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By
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1. Introduction,

This paper is a continuation of my previous paper [13], and is concerned with
generalizations of the following two classical theorems on a continuous map f of an
n-sphere S™ to itself.

THEOREM 1.1. If the degree of f is even then there exists xeS™ such that
A=m)=f(z),

THEOREM 1.2. If the degree of f is odd then there exists xeS™ such that
(=)= f().

Throughout this paper, a prime p is fixed, and G={1,T,--, T?!} will denote
a cyclic group of order p.

Generalizing the situation in the above theorems, we shall consider the follow-
ing problems.

ProBLEM 1. Let f: N—M be a continuous map between G-spaces. Under what
conditions does f have an equivariant point, i.e., a point zeN such that

a1 ATw)=T (@)
for i=1,2,--, p—1?

ProBLEM 2. Let f: L—M and g: L—N be continuous maps of a space L to
G-spaces M and N. Under what conditions do there exist D points xy, -+, zpel
such that

(1.2) F@i) =T (z), g(wi)="Tig(xy)

for i=1,2,--, p—17?

We shall denote by A(f) the set of points zeN satisfying (1.1), and by A(f, g)
the set of points (zy, -, )€ L? satisfying (1.2).

If L=N in Problem 2, then A(f, id) may be identified with A(f). Therefore
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Problem 2 is more general than Problem 1; still Problem 2 can be reduced to
Problem 1. In fact, if we define & : L"—Mx N by

1.3 B(@y, -, wp)=(f(2), g(&)) (@i€L),

and regard L? and Mx N as G-spaces by cyclic permutations and the diagonal action
respectively, then we have A(h)=A(f, g).

Throughout this paper, a manifeld will always mean a compact connected
topological manifold which is assumed to be oriented if p is odd. The dimension
of manifolds M, N, --- will be denoted by m, n, --. By a G-manifold is meant a
manifold on which G acts topologically.

In this paper we shall consider Problems 1 and 2 in case M and N are G-
manifolds. Some answers have been obtained by Conner-Floyd [3], Munkholm [10],
Fenn [5], Lusk [8] and others with respect to generalizations of Theorem 1.1, and
by Milnor [9] and the author [13] with respect to generalizations of Theorem 1. 2.
By pushing the line of [13] we shall prove in this paper more general results.

Throughout this paper the cohomology stands for the Cech cohomology and it
takes coefficients from Zp, the group of integers mod p.

2. Theorems

In this section we shall state our main theorems answering to Problem 2 and
then corollaries answering to Problem 1. The main theorems will be proved in §5
and §6.

Let wweH*(BG) (k=0,1,---) denote the usual generators, where BG is the
classifying space for G. If X is a paracompact space on which G acts freely,
H*(X/G) can be regarded as an H*(BG)-module via the homomorphism induced
by a classifying map of X; in particular we have wx=wk-1 eH X]G).

The first main theorem is stated as follows, and it generalizes Theorem 1.1
(see Remark 1 below).

THROREM A. Let f: L—M and g: L—N be continuous maps of a compact
space L to G-manifolds M and N. Suppose that

i) the action on M is trivial;

ii) the action on N is free and w.cH"(N|G) is not zero;

iii) #=(p—Lm;

iv) f*: HY(M)—HYL) (¢>0) is trivial;

v) g*: H'(N)—H"(L) is not trivial.
Then we have A(S, g)+¢; if L is moreover a manifold, we have

dim AC(Sf, @) zpl—(p—1(m+n) 20,



Equivariant Point Theorems 111

where dim A denotes the covering dimension of A.
Putting L=N and g=id, we get

CorOLLARY. Let f: N—M be a continuous map of a G-manifold N to a
manifold M. Suppose that

i) the action on N is free and wnc H"(NJG) is not zero;

i) f*: H(M)—HYN) (g>0) is trivial.
Then we have

dim A(f)=zn—(p—1Dm,

wheve M is regarded as a G-manifold by the trivial action.

