERICSIEERD T 5 7
A FIVIRERNEEMNS EBADN, TOXRHRELUTEREAEIFI YT
fEEEZX, TOLET, NEAKICHTSNHOEEERE 5 X /-, Sk
E1BH D 72 DIZIBRILEIE Malliavin OB OIEB(LETE 2, T3+
%%%%ﬁ+%#ﬁ%evw:7@&@%%&ttmbTG&mﬁmp@@%
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SEQUENTIAL ESTIMATION FOR A FUNCTIONAL OF THE
SPECTRAL DENSITY OF A GAUSSIAN STATIONARY PROCESS

RIS FfE L ez A OIER

1 Sequential Procedures

Let {X;;t = 0,%1,...} be a Gaussian stationary process with mean zero, spectral
density f(A) and covariance function I'(l) = EX;1;X;. We suppose 3_;2___ |I||T(])| < cc.
Consider an integral functional of f(A) of § = [T 4(X)f(A)dA, where %(\) is a given
continuous and symmetric function on [—=,7]. The proposed sequential point estimator
is based on 6, = ST %(An(A)dA, where I,()) is the periodogram of n-consecutive
observations from the process concerned. Given n consecutive observations, we wish to
estimate 8 by 6, subject to the loss function,

L, = a(6, — 0)* + en, a>0, ¢>0, (1.1)
where ¢ denotes the cost per observation. The risk is written as
R,=FEL, = n %Y(f)+en+0(n?). (1.2)
where
() =ar [ pORFORN (1.3)
If ¥(f)is known, (1.2) is approximately minimized by the best fixed sample size proce-
dure (BFSP)
ng =~ c—1/2a1/2\11(f)1/2 (1.4)

with minimum risk R,, ~ 2cng. However, it is often that ¥(f) is unknown. In this
case, ng cannot be used and there is no fixed sample size procedure that achieves the
minimum risk. Thus we use a sequential procedure for choosing a sample size whose risk
will be close to R, for small c.

Let m be a predetermined and fixed initial sample size, and h be an arbitrary given
positive constant. In view of (1.4) we define the following stopping rule N,

N:inf{an:nZ cV2q1/2 \i‘n(f)l/Z-i-n"hJ}, (1.5)

where W,,(f) is an appropriate estimator of U(f). To describe the asymptotics of ¥.(f)
we need the following assumption.

Assumption 1. (i) There exists p € (0,1) such that the covariance function of {X;}

satisfies

I(5) = 0(pV). (1.6)
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(ii) The weight function ¥(A) is expressed as
1 —i
B = 3 a(k)e R, (1.7)

where n(k) is a known function and satisfies

n(k) = O(,B““l), for some § € (0,1). (1.8)

Let {h,} = [(logn)!*9], ¢ € (0,1) where [z] is the greatest integer less than or equal
to 2. Then

Vaphtn — 0 and h,/(n®) — 0 for all 6 > 0. (1.9)

From Assumption 1, it is natural to estimate ¥(f) by

ba(f) = (51-) SO Y GG
T/ Vs |Shn lis <k [k [ <A
x n(k)n(=j1 — j2 — k1) (1.10)

where T'p(1) = Iy "X, X1
The proposed sequentlal point estimation of 6 is Gy and its risk is

Ry = aE(fy — 0)*> + cEN. (1.11)

2 Main Results

THEOREM 1  Suppose that Assumption 1 holds. Then as ¢ — 0,

N/ng—1 a.s, (2.1)
E|N/ng -1} —0 (2.2)

and
RN/Rn, — 1. (2.3)

THEOREM 2 Under Assumption 1,

VN(bn - 6) — N (0,%(f)), as c—0. (2.4)
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BEVTALVBREMES TV TDNATYw K- L2aL— 3y

=PI L n |
HWRIERE Zf$ET

1 [FL&®IC

ERICOBIER I T, 163k, B2 7 7 L o IRIINRIEASE S | BB S BT h
WVEIEL ) BIFMETH D & FREN TV, & 2 AN ETIZ/2 > C Ninomiya and Tezuka[2],Paskov
(7], BAT - B B] DML T, 57 T AD low — discrepancy F1%& F =¥ 7 Hrn
ETIE, BMIRTTOBS 2 NFONEEE TR ENEEENTWA. —F I b OEKRTHESY
OFEED, ¥ 2 L— 2 YORBHRIERER TH A OHBVECBNT, YOL > L
BV HDOMIL, MR, EB ENTWRM ot £ 2 TRIETIE, Af - B [3]IcL > TRESHh
THEE LT VR IR, R RIR R I BT A REMN R S EBAETHAMEY ) v SRR
L7238 ODWHRIEZ DWW T, @FIRETEROFM A & S ICHEERICLIVRIE L. R LT, %
{—‘g?‘ﬁ/lﬂﬂ BIZRBOCTYH, MEY 7 v 7RIS & 0 RER 25 BB SR T & 5 2 & % feid
T&E7.

