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On the admissibility for the MLE under squared error
loss in certain discrete distribution model

BRPRAEHF AR

Summary For estimation problems, an interesting question is whether the maximum
likelihood estimator(MLE) is admissible or not under squared error loss. It is somewhat
surprising that in many situations the admissibility of the MLE is still an open question. The
aim of this research is to study the admissibility of the MLE for certain discrete probability
problems. Several years ago, the author of this paper proved the theorem(Theorem 1) which
showed the admissibility of the MLE under squared error loss when P(z|6) o (1 —8)*(®¢%(®
where 0 < 0 < 1. This paper presents an extended theorem of the above result.

1. Preparation  Throughout of this paper, we assume the following:
(1) Sample space X is countable. (2) Parameter space 8 is [0,1]. (3) Loss function L(#,(x))
is squared error. (4) For each z € X, there exists at least one # € © such that P(z|6) > 0.

Theorem 1 Assume the discrete probability distribution is given by P(z | 8) = ¢(z)(1 —
9)2()g>=) 9O =[0,1] where non-negative integers a(z), b(z) satisfy (1) There exists
x, € X that satisfies a(z,) = 0, b(z«) > 0 and c(z.) =1, (2) There exists z* € X that
satisfies a(z*) > 0, b(z,) = 0 and c(z*) = 1. Then, Opre(z) = b(z)/(a(z) + b(z)) is

admissible.

2. Main result Consider the follwing discrete probability model : P(X = z|0) =
c(8,z)(1 — 6)*=)g*@) 9 €O = [0,1] where a(z), b(z) are non-negative integers and the
function ¢(f,z) >0 can be divided by neither 6 nor 1L —8. Define X(a) = {xeX|a(z) >
0 and b(z) =0}, X(b)={zeX]|a(z)=0 and b(z) >0}, X(c)={reX|a(z) >
0 and b(z) >0, c(0,z)=c(z)}
We assume that the above probability model satisfies the following two conditions:

Condition 1 For all z€ X (a), P(z|6) = c(8,z)(1 — 8)*® is maximized when

0=0.

Condition 2 For all z€ X (b), P(z|6) = c(9, £)6*® is maximized when 6§ = 1.

Under these conditions, the MLE of 8 is Oy g () = b(z)/(a(z) + b(x)).

Theorem 2 Consider the probability model discribed in this section. Assume X(a)# 0,
X0) #0, X =X(@UXDBUX(), Yal8) = Tocx c(0,2)(1—0)* and ¥y(0) =
2seX(b) c(9,z)8°) are polynomials of § in finite degree, and ¥,(0) = ¥(1) = 1. Then,

OrLE(x) is admissible.
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3. Examples We present several examples whose admissibility can be proved by Theo-
rem 2 are given. Admissibility of the MLE in these examples cannot be shown by Theorem

1.

Example 1 Let k be the known positive integer.

1—6k1  fg=_I,
P(z|6) = o
(1-9)=6* ifz=0,1,...
In this probability model, & = {-1,0, 1, 2,...} and the MLE of ¢ is
0 fx=-1,
8 x) =
mee() {k/(w+k) fr=01,2...
Example 2
1—-6)"+nf(1l—0)"1 ifz=0,
n
—_ larg —_ n—x M — - — 2
P(z)6) (z)e (1—0) fr=23,.,n—2

ng*~1(1— @) + 6" ifz=mn.
In this probability model, X ={0, 2, 3, ..., n — 2, n} and Oy p(z) =z/n.

Example 3
(”"Lk_l)aka-e)w fr=01,..,n—1,
T

P(X=z|8)={,_,

Z(”‘Lf_ 1)(9‘=(1 oIt g,
t=0

In this probability model, X ={0, 1, 2, ..., n — 1, n} and the MLE of 8 is

k/(x+k fz=0,1,2,..,n—1,
OMLE(x)={ /(z +k) :
0 if x =n.
Example 4
1-6= ifz=0,1,2, .., 2m,
P(z|0) =
@0=Y1_ae
'—2-—-5— 1f:1:=2m+1, 2m+2.

In this probability model, X = {0, 1, ..., 2m, 2m + 1, 2m + 2} and the MLE of

0 is

fz=0,1,2, .., 2m,

0 fx=2m+1, 2m-+2.
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Deficiency of limit of Bayes estimates with respect to
U-statistics and V-statistics (of degree two)

BETRYX (BE#E). K1 x (BREKE BEH)

I INT A R w7 R THERNZ B W T, Ferguson (1973) 1. 4B, T, AF4 7. &
fIf, DEEHESE, X < YORERSEIZDWT, Dirichlet 7Ot A5 HB/PMHET AN AHTER
%5Z7-, E512, Dirichlet 7OV AD/NT A—F % 0ITADIT/EE, /R THIEM S
ST EMTEBLNRAS AMEEDOWEES 5 A 7=, —. Dirichlet 7021z T< 52 ¥ LRBEED
HFEIZ. AR (1977) 12k - T, Ferguson (1973) & Antoniak (1974) O#EREZR W TR SNT
W3, TOHRAEL T, EEOREOHEE FTRE/ZBHK 6 \2DW T, Dirichlet 7O X #FAH &
T3, 2RAEBRIIELDRNSI AHEEEL, ORI THEEOHRRIZ. 55N TW5, ZO#E
BEFEEMIZ LBHEIBELMERI LIZT 5, 512, BELAESHANSDORES n OERIZE DN
T, B EARHEERTHS URETE L LBEFTEDOZED 2FFEN, O(n™?2) THB I ENRE
NTWD, fliJ5. FA (to appear) &, Sethuraman (1994) DHERLIEIC L B Dirichlet 70t X % A
WTT Y LRBEROHFEEZ S LD TN, £z, A—FINOREN2 THBER., FO2D0DH
FERB LBHEEEL URSTEOEZD 2 BEHERD, 512, LBHEFGIEO T2 FHE (MSE), U
MEBOOE. VKEIEOMSEZRD, ThH5DOEERDTNS,