REMARK 1. Taking
N=a mod p homology #n-sphere
in the above corollary, we have the results due to Conner-Floyd [3], Munkholm
(107 and the author [12], which are direct generalizations of Theorem 1.1.
ReMark 2. Taking
L=N=a mod p homology #z-sphere,
M=S"™, deg f=0, deg g#0 mod p

in Theorem A, we have the results due the to Fenn [5] and Lusk [8].
To state the second main theorem and its corollaries, we shall make some

preparations.

For any indexing set I, consider the complement I?=I"—d] of the diagonal in
I", and define (iy, -+, ip), (i%, -, in)€l? to be equivalent if (ii, -, i) is a cyclic
permutation of (43, ---, ip). We denote by R(IY) a set of representatives of the

equivalent classes.

Let f: L—M and g : L—N be continuous maps of a manifold L to G-manifolds
M and N. Given homogenecus bases {a;}is, {Bj}jv of H*(M), H*(N) and sets
RI%), R(JY), we define A(f, g), A'(f, g)€Z, as follows.

Define 4 : M—M? by

@D A@)=(z, Tr, -, T*2)  (zebD),

and put

(2.2) 4H(1D)= > Ciyig@iy X o X iy (Ciyeip€Zp)
(41, ip)elp

for the Gysin homomorphism 4 : H*(M)— H*(MP?).
Similarly, put
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4H(D= Z)ﬁ, djyripBiv % % Bi,  (djyjp€Zp)

(1o, dp)e

for the homomorphism 4 : H*(N)—H*(N?).
We define

(S, g)=<(f*”(_ > Ciyeiptiy X o X i )(g*241(1)), [L17,

i1, I ERUD)

7(f, g)=<(f*”4!(1>)<g*p( by djrjpBis X -+ X Bjp), LLI™.

jh""jp)eR(]f)

Obviously we have A(f, g)=4(g. f).
If L=N and g*=id, we write 2(f)=2(f, g). It follows that

Af)= > Cirin(f¥aiy Y(T*f *ai, ) (T*27 f *ai,), [N 1),

(i1, =, ip) ERUD)

REMARK 3. By the definition of 4; we have
{A*(apy X - X ag,)s [MT>={(ap, % xar,)h(1), [M]1?).
From this we get

(2_ 3) Yhyokpy= . Z - (...1)5(1'1,---,2}1:121,..-,kp)cz-lmipzlhil...kaip’
i1, ip)e

where
bty =Lat,(T*az,) - (T*P ), [M D,
zk;=<ara;, (M 1D,

-1
e(ilr T il—"; kl’ ) k?)z Z_Jais 1(lak3+1l+"'+lakp\>’

being |a|=dega. The relations (2.3) for (ky, -+, kp)el” characterize the coefficients
¢iiy ([6]). In particular, if p=2 we see that the matrix (¢i;) is the inverse of
the matrix (yij).

Now the second main theorem is stated as follows, and it generalizes Theorem
1.2 (see Remark 5 below).

TuroreM B. Let f: L—M and g : L—N be continuous maps of a manifold L
to G-manifolds M and N. Suppose that

i) % HI(M)—HY(MS) is trivial for q=m/p, where MS is the fixed point
set of M, and i is the inclusion;

ii) the action on N is free;

i) pl=(p—D(m+n).
Then 2(f, g) and X (f, g) are independent of the choices of {ai}ier, {Bj}jes, RUD),
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RUD), and we have 2(f, 9)=1'(f, &) If A0S, ©+0 we have A(f, g)+4.
Putting L=N and g=id in Theorem B we have

COROLLARY 1. Let f: N—M be a continuous map between G-manifolds, and
suppose that

i) 2 HI(M)—HY (M) is trivial for q=m/p;

ii) the action on N is free;

iii) #=(—-Dm.
Then 2(f) is independent of the choices of {a;}ir and R(I?), and if 2(f)+0 we
have A(f)+¢.

