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(i) FTEHRAMOTFTTREMRIMIZESBHEINMOLRE 7 EGTHBIET S
DENH DN, TOBEREERICIST-ETHS.

Fisher-consistent #EBARAAL T, HAEMRE

Ho: Z=Z(9)YV.S. Hi: 2>0
ZITH52¢HTE S,
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HOBHEEE L OZERRRBBRE T MBI 5 EHEFER

IRBTK i P E

ROBZERKREIMNEE TV 0 Yxp = AvxkSexqBaxp + €nxp ZE X Do 722U
A, B x50 %5 5 W 475 © rank(A) = k,rank(B) = ¢ < p, 5 WERHMBEITH . BE
75 e= (e, ,en) OEITREVIILII T, TN N0, X) > b0 LT 2,
n=N-kCEt2mxqgoiFH.d2kxlo~srtrslT. n=C5d B &
2.0 OEHER1-o+0(n™?) o FEHFEENRITI Z RO 3 >0 KHEE
DBPHILO>VWTLERS,

() T : EFMTH

(i) T =0[(1—p),+ pl,15] : —BRES) BHE

(6>0,—(p—1)"" < p< LiFEHM

(i) £ =a2(p") : RAIFEDBIE (0> 0,] p < LikskED
T, MMorkbic KOok>es<, 5 2 5 oRLILER, V(H) 2 4 = CE'd
o, T = BE-'B,B = B V2 Py = A(ANA)'AL,S = LY'(I, = Py)Y,Pp =
B'TB, Py = BT 'Cc(C'T~'C)~'C'T'B.

D WIEEMITH o4 it Grizzle and Allen (1969) iw & v
A n—1
V(E)= ————(A'A) '@ (BX'B)!
(&) n——p—l—q——l( )7 ®( )

ThHEHIEBHOENT VWS, CoE&, V() ik exact ickE 248, I —%k. ¥
AR OEA I} exact KERBEMTH . UTFTieBLT. Thd3-o03k5
’*ﬂ‘»’i;m L TEMFISOLKER ULIB T ) cnedinEE&iMZERD 3 L

V() =t - [(1+ 0T + 0(n )], (1)
ThBo £ T Hi—H. RIALSMMEOBE R
V(R) = O[T 4 2y (2) + O C' (=1, (2)

ThBo 1ot L. H=d(AA)A,V(2)=TBZ(I,- Ps)ZB'T™! Thv. —#ity
b oSy = 2/{p(p—1)p%c*}, Z =5 RALSHBEOBE TRy = p/{(p—
Drp*at}, Z=Q, r=p—(p— 2)/3 Q= D'(I, p2D1)21/2 D = diag(0,1,--+,1,0)
Thbo

V() ot V() ELT) ik S, (2 kikE to®p ODMLE 625 2RAL
bDEEI D, VWE.

Fo=(H—n)V(H)™ @ —n)
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EBE. I, otfthMEERD TINERIET 5 &

1
P(Fn S 3‘) P(ka — + ,1_ Z hJP(Ykm+2] _ ’B) + 0(77‘—2)

9 Bo LTl oh, =0T I NEEMOBE IR, hg = m{2(p—q) —m}, hy =
m(m-+2) Th o, T H—HI L 0B

he = - Tslm(p = 3) + 2(p ~ D{k(p —q) - 3} +49- 2],
hy = p(p~1){(m+2)(p*1)+2(m—1)]

Thodo UHBRIADBBEDOBE TR ho=M — 20, hy =1\ TH 3, 7L,

mm+2)(1+p)  2(m+2) 5 PRy 8
A= ( (p_)l() 5 r) _ G (_ 0 2221.IPBQ+72[(trpEQ) + 2tr(PpQ)?]

da = m[t(PQ)? — tr PpQPrpQ + Etr] 5Q - tr PpQ)
+§(1,Tmlj,;,s[km = 2{k(p’ —p~q) - (p+2)}°
+(p— 2){k(2p — g — 2) — 2}/"]

1 -
+W[-kpq + (p — 2)(kq + 4)p* ] tr PpQ
km p(1=p?) )
" ur ¢ p Py = 52 1/2
2= 1,707 r BQ+( o r PgDy, \=22p,x