EZAT, HEEBDUEBROAEE LT, #NEHEMBRERDDFIENDH D, LinL, TS OHETE
BIZHMLU T, BT 258 (Example 4) k< &, 1 THD. €I T, #ff deficiency (Hodges and
Lehmann 1970) ZHWT, H—FRIDREN 2 THHBEITDNWTLET B,

#F deficiency: HHWEBDI TAIBLTWVWT, BEE n & k, WEIKHEREZTH
T 0n,0; ETDHEE, b & 6, ENMENDERIIBNT, FHFIXRDLIIT by ZED,
d=limn oo (kn —n) DEET D EE d & 6,19 26, DHAE deficiency &5, (FRIE 1981),

#ii deficiency (2B L CROEENFR D LD,

Theorem (Lehmann 1983; p.350) HEER 0,,6; DU AT (Rin) Y ENETH,

a bl 1 .
Rinzﬁ;+m+o(nr+l) 1=1,2
TH5HEE, L deficiency 1d, KOXDHIT3,
d= bl:.él_

ar

R T2 REAEFEHERA NS &, degree=2 OFE, ROLIITLB,
4 9
MSE(LB) = E{E[Q(Xl,Xz)g(Xl,Xss)]"9"}

42 (~10B(g(X1, Xa)g(X1, X))+ Elo(X, Xo)7] + 4E[g(X, Xa)g (X2, X0)]
—SHE[Q(Xl, Xl)] + Q[Eg(Xl,Xl)]z + 1192} + O(’I’L_2),
VarU) = ={Elo(Xs, Xa)g(¥:, Xs)] - 6%} |

+%{”2E[9(X1,X2)9(X1,X3)] + E[g(X1,X3)%] + 6°} + o(n™?),
MSE(V) = %{E[g(xl,Xz)g(Xl,Xs)]—92}

+${—12E[9(X1, X3)g(X1, X3)] + 2B[g(X1, X2)?] + 4E[g(X1, X2)9(X1, X1))
—60E[g(X1, X1)] + [Eg(X1, X1)I* + 116} + o(n™?).

—283—



DT EICE D, LBHEED UMEBIZRT 50 deficiency & LBHRRETED VIEEIEBIZNT S
iff deficiency 13, F3FH., KDL DI D.

d(LB,U)
—4E[g(X1, X2)9(X1,X3)] + 2B[g(X1, X2)g(X1, X1)] — 40E[g(X1, X1)] + [Eg(X1, X1)]* + 562
E[g(XlsXQ)g(Xl’XB)] - 62

d(LB,V)
_ —SE[Q(Xl,.Xz)g(Xl, Xg)] -+ 4E[Q(X1,X2)Q(X1,X1)] e 100E[Q(X1,X1)] + 3[Eg(X1,X1 )]2 + 1192
B 4E[g(X1,X2)g(X1, X3)] — 62

Example 1. § = P{X +Y <0} OHTE;
FERZ A —F) g(z1,32) = (21 + 22 < 0) THB. FAICDOWTHIRZERES D 5 OEARIH
LT,

1
d(LB,U)=-1, d(LB,V)= -3
55,
Example 2. Probability weighted moments 6 = E[;Max(X,Y)] O HETE;
JERIZ DWW TR —R A0 5 DEFIZH L T,
13

d(LB,U)=1, d(LB,V)= ¢

2185,

Example 3. ## 60 = 0% = [ 1(z1 — £2)?dF (z1)dF (z2) DHETE;
ARDE— A2 M EHEDFESICDWTHIRERI AN S OERICH L T,
—4(pq — 2(p2)? —2p4 + 5(pn)*

pa — (p2)? pa — (p2)?
&5, BHiZ, NO, 1) 25 DERIZHL T, ROLIIZE5.

d(LB,U) = , d(LB,V)=

HLB,U)=~2, d(LB,V)=—;

Example 4. SEHD 2 F 06 = p? = ([ zdF(z))? DHEE;
ARDE— A M EFDER[IDWTHIFZERD RN S DEFIZHL T, ROLIITKES,

MSE(LB) = 7—?2-(#2)24-0(“"3),
2 5 _
Var(U) = S(m)*+0(™), MSE(V) = %(M)—Jrom 3 ko,
ARE(LB,U) = % ARE(LB,V) = %

[BE 3THE)

Akahira, M. (1981), ¥Efl%, 219, 24-32

Antoniak, C. E. (1974), The Annals of Statistics, 2, 1152-1174.

Ferguson, T. S. (1973), The Annals of Statistics, 1, 209-230.

Hodges, J. L. and Lehmann, E. L. (1970) The Annals of Mathematical Statistics, 41, 783-801.
Lehmann, E. L. (1983), Theory of point estimation, John Wiley & Sons.

Nomachi and Yamato (to appear)

Sethuraman, J. (1994), Statistica Sinica, 4, 639-650.

Yamato, H. (1977), Journal of the Japan Statistical Society, 7, 37-66.
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BILE U-BE 2 ICET 2EERRICDOWT
SIRKETER &)IFH

Let {é - l} be i.i.d. random variables with a probability distribution yu. Suppose
that u(x,y) is a real valued symmetric function on R xR. Furthermore assume that u
is square integrable with respect to ux y and degenerate (or canonical), i.e., for any
real x

E(u(fl,x)) =0. (1)

Let IZ be the space of all square integrable functions with respect to u. Then,
according to Serfling (1980), we see that the kernel u induces a bounded linear
operator T,:I* — I* (trace class) defined by T, f (x):= E[u(fl,x) f(& )], f e I* which has

eigenvectors {g;} and eigenvalues {1} satisfying for each i >1

{E(gi<el)>=o, B(g?(&)) =1

. (2)
E(gi(&)g,(& )) =0(i=/), E(h(&,x)& (&)= Ligi(x)

Then u can be represented by
u(ép‘fj‘): zlkgk(éi)gk(éj)- 3)
k=1

We introduce a separable Hilbert space H equipped with the inner product (-,-) and
the norm | - || as follows:

H:={x =(x1,X2"")ERM : iMklx,% < oo}’
k=1

/2
(x,y >1= illkixk)’k » Iwelk= [i‘lklxlf) .
If we assume that . -~
Shhd<e, @)
then from (5.1) “

E@wgz(é)} S uleets) - Sl

which implies that we can define H-valued random variables
G,-:=(g,(&,-),gz(éi),&(éi);--) for each i21. Let {U,,n>1} and {V,,n>1} be U-statistics
and V-statistics with degree 2 defiende by

U= Yu(&.&).

n(n—1) 1<i<j<n
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We have the Edgeworth expansion for U, -

Theorem. Suppose that {fj,j 2 1} is a sequence of i.i.d. random variables with
law p. Assume that u is square integrable symmetric function with respect to px .
Furthermore suppose (1), (4) and E|G|[ < for some s23. Put

F(r)= P{ n(n-1)U, < r}, G (r)= f’ms r} +§Uk(r)

where 1 is a random variable with Gussian distribution @ on H. Then we have

E(r)=G,(r)+R,(r)+ 0('1'(&_2)/2) as n— co.

n

If F(r) satisfies the Lipschiz condition, then

G, (r)= O(n") as n— oo,

Remark The Cramér-von Mises-Smirnov statistic
1
W,:= jlo nw(x)(F,(x)- 1)2 dx

is a typical example satisfying (2.4), where w(x) is a weight function and F}(x) is the
empirical distribution function of uniformly distributed random variables. The kernel
u of W, is

u(x,y):= J; w(u)(I{xsu}(x) - u)(l{ySu} (x)- u}du.

When w(x)={x(1- x)}, the eigenvalues of u are
1
A = ,
T klk+1)
which satisfies (4) (see Csaki, 1980 or Borovskikh, 1985 for more details).
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BERBES X OB L Rt

HEX? - BREH  ERBEEE

1. [FL&IC

BERBRE T RIIBEREZOSF TO 2 ABROSEOEDKREICE L., HE
Yed B WVITBERBREICR LRBRERE EORIEHEOB A D BRI TE 7,
Z DRRFEFRIT Pocock(1977) 28] TRE L. EMRRIGE =i 2 S O BESLH
BExb LIZ20DORBEHDERL 2 OOREEOEDREIZODWTOFEIETH B,
% D1%. O’Brien-Fleming(1979). Lan-DeMet(1983) &A%k D ik L{SHEX M DF%
WL, B2 FEEERL TV 5,

COBFRBREFRNDEZEMIL, 2ABROPROEORTEICEL, F1HE
DFEBOELZHELRNE L, BOERES D, EITBREEZ #F0Icb2<
TEHORESFROBERNEZOND, FZTRENE2 LT A-00H L WEHEHES
BELED, BUVIRLEEBALZFETIFROZEESLETH S, FIZ2LE
MOZEORELD b 2 NEBERMOBLLEBRE~, 1 EELENOCEZERINEE D
LWL LEBRRREFR~ORENEZ NS, SENIKROER T —<IZ-O1T
FEEIT 5,

2. BEXREICET5BBETCOREKBOREFIR

Z OBEFRREIZIVT, Pocock(1977) IXFRNZETE SN BXRERK,. F
BAELREANOT TRERICKLEREARY (mKRKEFRE) OREFEZRLTWH
BN, —RICBREHOEN/NINE EHYRERERERBENLELRD, Fz,
CDFIETHLNIEEM TCOEABITILTR—CRELTHD D, HEVE
BTV, 2O XD RRIUZF TREDRTEM CREMOREIZLERIER
BARET HFIEEZRET D, T4t Lan-DeMet 5 (1983) TOT V7 7 HE K
PRV, BBEKELRENEZEEE~EY 2T, ROBEETOERKEZRET S
LD THD, TOREWEL, EEAEREZROTHFRE LT, TLETOERETH
LN 2NBEDOEAFYE S LIZ, 2ABOESEZRTHELZ AV, BARLE
BEREINCTWVWE D REERAEZRET D, 2 XV, EROBHERKRETN
ERRY, BIRUEEBARIIENHTHY, EEBEOELARIIRRS, &
2L —Yaritk ), BEREAEIZE L Pocock I & AFIEOFHMEIZ OV TH
BRE 2,

3. 28 BIEHEET —FICED(HERRTE

REDOBHRRBRESNIT 1 EESZEOREREL b & IZERKRANC 2 LEMDOZ)
BOEERETDHHFRNTH B, LirL, EREOBKARTILI2LBROZRDZE
X0 b 2 NEMOES B O - O OBZFRREF RO H BFRMEE D, E,
MBIZRT AR E IEETHZ LV L 2EETH IO NIV EDREED
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%>, Jennison-Turnbull(1993) xR &ML HED 2 BRIERSET —F I2&ED
WAL D 72 8 DBERRRE DIFFEZAT - T D, £ OBEBRIRTE TOREM
FHEOEHIZE L. Kudo(1963) DEERFREHTREZSEIZL TWVDH, AWET
X2 EBEHSET —FIZES 2REBERDBELHED 2D OERREEZE X
%, £7. Inada(1978) DHFIEEZSZIZLELEZ AV THRABEZEHL, #VEL
EHEBRAZRET D, BICHBREERET L OBEELZFD,
4. BER CHitEEBREN

RiT, 2BRIODROELRETHOOHBFRRESTRUCEL, 158
IV HLEEEBIMEEZ b LI LZBEZERRELAROHERL R 55, Jennison-
Turnbull(1993) 1%, 2 ZRERSET —F % b &IEIHED 72D OBBERBRED
FFEZ 1TV, Lui(1993) 1 2 DL EDALE % RIFFZ - I FHEBR R E TN E RBE L
TV 5, Jennison-Turnbull(1991) iX 1 EAMBE COLEEHBRREIZEB VT,
HZRREDOFHEEFENH LV HBRRMHBELZREL TS, IOHETIISE
EBAEZ D LI 2 BRI OFERT MV OZOREZEIT OB, B IEo#IT51
FREME L, REMEL L THERR CHFAELTHVS. BiZ, /iEAHE2 LT2
B#IT. Jennison-Turnbull(1991) @& 2 FEFIF L TH LV MEIEREZRIK 2 BistE
ZRET D, ZORMABOSMHBIED Y DMIUD Z L Z2HIDD, KIZ2200
MEAEICEAL TRVERLEREBZRELLE, TOMELZ D &IZ LIEHEER
REFTROFMMEZBRE/IZHE L THEKT 5,

