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ON THE SUM OF A PRIME AND A SQUARE

By

Hiroshi MIKAwWA

1. Introduction.

In 1923 G.H. Hardy and J.E. Littlewood [3] conjectured that every large
integer, not being a square, may be expressed as the sum of a prime and a
square. Let »(n) be the number of representations of an integer n in this
manner. They further stated the hypothetical asymptotic formula; As n(# k%)
—)OO’

v
"(")N@(n)ﬂ{g?{

with

@(n):pgg(l— (;—f—l’l)

where (—) is the Legendre symbol.
Define &(k*)=0. In 1968 R.]J. Miech [5] proved that

(1) B [sm—smt (1+0(LEL2B" ) ¢ rogs-

for any A>0, from which it follows that
(2) E(x)< x(logx)=4

where E(x) denotes the number of integers n<x with u(n)=0. It seems dif-
ficult to sharpen the right hand side of (1). However (2) may be improved,
see [1, 9, 12].

A. I Vinogradov [12; p. 35] remarked that, for any >0,

E(x)<<x2/3+5

under the extended Riemann hypothesis. First of all we shall show

PROPOSITION. Assume the extended Riemann hypothesis. Then

(3) E(x)gx'*(logx)®.
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It is the main aim of this paper to prove the following unconditional
results.

THEOREM 1. Let 1/2<<O <1 and A>0 be given. We have

log logn
logn

5 |m—sm s (+ (

z-26nsx

2
))' &« x%*(logx) 4
where the O-constant is absolute and the < —constant depends on © and A only.

THEOREM 2. Let 7/24<6<1 and A>0 be given. We have
E(x+4x9)—E(x)<x(logx)™

where the implied constant depends on 6 and A only.

Our assertion may be regarded as a refinement of Miech’s work (1)(2), and
must be compared with a conditional bound (3). Within the frame of Circle
method, we appeal to the large sieve [7, 8] and R.C. Vaughan’s method [11;
Chap. 4] on Wey!l sums.

I would like to thank Professor Uchiyama and Dr. Kawada for suggestion
and encouragement.

2. Singular series.

In this section we collect the facts of &(n). For the proof, see 1, 5, 9, 12].

For integers ¢ and n, let p(g, n) be the number of solutions of the con-
gruence x*=n (mod ¢), and p, be the convolution inverse of o with respect to
g. Define, for Q=3,

= ©q)
2.1) &(n, Q)= EQ @) p:(g, n).

Then, uniformly for =,
(2.2) 8(n, Q)<log@.
Let 9 be the set of fundamental discriminants. An integer n may be

uniquely written as n=n,n,* with a square-free n,. Put

n, = if m=1 (mod4)

é(n)

4n, otherwise.

Thus, if n#k? then d(n)c®d. For d=d, the Kronecker symbol (d/-) is a

primitive character to modulus d. Let .L=.(T), T =3, denote the set of d€D
for which L(s, (d/-)) the Dirichlet L-function has no zero in the region:
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Re(s)=>29/30 and |Im(s)|<T. Suppose x>=<T. If d(n)e.L then there exists a
constant >0 such that

(2.3) &(n, Q)=8(n)+0(Q " exp(+/log x))
uniformly for n<x. Moreover,
(2.4) #{d: deD\L, d<dx} <xV¥log x)*.

Finally, for n=k?

2.5) () <<<5(n>L(1, ( o) )«

n

o(n)

3. A conditional estimate.

In this section we illustrate our device with the proof of Proposition. We
employ the Circle method [11].
Let x be a large parameter. We divide the unit interval by the Farey

dissections of order
Q=x"*(log x)*.

1 a 1
P LI S
e g qQ q+qQ]

For (a, g)=1, write

Put
M:U[ \J Ij.,  P=x/100Q,
gspP

‘P 0<asq
(o, =1

m=[Q", I+Q']\M.
We define the exponential sum

Wia)= 2 elam?)

m2sx

where e(t)=e?"*. By Weyl’s inequality, we see that
(3.1 We) < (5 +5""+a)loggx,
for la—(a/q)| <g~* with (a, ¢)=1. When acl, ., W(a) is approximated by

Vie)=q 'g(a, q)U(a— %)

where

gla, 9= 3 e(%mz) and (@)= % 92(%"2

m(q)

Actually it follows from [11; Theorem 4.1] and [12; p. 38] that
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(3.2) IW(a)—V(e)|*<q(logg)
for |a—(a/q)| <(4gvx)"'. In addition, we note that
(3.3) 1g(a, 9)1*<q,
(3.4) lv(B)1*<min(x, ||B]I7Y
where ||tl|:r;1€i?\t—n|.
Put
S(a)y= EI/I(n)e(a'n)

where 4 is the von Mangoldt function. It is expected that, for ac Iy 0, S(a)
is nearly equal to

T(a)= ﬂq)f(a—%)

@(q)
where
(3.5) 1p)= nZslme(ﬁn)<<min(x, 18I~
In order to show this, define 7
(3.6) J@=5], 1S@-T@da

where * in 3% stands for (a, ¢)=1. If ac],,,
- a
Ste)=T(@)=g(q)™ 2 Waye(h) ZHm Ae((a—-)n) +0(log x)").

