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SHAPE VIA MULTI-NETS

By

Zvonko CERIN

Abstract. We give in this paper a description of a new category
related to shape category. We consider families of multi-valued
functions between topological spaces which we call multi-nets. In
a well-controlled way functions of a multi-net more and more re-
semble single-valued functions. We introduce a notion of homotopy
for multi-nets and a composition of homotopy classes. The resultant
homotopy category of multi-nets #M is naturally equivalent to the
shape category provided we restrict to spaces which have ANR-
resolutions with onto projections. However, the homotopy category
of multi-nets is interesting because it provides an intrinsic method
of studying global properties of spaces. Our idea is to extend
Borsuk’s approach based on fundamental sequences to arbitrary
topological spaces in analogy with Samnjurjo’s description of shape
category of compact metric spaces in terms of upper semi-continuous
multi-valued functions.

Introduction

The subject of this paper belongs to the part of geometric topology which is
known under the name shape theory. The method of our investigations is through
the use of multi-valued functions. Our motivation is a desire to get a new des-
cription of the shape category which will be an extension to arbitrary topological
spaces of Sanjurjo’s approach to shape theory of compact metric spaces via
upper semi-continuous multi-valued functions [10].

The classical homotopy theory studies the equivalence relation of homotopy
for maps. Recall that maps (i.e., continuous single-valued functions) f and g
between topological spaces X and Y are called homotopic provided there is a
map h from the product XX of X with the unit closed segment I=[0, 1] into
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Y such that A(x, 0)=f(x) and h(x, 1)=g(x) for every x=X. The homotopy
category 4 has as objects topological spaces and as morphisms homotopy classes
of maps. The homotopy classes are composed by composing representatives
and the identity morphisms are homotopy classes of the identity maps.

The equivalence relation of homotopy for maps leads to a useful and rich
theory only when we restrict to spaces with nice local properties like polyhedra
and absolute neighbourhood retracts. The problems arise in the definition above
when the space Y is such that there are not many maps from XX/ into ¥ so
that the properties of Y are preventing identification of maps which ought to
be identified. In other words, the definition of homotopy is too rigid because
the function h must be continuous and single-valued and because it must take
values in the space Y.

This has led K. Borsuk to modify homotopy theory so that the new theory
which he calls shape theory agrees with the old on absolute neighbourhood
retracts and that it gives much better results for spaces with complicated local
structure where the old theory is inadequate. The modification of Borsuk relies
on the idea to relinquish the insistence in the definition of homotopy that the
map h goes precisely into the space V. The obvious alternative method which
was undertaken by Sanjurjo in [9] and [10] and further followed in this paper
is to give up with the requirement that the function A is continuous and/or
single-valued while retaining the desirable condition that it takes values in the
space Y. In order to properly honour these two diverse methods we shall call
them the Borsuk approach and the Sanjurjo approach to shape theory. We use
names outer shape theory and inner shape theory.

In the original Borsuk’s description [2] of shape category Shp of compact
metric spaces, the spaces X and Y are considered as closed subsets of the Hil-
bert cube @ and maps from X into Y are replaced with fundamental sequences.
Recall that a fundamental seguence ¢ from X into ¥ is a sequence {¢;}%-; of
maps ¢;: @—@Q such that for every neighbourhood U of ¥ in @ there is a
neighbourhood V of X in @ and an index 7 with the property that the restrictions
¢:lv and ¢;|v are homotopic in U for every j>i. The role of the homotopy
relation plays the following notion. Fundamental sequences ¢ and ¢ from X
into Y are called homotopic provided for every neighbourhood U of YV in @
there is a neighbourhood V of X in @ and an index 7 with the property that
the restrictions ¢;|y and ¢;|y are homotopic in U for every j=i. This is an
equivalence relation [¢] denotes the homotopy class of a fundamental sequence
¢, and homotopy classes are composed by the rule [¢]-[p]=[¢-¢], where ¢-¢
is a fundamental sequence formed by compositions ¢;°¢,. The category Shg has
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compact metric spaces as objects and homotopy classes of fundamental sequences
as morphisms.