BE R
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Nonparametric sequential tests

and change-point detection problems
(/3T A MY v 7 RBRRE & AL m DEREDRIE)

RlRRFE -8B kHF EZ

1 F

Woodroofe(1983) L. Savage-Sethuraman(1966) IZ & 2 “fEAMECL —< VWS RHERET
BHIEALIC & 2 BRHERLBREIZG L. FRBEFEENA VLN EINE I eV ) HERRE L,
I DWE TIEES £ TOBEE L3RR D HIETIRML OX A E % Chernoff-Savage BIIZ B RIZER
L. TOMIEEMRRT D, b2, ZOEAL LTELROEROME Nagai(1998) 2E 2 5,

2 Lehmann X {REZDIELICK D2 EELRTE

WAL FEREHS] (Xy,..., Xn, Y1, V) BBRIENDI VD ET D, ZIZTX, I30%H F TV,
Y i GRES b DETH, ZZTL—v U HURROREH,: G=FvsH : G=FAA>0
EEZ D, Savage (1956) iZ i, IEMOMELEELIT2ED L I ILEIT 5,

2 ( Fo+Gn,
log

ln=nlogA+n/ m

—00

) d(F,+Gn). (2.1)

Lai(1975) 1% I, % Chernoff-Savage HFtBE L B2 LT, Fv ¥ LU+ —7 (MME—2BEREHED
) EERSREOFMICENW:, ThRbb,

I Sn +&n,
G.-G

F+AG

F,-F

nS(A,F,G) +n(1-A) /-oo

ZZ T S(A,F,G) ix Kulback-Leibler & T

0 el
S(A,F,G) = log(A) + / log( FF++A G) d(F+G).

BREWXTLTLa iR EDE I R/NER p >0 LTh n™#E, - 0 LW O BEMREREZ B,
Thizx L., URHECERBEAVAZ LIZLY, ROBREELND,

L—= U RSER G = FA #RETHIEBMOMELEL L, 37 F LU 4—7 LERKAOMICE
F2 50, =Sp+&. ZZT8, 1322 TEEINELDLRALTHD, BREE, [TROBFEETR
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BT 5,
E[ max (gk—c*(k))z] = O(logn), (2.3)

n<k<2n

c*(n) RO &S I THD, H=E2 L LT,
ooy 11 B 1A )
cln) = /HM_1 (Fre-7330)C F)dFJr/HM_l (7rc ~7vaq) 0 - 06

-1 1 -1 A2
+/H>n-1 {((F+G)2 + (F+AG)2> F1-F)+ ((F+G)2 + (F+AG)2> G(l—G)}dH.

EBIZ G HRERIIL—T U ERTHELTHE, TRDOLAALIZHLTG=F4 LT,

{ max |&upjl,n > 1} E—HKAHES.. LV BRE. (n— o) . (2.4)

0<i<n

LTV b EHRELRE TH S,

3 EBLIC & BB RFEERLIRTE DO FHERBO IR

Savage and Sethuraman (1966) IXMEALIZ X 2 BKFELRLME N =inf{n >1:1, <aorl, > b}
(a<0<b) 2E&Z LT, Berk (1973) IZ L. ZOHFEERED 1 W OEHE LI

b .

EN = m(l‘i‘()(l)) if S(A,F,G) >0,
|al :

EN m(l + 0(1)) if S(A, F, G) < 0,

X ->TEHEZLNS, (min(|al,b) — co) Woodroofe (1983) tx. T DIEALIZ X D FKRFERLRE TH
—REEE_RORY ZANTHED 2IROELERD 23, MERICHEREEFER 2 NFELHO 2
KOETRBRRICELDINEI DLW HBELRE L, TOMEL LTROBREZRD.

H L S(AFG) > 0% b,

b— c*(b)

S F,q) Tolosd) ( lal,b = ). (3.1)

E(N) =

___ld (™ +0o(1))
T |S(A,F,F)| " |S(A,F, F)

ZZTe*=L1-AP/(1+A)2 ELIKG=FA A#1, P2 S8(AFFY)>0L75&,

EN logla| (la],b— c0). (3.2)

b+r—EV

SAFFA T o(1) (lal,b— o). (3.3)

E(N) =

ZIZIT.r= ESE+/(2EST+)\ 74 = inf{n; S, > 0} TH D,
T, BETIE 2EADOELADEREIZ OV TD Nagai(1998) OFERIZ OV T HEEE N,
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The Bayes Sequential Test fot Normal Variance (Preliminary Report)

Herman Chernoff (Harvard University)
Hajime Takahashi (Hitotsubashi University)

The object of this paper is to carry out an experiment on the ability to apply the optimal
sequential test for determining the sign of a normal mean as an approximation to the solution of a
large class of sequential testing problems. Two potential advantages of such an approximation, if
it is effective, are that it is easy to calculate and that it can be expressed simply in terms of a
single easily interpreted curve, determining the optimal stopping time. Incidentally one variation
of that curve is one where a nominal significance level for stopping is expressed as a function of
the information obtained to date.

The experiment consists of comparing the approximation to the optimal Bayes solution for the
sequential test that the standard deviation of a normal distribution exceeds one. The optimal
solution is obtained numerically by the backward induction. In this problem the unknown value of
6 = ¢ ’is assumed to have a Gamma ( & o, 8 o), where

f(0]a,B) =La®/T(B)]6"e"’

Then the posterior distribution of 0 given Xu,...., Xu1 1s the gamma with @ = « o+ So/2 and

ml

[3 =[3 0 +n/2, where S. = DI (Xi-)Znﬂ) Z, }-(nﬂ =an=ll X

We relate our problem to the normal problem as follows. First we note that the Fisher
Information per observation for estimating ¢ is 2 ¢ *. This corresponds to ¢ * in estimating
normal mean u (cf. Chemoff (1972)). Second, if 6 has the Gamma(«,f) distribution,

(1) Y*=E{o-1}=E{6"1}= o«™{T (B-1/2)/T(B)} -1

which is comparable to Y (s) process in the normal mean problem (Chemoff(1972)). The
variance of Y¥* 1is

(2) Var{Y*} = « {T (B-1)/T(B) - [T (B8-1/2)/ T (B)T*}.