Put L=M and f=id in Theorem B, and replace the notations M, N, g by N,
M, f respectively. Then we get

COROLLARY 2. Let f: N-M be a continuous map between G-manifolds, and
suppose that

i) #*: HY(N)—>HYN®) is trivial for q=nlp;

it) the action on M is free;

i) n=(p—1m.
Then the same conclusions as in Corollary 1 hold.

RemARk 4. The above two corollaries for »=2 have been obtained in [13].
The foliowing proposition will be proved in §4 (see p. 407 of [2] for p=2).

ProPoSITION 2.1. If M is a G-manifold such that i* : H™?(M)—H™?(MS&)
is trivial, then
a(T*a)(T* 1), [M>=0 (ac H*(M)).

Let M be the one in Proposition 2.1 for p=2. 'Then, the proposition and the
Poincaré duality show that H*(M) has a homogenecus basis {sy, *++, ptr, pt, -+, 1)
such that

$pi(T*pi), LM 1>=0, <pi(T*p), IMT>=0, {p(T*p)), [M>=6u.
In terms of this basis we see that
Af) =§i<<f*#i>(T*f*ﬁ'i); [NT
if p=2. In particular, if M=N and f*=id then A(f) equals the semi-characteristic
Xyz(M) =dim H*(M)/Z mcd 2.

Thus, for p=2 we have the following
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COROLLARY 3. Let M be a manifold with a free imvolution T, and assume
Ya(M)#0. Let f, g: M—M be continuous maps such that fr=g*=id : H*(M)—
H*(M). Then there exist x, 5'eM such that f(z')=Tf(z) and g@N=Tg(x). In
particular, there exists a point xeM such that fT(zx)=Tf(z).

ReMarx 5. Taking
M=2a mod 2 homology #-sphere

in Corollary 3, we have the result due to Milnor [9], which is a direct generaliza-
tion of Theorem 1.2.

3. Method.

In this section we shall explain how to prove Theorems A and B.

Let M be a G-manifold. If we regard M” as a G-manifold by cyclic permutations,
the map 4:M—M? in (2.1) is an equivariant embedding. Regard S%**! as a G-
manifold by the standard free action. Then we have a pair (S?*! 2;( MP?, S+ (>;< 4M)

of manifolds, and hence the Thom isomorphism
O+ HIU( S+ % AM) = HI+P-DT(S2%+1 X (MP, MP—4M))
G G

which is the composite of the duality isomorphisms for S%*! é( 4M and for (S2k+1>c<
M?, SZ"“éAM) (see p. 353 of [14]). We denote the Thom class #x(1) by U,

The isomorphisms 0k for sufficiently large % define the Thom isomorphism
60 HI(AM)=H& @ D"(M?, M"—4M )

of the equivariant cohomology. The element 8(1) is denoted by Uu, and is called
the equivariant fundamenial cohomology class of M.

The image of Ux in H"®P(MP) is denoted by Uy, and is called the
equivariant diagonal cohomology class of M.

If the action of G on M is free, the diagonal set dM is in M?—4M. In this
case the image of Uy in Hg™®-D(M?, dM) is denoted by Ur, and is called the
modified equivariant diagonal cohomology class of M.

LeMMA 3.1. Let M and N be G-manifolds, and regard MX N as a G-manifold
by the diagonal action. If the action on N is jree, we have
U lixn=+(gP* U0 g5+ T8,

where q°* : HE(M?)—HE(MxN)”) and g5* : HE(N?, dN)—HE((Mx N)?, d(Mx
N)) are induced by the projections ¢ : Mx N—-M, g, : Mx N—N.
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Proor. There are the following natural inclusions of manifolds:
(S%+1x AM) x S%+1x AN) (Szxcﬂé MP?) x (52k+1é< NP
G G

U U
Szk+1>G<A(M><N) c Sz’f“é(MxN)”

From properties of the Thom class (see 325 of [47]), it follows that the Thom class
for the pair in the upper line equals iUﬁ}"x U, and that it is sent to iUﬁ,"QN
by the homomorphism ¢* induced by the natural inclusion of the lower line to the
upper. Therefore we have

Uitn==i* (U P x U =xi* QT0P 03 0§ =2l TP (g T ),
where p;, p, are the projections of (5‘2"+1g< M7y x (S%+1x NP) to S+lx MP, §2h+1yx
; G G

G
N?. This fact proves immediately the desired result.

