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Introduction.

Let K be a p-adic field, i.e., a finite algebraic extention of Q,, where p
is a rational prime number. We denote by O the maximal compact subring
of K, by 7Ok the ideal of nonunits of Ox and put ¢g=#(0x/x0%). We denote
by | |x the absolute value on K normalized as || x=¢"'. We normalize the

Haar measure d X=|dxi/\-Adxylx on K* by volOp)={  dx=1.
K

We denote by Ox[x,, -+, x,] the polynomial ring of n variables over Og.
For a polynomial f(X)=f(x,, -, x.)EO0x[x1, -, %], J. Igusa proved that the
integral

2/9=], 1FXOIkdX  (s20)
is a rational function of {=¢°(see [[-4][I-5]), and we call it the Igusa local
zeta function (abbrev. I. L. zeta, in this paper) attached to f(X) after J. P.
Serre. When the polynomial f(X) is a relative invariant of an irreducible
prehomogeneous vector space, it has interesting properties, and it is explicitly
calculated for some regular prehomogeneous vector spaces (see [I-3D.

We abbreviate “a prehomogeneous vector space” as a P. V. (see [S-K]). In
this paper, we shall consider the nonregular case. M. Sato and T. Kimura
proved the following proposition ([S-KJ, §4, Proposition 18).

PROPOSITION. There is a one-to-one correspondence between the relative in-
varianis f(X) of P=(GXGL,, oA, Vin)QVn)m>n=1) and the relative
invariants f¥(X*) of P*=(GXGLn_y, p*Q@A;, Vim)*QV (m—n)). Moreover, there
exists a positive integer d for each f(X) such that degf(X)=nd and deg f*(X*)=
(m—n)d. If f(X)isirreducible, then f*(X*) is also irreducible. Here, p* denotes
the contragredient representation of o on the dual space V*(m) of V(m).

Here, P and P* are called the castling transforms of each other. All non-
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regular irreducible P.V.s with relative invariants are obtained from (GL,X
Span XSO, IQRQA,RA,, V(6n)) by a finite number of castling transformations.
Moreover, J. Igusa proved the following formula (see [1-2]):
D) Z#;48)/ Zs ()= n<jam-(1)/A—q77t%)  for n<m—n,

where Z;(s) (resp. Z*;.(s)) is the L. L. zeta attached to f(X)(resp. f*(X*)) and
we put (j)=(1—¢ %) for j&Z. Therefore, it is enough to comsider the I. L. zeta
associated with the nonregular irreducible P. V. (GL;XSps, XSO5, ORA,R 44,
V(6n)), i.e., we shall consider the explicit form of the L. L. zeta Zg(s) attached

to the quartic invariant P(X) of our P. V. and check some conjectures on the
1. L. zeta’s.

§1. Computation of Zp(s).

We shall review an integration formula given in [K] for the L. L. zeta
Z;(s) attached to a polynomial f(X)=Ox[xy, -+, xnl.

PROPOSITION 1.1. (Integratson formula, [K]). For 1=mZ=n, put
Di=1{(xy, ) Xicry iy Xigry o5 Xm)E=O08] (x4, -+, x)ET0% Y,
then we have
@ ZA)=B | ol F ey o, Ao, R ks s Rekim Sy - £0) e
AR x A Adxi s ANdANdx i N Ad X N Nd X k.
LEMMA 1.2. For positive integers d and m, we have
[, |18 mr1da=1)/A—g "9,

This lemma is well-known and easily proved. When the polynomial f(X)
is homogeneous of degree d with respect to the m variables xi, -, *m, then
the integration formula (2) can be expressed as follows:

(B Zi(s)=[()/(A—g ™ ]IZTg P Z;s i(s),

where we put
Ze =\ 1@, oy w1 i o o, o )| X
K

We identify the representation space V(6n) of our P. V. with the totality
of 2nx3 matrices M(2n, 3). Then the action p=0Q 4R, is given by o(g)X
=aAX'B with g=(a, A, BYSGL,XSp.n XSO, and XeM(2n, 3).

For XeM(?2n, 3), put

0 1.
P(X)=(—1/2r{(*X]JX)?} with j:( o )
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This quartic form P(X) is a relative invariant of our P. V. In fact, we have
P(p(e)X)=(—1/2)tr {["(@AX"'B)J(a AX"'B)]*}
=(—1/2tr{la®B* X (*AJA)XB~ 1%}
=(=1/2tr}[a*B("X] X)B~)]*}
=a'P(X) for g=(a, A, B)&eGL,XSps, XSO;.
Any relative invariant is of the form ¢P(X)™ with some integer m and nonzero
constant ¢. One can see easily that, for X:(;) with x=(x;;) and y=(y,,) in
M(@2n, 3), we have
@) P(X)=X i Dpad(®; 4, NI

where we put d(k; i, j):det(x“ y,”-).