When 0 =1 and B islarge o tends to be close to 3 and we may approximate the variance of
the distribution of ¢ -1 by

(3) st =s*(B) = B{T(B-1)/T(B) - [T (B-12)/ T(B)1%}

which has the advantage of depending only on B which is deterministic in this sequential
problem. Now the time between each observatrions § s* is easily calculated by

(4) § s*=s*(B) -s*(B+1/2).
Given a o, B o, ck = 1, we can approximate o * by 1/2 and the analogue of a is a* =(2/c) ",

(see Chernoff(1972) ). We may express our normal approximation to the solution of the problem
by the boundaries
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5) 7 = y(s¥) =yl(a*’s*)

or

(6) y* = (1/a*) §* = = (1/a*) §(a*’s*)

where v~ is the tabulated solution for the normalized normal problem. It is convenient to stay in
the (@, ) plane, and as above,

7 a =[T(B)A £y)/T(B-112)]°
With the continuity correction, we have intersecting boundaries
(8) a =[[(B) (1% (x*0.58(8 s*)"/T"(B-12)]*

This approximation has several shortcomings. We have used the approximations « = f and
o= 1. When the boundaries are relatively far apart, as they tend to be for small 5, these
approximations are of questionable value. The correction for discontinuity, which is related to
the distribution of the excess in crossing the boundary (Hogan) depends on the distribution. For
example, if the increments had the discrete binomial distribution with Xi = = 1 with probability
1/2, the correction would be 0.5. In our case, with a heavily skewed chi-square increment, there
is likely to be a better correction for discontinuity with different corrections for the lower and
upper boundary.

These difficulties are alleviated somewhat by the fact that there is usually very little loss when the
optimal Bayes strategy is modified somewhat, leading to improvement for some values of the
parameter which compensate for deficits for other values of the parameter. In the process of
calculating the optimal Bayes strategy we shall compare the Bayes risks for the optimal with that
of the normal approximation. The main difference in the backward induction calculation for the
normal approximation is that the rules for stopping and continuing are prescribed in advance, and
not by that of minimizing between the two alternatives.

In addition, we propose using the above normal approximatton for a first step in deriving a second
better approximation. Instead of approximating @ by J in deriving s* we will use a different
@ v and o 1 selected from (8) for our first approximation for the upper and lower boundaries.
These give rise to distinct s*: and s* functions as well as § s*. and & s* to substitute in (8)
together with adjusted corrections for continuity . We also consider the Edgeworth type
approximation to « .
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Admissible minimax estimators of a mean vector of scale
mixtures of multivariate normal distributions

Yuzo Maruyama
Graduate School of Mathematics, Kyushu University

1 Introduction

Since Stein(1956) showed that the usual minimax best equivariant estimator of a p-
dimensional normal mean is inadmissible for p > 3, much study of improving upon the
best invariant estimator have been given. Brown(1966) substantially extended this result,
the Stein phenomenon, to a very wide class of distributions and loss functions. Brandwein
and Strawderman(1991) found and discussed classes of minimax estimators of a mean vec-
tor of spherically symmetric distributions. In view of statistical decision theory, however,
we are interested in characterizing a class of estimators satisfying not only minimaxity
but also admissibility. So far as I know, explicit results of constructing admissible min-
imax estimators of a mean vector were restricted to the case of the normal distribution.
In the normal case, see Strawderman(1971), Alam(1973), Berger(1976), Fourdrinier et
al.(1998) and Maruyama(1998). Here we consider scale mixtures of multivariate normal
distributions as follows. Let X have density f(||z — 6]|*) where

Iz — 6]%v
2

Kz =01) = [ 2m) /2 exp(~ )g(e)do,

where g(v) is a known probability density function. The object is to estimate @ with the
quadratic loss function ||§ — 6||?> . Admissible minimax estimators of the mean vector of
scale mixtures of multivariate normal distributions will be found.

2 The main result

First of all, we derive the class of generalized Bayes estimators for the following prior
distribution. Let the conditional distribution of @ given A, 0 < A < 1, be normal with
mean 0 and covariance matrix A~}(1 — \)I, and a density function of X is proportional to
A7(1 - )\)bI(O,l)(A). the (generalized) density function h,p(8) is

has(6) = C /0 1 (Tf_—t)pﬂ exp (— 5 L 5 nou2) £=a(1 — Pdt.

We have the generalized Bayes estimator &, 5(¢) = (1 — ¢ap(]|z]|2)/||2||?)z, where

L foo ap/2=etlyp/2=at1(y _ \(1 — X +vX)2~0=2 exp(—wv)/2)g(v)dvd)
I J&° Ap/2-ayp/2=at1(1 — X)b(1 — A + vA)*~>—2exp(—wvA/2)g(v)dvd) .

¢a.b('w) =w

We show the two theorems which characterize the properties of the behavior of ¢q5(w).

Theorem 1 Assume the following conditions:
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1.b—a+2>0andb>0.

2. for s1 < 89 and t; < tg, g(s1t1)g(sate) < g(s1t2)g(s2ta).
Then ¢q (W) is monotone increasing.
Theorem 2 limy,_,0o Gap(w) = 2(p/2 —a-+1) f5° v g(v)dv.

For the shrinkage estimator 84(z) = (1—¢(]|z}|?)/||z]|*)%, the new minimaxity condition
is given. It is noted that the known minimax conditions by Strawderman(1974) and
Berger(1975) is following:

1. ¢(w) is nondecreasing.
2. ¢(w)/w is nonincreasing.
3. 0< g(w) < 2(p—2)/ 5o vg(v)dv.