LEmMmA 8.2. Let f: N—M be a continuous map of a G-space N to a G-manifold
M, and define an equivariant map f: N—MP? by
F@=(f@), fT®), -, fFTP1(2)) (zeN).

If the action on M is free, and if f*(U})+#0 for the homomorphism f* : HY%
(M?, dM)—HE(N, NS), then we have A(f)#¢. If N is moreover a G-manifold,
we have

dim A(f)=n—(p—1)m=0.

Proor. In virtue of a commutative diagram
7k
HEMP, MP— 4AM)— HE(MP, dM)
HE(N, N—A(f)—H§ (N, N9),

70D +0 implies HFP-V(N, N—A(f))#0. Therefore A(f)+¢. If N is a G-
manifold, we have isomorphisms

H""PD(Af)]G) = Hnip-1y(N'[G, (N' = A(f NG
=H"PD(N'|G, (N'=A(f N|G)=HEF"P(N', N'—A(f))
=Hg®P(N, N-A(f)),
where N'=N—N¢.  Therefore H"™PD(A(f)/G)+#0, and so dimA(f)=n—
m(p—1)=0. This completes the proof.

ProrosiTioN 3.3. Let f: L—M and g : L—N be continuous maps of a space
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L to G-manifolds M and N. Suppose that the action on N is free. Then if
(fp*(jy?)(gp*(jx) eH@+™P-D(IP dL)
is not zero, we have A(f, g)#¢. If L is moreover a manifold, we have

dim A(S, @) =pl—(p—1)(m+n)=0.

Proor. Consider % : L’ —Mx N defined by (1.3). Then, for the map A : LP—
(Mx N)? we have gPoh=f7, q%oh=g". Therefore by Lemma 3.1 we have

ROl = £ 7*((g2* Ui (g7* 01))
= i(fp*UM)(gp*Ull{l)-

This proves the desired result by Lemma 3. 2.

We shall prove Theorems A and B by making use of Proposition 3.3. For
this purpose we are asked to examine the following:

(i) structure of the equivariant cohomologies HE(X?) and HE(X? dX) for
a compact space X.

(ii) the equivariant diagonal cohomology class [/}, and the modified equi-
variant diagonal cohomology class Ul for a G-manifold M.

As for (i) we have the results due to Steenred and Thom, which are stated in
§4. Thus Theorems A and B will be proved by examining (ii), as seen in §5
and §6.

4. Preparations

In this section we shall recall some facts needed later.
Let X be a paracompact G-space. Then we have

H*(X)=lim H*(K),
H¥ (X, X6)= lim H*(K/G, K¢/G),

where K ranges over the nerves of G-coverings of X (see Chap IlII, §6 and Chap
VII, §1 of [2]). For each K a cochain map

¢k 1 C*(K)—C*(KJG, K¢/G)
is defined by

Cx(), 7(5)>= S T'S),

where ueC*(K), s is a simplex of K, and n: K——K/G is the projection. Thus



Equivariant Point Theorems 117

we have a homomorphism

4.1 i H¥(X)—HE(X, X©)
defined by the cochain maps ¢xk.

We define
(4.2) my H¥(X)—HE§(X)

to be the composite j*ez{, where j*: HE(X, X¢)—— H¥%(X) is induced by the
inclusion. It follows that = is the composite of the usual transfer H*(X)—
H*(X[G) and the canonical homomorphism H*(X/G)— HE(X).

We call = in (4.2) the transfer, and @i in (4.1) the modified transfer.