TH b,

Rie P(Fy<zy)=1-—a ER2EHHEE km ox*>31G0 LMl a% f% us & L. 1/n
@ order TH A B, 2q =Ta+0(n"?) & B & F, & Cornish-Fisher D EME % & 5\
&, ZNTHhoSRMHEECE-T

1 1
>0 : .= = —(ug 2p — 2
> G = tall + = 5—(us +m+2p—2q)]
D AR RIS N

1
Foo= Ul
fo =t +n 2km(km + 2)

{haug — (km + 2)ho}]
THhe Lo THEBEM 1 —a+0n™?) 2 bo n s 35 HFEIR
Aa(m) = {n: (A =n)V()(H —n) < Fa}

Thbo
g, Mo hiF—sEHVWTINS3 >0 EMECH L TOEFEHRMAED
J—bif’i;% L 1o
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HAEATFN B+ Z2REDRADVLIE T O WL
Bootstrapywl

KR KEILER ER #X
b Ok M.S. SRIVASTAVA

X1, Xn2px1BE~7 L2 L, FHu. £FBATHIS » 5 D ik
¥r+%5,. Q2EEBEITHEBLL. w2 b2 EEEAORL2EL T 5, R
HyS cw NIBHH: T eQ—-—w iz L TREETIZT3, 2720 w Ok
FTEpp+1)2—r(fl)etd, 2o KROBREHKUHBOTEINRY L.

{SInf(5) 2 c}

¥E23, ALy BERKE o W T BRIMETH S, 5= (5;) = L0, (X4
~X)Xoa—X)/nr+3. FELA=N—1. 20 X REDEETOWEENR
vEZB., —REERIC UL E(S)S0a=T 4+ 220 ¥ B <L 0 3HHTF
THN, TORTA(f) THB., TnrXx f(5)iz>o0nWT,

5}
=0, L=
B

0s; ;08k,1

IX¥FEEMETFT rank & r(f) ¥+ 3, KR nf(S) @ﬁiﬁ@?@iﬁﬁﬁﬁ%&:i
Tkev7:, WRAMIE r(f) MO X BHE 1 © non-central x> FHDEL D
XM THobIND, $ACOWAEMOBREAVT, ERIHFEOT T, &
DHABEHFHOTTORENE RS, /-, Bootstrap Ml L T, #N:3RL & 500
LT power # kK7, TOBBRURNL LS, (1) RRET=c’T 2 HAK
BN (0,(1—p) T +p11)IicHL TREE1TS.

# 1

N =80
) LRT B-LRT Nagao  B-Nagao
0.01 0.051  0.063(0.020) 0.054 0.056(0.019)
0.03 0.060 0.072(0.023) 0.063 0.066(0.023)
0.05 0.078  0.089(0.023) 0.082 0.084(0.022)
0.08 0.129  0.130(0.030) 0.134 0.123(0.028)
0.10 0.186 0.181(0.030) 0.189  0.182(0.029)
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x2

N =100
P LRT B-LRT Nagao  B-Nagao
0.01 0.051 0.061(0.018) 0.054 0.055(0.017)
0.03 0.062 0.067(0.018) 0.065 0.063(0.017)
0.05 0.085 0.091(0.022) 0.089  0.087(0.021)
0.08 0.152  0.152(0.029) 0.157  0.150(0.028)
0.10 0.221  0.215(0.030) 0.228  0.220(0.028)

bootstrap RE N3, NEOEFI:HL TEnE¥#5 0 0 bootstrap D# 1 K
LEFW #y 2l NERGFOSEEET, RIIRHEHy: S =0T 12200 TH
TR 2 LT N3(0,diag(as,1,a2)) £E X 3,

N =80
ay G LRT B-LRT Nagao  B-Nagao
0.9 09 | 0.064 0.074(0.022) | 0.067 0.068(0.020)
0.8 0.9 0.098  0.103(0.025) 0.102  0.095(0.023)
0.8 0.8 | 0.122 0.124(0.029) | 0.127 0.119(0.028)
09 11 0.088  0.098(0.024) 0.092  0.092(0.022)
0.8 1.1 | 0.157 0.168(0.028) | 0.163 0.149(0.028)
0.8 1.2 0.236  0.242(0.030) 0.243  0.224(0.030)

