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Z-KERNEL GROUPS OF MEASURABLE CARDINALITIES

By

Katsuya Eda

Z-kernel groups are groups obtained by transfinitelyiterating use of direct

products and sums starting from the group of integers Z. In [2] the author de-

fined type for a Z-kernel group and proved its uniqueness for a Z-kernel group

of cardinalityless than the least measurable cardinal.

In the present paper we show the uniqueness of type for more general Z-

kernel groups, e.g., ＼＼@---Z for arbitrary Au---,An. In addition we show that

■h
h An

the Z-dual of such a Z-kernel group again becomes a Z-kernel group. One of

our tools is Zimmermann's trick extended for an arbitrary cardinality from group

theory and the other is finitelyiterated ultrapowers of the universe from set

theory. Our notation and terminology are common with [3] and undefined ones

are usual ones in group theory [4] and set theory [5].

Definition 1 [1]. A Z-kernel group is a group obtained in the following

manner :

(1)

(2)

The group of integers Z is a Z-kernel group;

If Ga is a Z-kernel gruop for each ae/i, then ＼＼Gaand RGa are Z-kernel

groups, where A is nonempty.

Without loss of generality we may assume that A is an ordinal, since we

work in ZFC-set theory.

Definition 2 [2]. A type is a pair {ft,P), (p, S) or {(x,M), where p. is an or-

dinal. For types (fi,X) and (v, Y),(p, X)<{v, Y) holds if p<v, or p.= v and Xl=M

and Y=M. We say that a is the ordinal part of a type (u, X).

Next we define a proper Z-kernel (pZk) group with type. We denote type

of a pZk group G by typ(G) and the ordinal part of it by typ*(G). A rigorous

reader should think that Z-kernel groups and pZk groups are not just groups but

groups with their definitions. Therefore, when we say that two Z-kernel groups

are isomorphic, it means that group parts of them are isomorphic.
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Definition 3. A proper ^-kernel group (pZk) group is a group obtained in

the following manner :

(1) For an infinite ordinal A, ＼＼Z is a pZk group of type (1, P) and cZ is a ^>ZA:

A A

group of type (1,S);

(2) Let A be an arbitrary infiniteordinal and Ga a pZk group for each a<A.

(a) sup{typ*(GJ:≪<4-n+l.

If {a:typ(Ga) = (/z,S)} Is infinite, then f]Ga is a />Z& group of type (jt+ l,P).

If {≪:typ(Gff) = (/A P)} is infinite, then RGa is a />Zifegroup of type (ft+l,S).

(b) sup{typ*(Gfl) :≪</?}=/;: limit.

＼＼Gais a pZk group of type (ft,P). 0G
n<A

, is a pZk group of type (u, S).

In this paper M stands for a transitive model of set theory of classtype. For

a definable operation or notion ＼,WM is the one relativized to M as usual. The

Boolean algebra of all subsets of X is denoted by P(X).

Definition 4. By a finitelyobtainable universe {UFO), we mean a transitive

model M obtained in the following manner:

(1) The universe V is a UFO.

(2) Let M be a UFO and F a countable complete maximal filter(c.c.max-filter)

of PM(A) for some ordinal A. Then, the transitive collapse MF of an ultra-

power of M(i.e.,(MA)MIF) is a t/FO.

Since the super class of UFO's is definablein ZFC, our proofs in the follow-

ing can be performed in ZFC.

Lemma 1. For a UFO M, every function from the least measurable cardinal

Me to M belongs to M(i.e.,MMo qM). Especially,j(a)= a for a<Me where j:V-> M

is the elementary embedding.

Proof. By inductionon the definitionof a UFO. Since M*≫cM, the count-

ably completeness of F implies the Mc-completeness. Let jf'.V-*Mf(―{Ma)mIF)

be the elementary embedding, then jF(a)=a for a<Mc and {MF)Mc&MF holds by

the same argument as Proposition1.7 of [6].

Lemma 2. Let M be a UFO and G a (Z-kernel)^ group. Then, G is a re

duced torsionfree group.

The proofis clear.

Lemma 3. Let Mk(l<k<n) be UFO's and Ak ordinals. Let a sequence of groups
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(Aka;a<Ak) be in Mk for each l<k<n and Gi(jeJ) reduced torsion free groups. If

h＼UMi-Ai@- ･ -(&l＼Mn-A'!,-~>(&Gjis a homomorphism, then there exist c.c. max-

filtersFu-",Fm of PMt (A1)x ･･･ xP**(An) and a finite subset J of J such that

h{KFl- ■-fJc^Gj, where x£KFl- ･ -FmW:{a: x(a)=O}eFi for every ＼<i<m. In addi-

tion we may regard that Fi is a c.c. max-filter of PMHAk) for some but unique k.