Put

-1 .
¥ = %TZ* t H¥(X)—H*(X).
Then it is easily seen that
(4. 3) 7[*07'[[ =0‘*

for the canonical homomorphism #* : H¥(X)—H*(X), and that

4.9 my(ay) <@ () =i (ay o 0% ) = i (a% g »tp)
(ay, e H*(X)). We have also
(4.5) m(a)-0*(B)=0  (acH*(X), BeHE(X®))

for the coboundary homomorphism &* : H(X¢)— H}(X, X©).
In fact

(=D a(a) «0*(B) =0*(*m(a) B)
=5*(*j*m1(a)-8) =0,
where * : HE(X)—H}(X%).
If X is a paracompact G-space, the Smith special cohomology groups H%(X)

-1
are defined for p=¢=3 T'? and p=7=1—7T, and we have the exact sequences
i=0

o* i
oo HUX)— HY XOB®HI(XE)

ot

JF
_.._,Hg+1(X)_,Hq+1(X)._>...
for (p, p)=(0,7) and (z,6). We have also an isomorphism

H¥X)=H¥X, X¢).
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(See p. 143 of [2].)
It follows that
(4.6) *=(ni, %) : H¥(X)— H¥(X, X$H)OH*(X®).

LeMMA 4.1. If M is a G-manifold such that the action is not trivial, then it
holds
) H™(M)Y=H§ (M, M¢).

Proor. In the exact sequence

0

i* :
H™ (M)~ Hy (MO@H" (M) —HI (D),

we have H™WM)=0, H"™(M)=Zp H"(MS)=H,(M, M—M°)=0, and moreover
H?(M)+#0 is proved as follows. Therefore we get the desired result by (4.6).
Suppose H?(M)=0. Then, by the Smith cohomology exact sequence, we sce
that % : H™(M)=H™(M) and 7*: H'(M)—H™(M) is onto. This implies
that o : H™(M)——H™(M) is onto and so H™(M)=0, which is a contradiction.
For a paracompact space X, consider the equivariant cohomology HE(X?),
where G acts on X? by cyclic permutations. Then we have the external Steenrod

p-th power operation

P: HY(X)— HE'(XP),

which is related to the Steenrod square Sgi if p=2, and to the reduced p-th power
i and the Bockstein operation p* if p+#2 as follows ([15]):
4.7 d*P(e)

la|

J zowm_ixSqia if p=2,
i=

- [le /21 . ) ) )
1 hq _20 (= D¢ 1 1-2iyp-1) X T — Oig1-2isp--1 X B¥F ) if  pF#2,

where d* : H(X?)— HE(X)=H*(BGx X) is induced by the diagonal map, and
(=192 if g is even,
4.8 9= ) )
(=)@ v2((p—1)/2)1 if ¢ is odd.
P is natural, and it satisfies also

4.9 *P(a) =aP

for the canonical homomorphism n* : HE(X?)— H*(X").
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LeMMA 4.2. Let M be a G-manifold, and let ac H*(M) satisfy i*(a)=0 for
i H*(M)—— H*(M®). Then 4*P(a) is in the image of j*: HE¥(M, M¢)—-
HE(M) induced by the inclusion.

Proor. Consider a diagram
, a*

HE (MP) ——— H*(BGXM)
| o l (idx i)*
3 ]

HE () ——— g+ (BG x MS),

HEWM, M)

in which the rectangle is commutative and the lower sequence is exact. Then it
follows from (4.7) that ¢*4*P(a)=(id x {)*d*P(a«)=0. Therefore 4*P(a)eImj*.

Proor orF PrROPOSITION 2.1. We may assume that the action is non-trivial
and |a|=m/p. Consider a commutative diagram

7k

HE (M, M®) HE (M)
} 7c!' / 1 ¥
Hm(M) ——— g (M)
By Lemmas 4.1 and 4.2, we see
a*4*P(a) € Im o*,

