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—mibEMNIcED2H Ty T - T L EHRE

XHKXKF BEZR % ®H &k &

Yy TSy vy FHEAL Y {p(s), se€S} &, zhiVESLSND
BER s CESKBEANIA - (BEHLHBRBRHLL)OHEER
t(s) LD (p, t) #AFIFTI—L I H, BMEEILDZZALNTTF
T—DEBEOFTRBIRIBVWHLDEEIEIL, HENWREER O I
BhrorhBRELINATERL Ll 202 HEBHRHOCIL
D, EBLCIEHTR CEWLS >»DEEN D - .

CO/NM@TIE, FEANBES» SICBETE T» 222X R Y (BRE
WHEWS YT YUY FHEAL U EHEEARET SN, 20EBA

BIRD LD TH 2.

1) x> 70 > 2 (Hlx 1 Hansen-Hurwitz A b3 5 ¥ — ) &
B/ Y > 7Y v (Horvitz-Thompson A b 5 F ¥ —) & % — K1
FRTORED, VWHO2I2BIXRBLIUE2RODLEEROH S 2 ik
FTBDILWE), MEOHEEOABZELERXATRA S &5
L (MEARBEEEBICREL T).

2) HEBDODMAERLDIANLS/MESLS TR0, WHWHREhZHE LK
NDAEHER n, TEHNEE v, CEEHHATI2EIO2ERTEFTE L
BRYTHEH, ZTORDIZIENEE v, tHEOBEVWHHEER
i EROVT, mio=nxi /X x T hELY. FOLDHE ok,
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BEROPLELEVWEBAKCRE, BEAREETFECAINSIS TFY—-—A2RET
B, B A YT Y v nini-max BB 2 & BR

Eh .

3) EBOBRIEHETRICWE, £ m AEELCSHE,
SELHE2IRDERE HLESNE)EIIBFET AT L. Ly
L, 683 n 2RI VYT YUY - FHF ALY p DRE D,
EBETH YT VI CTRERSER THD. 2T —BILEBIH EH
LKHEAT B2 LICLY, Z20HEA2BETZLLEBIE, BRREHE

WIEWA NS T Y— (p* t*) BROBDZ EHBTE L.
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HRHTIC BT SRER > 7)) 7k

Wt BE IR AL = W
T ERERR X% IE %

KA EERTT RN ->-TR, 50D LHEOHEBET Ao TWSE
f5—sicHICBHRoERL L. RSN B~ s x4 28N RD
HENBEERMBLE 2, BUBIEOHEIHL TR, ChETBLBLFENR
BIhT&lf, BEXMNicid, 22077 v—-—F0othABEdEnWt 35, —oik. &
H(BEF) 0XHEMOo»OMRAHTEML T, MIFMIITRI¢5 2+ Y » 2
REE. —2id. ZTERIHE (Cross-validation) iwfiF&h 2z, ¥ 352 Y w2 i3
BFETH 5,

i LTk, SERERNBEAIOREDO S LT, & LTHREHHMEK., =
REBIEEER AR ICE T 2 RHGIROEFESHARENTE L. BEO
Jvis g by g s nBUMRoEEICEMLTE, EBLLEILERAVWSHhB R
i EoBYBROB/PEEGEE., RERTEEICL IEEHEOEHOKE T HIERH
ENT&fo LD L. 2 ve5 XA bY » o FER, TOBABHOL S LEKS
OWEI, XOV—RBOWMANBEENZ LI ATH- 1o

o KK o T, Blron (1979, 1982) ik » THAE LI T~ F X F 5 »
THER. BEOBPHAMRAMEMEST 2 &, BAOEEROBEE KEN
CIRA B ENTEB LW ETHEZED L, & 5ic. Efron (1983, 1986) it
EROMMFECRY 2 TUBRZEOHERAEZERMICERLL. REPSHVS
NTELRERIEEZF VWS 2P OFHEEOLREBELT, 7—FRX 5y THEOR
ERR Ui MBS R 2BHNBT DO TRBRERE~OT PR T v
THEOEAR. WbWw 3 Rh EOBUIIEICHT 24 TAHELE VI BAP S
WFgE b3 it ¥ & 41T & 7o (McLachlan (1980), Konishi and Honda (1990), McLachlan
(1987) 2R & hiw)o