In spite of its simplicity and clear geometric flavour, Borsuk’s theory relies
too much on the Hilbert cube and the use of open neighbourhoods of subsets
so that the extension of it to wider classes of spaces proved to be a formidable
problem. This was accomplished by many authors so that now we have dif-
ferent descriptions of shape category Sh. Its objects are topological spaces
while its morphisms are rather awkward constructions involving things such as
Morita’s ANR-expansions, Grothendick’s pro-categories, and intricate concepts
of category theory (see [7]). All these efforts belong to the outer shape theory
because they use some outside objects in order to study global properties of
spaces. In particular, these approaches all require the use of absolute neigh-
bourhood retracts. In this paper we propose to follow for arbitrary topological
spaces Borsuk’s geometric method based on fundamental sequences as closely
as possible without any reference to absolute neighbourhood retracts.

Instead of fundamental sequences we consider multi-nets. The other steps
are identical. We define a notion of homotopy for multi-nets and the morphisms
are simply homotopy classes of multi-nets. This idea has previously been used
by Sanjurjo in [9] and [10] to get an analogou description of Shy. The crux
of this approach is to use functions which are not continuous and/or single-
valued. Our investigation started with attempts to extend Sanjurjo’s method to
arbitray topological spaces.

The difference in approach is that we do not require multi-valued functions
to be upper semi-continuous though it is possible with only minor modifications
to build up the appropriate category where this requirement is fulfilled.

The key tools are given as Lemmas 2 and 3 which provide replacement of
a small multi-valued functions (as defined in Definition 2) by a close (see Defini-
tion 3) continuous single-valued function and necessary transitivity of the notion
of small homotopy (from Definition 4).

The multi-nets and their homotopy is given in Definitions 5 and 6. The
most difficult part is to find the correct notion of composition for homotopy
classses of multi-nets. This is accomplished in the first three claims and sum-
marized in Theorem 2.

With the description of the new category M thus completed, the rest of
the paper deals with setting up a functor # from our homotopy category of
multi-nets into the shape category (see Theorem 3 and Claims 4-6).

Finally, in Theorem 4 and Claims 7-10, we show that the homotopy cate-
gory of multi-nets is naturally equivalent to the shape category on spaces hav-
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ing ANR-resolutions with onto projections. This is done by describing the in-
verse { of the functor 4.

The present paper is only the first in a series where we shall attempt to
do large portions of inner shape theory using small multi-valued functions. This
approach is particularly suitable for some problems. It’s obvious merit is that
it does not need any outside objects (like a nice ambient space or an inverse
limit expansion into nice spaces). In conclusion, this paper lies foundations
for the study of the homotopy category 4 M of multi-nets and establishes some
connections between 4 M and the shape category. In the paper “Shape theory
intrinsically” we shall prove by far more complicated arguments that the cate-
gories A M and Sh are equivalent.

Small Multi-valued functions

In this section we shall introduce notions that are required for our theory
and prove two useful technical results.

Let ¥ denote the collection of all normal covers of a topological space Y
[1]. With respect to the refinement relation > the set ¥ is a directed set.
Two normal covers ¢ and r of ¥ are equivalent provided ¢>r and r<¢. In
order to simplify our notation we denote a normal cover and it's equivalence
class by the same symbol. Consequently, ¥ also stands for the associated
quotient set.

Let ¥ denote the collection of all finite subsets ¢ of ¥ which have a unique
(with respect to the refinement relation) maximal element ¢ Y. We consider
Y ordered by the inclusion relation and regard ¥ as a subset of single-element
subsets of ¥. Notice that ¥ is a cofinite directed set (7, p. 11].

We shall repeatedly use the following lemma (see [7, p. 9]).

LEMMA 1. Let {fi, -, fa} be a finite collection of functions from a cofinite
directed set (M, <) into a directed set (L, <). Then there is an increasing func-
tion g: M—L such that g(x)> fi(x), -+, fu(x) for every x&M.

The next two definitions introduce precisely a type of multi-valued func-
tions that we shall use.

DEFINITION 1. Let X and Y be topological spaces. By a multi-valued func-
tion or an M-function F: X—Y we mean a rule which associates a non-empty
subset F(x) of Y to every point x of X. Let M(X, Y) denote all M-functions
from X into Y.
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DEFINITION 2. Let F: X—Y be a multi-valued function and let acX and
ref’. We shall say that F is an (a, y)-map provided for every Aca there is
a Cuey with F(A)CCy4 On the other hand, F is y-small provided there is an
ac X such that F is an (a, 7)-map.

The following is a notion of closeness for multi-valued functions that is
needed in this approach to shape theory.

DEFINITION 3. Let F, G: X—Y be multi-valued functions and let 7617.

We shall say that F and G are y-close and we write F ~G provided for every
xeX there is a C.ey with F(x)UGx)CC..