N =100

a1 Qo LRT B-LRT Nagao  B-Nagao

09 09 | 0067 0.074(0.020) | 0.070 0.069(0.020)

0.8 0.9 0.112  0.116(0.026) 0.115 0.108(0.025)

0.8 0.8 0.143 0.149(0‘029) 0.148 0.145(0.028)

09 1.1 | 0.099 0.104(0.021) | 0.102 0.095(0.019)
(
(

0.8 1.1 | 0.189 0.200(0.028) | 0.194 0.180(0.028)
0.8 1.2 | 0292 0.201(0.031) | 0.300 0.277(0.031)
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both the asymptotic distribution and the bootsirap, Commun. Statist. 17 (1988), 671-690.

4. John, S., The distribution of a stalistic used for testing sphericity of normal distributions,
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SEETFND 5 > 7 BB A IRE

SETFID 2 AR
H ~W,(M,8), G~ W,(N,¥)

T, IROFEREHI SRR

Hy:®=W; H: 8>, rank(®-T)<r; H :®>T; Hy: S THEE

a4 2 AR
() Tou FRIREEE Ho, 3ILIRH% H, - Ho &4 5% LRT
(") TS: RamRsE HY, siiiReve 0, - Hy) &35 LRT
(i) To: BIHRZE Hy, 33{RE%E Hy — Hy &35 LRT
AHFEZD. 12771, i Ldowner ordering (n.n.d. DERTOHIEF) Td 3.
IROEFEN | TTACELE B

Xij=n+Vi+Uyj, i=1,...,9, 1=1..,mn
Vi~ Ny(0,0), Ui~ Ny(0,%)

ORI O—BRERTER, BN, BHSTITIIEZE LS LItk ORE To iR T 5. $IHRITH
O 5 7 M BT, To) IR 2. BE Tnld T 7 VORSERETS 3.
Anderson {li (1986,AS) {HRTE Tor, T, OAIEREFEHLE ML L, £ ORMSTRAHEM T
X 2RTHTREDIINT E A5 LT\ 5. 7= Sakata(1987,Comm.Statist.), Anderson(1989,JMA)
it p = 2 DIBEONPESTEERDTWS. X 51 Amemiya {l (1990,Biometrika) i, —A%D p it
WTABM Y Y 2 v—v s Vit k) COMERTH D/ — € ¥ FRERD TN S.
TR ERE TR I

Tor: —2loghAg =(M +N) Z{log(pl; +1—p)—plogl}

I;i>1
T : —2logAf) =(M+N) 5 {log(ph +1—~p) - plogh}
1i>1,i2r+1
Tia: —2logAjp =(M+N) Z{log(pl; +1—p)—plogl}
<1

TEZ oG f5Le=M/(M 4+ N) T, L2 (H/M)(G/N) 'oEEIRTH 3.
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BN Scott and Saw(1984,JMA) DAL D, ALY @ LLd. i3, Aot DSITRICIRE T 2 & &5
BLTBL.

L ORI EIEMIIC & $ 1B linkage factor [1,;(k — I;) % Vandermonde fFFIRTHEH L,
Laplace B4 % C Lic Xk WIROEFEEE 3.
FH 1 HoOFT, Tor, Ti: OEFEERS I,

Nh}noo Pr,(—2log Aoy < ¥, —2log A1p < 2)
»
=d(p)) > U9 Wpmr (@11 Ty )G (v)G5(2)
r=0p—12q1>>¢-20
THEAONS. 2L, T T, 13 {0, p =1} = {1, ..., ¢, } OBEFEKREVIFITIE S 727,
Q=Tialge + 1) Gu( - ) BxP(v) DHTHBIEL, c(p) = 272/2x2P=0/4 T (p/2),

po b
Ur(g1, o1 qr) = // e~ FOI++)) et Yol dby---dby .
51> >0 >0 bZl .. bzk

Pillai(1956,AMS) LI T ETHA RS 21T, T ot %183,
FH2 p>10L%

Uk(g1y-oorak) = (1) W92y @) I = 1) + (0 = DUk(g1 — 2,92, - -+, 1)
k

Y
+2 j=2(_1)J ok (a1+g;) Ul(q} +4; — I)Uk—l(qm ey Q=1 Q54100 00y a),
Ui(q) = I{qy = 1) + {q — 1)U1(qy — 1)