2 MEYHVT) 5%

I CIRMERME TR AR LIS BBAETH D, MEY 7' ) U 7RIV TR S, X =
{X=(X1, oo, Xg )50 ¢ < T} &, BUTFOwA 3 7HREREMS H R d RTELOIHGE
BLT5.

m
dX; = a(t,X)dt+» bi(t,X:)dW,;, Xo== (2.1)
j=1

ZITWi= (Wi, Wi )T, B2 D7 4 VE T T RESRZER (Q, {F;0 < t < T}, P)
%%{g mRTCTAFT—BRERTHDOETEH. ZOHRBRIIR LT, LTOREMEHFHELE

u(t,x) = E[g(X7)|X; = x] (2.2)
VUBOBIL, FER 0 TOg(Xy) DHIFEu(0,2) %, CEARITREMICHET DL THD. %
Z T, R® Radon — Nikodym #8455 pr\2 &~ T, T4 OHERJE P %, #h b FHEZRRERRE P ~
MERPE LT D.

dP 1& (T, & oo T .
& e pr=ep{-23 / 2, X)dt -y / di (8, Ke)dWiys b . (2.3)
dp 2j=l 0 7=1 0
22T X, BT o TR S FRAICE ) BB TH 5.
m
dX; = a(t, X)dt + Y bj(t, Xo)(dW)z + d; (¢, Xp)dt), Xo=z. (2.4)
Jj=1

BB di(t,x), j=1,---,m &iﬁ%iﬂi@“é:ﬁ 51Z,u(0,x) %ﬁiﬂ‘]l:?ﬁﬁﬂﬁﬁkﬁ:é B R &S XL
Y/ 7OFEBIZEY, HLUONERUEP OL LTI, Wi =W, + fotdj(s,Xs)ds, j=1,---,m
i, (Q,{F;0<t<T}P) ETCOmMKRTEVAF—BRERS. Lo T,

E[g(Xr)[Xo = x] = E[g(X7)|Xo = x] = E[g(Xr)pr|Xo = x] (2.5)
ERBAELE[ - IL,P Db & TORFEERT. 60T (2.5) ZFHET 5121, T4 OMERAEE P

Db LT g(Xr)or PHFHELHETELL, MEY LT ) U VR CRIOREROIBE TE
BB EED L, B d;(t,x), j=1,-,m BFRETS.

AR, FORPERLEXRE - BLHEEBEEEPIToH L0 TH Y, ZRITOAN 2 REZ k4
5D TEAWN

—339—



3 mEHMEYLTY TEDEE

T T IR R E u(t, x) MEEATRIC KD D25 A1, B8 d;(t,x), j=1,---,m &
THZBESZ &I J:M’E;&z%g(XT)pTGD THEOIITEDZLETT. ET POHLETOX, DYy
FIE,P DL ETD X, DHFRE—ETBDOTu(t,x) = Elg(Xr)|Xo = x] BT 5. LIza»T
u(t,X;) DP Db ETDZAF U F—LHELD,

d m
- du  ~
dut,X) = 305 bt K)o dWi
i=1j=1 aIL‘Z
d m B d m
= D> bi(t, Xy)dy( tXt ”tXt th],
i=1j=1 i=1j=1
EIRD. SBITFEOMBELY
m d d N N
dlu(t,X;)pi] = Z%E}n@mtxga —MLXMMu&ﬁdWm} (3.6)
j=1 li=1 Ly
LB DT,
d;(t X = 'Lj 8,1,1 (37)

ERET NI g(XT)pT = u(T, X7)pr = u(0, x) LY HEER g(Xp)pr D P O ETONEE
0L TES. 2L, Z0KERERK d*(t x) & EHT 52, ST HIFFE u(t, x) OB AEH L
ThY, Zh 355 YT L7\ B TR G720, Lo TEBOMES > 7 ) > 7 T, BIC
F OO FOEM T pHRAR X, 25 %, TN EFA U GRS 0 6 FHE a(t, x) %
HEY LD LIcD. BRI, ERE 2B d(t,x) %

di(t,%) = —2— 3 by (1, %) o (3.8)

iy

EERETNEEIW

4 ¥BHYIC

ABFE T, 'L T N OIEEMEY 7Y v VEefRA LI (T v B I ab—vs
itz AV TEBMIREMRZEHME L 72 £ ORR, MEY 7 ) V7RI E S /8T A =4
%ﬁ%ﬂﬁbt%Af%+ SR ERIETH T LNl BTIEE LT B niE & A LT
A, T ERORNEEEZE L. S 6107 A —ZB%E EF CEUTISHIEEHEIE &

Hfiﬁo)ﬂlﬁ@hgﬁi“fﬁ’éfbé

S 3K

[1] P. E. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations,
Springer-Verlag Press.