For ¢, »(w), however, their conditions are not useful because the range of values (a,b)
for satisfying the decrease of ¢, 5(w)/w is not suitably derived. Therefore we derive the
conditions of minimaxity which do not required the decrease of ¢, p(w)/w.

Theorem 3 Assume the following conditions:

1. ¢(w) is nondecreasing.

2. 0 < ¢(w) < 2(p—2) [ vP2 g(v)dv/ [5° vP/2g(v)dv.
Then 64(x)is minimaz.

From Theorem 1, 2 and 3, we have the theorem about minimaxity and admissibility
of 54,5(1:).

Theorem 4 (admissibility and minimazity of da p(z))
o 0o p(x) is admissible when a <1 and b > —1.
o §q5(2) is minimaz when ag < a < p/2+1 and b > max(a — 2,0), where

_ J&2 v/ g(v)dv
% =P/2+1 = (=Dt v oo g (u)de

® 0q5(2) is admissible and minimax when ag <a <1 and b > 0.

Remark 1 (multivariate-t distribution)

We easily check that g(v) = Cv™ %1 exp(—mw/2), which corresponds to g(v) in the case
of Multivariate-t distribution, satisfies the condition 2 of Theorem 1. Moreover aq for this
distribution is p/2 +1—(p —2)(m —2)/(p+m — 2).
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Problems in Orientational Estimation
FIKRFELFEE HEE H1

1. Introduction
We are concerned with some problems in estimating the orientation parameters of the
matrix Langevin distributions defined on the special manifolds of our interest, the Stiefel and the
Grassmann manifolds. The matrix Langevin distributions are most commonly used and tractable
distributions on the manifolds, corresponding to the normal distributions on the Euclidean spaces.
The Stiefel manifold V, , is represented by the set of m X k matrices X such that X'X =1,

the k X k identity matrix (k=m); we have the hypersphere V, and the orthogonal group O(m)=V,

Ju nm

as practical examples.

The matrix Langevin L(m, k; F) distribution on V_ is defined by the density function

kan
exp (tr F'X) [oF\(zmig F'F), (1)

and we let the unique singular value decomposition of the m Xk parameter matrix F be
F=TA® of known rank p (p=k), where [' e ‘7,)',,,, ©e V,, and A =diag(},,...A,),
M=..2k,>0.

2. Estimation of the Orientation Parameters I and ©
2.1. Maximum Likelihood Estimators (M.L.E.’s)
Given a random sample X =(X,,..,X,) from the L(m,k;F) distribution with

X = Zl X,/ n,the m.le’s [ and ® of I" and © are given by the matrix of the latent vectors of
XX’ and thatof X’X , corresponding to the first p largest latent roots of X’X , respectively .
2.2. Bayes Estimators

Employing suitable (joint) conjugate prior density functions of I" and ©, the Bayes

estimators of I" and © with A known are given by the posterior modal orientations, which are also

obtained from the minimum —loss criterion with suitable loss functions .
2.3.0ptimality Properties

2.3.1. Estimating I" with ® and A known

We may be interested in a general family of rotationally symmetric distributions around I,
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which are invariant under the simultaneous transformations
X—HX and I'—HI for He O(m), )

that is , having the density function of the from A" X). The estimator I'(X)of T is said to be
equivariant under (2) if f(H X)=H IQ‘(X ). We consider the problem of invariant estimation under
the loss function L(I',I) satisfying L(HT,HT) = L([,[) = p(I'T).

The m.le. of I is equivariant. Note that with the rotationally symmetric distribution we
have E([)=TETT), with B=E(I"T) a bias of ["and the unbiasedness (B =1) is not a
useful optimality property . We discuss the optimality properties of minimum risk equivariance,

admissibility, minimaxity and efficiency of the estimation problem.

2.3.2. Estimating I" and © with A known
We develop the invariant estimation of I" and © with a general family of rotationally

symmetric distributions invariant under the simultaneous transformations X—H XH,”, '=H,I"
and® —H,@for H, € O(m) and H,e O(k), that is , having the density function of the from
fA7X0).

2.4  Sufficiency and Ancillarity

When we are interested in the orientation parameters I” and © with A known for p<k , we
#

need appropriate conditioning from the conditionality principle. We use the conditional distribution

of the m. . e.’s of the main parameters for given suitable ancillary statistics.

3. Remarks

The Grassmann manifold consisting of the k-dimensional hyperplanes in R"(k=m) is
represented by the manifold P, _, of m X m orthogonal projection matrices P idempotent of rank k.

We can carry out similar kinds of discussions of the estimation problem of the orientation parameter

I' of the matrix Langevin distribution with density function exp(tr BP)/,F, (-é— k; =m;B), for

L
2

B=I"AI"” (spectral decomposition ) an m X m symmetric matrix with certain identifiability

restrictions on B.
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LINEX LOSS FUNCTION AND
STATISTICAL PREDICTION

H EWM (BAKR-BHK) =HEM (REEK - HE)

1. Introduction

We discuss a prediction problem under a LINEX loss function. A
concept of risk unbiasedness is introduced to the prediction problem.
Some results about LINEX-unbiased predictor are derived and the
best LINEX-unbiased predictor is given. we also consider an appli-
cation of the concept of the Pitman’s measure of closeness (PMC) to
a statistical prediction problem. Under some conditions, the Pitman-
closest predictor is determined.

We suppose that X is observed random vector and Y a future real
random variable, and the joint distribution of X and Y depends on an
unknown parameter 8. After observing X = z, we want to predict the
value of Y. A non-negative loss function L(d,y) represents the loss of
predicting Y =y by d. Let 6(X) be a predictor of Y and

R(8,8) = By {L(6(X),Y)}.

be the risk function.

2. LINEX unbiasedness
DEFINITION 1 If a predictor §(X) satisfies
Ey {L(6(X),Y)} = min Ep {L(6(X),Y + )},

where ¢ is a real number, then it is called a risk-unbiased predictor. If
a risk-unbiased predictor minimizes the risk for all values of 8, then it

15 called the best risk-unbiased predictor.