Proof. To apply Theorem 1 (3) of [3], we define a quasi sheaf (S, p) as fol

lows: For (Xu- ･■,Xn)ePM<At)x ･ ･･ X PM≫{An) S(XU--, Xn) = U *' Al 0 ･ ･

Xk(l<k<n). Since P^MOx ･･-Xand p^'^y"] the restrictionfor YkQXk{l<k<n)
<*ZXn

PMn(An) IS

countably complete and (S, p) is a quasi sheaf over it, the lemma is clear by The-

orem 1 (3) of [31. An additional part holds, because Fi is a maximal filterfor each i.

Lemma 4. Let M,Mu---,Mn be UFO's. Let G be a (pZk)M group with

typ**(G) =fi<Mc. If typM(G) = (/i,P), then G is not isomorphic to a summand of

GiR---0G≫ for any (/#&)** group G* such that typM*(Gk)<(fi,S) for l<k<n.

In case typ'tf(G)= (/i,S), the dual statement holds.

Proof.

Case (1): /i=l. Since a finite sequence is absolute among transive models of set

theory, a direct sum is absolute. Hence, typM(G) = (l, S) implies G = @Z for some
A

ordinal A. Let M! be a UFO and h: ＼＼M'Z-+@Z a homomorphism. Let S(X) =
A A'

＼＼M'Z and
|O*

the restriction for X, YgPm'(A). Then, (S, p) is a quasi sheaf over

ccBaPM＼A) and S~＼＼M'Z. Since a free group is slender, the range of h is of fi-

nite rank by of Theorem 1 (1) of [3]. Hence the theorem holds for both cases

typ(G) = (l,P) and typ(G)=(l,S).

Case (2): n is limit. Since the proof for this case is simple, we omit it.

Case (3): j≪=y+l and i^O. Let typ*(G) = (# P) and G=＼＼MAa and typ*^(Aa)<
a<A

typ*if(G) for ≪</!. If typMk(Gk)<(v,P) for every &, we can simply reduce the

case to that of v. Hence a critical case is that tyvM*(Gk) = ([i,S)or (v,S). In both

cases we may assume that G* = 0 B) and tyvM*(B*.)<(y,P). Suppose that G,0- ･-0Gre

n
contains G as a summand. Then, bv Lemma 3 there exist finite /c ＼Jh and

c.c. max-filters P＼,---,Fm of PM(A) such that KFl---FjnQcBj, where for each jsj

there are unique k and isjk such that Bj=B.. Since there are infinitely many

a such that typM(Aa) = (v,S), there exists a0 such that typ*(i4≪0)= (y,S) and {ao}$Fk

for every ^,i.e.,AaoQKF ･･ ･/■- Since Aa is a summand of G, it is a summand

of cfiV, which is a contradiction.

On the other hand, let typ*(G) = (≪,S) and G = @Ba and typ*^(5a)<typ**(G)
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for a<A. As in the case of (/i,P), we may assume that Gk ―U MkAp and typ^(./l6)

<(v,S) for fi<Ak. Suppose that Gl@―-RGn contains G as a summand. Let

o: Gic- ･ -cGK ―≫-Gbe the projection. By Lemma 3 there exist finite /c/f and

c.c. max-filters Fu---Fm of a cc& PMl(At)x ･■■xPM*{An) such that a(KF]---FJ

£c£,. Since we assume that Ft is a c.c. max-filter of PM*(Ak) for some &,

SlFi~＼＼Mk/tJF where S is a quasi sheaf as defined in the proof of Lemma 3.

Let Pj:@Ba-+@Ba be the canonical projection. Since Fu---,Fm are distinct,any

element of SjKFl- ･ -Fm can be written of form [x]Fl+ ･･･ + M,pm for some x §,

where [x]Fi is the coset relative to Fu We now define

a:§IKFl-'-Fm(^§IF1R-~@$IFJ-+@Ba as to be 5([x]Fl+ -･■+[x]FJ=pj-a(x).