The following lemma is not needed in the description of the category 4 M
but only in setting up a functor 6 from the category 4 M into the shape cate-
gory Sh. This is a very useful approximation result which shows that a suf-
ficiently small multi-valued functions into an approximate polyhedron can be
replaced by a continuous single-valued function.

Recall [7] that an approximate polyhedron is a topological space Y with the
property that for every oY there is a polyhedron P and maps u:Y—P and

d: P>Y with idy = dou.

LEMMA 2. For every normal cover ¢ of an approximate polyhedron Y there
is @ normal cover T of Ysuch that every t-small multi-valued function F: X—Y
from a topological space X into Y there is a normal cover p of X with the pro-
perty that for every canonical map p: X—N(p) from X into the nerve N(p) of

o there is a single-valued continuous function f: N(p)—Y with F= fep.

PROOF OF LEMMA 2. Let A=¢* and veAi*, where o* denotes the set of all
normal covers r of ¥ such that the star st(r) of 7 refines . Choose a simplicial
polytope P with the metric topology and maps u:Y—P and d: P-Y with

Y
1) idy=dou.

Let e=d-'(v)=P. Let nEe*. Since P is an ANR [6, p. 106], there is a
refinement 7 of 7 with the property that every partial realization in P of a
simplicial polytope K with the Whitehead topology relative to # defined on a
subpolytype L of K which contains all vertices of K extends to a full realiza-
tion of K in P relative to v [6, p. 122]. Let &é==x* and let reY be a common
refinement of v and u~*(§).
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Consider a r-small multi-valued function F: X—Y. Choose a peX such
that F is a (8, r)-map. Let {As]| BeB} be a partition of unity subordinated to
to B, and let {uz|BEg} be its locally finite improvement [4, p. 354]. Let p=
{¢5'((0, 11)| B&B}. Hence, for every Rep there is a Trer, an Npey, a
Kre§, yr€Y and a zre P with F(R)CT g, TeC Nz, u(Tr)CKz, y&Tr, 2z Kn
and zg=u(yg). Let p:X—N(p) be a canonical map of X into the nerve N(p)
of p (see [4]).

Define a function ¢: N(p)*—P by the rule o(R)=zr for every Rep. This
function is continuous and it provides a partial realization of N (p) in P relative
to the cover =.

Indeed, let 6=C(A, B, ---, Z)> be a simplex of N(p). We shall find a mem-
ber of = which contains the set ¢(N(p)°N\d), i.e., the set {z4, -, 25}. Suppose
x€AN--NZ. Since F(x) is non-empty, the sets Ty, ---, T and therefore
also the sets K, ---, K, have non-empty intersection. Since & is a star-refine-
ment of x, it is clear that some member P; of z contains their union.

Let ¢: N(p)—Y be a full realization in P of N(p) relative to ». Let f
denote the composition d-¢. Then f is the required continuous single-valued
function.

Let xeX and suppose that A, ---, Z are all members of p which contain
the point x. Then p(x) lies in the simplex & of N(p) determined by these sets.
It follows that a member E,. of 7 contains both ¢-p(x) and points z4, -+, zz.
Since & refines y and 7 is a star-refinement of ¢, there is a member N, of v
with d(E,\UK4\J --- UKz)CN,. On the other hand, from (1) we get the exist-
ence of members N, ---, Nz of v such that N contains both y¢ and d(z¢) for
every C=A4, ---, Z. It follows that

fepx)EN, dzd)=EN NNy y1ENNTH F(x)CT
Hence, some member of ¢ contains both fep(x) and F(x). [

The following definition is the most important for this paper and our ap-
proach to inner shape theory.

DEFINITION 4. Let F, G: X—Y be multi-valued functions between topo-
logical spaces and let y be a normal cover of the space Y. We shall say that

F and G are y-homotopic and write Fic provided there is a y-small multi-
valued function H from the product X X7 of X and the unit segment /=[0, 1]
into Y such that F(x)CH(x, 0) and G(x)CH(x, 1) for every xcX. We shall
say that H is a y-homotopy that joins F and G or that it realizes the relation
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(or homotopy) F < G.

The following lemma gives an adequate substitute for transitivity of the
homotopy relation for maps. It will be used later many times.

LEMMA 3. Let F, G, H: X—Y be multi-valued functions. Let oY and
teo*. If F=G and G = H, then FZ H.

