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On some stopping rules for proofreading

Mitsushi Tamaki (Aichi University)

The general framework of the proofreading problem for a single
reader can be described as follows: A manuscript has an unknown
number M of misprints. One may attempt to detect and correct
these misprints through a series of proofreadings. - On the n th

proofreading, one observes and corrects a random number Xn of

misprints, each of which is independently detected with probability
p. Two models can be considered concerning the distribution
assumed on M.

Case 1: Binomial model

P (M=m) =(E)t“ (l-z) W=

where W is the number of words in the manuscript and = is the
probability that a word is a misprint.

Case 2 Poisson model
P (M=n) =w§"!’

where up=EM). The Poisson model with parameter u=nW can be
regarded as an approximation to the binomial model with
parameters W and .

Here we investigate a stopping rule which indicates to stop

reading after n th proofreading if,Xl >k, ..., Nn—l >k, and )ﬁ =k for a

prescribed non-negative integer k. We call this rule k-rule Let

Nk be the stopping time associated with k-rule, then
Nk=min{n: Xnék}.

Let Mn be the number of misprints left undetected after the first
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n proofreadings, namely, Mn=M'X1 —...—Xn for n2l, and Nb =M.

Then, for k-rule, we are interested in deriving the distribution of

Nk and MNk . Especially E(Nk ). E(M Nk)' and PM, =0) are quantities

M
of interest. In Section 2, 0O-rule is considered in the binomial

model. More general k-rule(k=z0) is considered in the Poisson model
in Section 3. A more careful reader would not stop reading even
when he cannot find any misprints. He/she is still anxious about
the potential misprints yet undetected and continues proofreading

until he/she again finds no misprint. We call this rule 00-rule

and denote NOO the stopping time associated with this rule, i e.,
Noo=min{n>N X n=0}.

This rule is also considered in Section 3.
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BQSt—CkOiﬁQ Cromes wi'tl medom P)"ioht«}

on o lwo-Poisson Stream

LtEEA tRe ¥

Abstract This paper investigates a sequential game with playver's random
priority played over the two Polsson streams. Two players are each
presented with a poisson stream of offers with rates Xy and Ao

respectively. The offers from each stream are iid non-negative r.v.'s from
a known distribition. Each player may sel ect at most one offer, and no
recall is allowed. For the offers arriving via stream i, plaver i has
higher priority to decide than his apponent. The game terminates at T, and
each playver wishes to maximize his expected value of the r.v. he has

accepted. We obtain simultaneous differenial equations for the equilibrium

values of the game and provide explicit solutlions in special cases.

1 Introduction and Summary This paper investigates a sequential game with
player's random priority played over two Poisson streams. The two players,
called I and II,are each presented with a Polisson stream of offers with
arrival rates X and‘xz. respectively. The offers presented are iid non-
negative r.v.'s from a distribution F(x) satisfying n = Ig x dF(x) € (0,=).
For the offers arriving via stream i with rate 11(1 =1, 2), plaver i is
the first mover and 3-i is the second mover. (Player | and 2 are [ and 11,

respectively). Player | must first choose either to accept or to reject

the offer.If the offer is rejected then it is offered to the other player
who must next choose either to accept or to reject it. If both plavers
reject the offer, the game continues in a similar manner when the next
offer arrives. Any offer once rejected cannot be recalled later. If one
player accepts an offer, then he (or she) obtains the observed value as a
reward and drops out from the game, and the single-rlayer game for the
opponent remains thereafter. The game terminates at a predetermined time T.
A player or players who have not made an acceptance by time T are rewarded

nothing. The objective in the game of each player is to maximize the
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expected value of his (or her) own reward. Since the game is non-zero-sum,
we shall consider optimal strategies of the players in terms of Nash
equilibrium.

In Sections 2 and 3 we obtain the simultanecus differential equations
for the expected rewards of the players obtainable by employing their
respective equilibrium strategies. We shall derive the solution of the
games where the arrival rate of the Polsson streams are (1) 0 < A=A, and
(2) 0 < A2< A and provide explicit solutions when the offer-size
distribution is uniform or negative-exponential. We show that the playver
whose Poisson stream of offers has the most frequent arrival rate obtains
the higher expected reward.

In Section 4 we shall study about the elapsed time when one player first
makes an acceptance of an offer when both plavers employ their respective
equllibrium strategies.

The remarkable features contained in this work are the following two
points. First, players' objective in the game investigated in this paper
is Expected Value Maximization. As far as the author knows, the bilateral
sequential games with players' priority have been investigated in the past
for the versions where plavers’ objective is Winning Probability
Maximization. See Enns and Ferenstein [2,3], Radzik and Szajowski (73,
Ravindran and Shah [91, Ravindran and Enns [8]1, Sakaguchi [11,12]." Second,
players’® priority is not fixed, and changes randomly during the time when
both players remain in the game. Bilateral sequential games with players’
random priority is first discussed by Radzik and Szajowski [7] very

recently. Also, there are two papers by Sakaguchi [12,13]1 concerning this

point of interest.

Key words: Sequential game, Best-choice problem, Non-zero-sum game, Nash
equilibrium, Players' priority.

AHS (1390) Subject Classification: 60G40
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On zero-sum games with stopping times for
discrete-time multi-armed bandit Sgrocesses

H MG (FERFEBIER
Bandit processes ® %" — AMRAICOW TR L %,

1. Zero-sum games for multi-armed bandit processes.

Multi-armed bandit processes ?E XL % 4T ) o

N = {0,1,2,--} : time space. N(e,y) = { event: 0 <t<r }. N(oy1) =
{oddt:0<t<r }. d: number of arms. § : discount rate ( 0 <B < 1).
(Qi, #, Pi) : probability space. Xi = (X', 1, Pi) N : independent
Markov chains with Borel state spaces EiL { F1},cn : increasing
family of completed sub-o-fields of Fi (i=1,.,d ). X = ( Xs ser =

(Xsl oy :d )s = (sl,,sd) e T ¢ d-parameter process s.t. T = N4 E =

HE‘ Q= HQ‘ P= ]___[P‘ Fo=Fo1® ®FSy fors= (sl s¢)e T,
Bandit processes 0)’?’ ADAEDFT BB
(ma,TasTg,Tg) : tactics. Player A's (B's) strategies mp (mg ) and his
stopping times T (Tg ).
mA = [ mACE) hieN(ope) = (L (RACE)mpA% (1)) JieN(o, ) 2N
mg = { TB(1) heN(ew) = { (7' (1) mp( 1)) Jie N(e,o0)
are T -valued stochastic sequences on ( Q, F) st. (i)~ (iv):
(1) mp(0)=mg(0)=(0,0).
(ii ) For all t € N(e,o0), it holds that mp(t+1 ) = ng(t) + ¢, for
some i = 1,-,d, and for all t € N(o,00), it holds that ng( t+1 ) = (t) +
e; for some i = 1,.,d, where e;are i'th unit vectors in T.
(iii ) For all t € N(0,) ( N(e,) ) and all s' ¢ T it holds that
{na(t)=s"}e Fo((ng(t)=5s}e Fy).

t5 (1 ) are N(e,) ( N(0,) )-valued random variables s.t.