[2] S. Ninomiya and S. Tezuka. Toward Real-Time Pricing of Complez Financial Derwatives,
Appl. Math. Finance, 3:1-20, 1996.

[3] BH #, B #& [—M(k Faure N L D HEE LKL 2 DA T a v ~DIER) , P ¥ 74—
Ty —FABETE, 1999.
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Estimation of Relationship between the Return Volatility
and Trading Volume: the Case of TOPIX
H B Z (RAL KR F BT E SR
BH EZ (RALRFRFRREFE FH ARG RERE)
1. HH

T, SMEEMEEEZ NN T 2D EBERRANETIVAERAIN., —E DR
ZND TS, Engle (1982) ICIAE 5 &M HEBHRRIIETIN EZDO—KRILETI
S DB OEEN Y —ILER>TWS, LML, ARCHEEFIIIEENIEROY
Mo BPABREDIRNIERORERGER LB > TNEEDIC. HBEDZ2RETIHERICH
ZEREMDIENTERVHEEZ> TS,

THI 7 OEORBEERN T OILEN 51X, HHEARATI2HEERINMEREB OE
REEZXT, HRI|ADMEBREFHADOHRESFH L TNS (Glosten and Milgrom
(1985)), {15, TNFETOEL< DEFLELHIE, WRREH EWFIRICEOHBENEET S
HERLTNWS,

AEE TIE. Andersen (1994, 1996)iZ L 7223> T, WBAFHAT RN TIHE B 2 57
AT, BREEEREIBZRABICECIEIEBEXATIDOMEETNERRT S,
DETIVIZERERRFNTETINTH D, ARCHBMEF I EWZRZ> T, BBEHRS T4
7 4 — (stochastic volatility) ETFNVIZHEIN, XB L ZHHE &R Mixture of
Distribution hypothesis= MDH) IZ/@ 4 3. &KiZ. ZOHBE M %= B A& OB

(TOPIX) EHBIBDAHTIZERT 5.

2. %EZAMDH &)

NHRETLEEMED t MICHBT 2 EFEERN) NEEE R, WEIEEY,, fIHOE

WIRAR (BRHAEE) 2K 95, HHREK Z2HME5LT 5 NRBOLEFZ L5

R IK, ~ N (0, K ) (1)
MBI RO E 2T

ViIK ~ PoCmtmK, ) (2)
ERINBBDETSH, ZZT, Po()RR7YV > HHZLDT, tHICHBICHEATS
RIS ERBE

Kll/z = 4 BKHl/z +aKHl/z U, (3)

WD ETS, 2EL. ¢ B=0. w>0, u, ~i.i.d( 1,0, Dy, >0, ZD
L&, NEBOIREIL Stochastic AutoRegressive Volatility (SARV) EF IV & Lidn 2.
(1) & (3) W GARCH(, DEFIVOIBREBRTE 5,
3. TH LEEERKR
bHhbNid,. Hansen(1982) & Neway and West(198MIZ L 2 —RILE— A > Mk (GMM)
ZHWTETINORAINT A—F (0) 2HEET S, M ITEYITERL ZERE—A 2 K
Z M0, TIHIRT SREFTE— A b2 AMG). METHZ (0 & LT, &/MERE
min ¢ (A(0) -M;(0))" T;(8)"' (A(B) - M;(0)) (4)
DffELTHLSND,
FERT27—FE1984F1H4HN51999E8AKRETO TOPIX HRINFER L
HAEEIHKETH D, £1RBEFSKFEERLTNS, R2IIHEEKERERT. EESH
ZETIVIZ
VK, ~ 0.024 Po( 35.8 + 7.0 ) (5)
K2 = 0.083 + 0.634 K_,'* + 0.28 K,,'* u, (6)
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EREND, BLOEFTDITICEL D E, H1 2 FEEEREIIXEE MH EF )V 2EHRT
%, ¥EHEXTHIEEET2ETINVNHEARITHIET T+ ICEGLAVWERO—D &
LT, kEDF—F ERRDVAEDT—Y CRINBZROLH LG5I BE & OBICIEOMHBEMN
FETHET TR, PBRBZODOERFIBEOHMICEOHBANELETH I ENEZD
N5, 4%, WHETFIEZOHMIZIEET 2 ENNBELRS I,

Table1. Summary Statistics for Returns and Volumes

Volume Detrended
Return .