APETR, BN VS 7Y v rE BT - X b5y TEOHBISHICE
HAERHARIEE~DIEHAENM LF. LTO X5 BHRABMEEITE - o

1 HEoMMNME. KT E I EREE ¢, BUE (FUBE) o—>DitE
BETH 3R LOBUINROEBOEKTIE, FOT— R FF o TNAT X
MEEOEXHER LT
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HENHEEOAMER >VWTER LI,

3. EF R 2HMAIZH ORI ZRF T 27, ZHBEOF - 20 LI
Bafs Lico WBIMEKEL TR, LU RMIIEHERC., TRIBEHSE
BELTR, RAULOBHBHEEEDOT— R F 5y THIEE. BEREELZ B
I Lteo MMM L TR, REhenAT,. 2EREFUORED b & TH
b ro W BBBA R (Okamoto (1963), McLachlan(1974, 1976)) % & THREF L 4o %
DR, RrULoBHBEOT~ 2+ 50 AT RAHBEOLEE, TERIE
HEOBKEEOMHEIERZE, EBOMEELOHB I VWTHE L, 5. TRl
MEMEMICE S CHREHANEE E ZRYBIEEOEBRO AEEZRB L. 77—
OHUEEERBICVH RN RERESHROBIRERE L o

BE X
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Higher Order Asymptotic Theory for Discriminant Analysis

in Exponential Families of Distributions

AR K® BERIZH A O E &

AEE TIL, multivariate observation X # 2 DD HEMFH =,

plx; w) € S & mp @ plx; w@) WHHETI2EMEBLEY
Bote. 22z S BEBEATEKL TS £z v & w?@ g
RABHTHE. BEHA n, & 7w »5 FHFhH training
sample BHES N TWVWB LT 2. (v, w®) O training sample
CEBEERBDIT A2 TET B,

AR E Tk classification statistics M2 J 2 %

D = [ W I ¥ = 1log{plx; w) / plx; w®)},
(w2, w@2) e TI,

FERELT, BRAUNERCIMIZ2EXOBEERZ2ERLE T4
be W €D KLBBRHABNBEERA MW & T2, 7T EMMH) = M,
t 1/n M2 + 1/n% M5 + o(n3) LFMT S. T 2 n it training
sample @ size TH 3. b L W € D » 0(n*) & —%— % THK /N
KT L& R Kk RBOWRRTHDIDLEEHRT S ZHDEERD
BRPBSNE. v, w? OHEBELL T ME 2AVD &, %
NICE>THESNSD classification statistic F 1 XA E B
THS. FAHEIC v, v?® OHERBEL T bias AEL = ME X
DB 5 N3 classification statistic IF 2HRWMEWER TH 2.

CORROEBKR Y — 2L LT Anderson W. % Cochran-Bliss
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classification statistic % quadratic classification statis-
tic XX DHFMBIEIBWT2XRBEMNRR THD I EHBREN
7=

o7 Ta—FORX Yy b, FAB2HHDL I ABERTAK
Bokwze, $RBEA20HAOBESHE —HIZBMIKXBE I LK
H B

BEHCHUEOEREY, HEREOHAMBEICHL TH valid TH

LT eBRETN R
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MERE O

SH. BRIV I MY TOERICED. ZEEMTOFENFRICFATE
BEIIH > TETHBEN, RAMEEZFLT—FZ I LT, BEAEDOKE
VI MU 2T RAUERZECEEKETNTMORE, Bo7/cT—Fixi LT
T ORNTEST ) FEDHEYR— FLTNE, EZA0 BEPEMNOEE
HOWA B E, TRTOERIIDOTHMENE SO BHEEOENE L B L
TULEWV, BET—FOA%FH U HEREROBENS KITIE BBENDH
50 £ T\ ARET— 72 DABWMIEMTHAIRINELL S,