(iv ) For all t € N(e,) ( N(o,0) ) and all s' € T it holds that
(ta=t)n{mp(t)=s)e K ((tp=t)n{ng(t)=s") € F).

We call this game first-type game since player A moves first. By
exchanging N(e,o) with N(o,o0), we define second-type games. Then
we put families of first (second)-type tactics by Z(F) (I( S ) ) ={ all
first (second)-type tactics (ma,T;ng,Tg) Starting at 0 }.

COF—- LDl EDNDLIILEZ NG,
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fal (fgl ) : A’s ( B's ) running rewards, bdd. m'ble fts on Ei.
hy (hg ) : A's ( B's ) terminal rewards, bdd. m'ble fts on E.

We shall introduce the following notation < -, - >

< fu( XTEA(U) na(l) - mg(0) > = ZifA( X 1(1) ) (mai(1) - mgi(0) ).
i=
Player A's expected gain to be paid from player B is

Velra,tpimg.15](x) = Ex[ Zle N(e/t 4 n75) Bt<fA(X1cA(t+1)),7fA(t+1)'7tB(t)>

'Z[E N(O,TAATB)Bl<fB (X“B 1)) Tp(t+1 )-TA(D> +BIAATBh(XnB (Tp)Am A(TB))] ,

where aab = (alabl,..,adabd) for a = (al,--,ad), b = (b!,-,bd) e T and
h =h, - hg . Hence admissible tactics are
(F;ng,tp) ( @(S;HBJB) )={ (nA,TA) : (ﬂA»TAmB,TB) e UqF) (XS)) },
?(F;nA,TA) ( ’D(S;T‘A»TA) )={ (ng,7p) : (ﬂAyTAiﬂB’TB) e IF) (XS)) },
VE(x) = inf(nB’TB) SUP(r tp)e D(Fing 1p) VE[ra,Ta:7g,78](X) (x € E),
Vie(x) = SUP(rp TA) inf(nB,tB)e D(F;mp TA) VE[rnp,ta:mg,15]1(x) (x€ E).
PROPOSITION. Vg= Vg (= Vg ).
TR oXED L) IKEb a5,
First-type games :
To find (mp*,tp*;mp*,15*) € UF) s.t. VE[mp ¥, 15 % 1p*,15*] = V.
CHo DHIRD TITROFERMEL iz,
THEOREM 1. There exist optimal Markov strategies (mp*;ng*).
THEOREM 2. Vpand Vg is a unique solution of the following
equations :

1) Vg = max] max S, iVe,h | and Ve = min{ min s_iv ,h 1)
(D Ve {uisa S } S {1$1sdB F }

where SAiand SB (i=1,-d ) are defined by
SATO(x) = EX[ f4(X]) + B 0Cxt, Xy x¢) ],
Sp!9(x ) = EX[ - fai( X)) + B 0( xlr, X{ %8 ) ]

for x = (x!,--,x4) e E and bounded measurable functions ¢ on E.

Further optimal strategies are given by (1). And optimal stopping
times are given by

TA* =inf { t € N(e,0): X"B*(l) € {Vg=h}}and
tg* =inf { t € N(o,00): X,;A*(t) e {Vg=h}}.
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BT 2 MCRE S HERES 7 — D0 T
FIRKEHE AR N
KB x(L) AR D 1 R TTARTEMESR Y J5 F2 7
dx = [ax + bu + cvidt + dw, x(0) = Xp b 20,

Tz hsd &35, 22T a, b, ¢ ld constants, u(t), v(t) & controls, w(L)
& Brown EBIEL § 5, ZOLERMTHIXMIBELTRD SHEORMEL2EA 5,

I. Control Problems: a # 0, b=1, ¢ = 0=, a2 RN(W*%
T .
J(w) = lin sup 1 Efo L wwhae, e,
-0
TEFHEL T the set U of admissible controls FIiZH VT, B/ LW,
O. Zero-Sum Games: a, b, ¢ # )D& &, a2 K JO(U,V)E

T
Jo(u,v) = lim sup % Efo %{x(t)2+ u(t)z- v(t)z}dt, (u, v) E Ugr
T-00

TEHLT the set Uy of admissible controls ki2&W T, saddle-point (u, v)+

:1)2) Jo(ﬁ,v) < JO(G,G) < JO(U,G) for all (u,v) € Upr
RDHE,
M. Non-Zero-Sum Games: a, b, ¢ # QD& =, I K Jl(u,v), Jz(u,v) %

T
Jl(u,v) = lim sup '_11_‘ Efo %{x(t)2+ u(t)z)dt.
T-0

T
Jpo,v) = Lin sup ! Efo SxWE v, @ v e,
TERL T the set UO of admissible controls FiZH VT, Nash equilibrium

point (1;,;)\ A Jl(a,\;) < Jl(u,\;), JZ({l,\A/) < JZ(I;,V) for all (u, v) € UO'
ERDE,

PRETIEH, ZASOMEORKICOVWTUToL S ICHELE,
IiconT:
U = {u(t): progressively measurable, F frg u(t)?‘dt <o suptEx(t)2< 0}k$ 3,
Dynamic programming equationsiCH ¥ T 58 DI O EOHFBRTH S,

(%) (r, §) € R+XCZ: b= % 7 + axp’ + minu(u2/2 tud') + % x%.
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ZOHBROM (, D x =K 900 = K THEABNSB, 2T, Kak- | =0,
K>0. ¥, optimal control e optimal cost JWH BROEBY TH B,

uF(x) = - () = - 2Kx,

JW) =«
Oico>NnT:
Ug = {Cu,v): u(t), v(t) & feedback laws u(t) = u(x(t)), v(t) = v(x(t))
u(x), v(x): Lipschitz continuous, |u(x)| + |v(x)| const(l-l-xz),
sup,Bx(D)% 0}k ¥ 5,

k) IcHIGT 2 AHBRBEROEDICRS,
2
(1, $g) € RxCE: L= 5 45+ axdy + min (o2/20bgu) - min (vB/2- ch) + § |
ZORBROM (L4 & 1= L §,(0 = LCTEABNSB, 22T,