PrOOF OF LEMMA 3. Let K, L: XXI—Y be 7r-small multi-valued functions
such that
2) F(x)CK(x, 0), Gx)CK(x, DNL(x,0), Hx)CL(x, 1)
for every x&X. Define M: XXI—-Y by

K(x, 2t), reX, 0<1<1/2
M(x, )={ K(x, )\UL(x, 0), reX, t=1/2
{ L(x, 2t—-1), xeX, 1/2<t<1.

Clearly, by (2), F(x)CM(x, 0) and H(x)CM(x, 1) for every x=X. Hence,
it remains to see that M is o-small.

Since both K and L are r-small, there are normal covers a and B of XXI
so that for every Aea there is a T{er with K(A)CT¥ and for every Bef
there is a Ther with L(B)CTE  Let a normal cover y be a common refine-
ment of « and 8. Then for every C=y we can find T(C), W(C)er with

(3) K(C)CT(C) and L(C)CW(C).

We now use [4, p. 358], to get a normal cover ¢ X together with the
function 7»:e—{2, 3,4, ---} such that every set EX[tu, fy,.] iS contained in a
member Cg; of y, where Ece, i=0,1, 2, -+, rE—2, and {;=j/4rE for every
7=0,1, -, 4rE.

We define for each E<¢ an open over |E| of [ as follows:

{E‘:{Vb VZ’ Tty VérE—l})

where V,=[0, t,), Vo=(t,, t;) Vo= ts), -, Vipro1=arz_s, 1].

Since {{EXV|Ve|E|}|E<e¢} is a normal cover of XX I, our proof will be
completed provided we show that for every Ec¢ and every Ve |E| there is a
member of ¢ containing M(EXV).

If V=V,, for i#2¢FE, this follows from (3).

Let V=V, Then M(EXV)=K(EX{twr_., IINJLEX][O0, t,)). But, K(EX
(trp-2, 1)CTT(Cg orz-y) and L(EX[O0, t:))CW(Cg,). As E is a non-empty set,
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there is an x=E. The relation (2) shows that the non-empty set G(x) lies in
the intersection of sets T(Cg srz_1) and W(Cg, ,). Hence. a member of ¢ con-
tains M(EXV). O

Multi-nets

The following two definitions correspond to Borsuk’s definitions of funda-
mental sequences and homotopy for fundamental sequences.

DEFINITION 5. Let X and Y be topological spaces. By a mulfi-net or an
M-net from X into Y we shall mean a collection <p={Fc|cel7} of multi-valued

functions F,: X—Y such that for every y&¥ there is a ce¥ with Fy L F, for
every d>c. We use functional notation ¢: X—Y to indicate that ¢ is a multi-
net from X into Y. Let MN(X, Y) denote all multi-nets ¢: X—Y.

DEFINITION 6. Two multi-nets ¢={F,} and ¢={G.} between topological
spaces X and Y are homotopic provided for every ye? there is a ce¥ such
that F, L G, for every d>c.

It follows from Lemma 3 that the relation of homotopy is an equivalence
relation on the set MN(X, Y). The homotopy class of a multi-net ¢ is denoted
by [¢] and the set of all homotopy classes by JM(X, Y).

Our first goal is to define a composition for homotopy classes of multi-nets
and to establish its associativity.

Let ¢={F.}:X—Y be a multi-net. For every ceY there is an f(c)eY
such that for all d, ¢> f(c¢) there is a normal cover fle, d, e) of XxI and an
(f(c, d, ), &)-map joining F; and F..

Let C={(c, d, e)|ce¥, d, e>f(c)}. Then C is a subset of ¥ x¥ XYV that
becomes a cofinite directed set when we define that (¢, d, e)>(c’, d’, ¢’) iff
c>c¢’, d>d’ and e>e’.

Now, let f: Y—V be an increasing function such that f(c)>f(c), ¢ for
every cc?. We shall use the same notation f for an increasing function
Fi0—XxTI such thatf(c, d, &)>f(c, d, ¢) for every (c, d, e)C. Let (¢, d, ¢)
ec¢. For the normal cover f(c, d, e) of X X1, by [4, p. 358], there is a normal
cover e=/(c, d, ¢) of X and a function r=F(c, d, ¢): e—1{2, 3, 4, --} such that
every set EX[(G—1)/rE, (i+1)/rE], where Ece and /=1, 2, -, vE~—1, is con-
tained in a member of f(c, d, e).

