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R ent Topics from Algorithmic
P blems 1n Statistical Fields
RH #£3 RER K% HESR HEHE

HEBORSRBKHFE L OLWTONWL DNDEHEDIEN - B - FERE
l1.Network Algorithm

SEEATH (HRE#ES), 42SOLTERZREhEHIREHITELTS.

XMNSE—RBBLTINWALE, x=XeZBALAELEIC

p=#{xesS| f(x)2f (xe)} #S
BHME XD —flHEIFENZ D H Do
BRERCBWT (1) p-flixkebnzl (2) foamitkdsrll
WEANTH B,
X7, #SHEDTAEWR., p-ELSHEZRMLR” T2EA LT IK&XoT
HETAORANHERTOIRMI OO D TETHRENCRITITRERBENE 5,
ZTORZBEEICIE. ASLOIXRNMBETH S, BALTE2YIalb—varid
BEM2A3L WS H5ENFELIMN,. Exac titEoZDONetwork
AlgorithmizowtT, BRK7 2.
FORBELITOED,

(1) RBemEhsEAEAOEFe, Fi, .. ., Fui'd 3,
BROBIET S HEnode ¥EiEh3, BF:ICBT 3
nodel@ds_NV (s, w), weF, T#HZh3D,

(2) FoldHRREBIIhILIAEESTH S,

T, FOTREERALEEIN D,

(3) E:CAs-1XAs-1itsfiobranch#g kidh, ¥OxT%
branchtkH(s=1, 2, ..., k),

(Ws-1, Ws) EEsDE Ews-1eFs-1&wee Faldbranch
e (Ws-1, We) I TEELTWE EWnWbh B,

(4) &ToObranchicERiEMEREIh, branch

e (Ws-1, Ws) DREZ% Ps (Ws-1, Ws) TEY, BHELE
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branchodl#path& it pathic&Fhis
branchpBEXDE%2%¥DbranchdBILED B,

(56) IXTHOnodelktikweightMWEHEEN, node
(s, w)Dweight#C (s, w) TRTL &,

(*) C(S, W) = b C(S"l, Ws-l)Ps (Ws-l, W)
S"'l, Ws—l) & Fas-
Ws-1, W) g Es
TEHEINLS.

DL E CHEAD weight C(k, w), FeAs%

BRAL (x) lzkoTkdDd2 a2 Networkike ki

SO E HERICHLT. XROBXGHEIKRIT 2,

ERGH: & (s, w)I2onwT wicEEIds-1EOnodedsickb
FNUFTT, "O#F==0 (sN) ThHdL&FHEIRO ( (Nk) 2?) TH 5,
EEUL. Ps (ws-r, w) OFEEREXTWRWN,

Network-algorithmiZ#iBEEEonooitRDADIzK
EENTH B, Pz, BEO2X2ROEBF vV ORBEAREICBWTRE
HetBARD B L X2 X B,

Backward-Network-algorithmZ3300EARICE
Zxh, chid. Iz 2EKRcBIPISFisherPexact test
Dp-EEZKDZDICHHTH 2, |
2. —BOARIT A DOURBAREOZIWA2KD 20, 2HARMOFEES
HOTNITY X LN E %,

3. NEHLOEHRMBOIHEORIAWEMEELTARIOIC, KERHEENLE
ZHEENEODPD B, AP, TENFLETH 3,
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A DYNAMIC INTERPRETATION OF LATENT SCALES
IN LATENT SCALOGRAM ANALYSIS
Nobuoki Eshima*

% Faculty of Engineering, Kyushu Tokai University, Kumamoto
862, Japan.

Abstract
Scalogram analysis proposed by Guttman (1950) is a
method for ordering the subjects measured by using several
binary items. In this analysis, the definiteness of responses
to items is assumed, and the model for the analysis is as
follows. Now, let X, be a binary item which is an indicator of

characteristic S§; (i=1,2, - -,n) to be measured, and suppose
that the characteristics S; are ordered by difficulty with
respect to a common trait, i.e., S§4,5;,''-,5,. In this setup,

the items are orderd from X; to X, in accordance with the
orders of the characteristics, and the response patterns to be
observed are assumed to be the following n+l1 patterns:
(0,0,-+-,0),(1,0,---,0), -, (1,1,--+,1).