2 - L2 - aL - 1/4 =0, B, LA a- 26 - DL <0 BETL =
saddle-point (u,v) HEKRDLOTH 3,
ux) = - b%(x) = -2bLx, v(x) = c¢b(x) = 2cLx.
MiconT: k) ICHIBT 3 ABRXBKROEDICR S,
(g0 bge $1, 99) € RxRxCOXCE:
Pz % ¢’l’ + [ax - c(c¢'2)]¢'l + minu(uZ/Z + b¢’1u) + % xz,
by = % ¢§ + [ax - b(b¢'1)]¢’2 + minv(vz/Z + c¢’2v) + % X2
ZOFBROM (1 1ge 4, 09 & oy =M, gy = N, 47060 = MeZ, 4500 = Ne
THEABNE, ZTIT,
22 + 2c2NM - aM - 1/4
2%+ ob%MN - aN - 1/4
B, (LN) AV M N>O0 2T eE,

oo
eo=

Nash equilibrium point (1;, \;) HROEHEDTH 5,
u(x) = - b¢i(x) = - 2bMx,

\;(x) = - 0¢’2(x) = -2cNx,
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KKMS Ef iz oW
FUCAERFEE FiAeE

VR GH Y — b (LFF—28 18) OBOMED—-DIca 7Tt wd Loy
HhH. I, HrREEALTEI> LD EOEEE LTERSINSE. a7, Mz
WeBRPHHNED S — LHSGHICEHENTEYD, oML bLRL IHE
EHTVLL0D DTHL. ATDFORED -DELT, PLHELDF—LIC
BWCATHELEEICL L, LWHZELEHBETFLNE., Zhwwil, Enk5%ry—
LAZBWTATHEREG I L0, L) BIIHREDOBELEFW .

YL DATPERE T WO DOLET R, FHTDEEEHIRE LoD
L —X—DOBFERT H LS, F—LORFEEEESD 2BEARERRT AT
LThHL, LWIEER ISHLNTWA. Z#iiBondareva[3]& Shapley[3)lc X » Tx
Eh. ki, LY —0EFFRE BB S WAFFITOEERFIRETE5E
R, FHITOEFELFR ELLWVIBEICET, aTHERS—R{LEN . #0k,
AT7HEEESGTHEWD DBELFEEFEDL SIS N LI ONWTHRS
1, Kannai[6]%°Schmeidler[6], Billera[3], Shapley[3]d & \ME T4 5128 < 8 RSIHE S
nTWa.

ZZTOHME, FHOEELIRE L WHEIEER &R E B9, Wb
HKKMSERIZOWTHRT L L, BLUVL—Y—DEPFREGB L L WHF
HIDOIEAERIRE T EHEAOF I OMEELRNLILTHS.

FHIOFAEZ IR E LWB &, BEEBEOARH ¥ — L3 7NV) TE
ZENB. ZZIN={1,2,... njiZ7L—V—DHE, VERERIKEICRnDOESES
PGS L2BERT 4005/t

(O)u,v € R, ui = vi, alli €8] % 5 u e V(S)iff v & V(S)],

HV(S)-Rn' -V(S),allS e,

(i) V(S) is closed, all § € 2V,

@) RN L S LMBEH S FENS e 2 I2HL,

fu eV(S)& ue {b}Rn'] 2t 5 ui< M, alli €8],
Z 22, b=(bi),bi =sup{ui e R:u eV({ih},alli eN, 2 A9 . Llth, bi-0,alli &
NZRESS. 5 —LNVIDIT CNV) %
u eCV) «-> (i) u e V(N),
@[HBSEweVEOIEDPWT, uj<uj,allj €8]
WS I Eidw,

TEFZETSH. ATHEEET WD, FEERVIIED L S LR FEALEE
v, FREBRNL FICHREEDO-BRLS WA FIEERTSH. N7 Mibw =
{(wS:SCN,S =& N} H »T, it

2ieSwS~-1,alli €N, /> wS:20,all SCN,S # ¢ N,
¥A[029LE, B ={S: wS>0}% (NE®) balancedset £ W5 . ¥ —LN VP FNT
Dbalancedset Bz L, g zV(S) C VINLE2 AT L&, ¥ — AN, V)idbalanced T
HbHEWVI. bLL, NV halancedTHILL £ DD TILTHK & T W & % Scarf[3]
7N XLEZESOWTR LN, FDHShapleylZ X > T, Wb LZKKMEH > —
BAL L 2 KKMSSE#IC X 2 E3F A 52 5 e,

N=2{plB<. €(i eN)ZRuDBHNX2Z Rk L, A=Cll{d:i eSlie,
the convex hullof {¢:i €8}, A=A"E <.
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KKMSEM {C:i eN} % AOFRAKRT, ETeN 2L,
Uer @ DA 22209295, 2Ok 2
Mien ct * 4.
KKMS sEfM {CUS e V) HFADMALERTH T, KRTeN ZHL,
U werC® D AT %2737 51, & Hhalancedset ZHTEL T
Fisen C F B
KKMSSEM O HWTL, Ky Fanle X % Coincidence Theorem % /2 4 %2,
Fan-Browder Theorem% FAV /2 4, @), Shaplevls L 2 AAO A& EEM 2 H WL %h
HB. KKMSEMFIGHT A Z LICk » T, balancedgame )2 TIZZEE ST WE &
PR IENTELDB]. LL, iR L v, His, 5— A% balanced T -
2 LTLATHERETZWIEFRINEGS.

&, balancedset iIZTHREEGD - PILSI N NEITHEIEELDLZ LIFTE L,
BARZINTIRATHS . FITHALELTERZLH T LI LAHIEZELTERLEL
MBI ELIAEMEZR AL LI, HFWNWEHEHIESS LIEHP DT ¥ —LHBHN
DIEALEFEZ oS, ZHESBROBEHTH LY, B3% LU HABROBRZ -7
WXERAZIENTES. :

RIZ, L= —DRHSFEROLEEF I 5 . X ERKICE / 1V LB Xt
R, I FEOFRHES, xveX, av eR, C:{xv)v el DERENAIEL®
LOXIZBITAH 08, C#{0}Z{E, B~ {xeX:(Ixl - 1} 8B<. KOGHENIKy Fan
SEMI2OTIBTH S .