Let 7: c—X be an increasing function with f(c, d, ¢)>f(c, d, e) for every
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(¢, d, e)eC. We shall use the shorter notation f(¢) and f(c) for the covers

Fle, fle), f(e)) and f(c, f(c), flc)).

CLAIM 1. There is an increasing function f*:Y—X such that
1) > Fe) for every ce?, and
@) f* is cofinal in F, i.e., for every (c, d, ©)eC there is an meY with

fXm)>f(c, d, ).
PrROOF OF CLAIM 1. Let 9={f(c, d, o)|(c, d, e)=C}.

If ¥ is a finite set, then 9 is a finite collection of elements of X. Let
ac X be a common refinement of all members of 9. Let f*: ¥—X be a con-
stant function into a.

If ¥ is an infinite set, then the cardinality of 9 does not exceed the car-
dinality of ¥. Hence, there is a surjection g:Y—9. Let f*: ¥—X be an
increasing function such that f£*(¢c)>g(c), f(c) for every ce?. O

The above discussion shows that every multi-net ¢ : X—Y determines eight
functions denoted by £, f, f f and f*. With the help of these functions we
shall define the composition of homotopy classes of multi-nets as follows.

Let o={F.} : X—Y and ¢={G} : Y—Z be muiti-nets. Let X={H,}, where
Hi=G,y°Fsgnesyy for every seZ.

CLAIM 2. The collection X is a multi-net from X into Z.
PROOF OF CLAIM 2. Let g=Z. We must find an s€Z such that

ag
(13) H, = H; for every ¢>s.

Let r=o*®, where ¢*" denotes the set of all normal covers ¢ of Z such
that the n-th star st®(z) of r refines ¢. Let s:{r}ez.
Consider an ndex ¢>s. We shall find an index ceY so that

(14) HEEGx°Fcy
T
(15) G.oF. = G,°F,,
and
T
(16) G,°F, = H,

where x=g() and y=g(s). Repeated use of Lemma 3 will give (13) from the
relations (14)-(16).
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Invoking the property (2) of Claim 1, choose a u>t so that r>Z(s, p, q),
where r=g*u), p=g(s), and g=g(t). Let c=f(»). Since ¢>p>g(s) and S=r,
there is a (g(s, p, q), t)-map L:Y XI—Z joining G, and G,. But, F, is joined
to itself by an r-small homotopy. It follows that L-(F:Xid;) is a r-small homo-
topy realizing the relation (15).

On the other hand, G, is a (&), t)-map while F; «u) and F, are joined
by a g*(f)-small homotopy K. The property (1) of Claim 1 implies that Gz K
is a 7-small homotopy which realizes the relation (14). In an analogous fashion
one can show that (16) is also true. O

We now define the composition of homotopy classes of multi-nets by the
rule [{Gg}1-[{Fe} 1=[{Gen°Fregrent ]

CLAIM 3. The composition of homotopy classes of multi-nets is well-defined.

PrROOF OF CLAIM 3. Let x={K.} and A={L,} be multi-nets homotopic to
¢ and ¢, respectively, and let p={M,}, where M=L 5 Kpaqssy) for every
seZ. We must show that multi-nets X and o are homotopic. In other words,
that for every o<Z there is an seZ such that

(17) H, g M; for every t>s.

Let 7. Let r=a*. Let s:{r}eZ. In order to prove (17), we shall argue
that for every t>s we can find indices ceY and ueZ such that

(18) Hy = G,F.,
(19) GooFs = GyoFs,
20) GueFo= LyoFy,
@1) LuF, = LK.,
22) Lok, = LK.,
(23) LK. = M.,

where we put x=g() and y=I({). From the relations (18)-(23) with the help
of Lemma 3 we shall get (17).

We shall now describe how big ¢ and u must be chosen for relations (18),
(19), (20) and (21) to hold separately. The relations (22) and (23) are analogous
to relations (19) and (18), respectively. We leave to the reader the task of
making a cumulative choice for ¢ and u which accomplishes our goal. It is
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important to notice that u is selected first while ¢ is selected only once u is
already known.

Add (18). Since G, is a (Z(@), t)-map and g*(t) refines the cover Z(#), by
the property (1) of Claim 1, it suffices to take c¢> F(g*()).

Add (19). If u>x, then G, and G, are joined by a (g(u), v)-map P: Y X
I—Z. Let ¢>f(g*®). Then F. is g*(u)-small. Since g*(u)>gu), it follows
that P-(F,Xid,) is a r-small homotopy joining the left and the right side of the
relation (19).