Xrj Vrj
Now we apply the integration formula (3) to our local zeta function Zp(s)

with respect to the 3n variables x=(x;;). Then we obtain
®) Ze()=[A)/A—¢*"") ]S 1cian. jm1,2,5q BE D7, 0 (s).

we introduce the notations x(; ;,, ¢, ,» and yep for 1<i<n, 7=1, 2, 3, as follows:
X, Is an nX3 matrix of the form x¢; j,=(x,, x,, x5) with =7 x1z, -,
TXi-1, s Liky Xoga,k, 0, Xqp) Where ti, is mxq, (resp. 1, x;,) when 1<2<J (resp.
k=j, j<k<3).
X, 5 1S an nX3 matrix of the same as X, j» except the j-th column vector

which is ‘0, ---, 1, -+, 0), and y;,=(y,s) with ¥.;=0 for all ». Then, with
these notations, we may express

©) Zra ()= 1, | PGl ) KX,

LEMMA 1.3. In the right hand side of (6), we can replace P(x¢ j»|y) by a
simpler polynomial P(Z¢ ;5| v) in a smaller number of variables, i.e., we have

Zp(i,j)(s):gosn|P(f<i,j>|y(j>>[§<dX-
p4
PROOF. We put

A 0
Awwz( ' o )EM(Zn),
0 ‘*A7

k
where A,=(ay, -, ay, -+, a,) with a,=%0,---,1, -, 0) for k+i, and q;=

t
(_nxlj} Uty T aAX g1, 1: —Xit1,5 _xﬂj)'
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Then this 2nX2n matrix A% is an element of Sp,,. We define a map
¢ from O to itself by e(X)=A%?X, then the map ¢ gives a measure-preserv-
ing analytic homeomorphism of O% to itself, and ¢(xu. ;1Y) is of the form
(Z.pnly). Since the relative invariant P(X) is invariant under the action of
Spen, We have

Zrat.($)=] 1P (Eeepl M5 X.

Similarly, we have

[ sl PGcin D1dX= 1 PG nl vl ied X
K Ok

)eszn, where A,=(b,, -, b, -, ba) With

by the action of 71“'”:( il" 10
2

n

bo=H0, ) — iy o, 0) for ki, and bi=t(—ij;, =, —Vis s —In)):
Q.E.D.

Now we shall consider the partial integral Zp¢..,(s). Applying the integra-
tion formula (3) to Zpu, »(s) with respect to the 2n variables Vis, Yns, Yn-1.2
Va-1.3 ", Y12, Y1s i0 this order, we have

) ZP(i,l)(S)z[(l)/(l_q_zntz)]z};:lq_g(n_k)[ZP(i,l)(5>(k,2)+Q_IZP(i,1)(S>(k,3)]-
In the right hand of (7), we put

Zpi. 1(8)r, 1=\ ¢n | Ap n(3)+ By a(x, 27 %dX,
Ok

where we put
=y5+y30E<k=n)
Ap a0 =14v8(k=i, h=2), 14+=x*y{(k=i, h=3)

=n’yi+ntyi(1<k<i, h=2,3)
and

Bn(x, y)=n2421d(l; 2, 3)-+20zdU5 2, 3)

4d(k; 2, D+ rsdl; 2,3) (<kEn, h=2,3)
Bz, »)=aXi5d(; 2, 3)

+d(k; 2, 3+ trndd; 2,3) (k=i h=2, 3)
Bra(x, y)=a3421d(; 2, +rd(k; 2, p+rSiad(h; 2,3) (1=k<D).

Here we define
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X k2 1

d(k; 2, 3)2=det( ) and d(k; 2, 3)3-—-det(

Xrs Ve X ks 1

Now we put

Zl<s>=§ Iy 2kl da AdyAdY |k,
K

o

Z(9)={ ), 114245 1k dx Ady |k,
and
Z()={ s 11427425 k1 dx A dy &
Then, by a suitable change of variables, we have
Zea(S)e,=21(s)  (+1sk=n,[=2,3),

Zpci.1(8)ci, r=24(8), Zpi 1 (S)a n=24(s),
and
Zpi,1(S) e, n,=12Z\(s) Aksi—1,1=2,3).

