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A NOTE ON 2-STABILITY
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By

Kazumine MORIYASU

By Mafi¢ [2] and Palis [3] it was proved that £-stability of a C'-diffeo-
morphism of a compact boundaryless manifold implies Axiom A and no cycle
conditions. The converse was already proved by Smale [6]. Our aim is to
give a simple proof for the following Smale’s theorem.

THEOREM. If a C!-diffeomorphism of a compact boundaryless manifold

satisfies Axiom A and no cycle conditions, then it is Q-stable.

Axiom A is defined by the following (1) the non-wandering set £2(f) is
hyperbolic (i.e. there exist a Riemannian metric {, ) and a continuous splitting
ToyM=E*BE* such that Df(E°)=E°, 0=s, u and |Df|zs|<2 and |Df ™| zul
<2 for some 0<A<1) and (2) the set of all periodic points, Per(f), is dense in
Q(f). By Axiom A condition £(f) splits into the finite disjoint union 2(f)=
02,0 UR, of closed subsets Q; so-called basic sets, such that for 1</<%k
f(Q)=2;, Per (flg,) is dense in £, and f|g, is topologically transitive. The
cycle condition is defined as follows: there exist n=1 and {£;;}}-C{£2:} such
that Q,#2;, (0=<j+#I<n), Qi,,, =8 and W(Q )NW*(Q:,, )#¢ 0=j=n).
Here W*(2;) is denoted by W(Q,)={y=M:d(f™(y), £:)—0 as n—co) and also
W R)={veM: d(f™y), £:,)—0 as n—oo} where d is the metric on M induced
by the Riemannian metric. For the space Diff}(M) of C'-diffeomorphisms with
the uniform C!-topology, f<Diff'(M) is called £2-stable if there is a neighbor-
hood U(f) in Diff'(M) such that every geU(f) is £2-conjugate to f.

If compact f-invariant set A is hyperbolic, then there exists ¢,>0 such that
Wix) is a Cl-submanifold, T W9 x)=E°(x) and W9(x) varies continuously with
x (x4, 0<e<e, and g=s, u), and such that there exists 0<<4,<1 such that
yeW: (x) (x=4) implies d(f(x), f(y))=Ad(x, y) and y=Wi(x) (x&e A) implies
d(f Y x), f Y yN<Aed(x, ). Here Wi(x) is denoted by Wi(x)={yeM:d(f/(x),
fi(y)<e, 720} and also We(x)={xeM:d(f(x), f(y)=<e, j20}.
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Using Axiom A condition, we can check that there exist neighborhoods V
of Q(f), «(f) of f and ¢>0 such that for geV(f) and x, y& N g¥(V) if
icZ

d(g¥(x), g'(y))<c for i=Z then x=y (this remark will be discussed in the last
part). For ¢>0 small enough there exists 0<{y <& such that d(x, y)<r(x, y=2(f))
implies that Wi(x)N\W#¥(y) is one point set and its intersection is transversal.
By A-lemma we have Wi x)N\W¥(y)e£2(f) which ensures that there exist a
neighborhood UCV and 0>0 satisfying the following : for every d-pseudo orbit
{x:}cU (.e. d(f(xy), x:41)<0 for all /=Z) there is a unique point x<AM such
that d(fi(x), x,)<e (¢&Z). In fact notice that x=Q(f). Therefore N fYU)=

ieZ
Q(f) holds and f has a filtration for £(f) (i.e. a sequence ¢=M,CM,C -
CM,=M of smooth, compact codimension 0 submanifolds with boundary of M
such that f(M;)Cint M; and N f*(M;—M;_.)=8;) (see [6]). Thus Q(f) coin-

neZ
cides with the chain recurrent set R(f) (which means the set of all points x

such that for a>0 there is a finite a-pseudo orbit {x,, x,, -+, x,} with x,=
Xp=x).