Wil av20adlvel,PObb0 eBnCICHL, x0 - (BAC) CCRHET .
T p20lcxd L, ROZODEMTILNETH S .

HIfeX*: H*=phrofkr)=av,al vel

(i) FED ILERn, (EBD v, ,vn, BEUFR X Ajxy; -x0
ERVELDZAL .., AnCHLT, %K p2 I Ajav; HRH 7.

SEMBES, LESOBHNEEADohETEH. VIS ETEREINAJLE ERER
BTv(d)~0&9 % . ATFZERS, 23l MIZ=R[0, 1B ABTHZ LKESTS. 22
{2, BIX[O,11DFNTDBorellE &N 64 2B ETH S . 1- 2L 8<. aT=v(MD), xT =
2T, allT e 2, L BL . X& LR RBEROH RGO T o — BERD 5
LHEELTH. 0=-xS, 0 ~v(eBL. HHEILY,

N2 KDZODFHFMIIFET H 5.

M 2vD,allT e 3, HRTL, LHL a@©-vS)ThHs L%, baS,3)D

JCIIBTEIR T 5 . '

(i) X AjxSj(s)~ xS(s),alls e S AT L%, (FED L2 DEEDHD

JEST,. . .80, BXUEEDAL ..., AnlcH LT, KOLZEXHRT.

v(S) = Z A jv(S)).
2% XHA 1] Kim Border : Fixed point theorems with applications to economics and game
thcory. Cambridge Univ. Press 1985.[2] Ky I'an:On Systems of Linear Inequalitics. Annals of
Math, Studies 38 (1956),99-156. [3] T. Ichiishi : Game Theory for Economic Analysis.
Academic Press. 1983.[4] Z U2 {E Ky Fan SEM D B L 2D 5 — LHHADIGH |
B EREE274E, 258, 1982.[5] Lin & Simons (eds.) : Nonlinear and convex analysis.
Dckker. 1987.16] &5 : JHIEBRRAEHT . 0 (SRS . 19884,
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n A o Playere (Player 1,-~,n) 1%, AV EER 4 3 #3E
W s 2 Iy 7 TWVWdL BAlLLo,m)n Mol
THEEI D ERWHAIT P AL IAL., —ERELABL
“TRE S RE A REYEY, MARIRM Ve B I848
@3, (ML A Blte[0») T EEIED
C Zoplaver IR AW nT2 h EF O LAHKRBAE LR
TTlR OAAK R F Rle)=0 HY
>0 for tELD, ) A5 R 2% as 2%
THIUREST D, BRI, NAO plagers O S LA SE
1 ITREEY RN THF A LTI ER, BBEVE KA
LR A 4ASE0 T3, Bpler kel 4o -] Ao
HOBMEe A2 R NoMRET O BSoRERFE ¢ R
ML AIF RS AN,

T O NN =Ll T, & 20 player TN > T o
BEFHIL Wona A yUSEYREDIZ HaondA
hF TH S ETERIED phyer T H3ID.
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FIE |, Yo kA odf FH) TERD -
_Rw S
}:*(X)—:i)—e v } , for AzD.
AYH HIY (ES R R 12) e33R 3IE 0 AN g
DN OO FELTE Y, HnFI TIEFEERTILORY ¢
M¥ = -~ = N =D,
2, Splent ¥ o -4
T TR, nAmpayers bR I IR N-A0
LEN T E A WL FANTE Y (0,0) O X0 B
TARIARE L B ARSTE HEREM AL LA
THO® T BhA | RABRXTDE >T0) 3 LE P ke N X
NS Shent M O A4 'S, Tt R L 12 e
O,2) X7 I, /\)m‘syﬁimt%%z R I <
—RW A <Y
(2) MU, 20) =47 =AW, o=y
o - v“ﬁ()(‘)l >\,>(y~
TSNS, Tom LRyl B2 ARYL S [4].
R 2, R { DH edf FF) €AY,

A0 | 7T
F*un;{?B . veotgw
l A >UX

Tl uw= %“(V) TH3.

25 H 3 v, (FY-F*) K 2 ol's 0 |70 | LT
Y, ¥4 5T 3 MG TRod SRAS

MW¥= -~ =¥ =0.
£E X

(1] E. Damme SJfa)au"l‘br and Perfection of Mash Epolibria,
Sprimger Verlag (1981, (21 3. M, Smith = Evolytion and
the Theory of Games, Cambridge U?’n‘\/er!w‘f\/ Press (1952).
[31 & m%/ﬂ? VTN TR 3 2Ay, itﬁiiﬁﬁﬂ[
TRARTRRER 650, 205 —254 (1959, (9 F ML
+n C*r ) EW S 2A-A T, RARBAATHAMTE 443,
BT, :
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AT SR o BRG] e BRIV o 0T R
BRIV Em I AR L BRHEGR e U FE L TR LU
h Bl n%ﬁlﬁf\% £ B3 BuR R MG VTR 36,305 2 §) 1R
BT« 702231 % 3.

W B3 BREE (REBIBE V) @ TS Tew. BEH R N
FLE®e). F1® o >c) v BETh. ERTORE oM
WERERL R 2 GREWTRERE vy ) v Y T ERTE
VE %208 ERE L 2 298, B xey

b BE)F 2 ITUTT FY ) A« B Razt, downis LUl
Y29 po St axbe b Y oe §h, (Ci< b

G B R KA U WS b (0< o<, bo 1T F3]T—
%) TTNIR ) e hh . (R#A G dhIAVU S RFER,
P TI T eh (F®, 08 $C ) Lo bF& Th
Wevdhte Br 3R 8L Ra oW T diw (3, TS 1= ¥l Ca
(C/SCa) TR EEL BT 2 2] Tehboardh. ETL.
Cavri v (= E)pas3TEMRICY (Rr=0)Hn B TIF

Do R ), nd TRl A RR 2 RIba T, Cx$ 1t (1-F )P
L4,

(v A1 2 FF T EHGITFEF B 3 Bo = 2k L TE U T - 7k HY
peFh. TRE oA REFEHRH Lz S, RAIFTHEL Sb),
FARLE m e Th. -

3w -PBsb) L guodu, m [ThPFrdb

W) HFo FEI -0 FHAL 1KY Vo dh. -3 K]
AEFE B TR b v Frouled, W bIbhEEAR
£ 3 b3 (T/Y) (0o=2T=sV)

s FEY VYot Th, iz
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(0sxs7), R TeEdTh GRERE T Q) it
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Todh, < = JCT/U)bE HEJ T/0 13 bZaarIef—
BGU., 2wE T/ -3/ k) U B Qe Tf e/b)