For example, we put
Zrs=Br()=—xpst+ -, for i+1<k<n,

then we have
ZP(i,l)(S)(k,z):Soa [yd+yid+Edl%ldyeNdyuNdE ]k
x

:Zl(s).
Therefore, we have, from the formula (7),
@) Zpi 1 x()=[)/A—g ") IX[A- Z:(s)+q 2" P(Zy(s)+q7 Zy(s))]

where we put
A=[2n—20)+(2i—2)g 22107 /().

Similarly, we have
(9 Zpc,ox()=[1)/A =g *"*)IX[A- Zi(8)+¢ 7> (Zo(s)+¢7H)].
(10)  Zpe.ox()=[Q)/A—g ") IX[A- Zi(s)+¢7* " D(Z(s)+¢™H].
Therefore, by the formulas (5), (8), (9) and (10), we have
(A1) Zp(s)=[1)*/A—g7* )1 —g* ") ] X
[B-Zi(s)+q7* ™0 C(Zu(s)+q7 Z(s)+47")],

where we put

Xre T)ke )

117
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B={[()—@)g~* " P +(2)g™*"** ]+ [(2)g ' —R)g~"+(L)g~*"Jg7*"e*}/(1)?
and C=(14+¢"")(n)/(D).

LEMMA 1.4. We have the following formlas.
(@) Z(s)=M)(1—q¢7°t)/A—qg 't)(1—q*).
() Zu(s)+q ' Zy(s)+q*=1—qg7%t)/(1—q7"t).
PRrROOF. (a) This is a classical result. (b) Applying the integration formula
(3) to Z,(s) with respect to all variables x, y and z, we have
Zy($)=[(1)/A—qg* ) IX[Zs)+q7 Zs(s)+q7*].
Q.E.D.

Combining the formula (11) with Lemma 1.4., we obtain the following
theorem.

THEOREM. Let Zp(s) be the I. L. zeta associated with the (reduced) nonregular
irrveducible P. V.

(GL XSSP, XSO,;, ORA,RA4,, V(6n)),
then we have

Zp(s)=[MA—¢7*t)/ 1= )1 =q~* )X 2n)/(1=¢™°1").

§2. Some Remarks on Zx(s).

We shall give some remarks on Zp(s).

A. A factor (I)(1—q¢ %)/ (T—q¢ ')(1—q%*) of Zp(s) is the L L. zeta Z(s)
associated with (GL,xS0,, O0XA4,, V(3)).

B. The L L. zeta Z;(s) can be defined for any p-adic field K, and the I. L.
zeta Z,(s) depends on the choice of the p-adic fields K. If there exists a
rational function Z;(u, v)=Q(u, v) satisfying

Zf(S):Zf((]—l, q-s>7

which is independent of the choice of the p-adic fields A, then we call it “the
universal p-adic zeta function” for the polynomial f(X) (see [I-11). J. Igusa
proved that the universal p-adic zeta function Z,(u, v) for the relative invariant
F(X) of some irreducible P. V.’s satisfies the functional equation :

Z(u™t, v )=v¥e  Zo(u, v).
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In [I-1], J. Igusa also conjectured that if the universal p-adic zeta function
Z(u, v) exists for a homogeneous polynomial f(X) with coefficients in a number
field, then Z,(u, v) satisfies the above functional equation.

Our calculation of Zp(s) shows that Igusa’s conjecture holds for the nonre-
gular irreducible case. In fact, if we put

Zp(u, v)=[A—u)1—u*v)/A1—uv)1—u*v*) I X [1—u®")/1—u*™?)],

then this rational function Z;(u, v) is the universal p-adic zeta function for
P(X), and satisfies the functional equation:

Zp(u™t, v h=v'Zp(u, v).

C. T. Kimura, F. Sato and X. Zhu have proved that any real poles of
the 1. L. zeta associated with an irreducible reduced regular P. V. is a special
root of the b-function b(s) (see [K-S-Z], §2, Main theorem 2.1.). In the non-
regular case, the b-function (in the sense of the Bernstein polynomial) associated
with (GL,XSp.n X S0s, ORA,RA,, V(6n)) is

b(s)=(s+1)(s+3/2)(s+2n/2)(s+(2n+1)/2).

Therefore, all poles {1, 3/2, 2n/2} of Zp(s) are roots of the b-function b(s).
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