This deterministic model is Guttman’s perfect scale model.
When the above situation holds, Guttman mentined that the
trait was ”"scalable”, and the scale was called the Guttman
scale or Guttman’'s perfect scale. Although the model is
reasonable, in the practical situation the observed response
patterns are obtained beyond the above cases. An improved
version of the perfect scale model is the latent distance
model which first appeared in Lazarsfeld (1950).

In many scientific fields, the response structures are
more complex than the latent distance model, and in such cases
the observed subjects cannot be ordered according to one
latent scale. For this reason, several scaling models have
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been propeosed, e.g., Dayton & Macready (1976, 1980), Goodman
(1975), Eshima & Asano (1988) and Eshima (1990). Eshima (1990)
proposed a structured model which is an extension of Eshima-
Asano’'s model (Eshima & Asano, 1988), and presented an ML
estimation procedure for Llhe model. Here, the above models are
called "scaling models”, and the analysis by use of these
models, "latent scalogram analysis”.

In the present study, scalogram analysis proposed by
Guttman (1950) is developed into latent scalogram analysis.
The present approach deals with nol only linear hierarchical
structures but also branching hierarchical structures.
Concerning latent scales which exist in the population under
consideration, a dynamic interpretation of latent scales is
discussed through a mathematical viewpoint, and a method for
evaluating the proportions of latent scales is proposed.
Numerical examples are also presented to illustrate the
present analysis.
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5 B o 73— M RS
B RSIE R I AT

B ENzF— s 2o HbILMDNNG 2 — s 2B THIHERHERL S, TD
L. BBTORT A — 5 HSEECE L0 LS 2ol —toRE S E &k
Bo £HBNTMREE LTI efficient score 12385 ¢ BR5EATH % o Tarone
(1985) i efficient score V& B ICHEE R DL D 12 consistent Tk d 5 A%, efficient
THLR2VIEERZRATAIHRAOMREBEIMELTWE, L2 L, TOFETR
LT X — & DHEFICHBELEZ BV TW WIS b b, BH—lolk
ETRHHBEEOMSE2HNTVD, 2T, LT 2 —F D% HEEY
B D HEHETCIT R I BEOBH—olRE % R ) B IETwAET
R/EST 5, efficient score 2T MBI DOFEOEZELIEG L LTHRIATE
Bo T, TOHHERVL oD 2 x 20MFD A v kB —tEoRE it
LTiica s,

<I—N D Mg DR >
KEBiagroshniy—2%
X11,X12,.,X1n, ~ F1(01)
X21,X22,...,X2n, ~ F2(02)

..................................

Xx1:XK2s-XKng ~ Fr(BK)
KALT, 52 —49,0H—MnifE, T4bb

H0:61=92=...=9k-=~é v.s. Hi: not Hp
REZES, coTi, Ll A— s OHtERBANMER TR LEF/To.
EDBE 27 THEENE go(Xi,0) BV TR kit T 5,

Bz
(1) Eg(ex(Xx,0)) =0 for any 6

@ Fvio) BEO N0y (o)
Vi(0)

/ST X — s oniliER o & HEEITHE
K

Y gk(Xi0) =0
k=1
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DftLT5, ZHk &, Y=oz icd) L Cefficient score DG Y ITHEE
g (Xi0) RV THART £ 280 & 5 ICEHT B,
K ~2
=Y 8x(Xk.0)
k=1 Vi(8)
WETE T 0iliESAF IS DV TROEIARL D L2,
I 1
RIEES Hy 0 b & T
T 3D1+CD2
T, mJ%uwﬁf\%n%n@mﬁK4£xwamE1@w4
2 AFNCHE D MR L L,
2
} 1+2 Vi(0) 2 hR(©®)/Vi8)-C, e(0))

2
Q. hi(8))
Ee(agk(xk,e))
00

BL, h®) =

B g, (Xy,0) 2

AL, ot k WAL wERK
i &, JFIEBIH Db £ T

a
T ~ Xk
— i OHEEAEETH W GE I, AR T oS o IEFET 5,
F00. TR TH—UOMEZMNT 2 20 0FHBRORENEITH
5o T T, Tarone(1985) &IF U &9 2RI ETOIBLEE2T%2 9,
Z 2