Here # in 3f means that if X is principal then (n)A(n) should be replaced
by A(n)—1. When ¢<P, by [2; Lemma 1], we have

#

3 Am A(mye(fm)| dB+Q (log x)

ngx

J@<e@) 3 =@

181=1/4Q
<P 20007 3 xmAm)| dy+Q dlog .

y<n53ta0s2
On noting ¢Q@=<PQ=x/100, it is easy to show that the above integral is
LqQx(log x)*,
under the extended Riemann hypothesis. Therefore, uniformly for ¢<P,
3.7 J(@<Q x(logx)*.
Now, for n<x,

(3.8) > /I(n)zg;f-IS(a)W(a)e(~na)da:gM+gm.

l+me=n
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By Bessel’s inequality and (3.1),

3.9 n

SmS(a)W(a)e(— na)da[ "< Sm4 S(aW(a)|*da

<sup (W(@)l*| 15)1%)

L Qx(logx)?.
On ac= M we first exchange S(a) for T(a). Thus, by (3.1) and (3.7),

(3.10) ] SM(S(a)——T(a))W(a)e(*na)da|2

e

=5 5|, IS@-T@! W)

;‘4 ;(log x)J(q)

&xQ Ylogx)®.
Next we replace W(a) by V(a). On using (3.2) and (3.5),

3.11) = | gMT(a)(W(a)—V(a))e(—na)da ‘ ’

<sup [W@—V(@l*| I Tm)*dr

2 ﬂ<q> 2
<Plog PY3 lglﬁmwz(q) IR

< Px(logx)*.

Finally we extend the Farey arc I, to I, .=[(a/q)—(1/2), (a/q)+(1/2)]. The
resulting remainder is then equal to

312 =38 T@V@ed-nada
g, a g, a

gsPa=

5 e 8 500 (o (2 28

By Bre(—fn) 3 2*3 2O g0, gre(—n)d.

S!/Q<|ﬂ|§1/2 i (]90(4)

On using Cauchy’s inequality and (3.4), we have

Sinrss| el s,
o u(q) a_\|?
<<(10gx)gl/0<lﬂ|;1/zl (‘B)l (n<z q<Pazl gp(q) (a’ q)e(—?n)‘ >d{9




304 Hiroshi Mikawa
The large sieve inequality [7, 8] yields that

S iml*<dlogx)| u<ﬁ>r2(2 $ )| L0 g0, [ Vap

q/: 7¢(q)

1/Q<iB1s1/2

<(logx) 5 (x +op) @

(/’(17) Sl/aQ<lﬁr§1,/zit(ﬂ)!Zdﬁ

<logN)(x+PQ 5 110
<P ¢(q)
(3.13) LQx(logx)?.
Here we used the bounds (3.3) and (3.5).
It remains to calculate

(3.14) > %gl T(@)V(a)e(—na)da
q,a

gsPa=1

e p(q) _ e N\t e(Bltm—n)
‘1;1’"12’1 Q‘P( ) sta, (])é( q n)&—l/zzz,}mg 2vim dﬁ

The above sum is &(n, P) with the definition (2.1). The integral is equal to

1
122\/7— vn +00).
Hence, by (2.2), (3.14) becomes
(3.15) &(n, P)v'n +0(log x).

On summing up the above argument (3.9)-(3.15), we obtain

2|2 log p—8&(n, P)vVn 12€Qx(log x)*+x2Q " *(log x)*+ Px(log x)*

nsr p+m2=

(3.16) L x**(log x)'.

Now, the extended Riemann hypothesis implies that =9 the sets in-
troduced in section 2, and that &(n)>(log logn)™? for n+k* and n»1. By (2.3)
we then have that, for n+=4k2 (»1),

S(n, P)>»(log logn)™2.
Consequently (3.16) leads that

*logx)'> B | X logp—8(n, P)vn |*

nszr p+m2=n

=z 2 |8, P)I*n
z/2<nsr
»(7;);:20

> x(log log x)~ = 2(217.5.11
u n)
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or

s
Exngs 3 1+ 3 1<<‘l24<—;7>1 Z(logx log log x)*+x1/t

nszx 2
y =0 k2zx
nxk2

L xMi(logx)®,
as required.