272 L Uy(0) = /7 /2.

EH 3

)i

> > (-1)%Ur (a1, 8 Wper(Tny -+ -, Tpy ) = O

r=0p—12q1>->¢-20

FHEERI X ~ Ne(p, X), T80 C, H: p=0,K : p € C (polyhedral convex cone) DAHEEL,
WA ORI, x*A750 mixture X2 = ¥)_o p(7: k)X2()) THA ST S I LIE(HSH
TWa. FH1CSHEL TV, FHE 1,2 Ik DITERD p iKW TOMTSHASRDH SN 5. &
72 {ER#® polyhedral convex cone C {22 WTD L j_o(~1)p(ji k) = 0 DELILK, Gauss-Bonnet O
FHORE LTESNS T EBHMSNTUVS (I McMullen, 1975 Math.Proc.Camb.Phil.Soc.,
Shapiro #d2 L v). FHE 3 R hiTHELTW3.

& 5lT, FH 1 THEALATMOMEENREEX 5 C L TES. $1, Mehta(1960,Nuclear
Physics) 2JlEE4 22 C, T 3 Ofic bW 22D Uy OFIDOMFERES £ 3 & M TE 3.
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A A o Cornish-Ficher BB 1T 3 B X T /m

nE Kk -®2 BREB BR
LE x -#E @miEvm

K5 X =%m (vFLI LERBRAoRTT VS
CTLEB LY IKBEITIZ2WETRH o 7 E NS
Frnxy L33 o Famiam 2 Ko & F o WA R
G IThy TRERM LEL: o 3L B o W6
73 T &

|

Fmo = Goo+ gcn{;lqcntm Rl G200 + - -~ } y

IR oLy TvEM TEERMIE X o0 TH
5. 2T, quBRBGo BFEMHET, w00, i
FoRins»m@N1TvdHdr. ot 2o HkL BT
A GRS AY Gem (o = Goo+ oo Zjn 6eam T U
C B BERNAMB oL LT oA LTI S 3 BE
Rem@ey= Fmxy - Gem Oy 2 ka(’l\= Quw*y b >3 2 koA
mLWTud. — 3. ek
ol 0y = G 2)

THET MW EROBZI L DNEBEREL AR, R

Hudbk, TR’ I Xm@d FRHX BYIT
l

X W) = U+ by + —%; balty + - - 3
CEMITW?2. oBRBEXBTZ &>SIC LT xhn
B W% . 3 9,

Fo = Gunod @

TR R T um(xy o BB

Um QO = X + j‘;- f(i(l) -+ “*q\;_ '(1(1\ + --- 5)

TR, OFIC, BARXGEYLILS>y RO S
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@A S W s . BRRERXOE Edeworth BB, &
13 Cornish— Fisher BB L oY M 2 o Fmlxd o A fIL 5.
YWY T B 20 F kBT TEROE®HERE
N Liem CUY = Y+ 2\;‘\ bj(”u\'h‘; Tt W s oy, T oo S
ML 32 RETFMoA T 2HIT UEAL TOHLBE O

s — Y o BB OHTETEMAE L L 2

Qe CUY S XYmUY € LU (6)
D

Qmuy = QaCuy € De /e N

TR E T LER L@, FE A, B & VREDAS
LU U . BB, Student ® T-T 1T L 7
B, EHFRTET T Uanodd ITFTIFT 2 @), MO o Mm@ X
CRR e, k=) kb %o,

W (XY € U () € W XY (¥
Dy D

I D,

Wm ) — W, 0 € - n g (CH

THE I ER Wy, TR Wmxy, & & 0 BHD
NE T LW w3, ARE vE, t-HWEH & W E-
B®Hmicd T3 Xmud 2T 3F 3 O ¢ FibdXN, F/Hr
BILHFE2Z Gy THI Y@, O o FTmMN 7
*z?_%ilb%o

T~
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‘ [

Ganonical Correlation Amalysis with Linear Constraints
RPN E Y8 JHR o 40K RS TE

[ s IR EF vy =X BV e llH U2 8OFUNTIEEREA B =00

PR AL (Seber, 1977) iz b 255 WA o BIKIE K0 H4F
RHRYUSH, 22T ABTR. EHAENITICBY 5. THEBRIRC BT 2
A7 PSR L CIEEHIBE AN 21778 5 Tk eRET 2,