B2 E00)) _ v o)
d0

~ 2
o 2 DB 0 Vi(©))

| 2. (h(®)/Vi(®)
ETBHE, T WRIERBOL & T, i BlE K-1) b A 25
BATVHED o

EBICIE, HEIRT AT @&ﬁx@hk(e) V@) H 0 O OT, FhEF
hEERZ{CALRZIRER L2V, L L, —HiEER 2 AT UL, et
BT R T OWESMITEILL 2 v,
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Determining the No-Observed-Adverse-Effect Level
in Continuous Response
{47 ORI R vl 2 4

JUMERTAIENE I 5%

1. EUoiC 241 Continuous Response Data
No-Observed-Adverse-Effect Lev-  Dose Level d0=0<d1<. . .<di<. . .<dk

el (NOAEL) ¥, MHMERERICBWT Number of Subjects Ny My ... My o...n

B X Nk dose leveld BT, Average Response XO X1 Xi Xk

BHIICAT 172 TR PEASER D & 7z Wik » 2 N
X~ NQug,0%/ng), XXy, (1#17)

KO dose THD. AWFHTHRE LD s? . unbiased estimator of o2
& 9 fzcontinuous response data {= 5%~ C’ZX\ZJ/\" Szlei
X9 % NOAEL MIREITIRICOWTH X /=, Dunnett B L LIS, Pooling step-up
test LUFEYT L WHMUELZIIFE U, WEAFD Williams test X IGIE U7z, X &4 AIC % F)JM
TOHLITERMEL, YIab—va itk blbigeiTorz.
2. MIE U= Tk

by HEL A4 Lo RUSRIT BTN D L RIEE T3, b, %, b 2h L. 40,
DHFITFTD nle L35, WIELETEIUTOLS THS.
2.1 Dunnett BIOSIULHINE : HALTUE, 1,=(u -u)2s%/n172 (=1, 00 %
W5, k=2 DS, NOAEL XD &S IETD

Tlédzy\,((x) 7 B NOAEL=d,), T1<d2’\)(0<) mo Tzédz’v(a) gL NOAEL=d,,
T2<d2,\)(°() % 5 NOAEL=d,.
1L dy () DBERE k=2, 3 OB DOWTRR L .
2.3 A Pooling Step-Up Test : T JfikiE, by THZL X, BN, HIREIED R

~1/2

BUAUL, Xy, X &7 =T B, k=2 DG, W=(X X)) [82(1/n+1/n )]

1o

2y g (O B, NOAEL=dy 2IRTEL, 5 TRIFNHE, Xy, =(ngX 0, X, )/ (ngn, )&
“1/2 o oppra

LT w,= (X, (821 (g D+ )2 80T 8. L, wdwy 5 (0%

51, NOABL=d; &L, &5 TR NOAEL=d, £ ¥ 2. FER w3 () OfEE,

k=2, 3 OB OWTHERLE. DM, sanple size MR BIBAB RN TES.
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2.3 Bkt

NOAEL #%iF U < PUEF DHERE LT D24z, Lito 2 S5k Wililams testiZo>WT
YIalb—va UkiTo . k=2, nO:nlznzzlo, UO=O.O, 02=1.0, UZ—UO=00 (c=0.0
(0.1)1.5)& L, Case 1 (W= =V, ), Case 2 (UO=U14U2), Case 3 (U04U1=U2) iz
DWT, 2000 flld original response data xij % J¢& €7z, test size & 6% & LT,
% Case @ correct decision OFEE R L7z, Case 1 Tk, Wb 2z HILIEE
0.95 ic8F L <, Case2, 3 ICBWTH, ThE3>DMEXEEMN DTN -T=. sample
size M7z Z& 121 pooling step-up test MO MIRENWEX D Z EMbhoTz.
2.4 Lilo7 7a—F 05

500 TATH, sample sizeAVNX < pdukE, LD ASWILA NOAEL & L THRINE NS,
DED, sample size AP TN, LD KEW dose level 2 RBEWETD. -T,
iR REL T L5, test size ZdRFNER S WA, LORRLICHRETIUL
EWNENEMIZT DI LB TR 2. ZOWIEEE AIC ORI &> TlELET 5
3. AIC ¥k

MiMo 72 2 OTE%, k=2 QBEDWTHIITD. v =u -y, Y =0,-b, LT
AIC % (yY)TA

~

(1) Y >0, YZ-Y1>O If L(Y1=Y1,Y2=Y2) is the largest, NOAEL=d0,

~ %
if L(Y1=O,Y2=Y2) is the largest, NOAEL=d1,

if L(YI:O,YZ:O) is the largest, NOAEdeZ.