—fIC. RAMEDMIEEIIRD L H ickFlxh 5,

(1) RUEEZEOMEEETXTROBRE, B 787 EBTICFIAT 5,

(2) RAMEZM S DOHFETHDEOLEEITORLUNETET— 7 Z/EK L.
ENEITT 5,

(3) BoN/ T RTOBINMED B UL E I ESERAEEFIMAT 5,
DEBDHENARTLT —F O BEMAT EHETHEH. DOHEIC
FOTR, RAEMERERDDBICATLET — 7 OEENTLEORKII.
D THEHES BUEEI B A E S, £2 T, Dempster, et al (1977) IC Xk hiRMIBX
N7z, BB AETLEERAKT INT NI XL0FHA IS DI
THHMN, TOFIHICEWTH, BEO T 0SS LE2FDORED L HAEHRN
- HTL B,

ZIT, HohUDMorDHETRAMEEEDAEDE, BUNKELT —
ZRAER U TR BT BOTIREEFEORKE Y 7 by x 7HRIATE 5,
—h AT T SRS T TS B 0T RS ED T EAWLRIEE
THb. ZHLOHEETIMIBNT, FHEORE E L T(EER)ERFHEHIA
WoehahN, AhEORAICIYFORERIBERELTLUE S, £ T,
Dempster, et al (1980), Rubin(1983), Little(1988)% Tit. EHIH LD #E
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DEWAHEZERESFTORDYICHIMAT S Z Eic kD SANENEEESL EN
B A BERRIEEILENTEBEIEERLTN S, £, AAP0P
Yamaguchi & Vatanabe(1991) Tid, S OHEERFNET — 5 ORI PER
BT O—FETH HRFH4NMDICMEHEA T %,

Little(1988) 1l (1990) Tl M7V T Y XL DHEMIZL D RIMEE S
HEIUTF—FITHUTHIBINRTESL LW HEEZRRLTNDD, £2T
D b TV B RIWEDFEEMT Nissing at Random TH %o RIUWEDZE
HBERRIC DL TIE, Rubin(1976) TE OAFIETL, RIS TE 5546
D53 A E BTSN, BEIFBT U EDORMEMICTHIFTIIEL,
R Z WA TERLOBEORIMED LI IRNLE LS5, Little &
Rubin(1987)%°Rubin(1987) Tid. Imputation® J5 % Hla il R JIHEAE 2 AT
EFLWFEORINEDLINER RSN TN S,

Z ZTARE TS BOBBWATERA LlcoNX MEEEICE T, RN
B AR T EIWES D Hultiple Imputation DFEEIC X5 RIAMEDLE %

%gbeo
B E XK
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HiEObLPEERFFHORBLBAEEROTE, SIS L, OBEM2 0ERDS » ¥ L -
7)Y S L BEFFHEOHA, QM3 0FERD L Ca - FFIFCL BT — 210
HommE(lL, OMf4 0 F£R%kEID ORHEFRLMERMBRETL2OBEEOBEALIO
MR, P"RLFELLOLLTETOAS. £bFh, HEHEEEVD O, KL
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BT A5EEEY, R ATAEAS v, LARINCEEER 2 BE L, Al
BtooFRBENML, REEA I 202 5L s bICHEABEENMERT 5 2 L2Mm5B. &1z,
REREOE/) » FEETOEM, BNEOETEULHBECAZ >TSS, Zhen
FEFEORAAEHRE VLY. FAEERoMEREL, HEic@EL, NE~NOBSEEEFDL,
MOBEEERT S, BEAMRTSEICH S FOEXIIIL 2T, EFHKiO#E -
HMEr—L, 9E2RBETS L0215,