2 : Ak p. qROZEHOMFEMICIEYT 2 n{lDF — 2 2K &3 Znxp, nxqB
%, X YET B (L. SEROEUMELY o LRE) C0LE. DN
HOTiH A (pxra; rasp) FHLU C (gxre; resq). WOV TL

o)) Aa=0, C'b=0

LS BIRIAIED b & TARER L ~Xa, & - Y b & OMMRE

@ rre = (Xa Yb) ./ (I Xall 1YhI)

EBRCY BMHEESEET D, oot DXNTHEAOSNBTIA. CBHLT. &
D &Pk

3 A’ B=0 and C D=0 ,

(da)  p=rank(A ; B) =rank(A)+rank(B),

(4b)  q=rank(C ; D) =rank(C)irank(D) .

il diTiEC. DET 3, o ROFHENFON D,

FEIL : (DOEMTFT. QEFEKETSE <7 ML a, b @ KRD4DOHKD
WIhMIL - TEA LN B,
(5a) PxeYb = uXa, PwXa=ugYb ,
(5b) (Px—Px«a) Yb =uXa, (Py-Py«) Xa =uYb
(5¢) (PxsPyp) Xa=p?*Xa, PyvpXa=uYh,
(5d) (Px— Pxwa) (Py— Pysc) Xa =u?Xa,
(Py—Pysxe) Xa =pYbh,
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F272Us Px Pxs Pxsalds fTFIX, XB, XuA (7 L. Xe=X(X* X) ™Y
DFR P TR S NI FI EADTIZHEITF, Py, Pyo Py bR
EFShHEIHETHNTH S, Ak, X' XY YAEWNTEWEGICH Py,
Pxg, Pruabd I D ENTE D,
Rl XX BIUY Y ALEMeESE, Ga), Ghid, RokdwcHBIns,
(e Pean X' Yb=uX'Xa. (Ppamw) (YY) 'Y Xa=ub ,
Gf) (I = Paan )X Yb=uX'Xa,

(I - Pcaw ) (YY) 'Y Xa=ub, kIl

Paun=A (A'(X’X) 'A) A (X°X) 1,

Peen= (X'X) B (B’X’XB) "B’ ,

Peen=C (C'(Y'Y) "'C) "C’ (Y'Y) ',

Poan=(Y'Y) D (D’Y'YD) "D

EIN2 : 05X, Y)BELUp: (XB,YD) %, X&YHIUXBE, YDO iFAO

EHHINER S 4 B, & O, ROMIFEAMIIY 2,

(i) pi(X,Y) 2p:(XB,YD) for i=l,r, %24 L. r=rank( XB:YD)

(i1) % (p 4 (XB, Y D)) *<min(rank(X) , rank(Y) )

(iit) rank(XB) =rank(X) « rank(YD) =rank(Y) AUKIZT hi.
pi(X,Y) = ps(XB, YD), i=l,....r.

(iv) PxsPyp=PypPxs <=> p;(XB,YD)= Lor 0.

1o 1 o e & Loy SRS F s B0 218, Correspondence
Anaiysis (28 20898 (Bockenholt, 1991) . ¥4 U Caronical Correspondence
Analysis (Takane, et. al,1991) I &AM Nn B,

XRk : (1) Bockenholt, U. & Bockenholt, I., Canonical analysis of contingency
tables with linear constraints, Psychometrika, 55 ,1990. (in press) : (2)Seber,

G.A.F., Linear Regresson fAnalysis, Wiley, 1977 : (3) Takane, Y, Yanai, H. &

Mayekawa S., Relationships among several methods of linearly constrained

correspondence analysis (Psychometrika in press).
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Statistical Analysis of Curved Probability Densities

By Masanopu TANIGUCIII

Osaka Universily

Amari(1982,1985) developed differential geometry of statistical inference for a curved
exponential family M = [g(z; )] q(z;u) = exp {67 (u)zi — 4 (9(1/))}] embedded in the
expowcential family § = [p(n:;H) | p(z;0) = exp {0‘1:; — 1/1(9)}] . In this paper we extend
his analysis to the case where the n-consecutive observations are (i) nol necessarily identi-
cally distributed, (i1) not necessarily independent. Suppose that thejoint probability den-
sity function is given by p, (-;8). Our main purpose is to estimate an unknown parameler
u of a family of curved probability densitics defined by M = {p, (-;8 («)), dim v < dim 6}
embedded in S = {pa(-;8),8 € O}, and to develop the higher-order asymptolic theory.
Here we assumed that the observalions come [rom M.