(2) v,»0, v _-v.20: If v (the mle of Y=Y_=Y_)40, NOAEL=d
1 1 2

21 2°

If v»o0, if L(leY,Y2=Y) is the largest, NOAEL:dO,

if L(Yl=O,Y2=O) is the largest, NOAEL=d2.
- Ao ~ %
Z - . = £ =
(3) Yl_O, Yz Yl>0. If Yz (the mle of YZ under Yl 0)£0, NOAEL dz.
* . _ _A* . —_
If 2 >0, if L(Yl—o,Yz—Yz) is the largest, NOAEL—dl,

if L(v,=0,¥,=0) is the largest, NOAEL=d,.
(4) ¥,€0, ¥,~¥,£0: NOAEL=d,.
2AMEFA—DREDTFTYIab—vavkfiofz. JOME, AIC ik NOAEL T
LT, 2ok D2 THENTWD I Lhibho . 2B, KUSEONHIL, &

3 WATIHUEHMAATO T ¥ —F 1 V7 ABTAETH S
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HFITY HNF— 7T ZEIE Brown-La Vange REIC>WT

JuKIM il isf, Pl 5

1 HMEo®m®
doselevel | do | dy | dop | .cvvvnnnn.n. dp | total
IESPONSe | To | T1 | T2 | covvvnvnnnnn ™ | T4
total No | Ny |na | .o, Nk N

TO,T1, T2, ey Tk dde WM T, i k. Blne, p) (= 1,2,...,n) IKE-TWV3 b
DEL.po<pr<p2L ... Spx RBIFEFEBOH>TVEdDET D, DB, pi < piga
(1=0,1,...,k) LWBR/NERZ 1 EZRDT, §=diZED S, W, BRETH %,

OB E LT, Brown-La Vange #5E (1990) BIERE TV BN, A OFFEMH %,
AW TId. {BIE Brown-La Vange REZMFE L. £ D0BUEHEEF~ 1.

EXAFELT, 220 A%EET 2, 2. Y = {n;,ng,...,nk,N,m} X1
EDORMAIATHICS ETVTEL B,

2 # i Brown-La Vange B &

2.1 KE:
[MEHE 8] . .
Tii= (Fi/ni) = (ro/no)  (FeRE L = nimaXocugi{ T juy 75/ T hma 75})
[T FIE]

(1) Hék):po =Pr U.S. Hgk):po < pk
Tk < (-Jk((,) <=  not rcject .U(()k) and determine § = d
Ty > Cxay <+ reject H((,k) and go to (2)
(2) Hék—l) 1Po = Pr—1  U-S. ]{ikhl) i po < Pr—1
Tr_1 < Ck—l(a) <= not reject H(()kcl) and determine § = dp_;
Tro1 2> Cro1a) <  1eject Hék-l) and go to (3)

PUFE#R T 50
Citey EDVT I, AT~ B0

2.2 HENHH

HHE1 RO (@H1) Lo, REFKETRT. (v /ni)~(ro/n0) ZBWT b (Fi/ni)—(r0/n0)
ERHWTS, CORED critical point 35 i (<AL THAEERLTHI2OT, ¥ES
ThHilibiE WL, 7270,

T{= N MAaXogu<i MiNi<o<h( X mu 75/ L=y 75)
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BEL (/) > ta (for j=4,..,k) == (/) > ta (for j=1,....k)
(773U tald § PO L THFHIERD &3 %0 )

BB 2 ko (Hi2) Lo, REHKERT., (F:/ni)—(ro/no) ZAWVT b (7i/n:)—(ro/n0)
EFWT b, COKRED critical point 25 [EZDT, ELELThHibME VW, 7oL,

Ty 1= n;max; 51‘$;(Z;=u Tj/zfi:u nj)