2. F L H LT L SOBA

BEFI2 OFEAARICHEE L TEARTEDO A 2 v 705002k, F SR A OBERMEN W
T, BERRIBEBROLDOFEEOETIZHES LA EEFE, rhsofpiER 2T
YE Loy TN SRS EAEERIGL AN, BEFRERO [EEhEE] . JE
EEO ERBE] AERNEFRICHADN, - o CHBERED MERBEEFELE] o> T
B KFROCEFTHEET 2 H L BEANLTHESATOLANR, BEOFNAF
TREOHEP LU 0% Vi EAHBAL A, B LuHBHEOTTH v 1%
PIEITLCOWAREL, —HABEBh 2T T sXkENERbLH > T, ERT B &
iZfe- 7. FRWIRFI2 2 EIiE, FIFI T3 7L —n b LTIESES, 000748 (g
TEOHE I oA s BIL2EMBLATFC D CTEMETA A, TORKRIES
oM/ NERET LM 2. bELEBRERELR U7 -2 fELALLSD, ZOR
ENZELrzohir2b0eBE Ll 22 THRIEM2 3FEOFEZO>CTOTHALE
otz EFFRTbEMERC L A ERRE R RBRCITR >4 REThEREDN
e B e LT L, il S AN e ERT A FETh S, FOERIEE B
EEHEEE L AR BEMNCHI. 1%0RERANL I L WIYFHOERTNES L
. TOEBVOBENS VB2 6 FICEMLALDICAR>THS, ([1]D

3. a3 a—RIZLA5F — 20O HEL

(1) asva—2BA  BIN30ERICAT, EEHEENRVF  H—F v m
FLAPCS)izkBarea— 2R, HRAROBEMILZIL 228 ANETO
BMENEELEOEEFN T » 2740, RICUFLAGEOBCEES ad 2 k.

FO—FT, 2 a— FRIIZ LA 0HY S X820+ (Implimentation) MU % L
HKowhEOMENRd 27, BEMHELAROT—H, WAXOHELS BOIDOEEDT—
B, RENE, BRE, EARBEIA Y3 Ca— 20HBNCTRNE (F AV 7)
ELTANMDZLIXAEBEFTH 20, BOE+IBEF AN ALTAT) L THoTH,

EfoFBeE s bICREY2ETIERID 5.

(2) F=42 -0y r—v [EHER2r o - 2fMoEA%2 BiEL TRHIECT
TAED BN TODREDICF —F - N r—Upd 3, AUNRCHNT IBEHOREOR
Bz, FEL~rTHEEL. FHEYEL, BE2AL2R5HETH 5.
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XX0O38G1, G2, G3izHy, —HAXFEAHLIBQL, Q2, Q3izhiy, G
LZHETHEQD, Q2%, G2423THEQL, Q3%, G3IHEEQ2, Q3% FhF
NEYYTHELX»ERT 3. FEEBLOEFOKRI SEEFEF02 /3 Lrivsd,
FHEMoOHEE 2B AN ZERNETE CHEEza s ¢, FAEXRICL > TIEE
A2 /3122 Tnd L0 HEIETH 3. ERFTOXKE L, HE A VOEXRNK
FAERVARALAZELLLABEORVHOM /3ZEETEY, —FREMNENASOT
T2EZFOEENEEIZ DAL, L0y ERNBLATHS. ([3])

) ET M FEOFEAHRICET ATIE EBRFEEAE U CTHRMAC THEEEER
tHik] @A L HEOELEMITTHS., FEHLAKHEL 1ZEIL0 2L 7.
757 2gE]l . BERIMC (=% 2 C2LIEORKAMEIC L 5185E] , [EQRHF
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HAMEFERE (MF) BEE FRIETA
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Jackknifing and ratio estimation

B KEIEBOITERT  FE -
SR - BER HF BX
1.@LoE

(X, Y1)y ooy (Xny Ya) X KEE o ofMEBEALL, X & Y (i=1L,...0) 8 Y, = o+ X +
U.',E(X.') = ko # 0,E(U.-|X.-) = O,E(U,?IX,') = né (i = 1,...,n), E(U,’Ule,',XJ') =0 (i #
Jihi=1..,n) Bk LT3 CCT, §RERC §=0(r1)tF3 X=Y0,X/nY¥ =
T Yi/n 633 E, Hp=EY)/E(X)=B+afk RHEET5HBELOWTERTS. TRy
offtERE LT, HiltER Yy 774 7HER BO2RETERECIEERYEL, THHfEROR
DBIEEZ L b0 O THERHT 3.