Since o*H™(M)=0 and
¥ 4% P(a) = 4*(a?) = a(T*a)--- (TP *q)
by (4.9), the proof completes.
The following theorem is due to Steenrod [15] (see also [12]).
ToEOREM 4.3. Let X be a compact space, and {a;}i1 be a homogeneous basis
of H¥*(X). Then the totality of elements
wjPla;) (iel, j=0),
mai, X xai,)  ((y, o, ip)eRUIT))

is @ homogeneous basis of HE(XP).
The following is due to Thom [16] (see also [1], [11], [17D).
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TuEOREM 4.4. Let X be a compact space, and {a;}i: be a homogeneous basis
of H¥(X). Then the totality of elements
0*(wj X a;) (el 0= <(p—D]ai]),
my (e, X oo X ag,) (G, =+, t)ERUID))
is @ homogeneous basis of HE(XP, dX), where &* : H*(BGx X)=H¥§(@X) —
HE(XP, dX) is the coboundary homomorphism. Furthermore we have
le1-1 .
zi(axa)= 3, 0%(®q1-i-1 X Sq'@)
1=0
if p=2, and
R Clel/2] .
maX - xa)= ig(]) €0*(Op-1>1q 1-209-1 X Ftat)

with some &0 mod p if p+2.

ReMARK. Theorems 4.3 and 4.4 are proved in the literatures for a compact
polyhedron. However we can extend them to compact spaces by the device seen in

[2].

5. Proof of Theorem A,

The equivariant diagonal cohomology class Ul; in case the action on M is
trivial has been studied by Haefliger. By Theorem 3.2 in his paper [6] and

G.D w* (0 =4(1),

we have the following (see the proof of Theorem 9.1 in [137]).
PROPOSITION 5.1. If the action on M is trivial, then

- tms21
U= kzb G2k PCVE) + %(cu’ —¢iicii)m (e X aj)
< 2

. tm/2p]
Uh=hm kZ (= DFop-1>m-2enP(VE)

=0

> (Ciyomip=Ciyoriy **Cipeip) T (Qsy X 020 X aiy)
(i1, ,ip)eRUD)

if p#2, where {ai}ir is a homogeneous basis of H*(M), Ciy,ip hm are those in
(2.2), (4.8), and VieH*(M) are the Wu classes given by

(Sqke, (IMT> if p=2,

{Viea, [M]>={
{Fka, (M) if p+#2.
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We shall next prove
PROPOSITION 5.2. If the action on M is free and wncH*(M|G) is not zero,
it holds
mei’f =0*(0p-1rm-1X 1),

where p is a generator of H™(M).

ProoF. Let V be an equivariant open neighbourhood of dM in M?, and put
W=M?—4M—dM, C=MP—4AM-V.

Then C/G is a closed connected and non-compact subset of W/G, and hence we have
H™ (W|G, W|G—C|G)=0 (see p. 260 of [4]). Therefore it follows that

HE*(MP—AM, V)=Hp*(W, W—C)=H™(W/G, W/G—-C/G) =0.
This shows that ¢* : HE?(MP, M?—AM)— HZ*(M?, dM) is onto, and so is
t*e0 . HF(AM)— HF(MP, dM).
It follows from Lemma 4.1 and the assumptions that HE(4AM)=Z, is generated
by @m. By Theorem 4.4, HZP(M”, dM)=Z, is generated by 0*(wp-pm X ¢). Since
t*of is a homomorphism of H*(BG)-modules and it sends 1 to I i we have the
desired result.
We shall now give
ProoF oF THEOREM A. By the assumption ii) and Proposition 5.2, it holds
on0% =0*(wp_1n-1XV),
where v is a generator of H"(N). Therefore we have
Cﬂn(gp*UKO =5*<m(11—l)n~1 X g*y)v

and this is not zero by the assumption v) and Theorem 4.4. Since #=(p—1)m by
the assumption iii), it holds

wcp-pm(gP*UL) #0.

On the other hand, it follows from the assumptions i), iv) and Proposition 5.1
that

fp*(ﬁgl) = hmm(:ﬂ—l)m
with 2»#0 mod p. Consequently we have
(U 30) gP*(U%) = hnop-1ymgP* (04) 0,

which completes the proof by Proposition 3.3.
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6. Proof of Theorem B and an example,
The following proposition has been proved in [13] if p=2. By the similar
method we shall prove it for any 2.

