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NON-TRIVIALITY OF CERTAIN FINITELY-
PRESENTED GROUPS

By

Moto-0 TAKAHASHI

In this paper we shall prove the following theorem.

THEOREM. Let p, q, r, s be integers greater than 2. Then, the group
<a, b | a?=b=(ab) =(a"'by'=1,

is non-abelian and hence non-trivial.

REMARK 1. The groups of this type were studied in [1], [2], [3]. But
the above general theorem was not established.

REMARK 2. If one of p, ¢, r, s is 2 in the above group presentation, then
there are many cases when the group becomes trivial.

PROOF OF THE THEOREM. We define matrices A4, BESL(3, C) such that A
and B do not commute and that A?=B1=(AB)"=(A"'B)y’=L.

Let w, be a primitive p-th root of 1, w, be a primitive ¢-th root of I, @,
be a primitive »-th root of 1, and w, be a primitive s-th root of 1. Since

b, q, ¥, $>2, we have w,#03', 0, #0;', 0,707, O;F0;".

Now let
1 0 0 by b1z by
A:(O w, 0 ), B=| by bz b3 |,
0 0 oy by, bsy b
where b;;’s will be determined later. Obviously, A?=F.

In order that B?=E, it is sufficient that the characteristic polynomial Zz(¢)
of B is (t—D(t—w)(t—wz"), for it is a factor of t#—1 so t‘—1=f()Xx(t), for
some polynomial f(¢) and hence B'—E=f(B)Xs(B8)=0 (the zero matrix).

From

Xe(t)=1"— (b11+b22+b33)t2

boy b by, b b bigl lbll bys bxsi
2 s 11 Y2 11 013 ;
+{ bz bas + bor Doy + bay bss }t \ZZI zn 1[;231‘

1031 O3z Os3

= — (14w, +o; )+ (1+o+o;)t—1,
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we have the equations:

(1) biitbost+byy=14w,+ w7,

b22 b23 bll b12 bll blﬂ —
2 =1 L
) by bual Tlbw bugl by byl 1O
bll b12 b13
(3) bzl bzz bzs =1.
b31 b32 b38
Similarly for
bll blZ b13

AB=| @pbs1 @ybss @pbys |,
@'y @5'hs 05 bss
we have the equations:

(4)  butwpbptoz'bs=1+0.+07,

b22 bzs bll blZ — bll b13 -
5 1 = . 7L
(50 sy b T by byl T97 Ly, byl =1 FO T
And, for
b11 b12 b13

A“lB_—" a);lbzl U);lbzz w;1b28 ’
Wpbs Wpbyy @pby,
we have the equations:

(6) b11+w;1b22+wpb88:1+ws+a)s_1;

b22 bZS bll blZ bll blﬁ

=1+4w;+o;'.
bag b33 bm bzz b:u bsa ot

(7)

4wz’

+wy

We solve the equations (1)~(7). By the linear equations (1), (4), (6),
b1, bss, bgs are uniquely determined since

1 1 1
1 o, 0p'|=(@,+1)w,—1)*/e}+#0.
1 w3' op

Similarly, by the equations (2), (5), (7),

baz bes b b1
by by bor bge

bll bls
b31 b33

3’ ’

are uniquely determined and hence
(8)  bgpbys=ay, bubn=a,, byb.=a,

are uniquely determined.



Non-triviality of Certain Finitely-presented Groups 349

Now, by (3),
011022035+ 012D025b51 4021035015 —b11basbas— Basboibys—baobyi by =1.
So,
(9)  biabasbay+barbebiy=p

is uniquely determined.
In order to solve (8) and (9), first suppose that a,=0. Then, we put

byy=1, by=a;, bu=1, bn=a,, by=0, bnzﬁ'
Then, (8) and (9) are satisfied. Similarly for the case a,=0 or a;=0.

Next suppose that a,a,a;#0. Then, b;.bssbs;+0 can be determined by the
equation

(b12b23b31)2—ﬁ(blzb23b31)+a1a2a3:0 .
Then, we can take b,,#0, b,3+£0, arbitrarily and if we put
bss=a;/bsy (#0), ba=as/b (#0), biy=as/yn (#0),

then (8) and (9) are satisfied.

In any case the equations (1)~(7) have solutions such that at least one of
bis, bay, bss#0, which guarantees that AB+DBA. Thus the group considered is
non-abelian, and the proof is complete.
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