2 . ERETOLLE

p DHBRELT, HEERL P vy 2 F 4 7HEERBHOh T3, HHiltERR, »r =V /X = g+
(a+U)/X cHLLNSE. —F, KEE o OFEK%E, K¥E m 0 g WOI/Ar—TCBHSE. ko,
n=mgTHE TILT, g>2:F3 Hj=1..,9KonT, X,V % jEHOSA—T kK
oo BYDIA—TORKFELT S, 1, =V [X; (i=1,...,9) bFBE, VrvrF4 7iERr,
r,K=gr—{(g~1)/g}Zf=1r;~ THEibh 3.

i, p ORERELT, o, f 2L ThORD 2 RHER 61m, frsw THEELZ b @D, ThD B,
ﬁzﬁ,"sa'*’&l:sn/kﬂ ¥#%1%. LT, ﬁnsz:{2?=1(Xi‘X)(Yi‘Y)}/{ELI(Xi"X)g}ﬁbsm:
V-BusX THE. totE E(j)=pth30T, jikpofRlieRcds.

wE, ky=1 ¢ LT—RiEEFEDAW. EC X,, ... X, BEVKHITK, WFhiFH1, S 2,
ERDE=ZY b o =E{(Xi—-1)*}(i=1,...,mk=3,4,56) 2 b OIS LRETS. tor¥,
by, T OFH 2R (MSE) £ O(n=3) T CHBT 3 L ROEHI 0L 5 ich 3. ([2))

EFE1.  Xy,.., X, BEWICHMITK, WFhdFH 1, FHo?, FKROE-FIY 1 uy=EB{(Xi -
DY (i=1,...,mk = 3,4,5,6) R bORTHICRES LEETS. TOLE, jr,or, OFH2REE,
O(n=3) ¥ CERENRKD L 5 ICh .

)
2 2 2
AISE(T):(ana +5)+{9—5(-—2u3+904)+§£02}+0(n"3)

_ a?e? a? 29 § g -3
AISE(T,K)~( n +6)+{——(;—:~T0' )+;L-y—10' }+0(n )
4 1)

o20? 20204 ) s
>( ~ +6)+( 2 +;a)+0(n ) (g=no2%)

HoT, frrk(g=nDEE) 0TFY2 R PEL O(n™?) ¥CHET S RO X5 Ik 3.
a#0,uy <(7/2)0t +éno?[a? DEE, MSE(p)< MSE(r,) < MSE(r),
a#0,us>(7/2)0t +éno?[a? DL ¥, MSE(j)<MSE(r)< MSE(ry),
@=0,0<0?<1/3DLE MSE(rn)<MSE(r)<MSE(p),
®=0,1/3<02<1 D% MSE(ry)<MSE(p)<MSE(r),

a=0,02>1Dt% MSE(p)<MSE(ry)< MSE(r).

3. RYMBELLLEER

BHLCENT j i p ORRHEERTH 55, HHEER r XUV 4y 7 74 7 HBE r 0 BEROKEK
oY ELD. ThbD

2
E(r):p-{-g%--T:—xz—(pa—3a4)+0(n'3)

mn0=p+fgm-3w)+mnﬂ)@:noag)
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LD XTTr &or, PHBMTIEERR, 7, Ho(l/n) ECMY ERE VDb, WD ZHIRT 2L
KBELE LT e HHEE L.
Y, Z2={1/(n-D)}Y L, (Xi-X)22LT,
'r':r-—io'zmgé2
n
EEXDE, Grepd? P ac? OFRREERKE 355,
B(r*) = p = —5(na = 30" )+ 0(n"*)
&Y, 70 1/n ORBOBMYBIREBTRETD 3. Kk, CoBPERHEER ~ OFH2RB|ELRD S L,
2
MSE(r*)y = MSE(r) - % { O‘7(0“ + ua) + 2602} +0(n™?%)

k3. foT 1/n? ORBOERICE>Tr & r* RHBT L LHTES. HIC 1> 00 ECH,
MSE(T')SA'ISE(T)+O(1L_3)
ThY, ¥k, Vry 734 7HER r, LOREOWTR,
MSE(r*) S MSE(r, ) +0(n7%) (na 2200k ¥)
MSE(r*) > MSE(r. )+ 0(n"%) (s <2002 ¥)
BB TBI, (ry+r*)/2 R 1/n? O EEREFOHERTHS.
4 .