Add (20). Since ¢=2, there is a ueZ, a normal cover y of Y XI, and an
(p, r)>-map S: Y XI—Z joining G, and L,. Let & be a normal cover of ¥ ob-
tained by the application of [4, p. 358] to the cover 5. If ¢>f(€), then F, is
&-small so that Se(F.Xid;) is a r-small homotopy joining compositions which
appear in (20).

Add (21). Let u>y. Then L, is an ({(u), v)-map. Since ¢ and x are
homotopic, there is an index c¢eC so that F. and K, are joined by an i(w)-
small homotopy T : XX[—Y. The composition L,-T realizes the relation (21).
O

THEOREM 1. The composition of homotopy classes of multi-nets is associative.

PROOF OF THEOREM 1. Let ¢={F.}, ¢={G,;} and X={H,} be multi-nets
from X into Y, from Y into Z, and from Z into W, respectively. Let p={M,},
v={N,}, k={K,} and 2={L,}, where M,=G s F; s> for every seZ and
Np=Hy»°Gonxp, Kp=Hnm>Mumsmy, and Ly =NnpoFrusp), for every
peW. We must show that # and A are homotopic, i.e., that for every reW
there is a p=W such that

(24) K, ~ L, for every ¢>p.

Let reW. Let perx*. Let p={p}=W. In order to prove (24), we shall show
that for every ¢>p we can find indices ceY and seZ such that

(25) K, % HyoG,oF,,
26) H,G,-F. % H,-G,F.,
@n H,GyoFo = H,GyoF.,
28) H,-GyF. 2 N, oF, |

and
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0
(29) NyoF, = L,

where x=h(g), y=gm(h*(q))), z=h(n(g)) and w=n(g). Repeated use of Lemma
3 will give (24) from the relations (25)-(29).

The method of proof is similar to the proof of Claim 3. We shall only
describe for each of the relations (25)-(29) how large the indices » and ¢ must
be in order that this homotopy holds. An easy exercise of putting together all
these selections is once again left to the reader. Since relations (28) and (29)
are analogous with relations (26) and (25), respectively, it suffices to consider
only relations (25)-(27).

Add (25). Observe that H. is an (a, p)-map while G, is a (8, @)-map, where
a=h(g), B=h*(g), and y=g(m(B)). Let d=g*(m(B)). If ¢>f(), then F; and
F, are joined by a 8-small homotopy P: XXI—Y. But, d refines y by the pro-
perty (1) of Claim 1. Hence, H,°G,-P is a p-small homotopy between K, and
H,°G,-F..

Add (26). As above, H, is an (a, p)-map. Since m(s)>s for every seZ,
we get y>g(B). Therefore, if we take s>y, then G, and G, are joined by an
(e, By-map Q:Y xI—Z, where e=g(B). However, B refines a so that H.-Q is
an (¢, p)-map. Let % be a normal cover of ¥ associated to ¢ by [4, p. 358].
Finally, for ¢>f() we see that H,-Q-(F.Xid;) realizes the relation (26).

Add (27). Since n(»)>r for every reW, we get z>x so that H, and H,
are joined by an (5, p)-map T: ZXI—-W, where » denotes the normal cover
h(z) of ZxI. Let &=h*(z) and let s>g(). Then G; is a (§(s), §)-map. Let
{=g*(s) and take ¢>f({). The composition T-((G,-F.)Xid,) realizes the rela-
tion (27). O

The category 4 M

For a topological space X, let ¢(¥={[,}: X—X be the identity multi-net
defined by I,=idy for every ackX. Itis easy to show that for every multi-
net ¢: X—Y the following relations hold.

Lol-[*1=[e]=["][¢]

We can summarize the above with the following theorem.

THEOREM 2. The topological spaces as objects together with the homotopy
classes of multi-nets as morphisms and the composition of homotopy classes form
the category M.
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There is an obvious functor / from the category Jop of topological spaces
and continuous maps into the category 4 M. On objects the functor J is the
identity while on morphisms it associates to a map f: X—Y the homotopy
class of a multi-net f={F,} : X—Y, where F.=f for every ce?.

Our first main result can be stated as follows. Let ShA be the shape cate-
gory of arbitrary topological spaces and let S: 9op—Sh be the shape functor

[7].

THEOREM 3. There is a functor 6 from the category KM into the shape
category Sh such that S=80-].