Now we shall give results which characterize the risk-unbiased predic-
tor (cf. Lemma 1 of Klebanov, 1974).

THEOREM 1 Under squared error loss, §(X) is risk-unbiased if and

only if
Epd(X) = EyY.

Under a squared error loss the risk-unbiased predictor is called mean-
unbiased. A LINEX loss function is defined by

L(d,y) =expla(d —y)| —a(d-y) -1, a#0.
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A risk-unbiased predictor with respect to the LINEX loss is called
LINEX-unbiased.

THEOREM 2 A predictor §(X) is LINEX-unbiased if and only if
Ey {expla(d(X) = Y)]} = 1.
for all 6.

THEOREM 3 If ¢ is a LINEX-unbiased, then it can not be mean-
unbiased, unless Pp(6(X) =Y ) = 1. The converse is also true.

By using of an adequate statistic, we give the Rao-Blackwell theorem

with regard to a prediction problem.

THEOREM 4 If§(X) is LINEX-unbiased and T is adequate, then

() = ~ log Blexp(ad(X))IT]

is also LINEX-unbiased and the risk of 6* is less than that of o.

THEOREM 5 IfT is adequate and complete, and
Eylexp(—aY)|T) = QO)K(T) a.e.

for some non-zero functions Q and K, then 6* in Theorem 4 is the

unique best LINEX-unbiased predictor.

3. Pitman’s measure of closeness

Let C be a family of predictors. Then § € C is said to be the
Pitman-closest in C' with respect to L if § is better than any other
¢’ € C under PMC with respect to L.

Let 3, be a median unbiased predictor of Y and T a statistic based
on X. Under the Pitman’s measure of closeness, we consider the pre-
diction problem of Y within the following family

C={6;0(X)=0u(X)+2Z(T)},
where Z = Z(T) is any function of T.

THEOREM 6 Suppose that Y — dp; ts independent of T. Then 6y,
18 Pitman-closest in the family C with respect to the LINEX loss.
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0; = E(bi(z)|w) = awiiﬁ(w)

82
Var(b(z)|w) = (mw(w» = ().

&2 %,

DT, EOBEBENLOERE ), 2, 85, TDEE, LEEEE L, (w) &
T2, FtZBBARe-IMERE L, Fo(n > 1) 132y, -, 220 Ko TEREND o~ IERE
ET Do T A—FOITFFINAN— T (v) BFFOMERER 95, FOHTHT(w)
I

dmo(w) = &o(w)dw.
ZDLE FaldG 2 b & & DuDEREEL,

A, (w) = ¢! Lo(w)€o(w)dw = €n(w)dw
TEXbND, ZZ T XERLEHTHE, p<k T35, ZIZT,
E{(6 — 6,)(0 — ;) + ct}

%‘:%/J\K?*li‘éét ZRDOTD, Te7EL, 0= (01,---,6p) & T B, THLLHb
c]: 5 &‘:\ Hn = E(e,fn) ._65‘2_ Ehéo %:_G\

Rn(c) = E{(0 — 6,)'(6 — 6n)} + cn
= BERITRD B &
Ra(c) = %Un + %Mn +en = 2(cUn)% + 0" (Un — Ven)? + 02 M,

. g
£2%. 712U, U, = B(X8 valFn) THY, M, = E{Zle(mﬁo(w))/ﬁo(wﬂfn}

Y4
YE ai log £o(w)|Fa) 2Tl B APO rule & LT, REED S,
i=1 i

t = inf{n|U, < cn®}.
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Ry(e) = 2¢/2B(( Zwm V2| F) + 2y/e—m— + t72M, + 171 (/UL — Vet)?

\/— Vi
OD%IEGK—OV \T%Kéo
P P
B> vi) )| F)} = B((Y va)/?))
i=1 i=1
L7725,
1 W (gradg(w))’

VT AV, T 2 [ @)leradg ()

<h 5, mz%@xﬁe:ow—c%mo

| M| |Mt|
ct2 — Ut _2

THDHING, O 2ENR—HRAEE REE LV,

(U‘ + M})

B() — B {3 (o)) -
16 2¢( ) =1

@))*})

0
8(4)1'

1
’cz(\/& — U0 S 2{5 + 07 Uy — U2}

Z Z CE{sup, nU;?(Um-1) — Un)?} < oo L7225 & 5 iZprior 2EW %,
KIZ B B D stopping time a IZ DV TELET B,
a=nD&E, E{Rui1(c)|Fa} > Ru(c) THD

M, = M + M®

=2l M\ = E(‘9 ""(“”) |Fn) THO MP =T Var(aau() )Ifn)- Lo T,

1 2n+1 2n+1 1 2n+1
_— U +—"" " MOy =TT pME > L /€
nin+1) " n2n+12 " n2(n+1)2° " Talm+1) " n2(nt+ 120"

c>

Fiza = n@k% E(Rn(0)|Fn-1) €< Ru1(c) THEIMS, FIRICHELETZ LIZ
LT, e =3Py ER2B, FZT
EH, t% APO rule, a % optimal stopping £ 35 &, s&tdatTdHE,

E{(6 — 8,)'(0 — 05) + cs} = 2/cVy + My + o(c)
7272 L

Vo =E{(Zva)"?), My =E{——(gradg(w))'T; ' (w)(gradg(w))

(Ch %)

P

T (@) ) — D (- o8 6o(@)?))

i=1
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Iy b= AL DOBAORBENL BEEIIONT

HRKE BFER EEEL
HpKE BFER BiE

k+ 1 @O ERRER = N(wi,0?), i =0,...k 2RETA. 727201, m, iT control
BEMAEL, m, i=1,. k% test BEMETS. JIT, 2TONRSA-FIFKRAT, S&IE
EBTHE. p= (o pi1, k) EBL. EEOEEINIEH 6% & 65 (0 < 6F < 6) 1T L
T, BEFAOES Q= (7T1,...,7Tk,) i, Q=QpUQUQg, 27201,

Qp = (m 1 p Spo+67), Qr'=(m o+ 067 < ps < po+63), Qo= (mi i > po+ 63)

DEICIODDEFESIIHEEINS. ZOQ %, S DO & 5S¢ D Q¢ HAE2ODHIE
& SpUSe=QIIRETAIENENTHA. FOLIRMELWRENLENAEE, Correct
Decision (CD) EMRT &iCd 5. ZI T, TOBMERLT, EH P (2 < Pr<l) %
ELT,
P(CD|p,0%) > P* for Y(p,o?) (1.1)

ER/NOERY TR T RETHNEEEET I EEEL 5.

