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　　　　　　By

Moto-o Takahashi

　　In this paper we shall give an alternative proof of the thorem of .Birman-Hilden･

Viro (the following theorem (i), (iii), (iv), c｡f.［21，［3], [6工）。

　　Theobem. (i)Ｅｖｅｒｙ　ｃｌｏｓｅｄｏｒｉｅｎtａｂｌｅ３一斑四辺ｏｌｄ Ｍ ｏｆ Ｈｅｅｇａａｒｄｇｅｎｕｓ　＜1

is homeomorPhic tc･the 2-か/ぱbranched a･回ｒ治産頑αａげ53 withαJ-bｒｉｄｇｅ

Ｚ治ゐ£as its branch line。

　　(ii) In pattic�匹if M isαみｏ�りgy sphere, then L is a kn此（話ｍ≒gｕｇ･

ｒ�ly L isα屈ｄび’話臼･�ａり/リhe I'd前回が凹�加回心£≒group of M is odd.)

　　(iii)Ｔｈｅｒe iｓ ａｗ　ａｌｇｏｒithm　tｏ ｃｏｎｓtｒｕｃtＬ 戸ｏｍく，:ａ Ｈｅｅｇａａｒｄｄｉａｇｒａｍ　of）Ｍ。

　　(iv) M iｓ ｋｏｍｅｏｍｏｒphic tｏ Ｓ川がL iｓ the tｒiｖｉａｌknot. (At�hence there is

ａ�卯パthm to decide whether M is 5^ or not.)

　　(v) Each equivalence class of飯田卯α�抑/訴訟がdeterminesαunique knot

り鋤。

　　(vi) L is no丿uniquely detef⌒mined by M.。（£直向�s on a Heegaard splitting

げ託）

　　Remabk 1. (iv) is proved as follows:　If M is homeomorphic to ｙ， then hy

（i）S3 is the 2-fold branched covering of S3 with ムａｓ its branch line。This gives

an involution of S3 with fixed points £。By the result of ［81，£ｍｕｓt be ａ trivial

knot。Whether L is ａ trivial knot or not is decided by the algorithm of Haken in

［9］。

　　Remaek 2. (v) is proved in Theorem ８ in ［3］ａｎｄ（ｖi）iｓ proved in ［5］and

［10］。

　　In the following we shall prove （i）。

　　Suppose that M is ａ closed orientable 3-manifold of Heegaard genus <2. Then

Mhas ａ Heegaard splitting of genus 2. Hence we may suppose that M is obtained

by pasting suitably surfaces of two handle-bodies of genus 2. (See the figure 1.）

　　In this pasting let the loops ｄ≒　ｅ≒　/'on Ml correspond to the loops d, e, f on

M2. In this case we may suppose that the loops ａ， &，ｃ and the loops ｄ≒　ｅ≒　ｆ

intersect transversally in only a finite number of points。

　　Moreover we may suppose that there is no section of the loops which bounds
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2-disk, since it can be eliminated by the isotopy deformation of the figure 2.

　　Now let us divide Ml into two parts （願゛ａｎｄＭＩつby the meridian disks a,

P,　Ｔ,whose boundaries are　ど1,b, c, respectively。yＷ首and　7ば1- are　3-disks。 On

their surfaces, the sections cut by a,β, r> and the arcs cut by α, b, c are drawn。

　　Now the number of intersection points of ボ, e', f and each of ど1,b, c on Ml

is even。　For, each　loop a, h　or　c　is　partitioned by　three intersections into the

parts corresponding to μｙａｎｄ the parts corresponding to Ａﾀﾄﾞalternatively。（湿に

and M2~ are the parts corresponding to 在ね-　alternatively。　（yＷにand　M.- are the

upper and lower parts of Aﾀﾞkrespectively｡）

　　Let the number of intersection　points of ぶ, e', f and each　of　ど% b, c　be 2a，

2b, 2c respectively。

　　Consider the charts drawn on 部首and Mr. Two kinds of these charts are

possible, as illustrated in the figure 3-l and 3-II。

　　Here ｌ in Ａがl‘in figure 3-］［shows the number af arcs connectingβand -/,etc.

Also, for example, α゛ａｎｄor are two sections cut bｙα。

　　As in the figure, ぷ，y，ｚ，x', y', z'･are expressed by a，み，Jand in either cavse we

conclude %―%', y ―y', z―z'。

　　Rbmask. We may exclude the case where Mi+ is］レtype and Ｍ１- is Il-type。

For, in this case, from x―b十丿一ａ≧Ｏ and ｙ＝ｊ一心一ど≧O follows that ぷ＝ｙ＝O。

　　Now　since　ぷ゜ｙ，アニメ，ｚ ゛ｙ in either case the charts drawn on ﾙﾀﾞﾐ1 a゙nd on

Mr may be considered as the same。For convenience we may assume that each

of a,β，γiｓ ａ circle and the intersection points divide these circles equally。

　　Ｌｅtび:願゛一一’ﾙﾀr be the orientation preserving motion by which the chart
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drawn on Ml"*‘is transformed into the one drawn on Mr.