2 Xo, X1,..., Xx & Mo, My,..., My OHEFEREST B0 X0y X1,. .0, Xk WX LT,
Mo < My < ...< My Zilitet & dic, PAVA 2fELiz b D%, Xo, Xy,..., Xx &
Lo X1, X0, oo, X LT My S Ma <o < My 27 £ 2ic, PAVA 2
Licdb D%, X";\,Xz,.‘.,](:k&‘é"}:)o o, X;-Xo> 0125, Xi:‘z?{ TH
%o (i=1,2,...,k)

WE 3 ko (GHE3) 1B, T OREDHOBRAUEERRLILbDTH S, oIk, (EE1)
. T OFRfGHEZERLIZbDTH %,

= Pig—1 < Pip = - = PkJ
> P[Tx > d|Y,po = ... = piy < Pig+1 = ... = Pxl
(i0=1,2,...,k)

@3 Pl >dY,po=...

T 1 P[Te > di,..., T > di|Y,po < pi] > P[Tx > di, ..., T > di|Y, po = pi]

G=1,2...,k
3 i Brown-La Vange # & o critical point
3.1 Exact 234
C’k(a)li\
«> PTi > ClY,po=p1=...=p] &MEFRIDC EF 3,
Ck_](a) ‘3:“\
a> PTe1>ClY,po=p1=...=p| 2iifcdB/HDC &3 3,
LIF. [Efkicskod 5,
3.2 Approximate value
no=my=...= DBEEEL Bo HOTTROEEAB Do T LD, Che)®

approximate value 2R$H 2 &N TE 5,
TE2 T =maxicucr pmiy Dica(Z - )/ VRS e B¢, ok,
P[T <z|Y,po=pi=...=pi] ~ [ F(t+ z/2)p(t)dt

THhoHo L. "~"HEUETHE I LEFEKL,
F(t) = exp[~ T2y rH{1 = 8(r' )], B(1), o(t) i2. ZhEN, N(0,1) D5
ThE%. BEMETH 5,
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TWO SAMPLE PROBLEM IN TIME SERIES ANALYSIS

MASAO KONDO and MASANOBU TANIGUCHI

Kagoshima Universily and Osaka University

1. INTRODUCTION
Suppose that {X} and {Y;} are Gaussian stalionary processes with the spectral
densities f(A) and g(A),respectively. Here we consider the testing problem

H:/jr ]\"{f(A)}d/\z/_: K{g(3)}dA,

against
A [ arontar # [ {g(n}ex,
wlhere K'(+) is an appropriale function.

This setting of test is unexpectedly wide, and can be applied to many prob-
lems in time series. For this problem we propose a test based on [ K{f.()\)}dA
and [T K {§.(A)}dX where f,(}) and §,(}) are nonparametric spectral estimators of
f(\) and g(A),respectively, and evaluale the asymptotic power under a sequence of
nonparametric contiguous alternatives.

2. BASIC THEOREMS

We formulate some basic theorems concerning a nonparameric testing problem.
Let {X;t=0,+1,...} and {Y;;¢ = 0,%1,...} be Gaussian stationary processes with
E(X,)=0and E(Y;) =0 and spectral densities f()) and g(\),respectively.

To estimte () and g()) we use

70 = [T Wd = B (e
and .
5.0 = [ Walh = I (W)dp,

where 7X()\) and /Y ()) are the periodograms constructed from partial realizations

n

{X1,..., X} and {¥1,..., Yo}

Theorem 1. Suppose that appropriate assumplions hold. Then
(a) Under the null hypothesis I,

s = val[ (1= [ K00 — NO,u(f,9),

where v(f, 9) = 4m [Z (K FOVIPF )2 + 4 [Z (K {g(N)}Pg(A)*d).
(b) Under the null hypothesis I,

_ VT K{F.(N)}d) = [T, K{§.(})}dN]
A [ KT LY (A)2dN + 4 [7 (K, (A 126, (\)2dA

— N(0,1).
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Here it should be noted that \/n-consistency holds in Theorem 1. This is due to
the fact that integration of f, recovers y/n-consistency. In view of Theorem 1 we can
propose the test of H, given by critical region

(7] > ta], (2.1)

where t, is defined by

/:0(27r)'1/2 exp(—2?/2)dz = /2.