X EIE (o< < /)

Froo : WEERET 2 s LR nHIN] pulh B
335 K6 2 H0 Gh e Kol o RBREHFE
7+ H @AY,

MEa L T, RBREISF o By T hF a0l
GRS S RTINS & W AL G =% 2318 TX = §3

RATu[=-

S N
mRe=rdk 0 BEIERTL AT RO, @,
BHIER Bl &, Nl ~ .5 T T5RA SR rss
0 D e iIa R el e BB T ) 0 254
BAEFR Vol 3, w4~ b 1U KIS R 529
1 =R, BETE, K@ % I RS FoosEX

A GRS IR 2 - E A L Y SV Ry AV
/986,
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A Characterizalion of the Optimal Value Function of Switching Problems

for Bi-Symmetric Markov Processes

D KR EE (JUI K 2% T2 1)

Abstract

2 -2%35 A — & OHMEUFIIER IR (45IC bi-symmetric Markov process )
1o 4 % switching problem 23 X | % @ optimal value function % Dirichlet
form ZWTHES %,

1 wgeEAAL

1=1,2

E' : locally compact Iausdorfl space with countable base

m' : nonnegative everywhere dense Radon measure on E
X = (F, 7, 75, X, P )iso : Markov process on (E', f(E'))
P : transition semigroup of X(/)

EL. chvsicd LT & - T bi-Markov process % k¢ % :

Q=0'x0?, F=F'@F PL,)=Lle Pf,

{(Fool=FleFizas .. sl &5 2B/ o fltration

Xioy(w) = (X} (w1), X}(w2)) w = (w1,w2) €0

E=F'x E?2 m=m!@m?

P(s,t) — P,“ ® ])tZ
(7, F (o0 Xou0 Pla))s,penry, & bi-Markov process on (I, B(E)) LW, T:
0 — R2 U {co} 5 stopping point TH 5 &id. (T&E®D (5,2) € R2 kLT
{T<(s,t)) € Fropy 2MMi7cd T ETH B0 m={T"}, 1 strategy TH 3 &1k, &
T™ H stopping point TdH H .

T°=(0,0), T" | o0
2n __ p2n4l p2ndt _ p2nd2
" =T, T =T,

2n ~2n -1 12141 m2n42
Tl S '12 ) '12 S r?
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Eiited CETH B THIT" O ik 2R T L2, COMRNET|ORFEED L
5, m={T") €T ikxLT.

J(7)(z,y)
o0 '1'7" H 2 'I';"“ (r4T7"+)
—a(r+T3" . —a(r+T{"
= E(r.y)[z( /r]n [ ( 2 )I(X(T,,l‘;"))d7 +4- /[\gnil (4 @ ! f(X(v]‘:n'i-l ,r))dT
n=0 " "1 *

—"c_a’r[ﬂyd-l ICI(X,FQ.‘-H ) + e_nl'l‘zn—i'llCZ(X'F’"+,))]

EB I,
J(z,y) = J(x")z,y) = "ileng(?r)(x,y)

EiEnr e Ao, J RSB,

2 Dirichlet form & synunetric Markov process

DEFINITION 2.1 Markou process (0, F, F, X, Pz)i>0 on (E, f(E)) @ transition
semigroup Py 55 m—symanelric D & &, Markov process I3 m-symmetric TH 5 &
WHe DF D, Yu,v:> 0, measurable function on E T} LT,

/Fu.(z)(f’tu)(z)m(rlz:)= /E(P,u)(yr.)v(a:)m(dz).

DEFINITION 2.2 € 5 symmelric form on L2(E,m) TH 3 &1t

1. e :Dle} x D[e] — R, Dle] :dense subspace of 12,

2. e(u,v) = e(v,u),e(u-+ v, w) = (u,w) -+ e(v,w), w,v,w € D[e]

3. ae(v,v) = e(au,v),e(u,u) >0, a € R w,v € De].
DEVINITION 2.3 (g, Ple]) #5 Dirichlet form on L*(E,m) Th % & i3

1. (&4, Dle]) 5 Hilbert space (closed), {1 L. £4(u,v) = e(u,v) + a(u, v),

2. u € Dlel,u=(0Vu)A 1l =>ve€ D], e(v,v) <e(u,u)

DEFINITION 2.4 Dirichlet form (e, D[e]) H5 reyulur €& 5 & 1d. subspace C C
Dle) N Co(E) BEFEE L € 4 D] BLY Co(k) o BOTHEICND & &%
W O % core LE S, ST, Co(L) W compact support 245> E 1Dl
s ki xbd,
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L~
51 B o 3%
Fw(c,d)=Max { xt -x%p- - xa o,
subject to (i) bixi+tbaxaz+ - +buxe=c , (c>0)
(i) x12X22 - -2xn2d20 , (dé$srsFr—vv)
v f n(c,d)=m in {byixitbaxa+ " +tbaxm} ,
subject to (i) xP-xy-.- - xe= ¢ , (c>0)
(i) X12X22+-2Xa2d20 , (dScmFuF ¥y
"G o (c.d)=Max {xt -xp - xa -xr}
subject to (i) byXi+baxa+ + -+tbaxa=c , (c>0)
(i) X12X22 -2Xa2-2Xs2d20, (dS5+rs=vs,)
v g n(c,d)=m in {byxyi+tbaxat  +baxm} ,
subject to (i) xPt-x# - x& - -x¥= c , (c>0)
(i) X12X22 - 2Xm2-2xx2d20, (dSc™F 7 5)
Foan(c,d)t f o(c,d)B X UG .(c,d)t g aolc,d)iT M
et MBomMBEi > TWwWs , 2, a,(20)8B &k b,
(>0)2 DWW Tt . a;/by2as,/bz2::-2an/bm2 - 2an/ba T
HKarbLor ¥ s,

(2)U o(c,d)= S S SD dxidxz - +dxs

.
At}

a
-~

ooy FHoee o2
¥ S
'{?_-r-{}o
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-
~
-
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vV u(C,d):-’I!'"ID(axX1+azX2+"'+anxn)dxldX2‘
cdXaq

-W..(c,d)=H"'jD(xr'x5 ------ x¥)dxidxa - dxe

A AJN PRI 3‘20,b|>0,0§d§b,+bj+?v-+b,, THHN . Moy #AER
DB&XnEIIEED B .