B, Xy, X, BRI, WThbyFH1, S8 o2 OEHEAHCLERS LT5. tork, +454
KEZ 0 IKHLT, j,r, 1% 1, OTFH2RWEE O(n3) T CHBTILER I BIVHIMLIKROL
S5IKid. B, 7,1, OFH2RHEOME, PBlLDZbDe—HT 5.

§
MSE(ﬁ):S-{-;-l—O(n_S),
2.2 2 4 2
MSE(r)= (T 45 )+ (2221307 ) Loy,
n n n

2

2 2 2 4 2
MSE(r"):(an‘I «1-6>+(8°[nz¢7 +5‘—§——)+O(n‘3),

2 3 2 4 2
MSE(T,K)z(a: +6)+(2an20 +§—i——) O(n_a).

Lo T, KoTEH, O(n~?) ¥TnL3.

a#0DLE, MSE(5)< MSE(r)< MSE(r") < MSE(r).

a=0,0<o2<1/3D,% MSE(ry)=MSE(r*)<MSE(r)<MSE(p).

@=0,1/3<0?<1D,¥% MSE(r,)=MSE(r*)<MSE(3)<MSE(r).

a=0,02>10t¥% MSE(p)<MSE(ry)=MSE(r*)< MSE(r).

B2, X BEATI=Z (p,A)(p>0,A>0) 23 0MA VY RBHCHS & &, TOBFHE IG(p,)) &
;L BWEDRKE, z>00 % /A/(2rzd)exp{-A(z—p)?/(24%2)} THL. nE, Xi,..., X,
ML, wIFhd IG(p ) K5 L% E(Xi)=p, 02 =p3/) ps =3p%/22 XY, r 2 r* %
HHEF3e, 3MiXY, 0<p<3/2n2% MSE(r*) < MSE(rx)+0(n=3), p>3/20L%,
MSE(r*) > MSE(ru ) +0(n=%) TH 3.

2 F X B
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[ 3] Rao, J. N. K. (1965). A note on esimation of ratios by Quenouille’s method. Biometrika 52 647-649.
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EMPIRICAL SUFFICIENCY IN NONPARAMETRIC POINT
ESTIMATION BY RESAMPLING TECHNIQUES

JINFANG WANG
Faculty of Science, the Graduate School of Chiba University

1INTRODUCTION

The classic Rao-Blackwell theorem states that an unbiased estimator can always
be improved by utilizing sufliciency, unless it is a function of a complete sufficient
statistic . One natural question then is that how we should proceed to solve similar
problems in nonparametric situations. Such kind of queston is meaningful even in
parametric cases where finding a suflicient statistic, not to say a complete suffi-
cient statistic, is difficult. I'u and Li(1990) resently proposed a computer-intensive
method on a parametric model , which, based on an arbitrary unbiased estimator,
constructs a completely numerical sequence with its limit the UMVUE. In this
report, we will attempt an even more ambitious objective of improving an initial
unbiased estimator, by confinding ourselves to nonparametric model, under which
the mathematical form of the population distribution is assumed to be unknown.
From this initial estimator, we hope to construct a numerical sequence with its
limit the theoretical improved estimator at the initial observed sample , by certain
resampling procedure utilizing the empirical sufficiency of the empirical sample
space at each resampling stage.