Then a is well-defined and a homomorphism. For the canonical homomorphism h:

S ―>S/KFl ･･･Fm, the restrictionof h to 0 Ba is injective and a-h is the identity

on c Ba. Hence, c Ba is isomorphic to a summand of S/F.c- ･-cS/F . There

exsts ao£A~J such that typ-%%,0) = (v,P). Let ^(MtY^i^W be the tran-

sitive collapsing isomorphism. Then, ;"i(＼＼MABjF,)is a ^>Z& group in Mi and its

type in M/ is equal to or less than (v,S) by Lemma 2. Now a contradiction occurs.

If typ*(G)<Mc for a pZk group G, then G has only one type by virtue of

Lemma 4. We restate Lemma 3 and Definition 3 of [2].

Lemma 5 [2, Lemma 3]. Every Z-kernel group of infiniterank is a pZk group

or a directsum of two pZk groups G and G' such that typ*(G) = typ*(G')= ;≪,typ(G)

= faP) and typ(G/)= (/i,S).

Definition 5 [2]. Let G be a Z-kernel group. If G is a pZk group, typ(G)

has been already defined. Let typ(Z)=(0, P) = (0,S)c" and typ(G)=(0,M) for a

Z-kernel group G(-=tZ) of finiterank. If G is of infiniterank and not a pZk group,

then it is a direct sum of two pZk groups, the existence of which is assured by

Lemma 5. Let typ(G) = (/a M), where n is the same as in Lemma 5.

Lemma 6. Let G be a Z-kernel group. If /i<typ*(G), then there exists a

summand of G which is isomorphic to some pZk group G' of type {u,P) or (u,S).

A straightproof by inductionon the definitiongoes well.

Since Lemmas 5 and 6 hold in every UFO, we obtain the following theorem

by Lemma 4.

Theorem 1. Le G and G' be Z-kernel groups in UFO's M and M respec-

tivelyand typ*^(G)<Mc or ＼.^u＼G')<Me. If thereexistsa summand of G' which

is isomorphic to G, then typjtf(G)<typ^'(G/).
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Corollary 1. Let G and Gf be Z-kernel groups and typ*(G)<Afc or typ*(G')

<MC. If there existsa summand of G' which is isomorphic to G, then typ(G)<

typ(G'). Consequently typ (G)=typ(G'),if G' is isomorphic to G.

Next we study Z-dual groups of Z-kernel groups.

Lemma 7. Let G be a pZk group in a UFO M and typ*^(G)<Mc. Then,

Hom(G, Z) is a />Z& group and typ(Hom(G, Z)) = {[i,P) or (^ S), according to

typ*(G)= (≪,S)or(≪,P).

Proof. By induction on typ*3f(G). It is clear for pi―＼and a routine in case

that fiis limit. Let fi= v + l. Let G= ＼＼MGaand typ3f(G)=(Ju,P). We may assume

that typ*(Ga)^(*,S) for each ≪<//. Let jF:(MA)MIF-+MF be the transitive col-

lapsing isomorphism. Then, typ^OX]~I^Ga/F))<(v, S) for every c.c. max-filter F
a<A

of PM(A). Since there are infinitely many a such that typM(Ga) = (v,S), there are

infinitely many c.c. max-filters F such that typ*>(./V(njtfGa//r))= (^,S). Now,

typ(Hom(G,Z))=typ(cHom(n'fGa/F, Z)) = (//,S), where £Fis the set of all c.c.

max-filtersof P*(A).

In case typM(G) = (^, S) it is similar and simpler.

By Lemmas 5 and 7 we obtain the following,

Theorem 2. Let G be a Z-kernel group in a t/FO M and typ*ilf(G)<Mc.

Then, Hom(G,Z) is a Z-kernel group and typ (Hom(G,Z)) =(>, P), (//,S) or (^,M)

according to typx(G) = (fji,S),(fi,P)or (//,M) respectively.

At the end we indicate a limitation of our method. Let Ga be a pZk group

of type (j≪,S) for each y.<Mc and G=fIGa. Let F be a non-normal, non-principal
a<Mc

c.c. max-filter of P(MV), then the transitive collapse of YlGa/F has type (≪,S) in

°<MCMf, where ptis greater than Me. Hence, if Hom(G, Z) is a Z-kernel group, it

must have a higher type than (Me, S). This implies the necessity of the condition

typ*(G)<Mc in Theorem 2. However, this does not refuse the possibility that

Corollary 1 would hold beyond Mc. We do not know the answer, but think it
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(A foot note)

p. 7 (i) Here we identify (0,P) and (0,S) as a special case.