Description of the functor 6

The functor § will leave the objects unchanged. In order to explain how
¢ effects the morphisms we must work much harder. First we encounter the
dilemma of selecting the right description of shape morphisms among the many
that exist in the literature.

In the rest of this paper, let X, Y and Z be topological spaces and let

P:{}Da} : X—>x:{Xa» €a, D8, A},

‘I:{qc} : Y I QJ= {ch EL‘? qfi; c}’
and
r={r":7 — Z={Zn, vm, r3, M}

be uniform commutative approximate resolutions of X, Y and Z where each
X, Y. and Z, is a polyhedron, st*(e,)-close maps into X,, st3(£.)-close maps
into Y. and st*(vn)-close maps into Z, are homotopic, and A=(A4, >), C=(C, >),
and M=(M, >) are infinite cofinite directed sets with cardinalities greater or
equal to cardinalities of )?, ¥ and Z, respectively. The existence of such
approximate resolutions follows from [8] and [11].

We can associate with the approximate resolutions p, ¢ and r the underly-
ing expansions in the sense of Morita [7]

Ipl={p"}: X — 12X [={X,, p5, A},

lgl={¢’}: Y — |9y |=1Y,, ¢4, C},
and
lrl={r"}: Z — |Z|={Zn, r7, M}.
It is well-known that shape morphisms from X into Y could be considered
as equivalence classes of morphisms of inverse systems || and |¥| (see [7]
and [117). More precisely, the set Sh(X, Y) of all shape morphisms between
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spaces X and Y can be identified with the set pro-9Pol(12]|, |9]) of all mor-
phisms in the Grothendick’s pro-category pro-4 Pol of the homotopy of poly-
hedra 4 Pol between the objects |%| and |4|. In our description of what 6
does on morphisms of the category 4 M we shall view shape morphisms in
this way.

Let ¢={Fy};er: X—Y be a multi-net. By Lemma 2, we can find a refine-
ment 7, of & so that for every st*(y.)-small multi-valued function K: W—Y,
there is a normal cover p of W with the property that for every canonical map

§e
r: W—N(p) there is a map k: N(p)—Y, with K = ker. Let m.=(¢°)"'(30)-
Choose an index [,V so that

e
(31) F.=~F, for all s, t>/,

Let 1: C—Y be an increasing function such that A(¢)>{., {m.}, v(c) for every
ceC, where v: C—Y is a surjection. We shall need later the fact that the
function A is cofinal, i.e., that for every se¥ there is a deC with A(d)>s.

Observe that Fj;., is m.small. Hence, ¢°°F,« is 7n.small. Let p be a
normal cover of X such that ¢°<Fi( is a (o, y.)-map. Let »: X—N(p) be a
canonical map. The way in which we selected the cover 7. gives a map %
which satisfies

e

(32) kor = ¢ Fi -
Let {=Fk *&.). By the property (R1) for the approximate resolution p, there is

¢
an index f(c)eA and a map g: X;»—N(p) with » = g-p”©. Hence,

e
(33) kor =kogopl© .
Let fe=keg: X;—Y . The relations (32) and (33) together imply

tH(&c)

Silse
(34) feep?©@ = ¢ Fae .

CLAIM 4. The pair f=(f, {f¢|ceC}) is a morphism between inverse systems
2] and |Y|.

PrOOF OF CLAIM 4. We must show that for every pair ¢, d of elements
of C with d>c it is passible to find an a>f(c), f(d) so that
(35) foepherz=qle e ph .

Since A(d)>A(¢)>1., by (31), the functions F;«, and F,;(» can be joined by m.-
small homotopy H: XXI—Y. Hence, ¢°-F;« and ¢°-F; 4 are joined by the 7.-
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small homotopy ¢°-H. It follows that there 1s a single-valued continuous func-
tion K: XxXI-Y with

EC
(36) K=g¢g%H.
The way in which we constructed f¢, the relation ¢°=¢%-¢%, and the uniformity
property of ¢ give

st(&,)
37 G Fiay = qaoflop/ .
We know that
(38) ¢ Fro(x)Cq°-H(x, 0) and ¢ Fya(x)Cq¢°-H(x, 1)

for every x=X. Combining relations (36), (34) and (38) we obtain
st*(&c)

(39) Ko —_ fcopf(C)’
while (36), (37) and (38) imply

Stz(fc)
(40) K, = qaoftp’®,

where K,, K,: X—Y are defined by Ky (x)=K(x, 0) and K,(x)=K(x, 1) for every
x€X. But, the assumption aabout &, gives that the maps appearing in (39)
and (40) are homotopic. Hence,

@) foepf @ pghe flepf ep?,

where b> f(¢), f(d). However, the system || satisfies the condition (E2) from
the reference [7, p. 48], so that an a>b for which (35) holds surely exists. [J

Now we can define that # acts on morphisms of the category 4 M (i.e., on
homotopy classes of multi-nets) by the rule 6([¢])=[f], where [f] denotes the
equivalence class of £ with respeot to the equivalence relation ~ (see [7, p. 6]).