Next we shall evaluate the asymptotic power of the test (2.1) under a sequence of
spectral densities. Henceforth we denote the probability density function of (X,,Y,) =
(X1, Xn), (Y1, Y2)) by pfy, () if the processes {X;} and {Y:} are assumed
to have spectral densities hj(A) and hy(A),respectively. Let a()) and b()A) be square
integrable functions on [—m, 7). We define

fa(X) = F){1+a()/vn},

and ‘
9.(X) = g\ {1+ 6(X)/v/n}.
Theorem 2. Suppose that appropriate assumptions hold. Then
T — N 9,a0),1) wunder p&n,gn) ,
where

wf9,0,0) = [T o(f,0) PRI SN [ o(f,9) 2K (W) He(N)g(A)dA

Therefore the asymptolic power is given by

. 1 1
r}-l—;ng}; P(fn,gn)[ITl > t] = / \/—? exp _E{Z - /*L(f) 9,a, b)}2d12

=t
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ROBUST NONPARAMETRIC REGRESSION IN TIME SERIES

Young K. Truong
Department of Biostalistics
University of North Carolina, Chapel ill

1. INTRODUCTION

Let (X, Y2), t = 0,%1,... denote a strictly stationary time series with X, being R4-valued and
¥, being rcal-valued. Let 4/(-) be a monotone function and let 4(-) = 8y(-) denote a function such
that E[y(Yo — 0(Xo0))|Xo] = 0 almost surely. The function §(-) is called the robust conditional
location functional of ¥5 on Xg by Boente and Fraiman (1989).

Given a realization of length 2 from the geometric e-mixing (X, Yi),7 = 0,%1,%2,..., the
present paper considers the problem of estimating the function 8(-). Note that many important
time series problems can be analyzed via this set-up. Specifically, the applications include problems
of estimating the autoregression function of the “present” on its “past” in univariate time series,
regression function estimation and dynamic modellings based on bivariate time series. These are
discussed in Examples 1-3 of Truong and Stone (1992).

2. STATEMENT OF RESULTS

Let U be a nonempty open subset of the origin of R?. The following smoothness condition is
imposed on the conditional Af-functional.

Condition 1 The function 8(-) has a bounded derivative on U.

Condition 2 The distribution of Xo and the conditional distribution of X; given Xo have bounded
densities on U.

Condition 3 The function 9¥(-) is bounded and increasing with’
E(¢(Y - 0(x))| X =x) =0, x e U
There exist posilive constants My and M; such that
E(p(Y —0(x) + )X =x)| > Malt]  for|t| <M;', x€U,
[E(#(Y - 0(x)+ )X =x)|>Ms  for|t|> M7, xeU.
Also, there exist positive constants My(> Ms) and Ms(> My ') such that

_ =My ify < -Ms;
) = {M4 i y> Ms.

In nonparametric regression estimation based on kernel method, it is necessary to assume that
the marginal has a smooth distribution [sce, for example, Condition II4 of Boente and Fraiman
(1989)]. We adopt an approach by Stone (1980, 1982) to avoid this problem. Let 6,, n > 1, be
positive numbers that tend to zero as n — co0. For x € R% and n > 1, set

L(x)={i:1<i<nand ||X; —x|| < 6,.}

and let N, (x) = #I,(x) denote the number of points in I,. Given x € Y, the robust conditional
location functional estimator (also referred to as local M-estimators or M-smoother) is defined as
the solution 0,(x) of the equation

WI(XSZI.QQ”J’(Y-' —ba(x)) = 0.

—317—



Theorem 1 Suppose 8, ~ n=Y/ 2+ and that Conditions 1-3 hold. Then
1fn(x) = 0(x)| = O, (n~Y/*D), xeU.

Let C be a fixed compact subset of U having a nonempty interior. Given a real-valued function
g(:) on C, set

ool = { [ 16l ax}", 1 <0 <o, and (e = sup loGo)

The Lo rate of convergence is given in the following result.

Theorem 2 Suppose 6, ~ (n~'logn)/C+9) and that Conditions 1-3 hold. Then there is a positive
constant ¢ such that

tim P (|16 () = 6()leo 2 ¢(n ™" log(n)) /") = 0.
The Lg rate of convergence is given in the following result.
Theoremn 3 Suppose &, ~ n~ /(244 and that Conditions 1-3 hold. Then
102() = 6(C)lly = Op(n7/C+D), 1< g < co.

Remark 1. Since iid is a special case of stationary sequences, according to Stone (1980, 1982),
the rates presented in Theorem 1-3 are optimal rates of convergence.