In Section 2 the third-order Edgeworth expansion for a class of estimators of u is
derived. We investigate higher-order asymptolic properties of the maximum likelihood
estimator in Section 3. Amari(1982, 1985) showed that the bias-adjusted maximum
likelihood estimator is third-order asymptotically eflicient {or his i.i.d. curved exponential
family. It can be shown Lhat Uhis result is still valid for our generalized case. However, our
Edgeworth expansion conlains two terms A¢® and A3® which vanish in the case of curved
exponential family. The term A elucidates the followings. Suppose that a likelihood
functlion £ depends on a veclor parameler (1, s),u € O1,s € @;. When s is known we
can construct the following two estimators @ and @ of u, which are defined by

max  £{u,s) = £{, §),
(u,J)E@1X91 ( ) ( )

Hle:g(l/.’(u, s)=L(q,s),
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respectively. 10 A% = 0, it is shown that the third-order asymplotics of i and @ are
identical, otherwise this result dees not hold. Our results are general enough to be ap-
plicable to various fields (e.g., regression analysis, mullivariate analysis and time series
analysis ). In Section 4, we give a few examples (e.g., a family of curved ARMA models,
a family of curved regression models). Especially the family of curved ARMA models
scems interesting because A3% # 0 for this family. Finally we briefly mention a develop-
ment of differential-geometrical methods in time series analysis. Amari(1983) discussed
differential geometry of spectrum estimation, and showed that AR model is 1-flat and
MA model is - 1-flat. Amari(1987) developed the «-geomelry for a parametric family
of invertible linear systems. Ravishanker ct al. (1990) characterized ARMA models as
members of the curved exponential family. They gave a [ramework for the determination
of parameter transformations for which (i) the asymptotic bias vanishes, (ii) the Fisher
information matrix is a constant matrix etc.
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EHHEMEMTICE T 2 B0~ 4 XHHEE
HRLEKRY FMHES

1. [HRE
AHMEOHME., FTHEHEMAWEF B WT, AEMNTRBVIERTH L

TEEMNREFEFELENAIHNEAICKL-THRETAIETH S COHBHERE
R AT F L EHT A Y ) SEROFRIEHIEL T 5o

2. EFAEHNSM
2OoD0EXEEX (px1), vy (x)é. FNFho—REA2u=Xx"a., v=y' B ¢&

T5, ulvA2TERARBERE-TVWBEEREL. nfHOBMEESF A& LT
F—2X (nxp) « Y (nx@) 25 LTI LERRDOKIICE %,

L (%, o |X, Vv, a, 8)

ey -1 a'x'xa  &'X'VE  By'yp
=(2rowr. [I-0? expl - { -2p * [
2 (4 -p?) 0wt Gudy o2
(1)
g, a. B, gu? oVE pOWFH/HEROL I CHKET 2,
1 -p? 2
a~ N» (0, S PR (2)
K x
1 —p? 2
£~ No (O, Lot ext (3)
Ky
p (042 o3 p) = Uu_zav-2(1_02> “ir2 (4)

CCTR., a. BORERIPITECRKBTAETHICEEHMELTWES, DL
&, p OPRSHOE— FI},

. a'X'YB

P @ (X 'X+kxl) aB (Y Y+kyl) B  (5)

ER B, O IMNETFMERKILT 2 BREAICEL-TE L SN B,
Y ' X (X"X+kgI) ™' X'Y4+7 (Y ' Y+Kkyl)) B =0. (6)

)Xo Ea L BPOMEMETE2HEEY » SEHEEMAITENTESRC T %,
COEIIR~NA XM AIRCE > CIEBEHMEITEIEX 28BS, EHkx, kyid.

kx =(l-p?®)ou® /q 2, kfu—p%ov%/%2aLxc%iemm5@71 58
HKEERTHD, BUREERANF— I/ MICL->-THRDPEIIENTE B, 12 &
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