4. Proof of Theorems.

In this section we derive Theorems from the known results mentioned in
section 2 and our main lemma below. Lemma will be verified in the next
section.

LEMMA. Let x be a large parameter. For given 1/2<O<3/4 and 7/12<
F<1, put A=y and y=x%. Write
vin, y)=£{(p, m): x—y<p=x, m*<y, p+m*=n},
and
n-(x-y)-3 di
K(n, ”‘S, 2+ tlog(n—1)"
Then, for any A>0, we have

3 lu(n, »)—8(n, Vy)K(n, v)1*<Ay(logx)™

r-d<nszx

where the implied constant depends on @, = and A only.

Proof of Theorem 1. Let .L=.C(x) in section 2. Choose Z=1 in Lemma.
Then, because of v(n, x)=y(n),

S lu(m)—8(n, vVx )K(n, x)[*<x% Jogx)™4

el
z2-2O0Tn s

for any A>0. We note that

Kn, x)= 1’(@ (1+o( & ;05"»

with an absolute O-constant. Combining the above with (2.3) and (2.5) we have

S= 2 wn)-8(mK(n, x)!*

r-20Zn<z
= 2 + . ,
s(myes o(nyed n=k
nxk?
» | = Vo )12 |2 = Y )2 n
«I“r@Eixw(n) 8(n, Vx )K(n, x)| —i—kr@;;él,:o(n) S(n, vx) logny
a(nyesr omyes
, sy (B
Frzﬁ%sz(y(n) +( logn ) n)+1719<222i1 V(k )
o(n
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&S um)—8(n, Vi )K(n, x)|"+x% sup |&(n)—&(n, Vi)l?

~z20n<x <
FraTenE smyers

S(n) \e
i (1 +5<%1é2_f logn ) )d%%;\xf Ifax(%zlfi”l
nxk or d=1
, A\ |- A
<<x9“(10gx)"‘+x(1+gsg§ (1, (%)) 2)(1+dd€§g§&1)x6-1/2.

By (2.4) and Siegel’s theorem [10; Kap. IV, §8], S becomes
&L x%*Ylog x) 44+ x0* 123 (xe) 1+ x4 (log X))
L x8 (logx) 4.
Hence we obtain Theorem 1 in case 1/2<@<3/4. If 3/4<@<1, Theorem 1

follows from the case of @=2/3, by splitting up the interval (x—=x%, x] into
the sum of smaller intervals of type (¥—u?® u].

Proof of Theorem 2. Put §=65F in Lemma. Then, 7/24<0<3/4. 1t is
sufficient to prove Theorem 2 for 6 in the above range only. Since y(n)=0
implies v(n, y)=0, Lemma yields that

e e, VYK (n, y)|*<yx(logx) 0.
Faie®

Here, K(n, y)*<y(logx) % Thus,
1< x%logx)“*(logx logx)?

r—x

|
=
z‘(n)EJJ

by (2.3) and (2.5) with .£=.£(x). Hence, by (2.4), we obtain
E(x)—E(x—x")< > 1+ 21

z—20nsz z—zl0<nsa
y(n)=0 o(nye&L
s(nyes

&x%logx) 4+ P (x7-1241)

dsdrx
dED\ L or d=1
& x%(log x)"4+x"*(log x)™*
< x%(logx) ™4,

as required.

5. Proof of Lemma.

Put
S(a)=1_ > re(ap).

y<p=
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And we define the exponential sums W(a) and V(a) by the similar way in
section 3, except for changing the parameter x in section 3 by y. The Farey
arcs are determined as follows:

Q=y"*logx),
M=y U L., L=\ \U I, P=(logx)*
qsP o<a;=1 gsP ofg)gql

m= U U Iq,ay RZJ’/Q
PLgsR 0<a<g
(a,¢)=1

n=[Q Y 1+Q'N\NMUm).

Here I, , and I, , are similar to that in section 3. We then have
1+Q-1
v, =" S@W(@e(—na)da
=g SV—S sv+g SV+S S(W—VH—S Sw
L L\M m Mum n

=/i—J:+J s+ .+ ]s say.