Remark 2. Collomb and Ilirdle (1986), Boente and Fraiman (1989, 1991) addressed the uniform
consistency of local M-estimators corresponding to smooth #(:)'s. The asymptotic independence
used by Collomb and Ilardle (1986) is formulated in terms of ¢-mixing, which is stronger than the
o-mixing adopted in this paper. Moreover, the L., rates of convergence presented in the above
papers are slower than the optimal rate (n=!logn)" given in Theorem 2. The L, (1 £ ¢ < o) rates
of convergence in Theorem 3 are more diflicult to obtain and appear to be new.
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Some Problems for Tests on the Stiefel Manifold
FIIKE A N

Let Vi ., denote the Stiefel manifold which consists of m x k (m > k) matrices X such
that X'X = I, the kx k identity matrix. For m = k, the Stiefel manifold is the orthogonal
group O(k). A random matrix X € Vi, is said to have the matrix Langevin (or von
Mises-Fisher) distribution, denoted by L(m, k; F'), if its probability density function (p.d.f.
) is given by (Downs [4]) exp(tx F' X) / oFi{m/2; F' F[4) with 1espect to the normalized
invariant measure [dX] of unit mass on Vj ,, such that ka'm [dX] =1, where Fis an mxk
matrix, and the o F} is a hypergeometric function of matrix argument. Letting the rank

of F be p (0 <p < k), we write the singular value decomposition (s.v.d.) of F as
F=TAQ', (1.1)

where T' € Vpim, © € Vi, and A = diag(\1,...,Ap), A; > 0. For uniqueness, we shall
assume that A; > -+ > A, > 0 and that the first nonzero element of each column of T is
positive. I' and @ indicate “orientations”, extending the notion of directions for k = 1, and
M, ..+, Ap are “concentration” parameters in the p directions determined by I' and ©. The
L(m, k; F) distribution has the “modal orientation” M = I'©’; it is noted that the mode
is not unique when F has multiple roots \; or p < k. The distribution is “rotationally
symmetric” around M; i.e., the value of the p.d.f. at X = H X Hj} is the same as that
at X, for all I, € O(m) and H; € O(k) such that 1T =T and H,© = ©, and hence,
H ML, = M. The case F = 0 gives the uniform distribution [dX] on Vi ,n. See Chikuse
[1], Downs [4], and Khatri and Mardia [5], for detailed discussions of statistical inference
and distribution theory on the matrix Langevin distribution.

Let Xi,..., X, be a random sample of size n from the L(m,k; F’) distribution, with
the s.v.d. (1.1), and let Z = (m/n)*/? En: X; be its (normalized) matrix resultant or
sum. We are interested in the problem Jc:fl testing the null hypothesis Hg : F = 0 (or

A = 0) of uniformity, against a series of local alternative hypotheses H; : F = n~Y2F,

(or A=A = n=12A,, with the s.v.d. Fy = [pA004). The matrix resultant Z may play

—321—



an important role in the test. The distribution of Z has been given, by Khatri and Mardia
[5, (3.5)], in an integral form which seems to be intractable (see also Chikuse [1] for exact
sampling distribution theory based on i X))

In this paper, we derive asymptoticJZ;p_ansions, for large n and up to the order of n=3,
for the distributions of Z, W = Z'Z, and related statistics in connection with testing prob-
lems on F, under the hypothesis of uniformity (¥ = 0) and the local alternative hypothesis
H; for thestudy of powers. The p.d.L.’s of Z and W are expanded with the limiting matrix-
variate normal and (noncentral) Wishart distributions, respectively, and correction terms
expressed in terms of the Hermite and Laguerre polynomials in matiix argument, respec-
tively. The results extend Watson [6, Sect. 2.2] for ¥ = 1. Further asymptotic results are
presented in connrection with testing problems on the L(m,k; F') distribution. We derive
asymptotic expansions for the p.d.l.’s of related statistics constructed from Z and W.
Zonal polynomials and invariant polynomials in two matrix arguments (Davis [3]) are uti-
lized for the derivation, together with some results on Hermite and Laguerre polynomials

in one-dimensional variable and matrix argument (Chikuse [2]).
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Statistical Inference In Random Coefficient Growth Curve Hodels
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