D = {(xl xa,---.x,)lbkféif’x’+zxn§3£3“é ¢ "

B . e, )i B WTIE ., ar,az2, - ,a« 1T HREK
ThHhBELDOET B,
3. B8 BE

(1)ie>o2wTid.,. therhoagRiAzaEEICES L
HT& 3, LT, EBLEXWICHFARLTAB L. M

#)GZ—Fﬁ-(dZO)E’ﬁH?”:tL:J:')\ B BIZdo #
D11t ERERAWICRTZ2Z LS, £
“572:'5Lli%h%’hrﬁfofﬁb")frb‘&:2:7)‘5&5"2
5, w(c,d)B X U gal(c,d)2 k¥ 3 & 5232
@lemma%b?t‘?‘&fﬁ\ Ch 5331 lemma2. 1.0 ik
BRiIZH »TWwWa, thz2ho (BRNBER)s (BX#H)B X
U(EWBAR)=2(BLE)HIIT. BTy - - BAFHFTEL
mktﬂﬁtt’if')'('b\%,
(2)I22 W Tt .

EROPZTREAXBEHPICELTHET S
FEILLI--THRAZELIZ

aCr

i3

LN TE L, AP OR LI
y* r(x-y)" P HWTEBL %L
T 2R Xwvw., @Y %W %
6E&*§“0’énbtﬁékit

MERX x"-y"=% 1

BoBIERMRIPEERD L

I LIZCL»T . b

H»Lbh 522 LA BBRE L

4 . 2 FHF XK

(118 FH— WHFEIFABABLEOWT, A ARBREZH A,
vol 52,Nol~44& ff 5 (1987),569~592

(2]8F R — W ELRBREAEAILELO>VWT LA RBRE
¥ Wl % ,vol 53,Nod 54 B (1988),211~226

[3]M.Freimer and G.S.Mudholkar,A Class of Gener-
alizations of Hdélder's Inequality,Proceed-
ing of symposium on "Inequalities in Stat-
istics and Probability” IMS Lecture Notes-
Monograph Series,vol 5(1984),59~67
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Parametric Linear Programs through Dynamic Programming

LMK - BF BHAX H— (Seiichi Iwamoto)

KX T3, Bellman[l, p. 4TIBER Lfc=e A F - 2235 X b Y o &7 RNEE(N-1EIHR
EetEME (EME) Lt oRmME. kM. WddkBEo &t 4 > oREE
EEREAZEZ 3, WFNRNLW-DED3 2 —% a= (a;, ..., an-) 2 EAEHK~2
PVERBEHGERN PAVELTCEUMBETH 2, 42 0BBOS 2o LCHMNEE
EOHRACESOIREMEHEME 5 A~ OBITNERE LTRH 2., BHHIFEE
TS Dok, s FEARHPNRCH2BERERRZERVAR CAMBER L T %
ENH B,

. ROXMBEEE X 5,

min X1 + xa + xg + x4 +...+ Xn-1 * XN
s.t. (1) xy + xz =
(2) Xo t X3 2 ap
(3) Xz t X4 = a3
N-1) AN-1 + XN 2 an-i.
(N)  x1, Xz, Xs, X4, -.., XN-1. XN =2 0
COEXERMBEERDOL S LK T,
min (e, x)
s.t. (i) Ax 2 a
(ii) x 2 0
2L aerd !, N = 2
W8 1 (1) EEAERR (1)-(N) BERIAHEXE
(1)’ X1 2 0
()" xe = (a1 - x1)”
(3)"  x3 2 (az - x2)*
M xv 2 (an-1 - xn-1)"
KEETH 2. 772 L.  x* = max (x, 0).
(ii) fn(a) = min min ... min [xy + xz + ... + xpl.

oY @)F [CP

ST, fy(a) BERBEOBRKMETH %0
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PUF. S/MEBIR S

fulxg;a) = min  [xy+xat...+xn | (1)... (D] xy =0, aeRNt, N=2
(Xa=Xy)
BEr-sERX
fn(xi;81, ..., an-1) = x1 t min fn-1(xeias, ..., an-2)
Ly (2D
fnlay, ... an-1) = min fa(xi;ar..... an-1)
Ay %0

EFVTRD 2 B/NMEBIE fn(2) 217 5.

Bk LT, WxRE

Max (a,y)
s.t. (i) Aty = e
(i) y 2 0

DERAMEBEK gy(a), FEREAE

Max (e, x)
s.t. (i) Ax £ a

(ii) x 2 0
OBRKXMBAK Fy(a), B U Wiz E

min  (a,y)
s.t. (i) Aty 2 e
(ii) vy 2 0

OB/MEBK Gula) BELEFRARDON S, ok, BFRAZRCABTEBR cRAE
BEFITBOLERBEBEERDEE, ABMBOZL KOV TETORB (BK - &/D) AW
5 x4 3 OKE L TESHN B,

BE X #k
(11 R. Bellman, Dynamic Programming, Princeton Univ. Press, Princeton, NJ, 1957
[2] BAEM—. MBPHUHTHR - LHKREHERS, 198 7%,
[3] E&F—. BB L RXRBEF Lo VT, BEEHHNGE3 (1988) . 211—2
26,
(4] BEF—. 52+ Y v 7 RERFHBEEHOFE (1) . BEFHRSS (1989)
173—-185,
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PV-RANE o 7 =F IR v B HOCRE
& £z 2 » PAMR
ERBATR) FFRFE
= N oW =

7T o 7M)=T% pradu s 4 BEBCRE
FEES 7 TR F 25 LS S B L RIR
L, RIx X hufve o S5y TATVYRA , YV
AN 7 kB i 7= Ty A IRA S RE
BORZGI 42 5 77 89 1T NB =z 2R LA,

—209—



Hardy - Littlewood - Pélya DFZEARFEXDTEEIEF I DWT
HERE TER
&7 E OHNISHI Masamitsu
MR ME

ABIFETE S Hardy - Littlewood - Pélya OBARSH & 12 2 DOEHOETEF|

e a2l La, (1)
21 £32 L L za ()