2. EMPIRICAL SUFFICIENCY BY RESAMPING SCHEMES
Suppose that F is an unknown distribution function, from which we have observed

an i.2.d. sample X = (X1,---, X,,). Assume that §(F) is our parameter of interest.
Let ® = [-M, M] € R', be the parameter space, where M is a sufficiently large
positive integer. Let 8§ = 6(Xy,---,X,) be an unbiased estimator. Our aims in

this study are to (1) improve the original unbiased estimator § ; and to (2)
estimate the variance of the improved estimator.

2.1 RESAMPLING AND EMPIRICAL LIKELIHOOD
Denote Xp = X and 6 = 0(Xp), to indicate that Xg and fg is the initial sample
point and initial estimate respectively. As the departing point, we discuss the
problem of estimating /7 under the initial constraint that §(F) = 6. Estimation
of I is made by appling the condilional mazimum empirical eniropy principle, by
which the distribution with conditional maximum empirical entropy is favoured.
Let W = (wy, -+ ,w,) represents a probability vector , ie., w; >0,i =1,-.- n,
and ) I, wi=1 Let Py = S, wib;, where & is the distribution function with
mass 1 at Xig, fori=1,--,n. The empirical entropy of ﬁw, denoted by H(ﬁw),
is defined by H(Fw) = Y I, [—wiln(w;)).

Draw (ki + 1) iid samples of size n from F; and denote them by X3 =X, -,
X7, oo, Xy, Let f = {Xg,---, X}, } denote the empirical sample space. Let
N; = H{ X}« Xf; € X[ and X}, = X;}. The empirical likelihood of the distribution
Fw at the sample point X}, denoted by 15, (X7), is defined to be Iz (X7) =

w
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H?=1 w}q;, where iy = Sor; widi. The parameter space @ = [—M, M] is finely
devided into m equally lengthed intervals, with endpo/i\nts Oy, = 0,---,m, and
fo being —M, 0, being M. Under condition that §(Fw) = o = 0, -, m),
we have, by section 2.2, a corresponding estimate of F. This estimate is denoted
by Fy.. Let 7% = log Is, (Xf), and 7%; = v, — 7). The information distance
between two sample pomts X! and X is defined to be p;; = 0, where ofj =
Ly o0 — %)% Wi = 557 Lm0 7. The contourization can be done by
some proper method of cluster analysis. The contourization is denoted by Q] =
[X8)1 U---U[X] |1, where, for example, [X7]; is the contour to which X7 belongs,
and 1 represents sampling stage.

2.2 CONDITIONAL EXPECTATION
DEFINITION  The first step improved estimator is defined as

L xe -ﬁ(xn

where §([X¢]1) is the number of points on contour [XO]1

Under condition that §(Fi) = 1, repeat above procedures For example, esti-
male F by %, and take ka(> ki) samples of size n from F and form the second
stage empirical sample space 3. Contourize 23, and denote [Xg]2 to be the con-
tour to which Xg belongs. Given contour [Xg]s, take conditional expection again
and we get the second stage estimate f,. Thus we get a numerical sequence of
estimate of 4, {6’1}, if we repeat the procedure endlessly. If the sequence of the sub
o-field mduced by the partition at each resampling step converges to a sufficient
sub o-field &, then this sequence of estimates will converge to the expectation of 7
conditional to S at Xg, where S is any suflicient statistic which induces sub o-field
G. If G is complete suflicient, then our improved estimator coincides with the
UMVUE. When the convergent sequence becomes sufficiently stable, we define
the estimate at stage s, f,, as our improved estimate. If the resampling procedure
is stopped at the s-th step, and 8, ([X31s) is defined as the conditional expectation

of given the contour [Xj],, then the variance of 8, is estimated by

—

> HIXS)(BXS)s — b2,

j=0

1
1)

where §(€27) and §([X]],) represent the sample points in the empirical sample space
§1; and contour [X}‘], respectively, I, is the number of contours, and

Var(d,) =

E . ﬁ [X X*] )

=0 5
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E{lo —Ix +1(8) %Ae’fffzaex — (A6~ A6x)TH A6}
B{lo — Ix + 1(8) + %AG’;QHAGX — 76TH AOx)
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= E{l(6)-A6TH A 6x}
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