First we evaluate /,. An elementary calculation leads that

Jim=| S@V(@e(—nayda
=2 5 SHmS(%Jrﬁ)cz“g(a, q)v(ﬁ)e(—n(i +ﬁ>>dﬂ

B a el(a/qQ)p) _
= 9 'g(a, q)e(— ;n>1_y<lj S_l e(f(p+m—n))dp

g=Pa=1 < 2~ /

Y e el(a/9)p)

—QSPagl(] g(a’ q)e( 71) —y<p<n 2\/7-1:?5

— g c(pt+m? in)
q=P T—y<p<n 2\/71—

m(q)
62 =503 2 w(D) T e 0.

qsP mm(d,vn;izlgn)q d = nyxnf<(n 2\/7’1 ])

On using partial summation, the innermost sum is equal to

K(n, y)

(5.3 o)

+O<l+ sup sup ¢71/2

=11lgtsy

P logp—?(l&yl)-

n—tsp<n
02505

We now appeal to the well known result on primes in arithmetical progressions
[10; Kap. IX. §3]. It follows from [10; Kap. Vil. Satz 6.2, Kap. IV. Satz 8.1]
zero free region and [4, 6; Theorem 12.17 zero density estimates for the Diri-
chret L-functions that, for given positive constants ¢, £ and F,



308 Hiroshi MIKAWA

. Y
X< IE)Z‘ Ylngv (k)

Lk

+0Y (log X)"E)

uniformly for ([, k)=1, k<(ogX)" and X"***<Y <X. Hence the O-term in

(5.3) is at most
yl/‘l(logx)—all—l)

and contributes to (5.2)
<<y”2(10gx)’3“‘“q§Pr(q)q
L y¥(log x)~* 4" P¥(log P)
L ytrp-t,

On combining this with (5.2) and (5.3) we have

m(g)

(5.4) Jin)=K(n, y)Zq'l by d%[ ﬂ( ) o +O(yEPY.
, m2-n)=1

Notice that the above sum is

#(q) . o p(g) _a
65 Zils B -m=smn Pi=3 8-E0 e 0 )

We widen the range of ¢ up to vy . Let J,(n) be the resulting cost.

employing the large sieve inequality [7, 8] and (3.3),

o Mg a
PYEST ’LEI qgo(q) -g(a, n)e( p n>

2

= N SumP<K(n, y7 - %

r-d<n<sz ~d<nszx

<togx)” 1 Batevy)|-Elogta, of

A :
< y(iogx>'2<ﬁ+‘/y )qu,%%

(5.6) LYAP V).

In conjunction with (5.4), (5.5) and (5.6) we obtain
(5.7) P%qijl(n)—@(n, VYK (n, )P AyP 14?2,

We proceed to J,. On using Cauchy’s inequality and (3.3),

]z(n):SL\MS(G)V(a)e(—na)da
g% » a /a ‘
=580 w@oe(=gn)| L S(GB)Be—npp

q
2>1,’2

Sl/qQ/w’M €1/2 (%+ﬁ>

<<P(E gt E

qs<P a=1

On
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By Bessel’s inequality and (3.4), we have

S JdmlraPt g 9

z-A4<nsn a=1g1/‘1Q<I:@L§1/2

(&) 4

<<P2Q2 % Stﬂ|g1/2}5<%+‘8>‘2dﬁ

gsPa=1

(5.8 < P*Qy(logx)~*.

309

Next we consider J,. Changing the order of summation and integration,

we use Cauchy’s inequality and (3.4). Thus,

Jim={ S@V(@e(—nada

P<¢1§Ra=lgw51§1/q(\?

SlﬁlPle

R
181gQ=1
or
AE [ Js(m)|*
z-d<nsz
&, a e
<<<]0gx)S|B|PQ51z—A<;:sx 1%’%5“:1(] g(a’ qJS(q +lg>e< 71)’ d‘B

The large sieve [7, 8] yields that

S /s <(logx)|

z-d4< |BIPQ=1 |

P<gsRa=1

P
8

L(logx) X QE*JSIIHIQMQ(%'{’R)‘S<%+’8)’2d‘8
S

(5.9) L(AP'+R)y.

We turn to J,.

x_dggu‘l(mv:x_kzw|SMWS(a)(W(m—V<a>>e<—na>da 2
<[, IS@I*1W(@—V(e) | *da
«Rlogxy| 1S(@)*da
(5.10) L y3iE,

by Bessel’s inequality and (3.2). Similarly, by (3.1),

S( +8)asa, guipre(—n(+8))dh

v(Ble(—np) P<§ :élq—lg(a, q)S(%— +ﬂ>e(—%n>dﬁ
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S = % SS(a)W(a)e(—na)daz
z-4<nszx z-d4<nsz|Jn
éS"lS(a)W(a)lzda
<<(%+Q)(Iogx)SnIS(a)|2da
(6.1D < y¥?(log x).

In conjunction with (5.7)-(5.11) and (5.1), we have that

2 _ lv(n, y)—&(n, vV y)K(n, I*<AyP'+PQy(log x)'+ Ry+y**(log x)

z-d4<n

<<AyP—1+P4y3/2

<Ay(log x)™4,

as required.

This completes our proof.
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