‘:R‘Tj LIT n n n
Za;zu-a-u < Zasx:(.‘) < Za.'z.- (3)

s=1 i=1 i=1

B (1,2,--,0) OFXTOWF] « = (x(1),7(2), -+, 7(n)) LOWTHILT B EEERT 560 TH 5.
BRoRERic 0T K (2) O 2 (1 =1,2,---,n) & (FWMHTR) FERER X; (1=1,2,--,n)
KEEHRZ, R (2) & 3) OFFS < ZSPOEHIFFCESIRIZERTELVD 7" LW HE
PEPRTELEL /e “Hardy - Littlewood - Pélya ODEANEFXOHERIEFR" OHIETH 3, 27X LK (2)
& (3) OAEFS %6 CHERIFF TE &R A 24F 3 0.
INFTIAShTW DR, EXORIBRD T,

(1) X (2) @ < % Likelihood Ratio Ordering <y, 3, (3) @ < % (Ordinary) Stochastic Ordering <,
EEEBMANILKILT S (Brown and Solomon (1973), Ross (1982, 1983)),

(2) 3 (2) & (3) © < DA% (Ordinary) Stochastic Ordering <, EFEIE 2 LN LRI LW
(Ross (1983))

EWH LEETH T
Foft Shanthikumar and Yao (1990) i

(3) X (2) @ < % Hazard Rate Ordering <,, X, (3) @ < % (Increasing) Convex Ordering <., &{&
A NIRRT 3

CLERL BB - 79— 4 AOBERMBUMER Y P2 — Y » /T, B Issuing OREIEL &~D
SHZESIFTW .
FHFTHE Shanthikumar and Yao (1990) &EREDHEEICHE (1), (3) DREREZEL & & bic,

(4) 3K (2) © < % Hazard Rate Ordering <4,, 3, (3) @ < % (Increasing) Concave Ordering (Second
Order Stochastic Dominance) <.. & & %¥#Z U4 2

CEEOFITRL, BlF— + 7 1 U A BRSSO 2% L 1.
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7 7 —EBOERIZOWT

THRE (BFH) BEFIESE, TIEARYE (B3]) KHIESE,
FERY (B) PaE—, TERE (B3F) FHK%GH

Bellman and Zadeh [1] & multi-stage @ fuzzy decision making @ [ & L T, fuzzy 752
b0l b3 HRRBHESES L fuzzy RBORF oW, Wk x0T A=Y Xak Rl
T3, AEEcr, —BRORBEALTCERI N L fuzy #EBICX > TERE 13 fuzzy KRB
DRI EEL, CORFOBREE, ¥ LK ofEBRNRCBEL CAEL fuzzy RBOHFLL ED
—BHEKDWTERT 5. ¥ bic, terminal gain KEFLbh T3 & &, FRPBICHT 5 fuzzy
expected gain 25 L, *OHWBROBE LTS L LicX Y, funy RELME ICH T 3 FALR
Br525. P AARECACONITATFTOBEBEDZDIC, W OhOFIEF % 5 4, fuzziness
ZEUREERICHT IHEREZETS.

ERXE, B EER

¥ F gystem DREBZ2H, REBHABEED, THiCkoT B parameter DE)AY fuzzy system
PEETSE. FOHICHERE RS20 & LT compact metricspace X %X 5. £ D X O closed
subsets D2k 2X O HIc Hausdorff metric p 235 % b, metric space (2%, p) & compact
KhdctpkimbhTnd, ¥k X kD upper semi-continnous function % membership
function IC %2 fuzzy number 02kt F(X) ¢FT. bhbhix®of#: (i) ~ (iv) HET
% (X,q,T,p,) % HE# parameter DTN fuzzy system & XT&ET 2iCT 3,

(i) X ¥ compact metrix space C, system DRAEIX p € F(X) CEERB L L, ThE fuzzy
state & XK,

(ii) RABOMEBRAR ¢: X x X — [0,1], g€ F(X x X) |, BH#: & Markov % MAT. Tk
bb, n HIOREHE ¢ € XD L ¥, indicator function I #HLH, I[;)() e F(X) DL &, &K
D n+1# fuzzy state X ¢(z,-) € F(X), z € X THRIN 3. Thi fuzzy relation & XK.

(i) BrXRE[0,1] ko=A7 r 4 ([10]) T : [0,1]x[0,1] — '[0, 1] & T(z,y) = zAy = min {z,y}
E¥ 3.

(iv) EEEKE X bk fuzzy state p, € F(X) T initial fuzzy state BFET.

HEE< T A — X O BT fuzzy system (X, q,T,p) b, 2¥CE#EE h D fuzzy REBORF
{pn}:.o=0 :

Paa(y) = sup T(pa(3), a(z,9)} = sup {p(z) A oz, )}, vEX,n >0
% fuzzy chain & \w\a, Z D X 5 % relation & chain ICX > CEX ZEEE R fuzzy HEB L X 4
ceeroO¥D200MEYELS.
FfE 1. Fuzzy chain Ic 31} 3 BRELEEE & RE fuzzy state D FEEICDWT.

M 2. 5% b’ fuzzy state r € F(X) % terminal fuzzy gain & L, T DHFFEL LT n 0
fuzzy expected gain y7 =+ rdp, ¥XU X OERMEY* = limsup,_,, ¥} PRHEITIC
2nT,
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ROWED S & CEHE 1 LEHE2 OBRLRS.
{R%E 1. (continuity) fuzzy relation ¢: X x X — [0,1] (8RS8 & T 5.

Tuzzy state FIOBERE2RD X 5 KEHT 5.
EHE (WA [6] #BMR) s, s€F(X) LOwT,
7 lim s, =3

n-+oco

&, S1Dag[o 1] 2(3n,ay8a) = 0 (n — 00), k% L 8pa,3. & ENEN fuzzy state s,, s Da-cut
0<a<gl) 2L, pd5x bz Hausdroff metric £ 3 3.

fuzzy chain {p,}3, DICRE BB T 3 2D IC fuzzy relation ¢ Da-cut DEXLEHVT,
Eff g, :2X 52X (0<a<1) ZROEHKT S :

a#0, De2X(D#0) kAL T, ¢,(D):={y]|a(z,y) > o for some z € D},
a=0, De2X(D#0) ICHLT, ¢(D):=ct{y]|a(z,y)> 0 forsome z € D},
0<a<1, D=0 cHLT, q,(0) := X.

{RE 2. (contraction property) »3EH (0 < f < 1) BIFEL T, RAERKILD:

P(2a(4), 9.(B)) < Bp(4,B) forall 4,Be2¥ and ala (D<o < 1).
TE 1. () RO%EXEWT fuzzy state p € F(X) F—RCHFLET 5:
p(y) = max{p(z) A g(z,y)} forallye€X.