To MHRES ng D, m (i=1,.,k) DHEREX ?ng (0< ¢ < 1) OEAEREREMH T
3. FDLE, ﬁl@ﬁﬁ%nkﬁatnm_ﬂntéwé ttb A= Ale) = (14 kc?)~1/2
TH5. BERFY XU(n)'—Zf?XU]/ A*n), X, n)‘Z] L Xi/[(GAM), i=1, .k REE
L, B8 d (> 0)ixtLTi—

Sp=(m: X z(n Xo ny <d), Sg=(m :-X.i(n)_:i:(l(n)zd) (1.2)
REETH. JIT, (¢,dyn) iE(1.1) DEREMETAILIICRESINS. ZOL—ILDb &,
max_max inf P(CD|u,o%) > P* (1.3)

c€(0,1] d>0 1,02
BEERTRAYMOBMER/NMNIT 2 RBUEHAE R(co, do, N) RRET 5.

) k=1(r=0,1) OF&
BEEIN/HIAEERE m (> 2) 128 LT, control M & test BERMN S, MILIZEFNF
NKEX A%?m & A m OFFEREHE LT, TV ENANRERSHK 52 25tET 5. =

RIEEOBRER % ,
4a"ln Ct
N = max {m, [W‘bg{l + 1} (14)

ERETS. ZIT, am RESHBR Flcam/(1+ %) =P OBTHA. 12120, F() ik
EHEv=m-20t5H0O0HMETHS. 2BEEL LT, control M & test REEMMN
5, MIIENENKREET AX(N —m) & EAYN —m) OBMEXEHET 5. &4 OBEH
T, MR LEBNEREEDETERFY XN & Xyv) 2FETS. ZDEE, nE NI
BEBAIN—IV(12) 225, dOBRBME do = (67 +6%5)/2 &L c OBRBHE o= 1 AT,
TEREE (14) Kb E DRI R(Ldo, N) 21RET 5.

i) k MEHOHS

k=10&EEABIIE, £2OBEMI SHPEREHE L, - VEWATRERSIH S
ZEET S, ZRIEEOEAEE, (14) 1255 am % by ICESRI OO TEHRT 5. %ﬂ%
ACEmEARZfME L, Xony & Xy, 0= 1.0k, ZFHBELT, n % N TEESBRI V-
(12) 2% 3. 22T, b, 3ESHFER

M[mLZQ%dx+Amw»@%d—m+m%wymwwgﬂw:pw (1.5)

DL LTEYD, BB ¢ EiT

./m/m@“%m¢%~v+%muwﬂx—%&ﬁA%wuﬂ—bWMMQWMGAw:0 (1.6)
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DB|ELTRESNG. 2L, G.() & Vxi/v OFHEE, xi BEHE v=m—-k-10
HAZESGIUEIERERTHS. (1.5)—(1.6) D (bm,cm) ZHOI ZERREEL (14) & d O
BHBME do = (67 +6%)/2 12b ED L #HlEE R(em,do, N) Z8RET 3.

i) k 23U EDBFHOHE

TEEEOEXREE, F EBOBESERBIZERT D, 122 Ubn = (bim +bam)/2 EH K.
n%& N CEEXBRAT, d=do+ (65 — 65)(bim — bam ){20b1m + bam)} 1= dm) £ bDI— I
(12)%ZZ 5. ZIT, by Ed=dnDBHERICH D (bim, bom) 13, BFHERX

/om /.Z ®(c h1)®* ¥ (c h™)d®(2)dG, (y) = P* (1.7)
%o
¢ ” w@“ rH)®* £ b~ At )dd(z)dG,
/O / B B8R b )yelc AT )dR(@)dGu v)
= (k-0 / f (e hH)B~1 (¢ h™)yg(c h)dB(2)dG (y) (1.8)
o] —00

DEMNARKOBELTEDS. 12KL, ht =24+ Abipmy, b~ = —2 + Absy THB. 1P,
da LT, BER J )
m___ £ :
6§~5T—dm0+7_1 (19)
REED 6 & 65 (0< 67 < 85) M LUTRYIUD. ZIT, v=065/6F, dmo = 1.5+ (bym —
bom){2(b1m + bam)} ™! THB. HBL ¢ B, ¢=~2+ cAlbim + bam)y ET 5 &

K/w /°° " (2) 2 (g) (¢ — bimkc® A%y)d(a/c — bim Ay)dB(2)dG, (y) + (k ~ 0) x

0 —oo

/ ) / " BE @) B0 (2 — b kP A%9)6(2/c — o Ay)dB(2)dC (y) = O (1.10)
0 -0

ODRELUTHREESNSD. (1.7)~(1.8), (1.10) DR (bim,bam, cm) & AN ZBREEE (1.4) & (1.9)
ANoROoNS d DRBEME dy, 125 &I HHE Riem, dm, N) 2RET 3.

18%, control BEME test BEMOFHOXDRBEEXMICML T, EAME

252

N:max{m, [";2’"] +1}» (1.11)

EEEL, t, %
/w /w {c;b(c(z n Atmy)) - @(c(m - Atmy)) }k d®(z)dG, (y)dedy =1 — o (1.12)
0 —00
EEYD, BB cEE
/w /w {®(z) - ®(z — 2AUmedy)} i (z - tmkc®A%y)p(z/c — tp, Ay)d®(2)dG,(y) = 0
0 -0

ORELTRETHERBEEH VDI ET, BRELHANELHEETZ I L08TE3.
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