PROPOSITION 6.1. If #* : HY(M)— HI(MC) is trivial for q=m/p, then we
have

Uy= X Cijip M@, X o0e X @y,
Gy oo i) ERUD)
cii=0 (d€l),

where {aiYir is a homogeneous basis of H*(M), and ci.i, are those in (2.2).
Before we proceed to proof we make some preparations.
The equivariant homology group H§(X p)zH*(EGé X™) is canonically identified

with He(G; Hyx(X)?), the homology group of the group G with coefficients in
Hy(X)P=Hx(X)®@Hx(X) on which G acts by cyclic permutations. Taking
the standard G-free acyclic complex W, we have an element of Hy(G; Hi(X P
represented by wir®@e@®---®¢, where wreW is the basis of degree k and acH.(X).
The corresponding element in HE(X?) will be denoted by Pr(a).

LEMMA 6.2. Suppose that i* : HI(M)— HI(MC) is trivial for gzm[p. Then,
for any k=0 and for any acH*(M), we have
LanUlyy Poay(a~[M1D>=0
if p=2, and
Uips Popesr(a~[M1)>=0,
(Ul Poera(a~IMD>=0
if p#2.

PrRoOF. Similarly to Lemma 4.4 in [13], the result for p+#2 is proved as

follows.
It follows that Py ([M7) is in the image of

s ¢ Hopagspm(SZF? é Mp)_"H(z;k+1+pm (M)

induced by the inclusion, and that #¥( U!) is the image of 1 under the homomor-

phism

(id();d)! : H*(Szk“?M) ~f>H*(Sz"+1é<Mp).

From these facts we see that Uy~Pau+1([M]) is in the image of
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fk* G A* ¢
Hoposr4m (S x M)— H3piqim (M)——H g1 (MP).

Therefore it follows that

<O}y, Pars(an[MD) =T}y, Pl)~Poror (M)
={P(a), Uz’w’“szﬂ([M]»:Ek(P(a), Aylp] S2k+1 >éM]>

= {d*P(a), ip[SPH X M (eZy),

and similarly

<0104ty Poerr(an[MD)>=e,{an 4*P(a), il ST M.

To prove the desired two equalities, we may suppose pla|=m+1 in the first,
and pla]=m in the second. Consequently it suffices to prove that
4¥P(a)=0 if pla|zm+1,
o 4P(a)=0 if pla|=m.
By Lemma 4.2 4*P(a) and ;4*P(a) are in the image of j*: H%(M, M®)——

HE(M), and the Smith cohomology exact sequence implies HE(M, M) =0 (g>m).
Therefore we have the desired results, and the proof completes.

Proor or ProposiTioN 6.1. In virtue of Theorem 4.3 it can be written
uniquely that

%
G, I eRUT

Ui=26i0P(a) +
7

)Uil---ipn!(ai; X e X ag,)

with some é&ij, %i,.-i,€Zp. Since it is easily seen that
Im ny~Pr(a)=0,
{wjP(a), Pr(a))=0jila, ay

(ac H*(M), acHx(M)), it follows from Lemma 6.2 that &;=0. We see from (5. 1)
that 2i..5,=Ci,q, if (23, =, p)€RIE) and ¢i.;=0 for any iel. This completes the
proof.

ReMARK 1. Working in the smooth category, Hattori [7] has given formulae
for U}, with no assumption on M¢.
The following is immediate from Proposition 6.1 and Theorem 4.5.