(i) ECE» % fuzzy chain {p,} K, initial fuzzy state p, ICXIEBAGRIC, E 1 (i) © unique
solution p € F(X) kKGR T 5. HIB,

lim p, = p.
EH 2. reFf(X)%: BELT3. ColE RERTTS.
.= . =4 rdp,
P Ozggl{alpanr # 0} ][r D
KL, py REEL (i) 0O¥X 2 M THE—D fuzzy state p € F(X) D a-cut TH 3.
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F(put) EE 5. Fi, HEAUTEASMUOCHE SN TVWE bDEI -7 ¥, WHENST
LITHCEMTEDZbDETAY Ay, L3 &7 v yoOlisEERE UTE, ERITHEME
5, BHEEICH SHLHED SN TV AR RAKNEA 72 5 vicoWT, Black and Scholes [1]
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OFEHBIC>VWTIHWbW 3 Clarke 0 MBEFLRITEN DTV, £ T
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Directional Derivative 2R i1c X » CTE® %o
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A

BRIz e=0 &4 3 & hid exact BHRMS [(z0;d) = limaao+[f(zo + Ad) —
fle)]/d e—FL & o e » 0 L Lt fl(zgsd) KNHET 2. COBKT
Approximate Directional Derivative it exact W AR EHELHU L TWVWIE EEX 5,
i3z fi(z0;d) HIRD LSS TIETS 20

, . .—_.
fe(zo; d) = inf

fi(zo; d) = max{< z*,d > |z* € 8, f(z0)},

where 0, f(zo) = {z* € R"[f(z0) + f*(z*)— < z0,2* >< €}. - T fl(z;d) kD
(22N A—5—¢F23) 52 Yy 7R ONHEMECREMMEEEANYE 3,
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Directional Derivative 2/ X TEH %,
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bl Td s, exact B HEMSRMEMBOMNECEMSTRHICHELT S LR
SHRVDOTROEIBLHODEER B,
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D' f(zo;d) := AlEglJr[f'(:cO + Ad;d) — f'(zo; d)]/A
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LT3, S OBKRARILT Bo
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e—0
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B> T lim, ot [/ (20;d) & D"f(z0;d) 0B UREITEH D f/(z0;d) 18 D" f(z0;d)
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Sharp Bonferroni-Type Inequalities in Explicit Forms

BY MASAAKI SIBUYA

Department of Mathemalics, Keio University

SUMMARY

Let A = (A;)[-, be a finite set of evenls on a probabilily space, and let K be the number of A;’s
which occur. Put p,, = P{K =m},0<m < njqn=P{K2m},1<m<n~1;5=1and

(1.1) s;:}jKﬂﬁKmd#nPuhm,“Aﬂy 1<j<n.

The inequalities bounding p, or g by linear combinations of S;’s are called Bonferroni-type
inequalities. See, for example, Galambos(1978) for introduction. The inequalities are used in the
theory of reliability, order statistics, multiple comparisons, and so on.

In this paper, sharp inequalities on p ot ¢, by linear combinations of (So, Sk, Sk41,-.+,5r),1 <
k < r < n, are obtained by using the ‘majorant-minorant method’, which was explored in
Sibuya(1990). In Section 2, Theorems 1 and 2 state the inequalities on pp, and g,, respectively,
using (Sk, Sk+1). In Theorems 3 and 4 of Section 3, those using (Sk, Sk+1, Sk+2) are stated. They
imply, as in the case k = m for example, Galambos’ lower bound on p,, of three terms, Galambos
and Mucci’s(1980) upper bound of pm, and the following sharp inequalities:

2Am+1) j-m j-—m-—1
(j+1 )Sm1

(12) dm S Sm - (

j —m+1 (mﬂ-l) m+1
m+1 1 1
+H(m + 2)(+= ; - — + 73 )Sm+2,
G=mr0G-m ()

where j = m + 14 [(m + 2)Sm+42/Sm+1] ([z] denotes the integer part of z), m+1 < j <n-— 1L
The equality holds if P(K € {m —1,m,j,j+1}) = 1. If j = m + 1, it is the classical Bonlerroni
inequalities of three terms.

(1.3)
1

m 2> ;
™= (n—-m)@2) (G

(im0 %) = (5 )= G=ma () = (2)05mes
~tmtm (%) = (=G =ma @) = (1)) mes
wmr )G -ma )(m+ () = (o)== (0 1) = ()05

where

—m=1)Sn41 — (M + 2)Sm42
(n —=m)Sy, — (m+ 1)Smy1
and m < j < n—2. The equality holds if P(K € {m —1,j,7+ 1,n} = 1. Further if j = m, it is
an inequality by Mirgéritescu(1987) and Sibuya(1990).

In Section 4, the ‘majorant and minorant’ method is summarized, and it is justified in the present
framework by Theorems 5 and 6. After them, the proof of Theorems 1-4 is outlined. The principle

j=maim+nE
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of the proofs can be applied to the general case using (Sk, Sk41,...,5r). In supplementary Section
5, a method to find all the majorants and minorants is shown.

There is a group of inequalities bounding pm or ¢m using (Sm,Sm41,...,9+), e.g. classical
Bonferroni’s and the above examples. There is another group of inequalities bounding pm or ¢m
by linear combinations of (So,Si,...,5:), e.g. Kwerel(1975a, 1975b, 1975c¢), Sathe, Pradhan and
Shah(1980), Platz(1985), Boros and Prékopa (1989) and Sibuya(1990). The inequalities of the
latter group give the best bound for any possible value of (Sy,...,S,). These two groups are
combined and extended in the new group of this paper.

It is well known that Bonferroni-type inequalitics are obtaincd by solving linear programming
problems, e.g. Hailperin(1965). Recently, Prékopa(1988, 1990) and Boros and Prékopa(1989)
studied the inequalities extensively from this viewpoint. The majorant and minorant method of
this paper is essentially solving the dual problem of the linear programming, but it is geometric
and makes the computation simpler. A similar geometric approach was adopted by Mdri and
Székely(1985) and Samuels and Studden(1989). Samuels and Studden(1989) pointed out the role
of the theory of the Chebyshev system in the Bonferroni-type inequalities, and that the inequalities
are special cases of the results in Karlin and Studden(1966) and Krein and Nudel’'man(1977). The
present paper treats a more specific case than Samuels and Studden(1989) to obtain the bounds
in more explicit forms by simpler methods. See Remark (4) of Theorem 1.

There are inequalities using not S;,1 < j < n, but partial sums of the definition (1.1), e.g.
Hunter(1976). Although sometimes useful, they are out of the scope of this paper.
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