(1 milion shares) volume
Mean 0.024 469.156 1.054
Std.dev. 0.998 321.115 0.361
Skewness -0.394* 2.514* 1.529"
Excess Kurtosis 18.892* 8.738" 4.668"
Maximum 9.115 2853.734 0.271
Minimum -15.810 76.758 3.540

Note: * indicates significance at the 5% level.Number of observation is 5701.

Table2. Estimates of the Model

o) arfB a cmy cm, c w X(6)
0.960 0.914 0.280 0.859 0.168 0.024 0.219 99.397
(0.015) (0.034) (0.012) (0.042) (0.041) (0.013) (0.033) [0.000]

Note: ( - )denotes the standard errors of estimates. The ¥ *-test for Goodness-of-Fit(Hansen(1982)
has the 6 degrees of freedom since there are 13 moment restrictions and 7 free parameters.

[ - ]denotes the p-value of the % -test for Goodness-of-Fit.

SE K
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A NEW CONTROL VARIATE ESTIMATOR FOR AN ASIAN OPTION
by
Kenji Kamizono*, Takeaki Kariya**, Regina Y. LiuT, and Teruo Nakatsuma+

March 1999

Abstract

There exist several estimators for valuing the Asian option on the arithmetic mean. Among

all variance reduction estimators, the one with the control variate derived from the geo-

metric mean has been shown by Boyle, Broadie and Glasserman (1997) to perform best so

far. In this paper, a new improved control variate estimator for this type of Asian option

is proposed and investigated. Simulation results confirm that it does perform better than

the control variate derived from the geometric mean. The improvement becomes more

significant as the volatility increases and/or as the time to expiration lengthens.
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1. Introduction

Several variance reduction methods such as the antithetic variate (AV) method, the control
variate (CV) method, and the moment matching (MM) method have been proposed for
valuing derivatives. With an extensive overview, Boyle, Broadie and Glasserman (1997)
(shortened as BBG henceforth) compared the performances of these variance reduction
methods to that of the traditional Monte Carlo (MC) method. Among other findings,
they showed by simulation that the CV method is the most efficient for valuing an Asian
call option, C#. This is deduced from the observation that the sample variance under CV
method is the smallest among the four sample variances shown in Table 2 of BBG. The
Asian call is difficult to value analytically in practice. The CV method considered in BBG
is to improve upon the MC estimator (MCE) for the Asian call by choosing the analytical
variate of the call on the geometric mean, C*, as the control variate (see Turnbull and
Wakeman (1991) for a closed-form solution for this price). This call on the geometric mean
yields a formula similar to the Black-Scholes formula for the European call, and thus can be
computed for each volatility, interest rate and time to expiration. Most relevant references
are found in BBG.

In this paper, we propose a new optimal CV estimator (CVE) for the Asian call. We
show, by both theoretical arguments and simulation results, that it is uniformly better

than the CV estimator treated in BBG. Our estimator is motivated by the fact,
Ck<C$ attimeT, andhence Cf<C§  attimeO. (1.1)

Here C indicates the value of the call C of type 1 at time ¢, and T is the time of expiration.
In other words, the value C# of the call on the geometric mean at 0 gives a lower bound
for the value C§' of the Asian call at 0. Hence we employ an additional variate CY such
that Ck < C# < C¥, and use two control variates CZ and CV to improve upon the
CVE with CL alone. We show that using two control variates C¥ and CU is much better
than using CL alone. The performance of an estimator is measured here in terms of its
sample standard deviation. The smaller standard deviation of an estimator implies more
stability and credibility of the estimator under each simulation run. We observe that
the improvement of our estimator is far more significant for certain values of the time to
expiration T, volatility o and moneyness Sp/K. Further, for comparison, we consider a
suboptimal CVE with CU alone and the CVE with the optimal combination of CL and
CU as a control variate estimator. The latter is better than the CVE with CT alone, while

the former does not necessarily outperform it.
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SRA T a3 DHBIRBIBZRIF L UF 4 AT
4TI RBHOES, RDICLSHEH

BBRE—-T4 v VTosa0d— (K
AH KAF E R
1. WREAE

EEMRTEHETFINE L TESNCERI M TS 7 I v 7Y a— ) REFIICBN TR, REEINSHERGREIC
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