PROPOSITION 6.3. If the action on M is free, then it can be written uniquely
that
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U= P Ciyerrip (000 X 00 X Q)
(61, Ep)eRUIY)

+ > ei0*(Wcp-1ym—11-1 X &%)
letg | Zm—m/p

with some e;€Zp.
ReEMARK 2. The author does not know how to determine ¢ in the above. If

M is a mod » homology sphere, it follows from Propositions 5.2 and 6.3 that
n(Axp) if p=2,

(I X pX o X ) +ed*(@p-pm—1 X p) i pF2,
where €0 mod p, and peH™(M) is a generator such that {g, [M1>=1.
We shall now give

Proor or THEOREM B. By the assumption i) and Proposition 6.1 we have

frUh=mf*( 3 Ciyenip @iy X -* X Qi)
Gir, =, Tp)eRUID)

and by the assumpticn ii) and Proposition 6.3 we have

grU4=mig**( 3 djyipBis X o+ X Bi)
G, T ERUD)

0% (opyn-18;1-1 ¥ Z*Bi).
|Bj|Zn—n/p

1t follows from (5.1) and Proposition 6.1 that

o* > Ciyoip @iy X o Xai,=41(1),
(i, 1p)eRUY)

ot 3 djy, e, inBiy X e X By = A (1).
G oo S ERUD)

Thus, by (4.4), (4.5) and the assumption ii), we have
(feU}D-(gP*T%)

=m( f*p > Ciyonip iy X ooe X ) (¥P41(1))
(81, +, ip)ERUIR)

=T’-’"(f*pdl(1))(g*” . 2 dj,,---,jMleX”'X,ejp)

1o ip)eRGE)

in HE(LP, dL).
It follows from Theorem 4. 4 that HE(L?, dL)=2, is generated by &*(&p-11-1X
0) or m(px -+ xp), where pecH'(L) is a generator such that <{p, [L]>=1.
Consequently we have
CferU ) (gr* U5 =2(f, ©ni(px - X p)
=1(f, @mi(px - %xp),
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which completes the proof by Proposition 3.3.

Theorem B for p=2, particularly corollary 3 in § 2, has interesting applications as
is seen in [13]. The author does not know so interesting applications of Theorems
B for p#2. However there is the following example for which Theorem B for b=
3 is applicable.

Let #=1,3 or 7, and take in Theorem B

L=S5"xS", M=§"xS", N=§",
where the action on N is any free G-action, and action on M is given as follows:
Tz, =(y, y~la™),

%, y being complex numbers, quaternions or Cayley numbers according as #=1,3 or
7. It follows that the fixed point set of M is homeomorphic to S™1+point. Thus
the assumptions i), ii), iii) in Theorem B are satisfied.

Let velH"(S") denote a generator, and put v;=vx 1, v=1xve H*(S"xS™). Then,
by Remark 3 in §2, it can be seen that

A!(l)=ﬂ'*(1xvlvle)le"‘DlXVlX)lez—}JZXIszlJlVg—'VZxUlXUll)z)
for the homomorphism 4 : H*(M)——f7 *(M?), and
A(D=0*1xvxv)

for the homomorphism d4; : H*(N)
f:L—M, g: L—N satisfy

»H*(N3). Therefore, if continuous maps

S*) =auv + aiw,, g*W)=by; +bovy

( Qg1 Qg )
by by /.

This yields by Theorem B the following

(aij, bieZ), simple calculation shows

2y Qyp| [| @1 G2

b, b,

W f 8=

Ggy Qo

THEOREM 6.4. Let n=1,3 or 7, and let fi, fo, g+ "X S"——S" be continuous
maps of type (au, aip), (@z, @), (b, by) respectively. Let T:S"—S" be a
homomorphism of period 3 without fixed points. Then, i f

|

there exist z, y, zeS"x S™ such that

(fz(’w”), fz(?/), fz(Z))=(f1(y), fl(z): fl(x>>!

Q11 Q1| Gy Gy

b by

Qg1 Go

by b

)5:"0 mod 3,
gy G
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(Tg®), Tg(y), Tg(z))=(g(y), g(2), gl&)),
@ i) ) =1.

In particular, taking f;=projection to the i-th factor, we have
COROLLARY. If bi+b,%0 then there exist z, y, 2€S" such that

Tglz, y)=gCy, 2), Tg(y, 2)=g(z, ), 2yz=1,

where n, g and T are those in Theorem 6.4.
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