　　Moreover, the cuts of α，β,r intoα｀l’，β九戸and a~.β-，ｒ determine ａ corre･

spondence ゛of �‘，β九戸on ikf*-and α‾，β‾，ｒon Mr｡　’Ｗｅ may suppose that the

correspondence ７ is ａ motion and orientation reversing。

　　Then the correspondences

　十　び　　－　ｒ‾1　十
α　－→α　-ぺ

肘二剣ニソ

　　　(7　　　ｒ‾1

γ＋＿__４.γ－＿__.争γ十

are the motions which map ａ九β九戸into themselves and orientation reversing。

]日[encethey are symmetries with respect to proper symmetric axes。

　　Now we show that these symmetric axes are diameters passing through the

intersection points。
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　　　Only　the　following　two　cases　l　and　II　in　figure

numbers of intersection points are even。But we must

impossible.

tion

4 are possible,

show that the

since the

case II is

In the following we consider the following example of the figure 5 for illustra･

１

舒
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　　　　　　　　　　　　　　　　　　Fig。5.

　　Suppose that the loops ぶ, e', f on Ml are as shown in this chart。If we cut

Ml through α，β,r> we have the figure 6.

　　　　　　　　　　　　　　　　　　M-S　　　　　　　　　　　　　Ｍﾐ

　　　　　　　　　　　　　　　　　　　　　　　　Ｆｉｇ。6.

　　　1f we consider　only the surface　of Ml, this is the 2-fold branched covering

space of S2 with the branch points 1，3, 5, 8, 11, and 13. (See the figure 7.）

　　　We show that on the base space Ｓ２，these three loops become simple arcs ｃｏｎ･

necting six branch points。Then our claim will have been ｐｒｏｖed。

　　　Suppose that this is not the case. Then on the base space Ｓ２，these t］hreeloops

become one loop and one simple ａｒｃ。（Ｏｎｌｙthe two cases are possible since we

are considering three loops on the torus of genus 2.）

But if so, this loops divides S2 into two parts and also on　the　torus of　genus　2，

two loops on this loop divide this torus of genus 2 into two parts.　But　retorning

back to the first (figure 1) neither two loops among ｊ，e, f on Aもdivide the ｓｕｒ･
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face　of ｊ鴎　into　parts,and　we　have　reached the contradiction。Hence we have

proved our claim。Hence six branch points are intersection points｡

　　Now let us construct the link（ｋｎｏtin this case) as shown in the figure 9，

This link L constructed is of three bridge type f｡ｇ。alink with 3 upper paths and

3 lower paths。

ノ

　　　　　　　　　　　　　　　　　　Ｆｉｇ。8.

　　Next we shall show that the given manifold 訂is the 2-fold branched covering

space of S3 with this link £as branch line。

　　For this end we 趾st study 3-bridge links in general。 Given ａchart of 3-bridge

Ｃ

μ

Fig. 9
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link L as above、consider the curve obtained by connecting A、Ｂ、Ｃ、Ｄ、Ｅ、Fon a

plane with upper paths slightly above the plane and lower paths slightly below the

plane after the chart. This curve is ａ realization of £.
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　　　　　　　　　　　　　　　　　　　Fig. 12.

　　The above explanation, which was considered in 3 dimensional Euclidean space,

can be translated into the one which is considered in S3 as follows.

　　Let S3 be divided by S2 into disks £)i and Ｄ! and let six pointsｙ1，B, a D,

瓦Ｆ be on this 5^. Moreover, suppose that three simple arcs ♪。7，ｒ connecting

two of ふB, a D, E, F are drawn in に尺and that these are unknotted and ｕｎ･

linked to each other。In other words this means that 3 disjointsimple arcsｃｏｎ･
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necting A, B, a£)，£，Ｆare drawn on the S2 and then ３ simple arcs passing near

these arcs are drawn　in　£)仁　Moreover suppose　that 3 simple arcs s, t,u are

drawn in Z)! similarly。

　　The link £is the union of these six simple arcs p, q,ｙ，ｓ，　t，　ｕ.

　　Now let M* be the 2-fold branched covering space of Ｓ３with £as its　branch

line, and let us construct ａ Heegaard splittingof 血1＊｡

　　　　　　　　　　　　　　　　　　　　　　　　Ｆｉｇ。13.

　　　Since£consists of six arcs p, q, r, s, t, u　and p, q, r are　in　£)i, and s, t, u

are in £)!, M* is the union of the 2-fold branched covering space Ｍ１＊of£ﾘ! with

P, q, r as its branch line and the 2-fold branched covering space y鴎＊of Z)! with

ｓ，Z，ｇ as its branch line。This gives ａ Heegaard splitting of M* of genus 2.

　　　Moreover a*, b*, c* and d*, e*, /* of the above figure correspond to the　meri-

dian loops a, b, c of figure 1.　Let these be α＊＊，Z,＊＊，Ｃ＊＊，j＊＊，g＊＊，/＊＊.Ｌｅt j＊＊/，

召＊＊≒/＊＊/be loops on Ml* corresponding to j＊＊，ｇ＊＊，y＊＊bｙ sewing。

　　　For example, in the case of the link of the figure 9， the chart is as in figure 11 :

　　　]Moreover ａ＊，βY 0 Sり＊ｂｅｃｏｍｅ meridian disks (X ,β＊＊，γ＊＊，δ＊＊，s＊＊，η＊＊

on the branched covering space.

　　　If we cut M1＊ａｌｏｎｇα＊＊，β＊＊汀＊＊(ｃ｡f. the figure 10) we obtain the figure　12.

(The oblique lines show cut ends.)

　　　These cut ends are corresponding on Ｍ１＊4' and Ml*" symmetrically to each

other.

　　　In the case of the link of figure 9， we obtain the　figure 13. But　this　is　the

same as the figure 6. This shows that the given Heegaard diagram is the same

as the one obtained as above and hence that M and M* are ｈｏｍｅｏｍｏｒphic。Ｑ｡Ｅ｡Ｄ。
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