Choose a neighborhood U(f)c<V(f) of f in Diff'(df) such that max d(f(x),
M
g(x))<dé and R(g)cU for every g=U(f). Then we have R(g)C N g%U) be-
ieZ

cause R(g) is g-invariant set. Let x& N g*U), then {g%(x)} is a d-pseudo orbit
ieZ

of f. Thus there is a unique point A(x)ER(f)=8(f) such that d(f(h(x)), g¥(x))
<e¢ for i=Z, and then h: N g'(U)—>R(f) is injective and heg=/f-h holds. It
iz

is not difficult to see that 4 is continuous. By Hartman’s theorem we have

#HlxeM: f"(x)=x}=#{xesM: g™(x)=x}<c for m>0 and g=U(f). Then

R(fYy=h( N g*U)). Since h is a homeomorphism and Per (f) is dense in 2(f),
ieZ

we have Q2(g)=R(g)= _f\zgi(U).
S

Finally we explain the above remark. Since f satisfies Axiom A, there is
m>0 such that for xQ(f) and v=T M, [Df*w)|=6]v| for n=m or n=—m.
And there exists an extended continuous splitting TVM:ES@E “, Then we can
find a neighborhood </(f) such that for g=cV(f) and x=N\pg'(V)

Ass A ~ ~ ~
ng’”z( qsu Auu) D B ()PEY(x) —> E(gm(x)DE (g™(x))

Bss Bus . - N -
ng"":(gsu Buu>: Es()pE“(x) — E(g™™(x)DE*(g~"(x)

[A*|<1/5,  [A**1=5,  [B*™|<1/5, |B¥|=5



A note on £-stability 349

max} | A, |A™], [ B*], IB*]|}<1/5

where |E|=[E"'|"'. Since gi(x)V for |7|<m, when |2*|=|v*]| for v=v°+v*
eEs(x)PE*(x) we have [[v]|<2]v*| and then

IDgm W= A"+ A @*)+ A ")+ A*“(™)
25]v* =l /5+ v 11/5)
z4{v*| 22|v] .

For the case when ||v*[|=]jv*| we have also |Dg ()| =2/v].
Take and fix ¢>0 such that e(l+K+ - +K™ 1)<1/2 where K=
sup {iD.g|: xM, gev(f)}. Then there is ¢>0 such that for gEc(f)

lexpgic,yo g7 exp. ()= D g’ WlIZellv]  (x=M)
whenever [[v[[<c¢ (6=1, —1). Let geV(f) and x, y= N giV). Then we as-
ez

sume d(g'(x), g¥(y))<c G=Z) does not ensure x=y. Take § with 0<d=<c,/4
where ¢;=sup{d(g*(x), g'(y)):i=Z}. Obviously ¢,—d<d(g*(x), g*(v)<c, for
some k=Z. Putu=g*(x), v=g"*y) and w=exp;'(v). Then ¢,—d<|w|=d(u,v)
and |[Dg"(w)|=2|w| for some |n|=m. We deal with only the case |Dg™(w)]
=2|lw| (because the case [Dg~™(w)|=2|wl follows from a similar way). Since
lwl=d(u, v)<c we have |expziuegoexp,(w)—D,g(w)|<e|w|, from which
[Dug(w)| Sci(l+¢), and [lexp;i,,°g®-expu(w)—Dug(w)|<cie+Kee=ce(1+K).
Since lexpie,, g% -expu(w)| = d(g*(u), g%(v)) < ¢, we have 1D, g¥w)] <
¢(l4+-e(1+K)) and by induction we have 2[w|=<D,g™(w)|<c(l+e(1+K+ -
K™™1). Consequently ¢,—d<||w]<3c,/4, i.e. ¢,/4<d which is a contradiction.

REMARK. By the same method of the above proof it is easily proved that
Anosov diffeomorphisms are structurally stable. In fact, an Anosov diffeo-
morphism / has the pseudo orbit tracing property and every diffeomorphism in
some neighborhood of f has the same expansive constant.
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