CLamM 5. The function 6 is well-defined i.e., it does not depend on the
choices of ¢, 4, and f° in our description of F.

PrOOF OF CLAIM 5. Suppose that ¢={G.} : X—Y is multi-net homotopic to
¢ and let the morphism g=(g, {g°lc=C}) of inverse systems |¥| and |9| be
constructed from ¢ by the above procedure using in it g instead of 2. We
must show that £ and g are equivalent, i.e., that for every c=C there is an
a> f(c), g(c) with

(42) fcopé(c)ggcepg(c) .

Let a ceC be given. Since ¢ and ¢ are homotopic multi-nets, there is an
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index scef' such that

Te
(43) F, =G, for all ¢, u>s,.

Since the functions 4 and g are increasing and cofinal, there is a d>c¢ such
that A(d), p(d)>s.. From (43), we get

e
(44) Fio =2 Grw

Let H: XX I—Y be a rm-small multi-valued function with F;(x)CH(x, 0) and
Guw(x)CH(x, 1) for every x&X. Hence, ¢°<H is an %.-small multi-valued func-

tion and
(45) ¢Fray(x)Cq-H(x, 0) and ¢°°G,(x)Cq°-H(x, )

for every x=X. Just as in the proof of Claim 4 there is a single-valued con-
tinuous function N: X XI-Y . with

&
(46) N=gH.

On the other hand, since A(d)>A(c)>!. the functions F;., and F; are joined
by a m.-small homotopy L:XXI—Y. It follows that ¢°-L is an y.-small homo-
topy which satisfies

@7 ¢°Fr(x)Cq¢L(x, 0) and ¢ Fia(x)C¢°-L(x, 1)
for every x=X. Pick a single-valued continuous function M: XXI—Y . with

£
48) M=gL.

Similarly, there is a single-valued continuous function P: XX/I—Y. together
with a m-small homotopy R: X XI—Y such that

49) ¢ Gu(x)C¢°=R(x, 0) and ¢ Fu(x)Cq°-R(x, 1)
for every xX, and

&e
(50) PZ R,

In analogy with (35), we also have

st(&e)
(6D ghepE@ = g
Let M,, M,, N,, N;, P, and P, be maps defined from maps M, N and P as we
defined K, and K, from K in the proof of Claim 4.

The relations (34) and (48) imply that f°-p7© and M, are st*(&,)-close maps

re)
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into Y.. It follows that they are homotopic. Similarly, the maps g¢-p¢© and
P, are homotopic.

The maps M, and N, are also homotopic because from relations (45)-(48)
we see that both are &.-close to the function ¢°-F;(;. The maps N, and P, are
homotopic because of a similar reason.

We conclude from the last two paragraphs that maps f°-g” and gf.p#©
are homotopic. Just as in the proof of Claim 4, with the help of the condition
(E2), we can conclude that there exists an a> f(c), g(c) so that (42) holds. O

CLAIM 6.

(1) Let ¢t={(Gdx).cx be the identity multi-net on a space X. Then the mor-
phism i: |X|—|X| associated to ¢ by our description of 6 is the identity
morphism (id4, {(idx).|asA}).

(2) Let o={F;{: X—=Y and ¢={G,} : Y—Z be multi-nets. Then

O PT-LoD)=0(LpD-0(Le]).
3) 0 is a functor and the relation S=0-] holds.

PrROOF OF CLAIM 6 (2). Let p={H,}: X—Z, where H,=G cuFygrw) for
every usZ. Let f=(f, {/*}ecc), 9=(g, {8} men), and k=(h, {h™} nex) be ob-
tained from ¢, ¢ and x by the above procedure. We must show that % and
g-f are homotopic. Since g-f=(f-g, {g™-f¢™}), this amounts to show that
for every me M there is an a>{, x such that

(52) h™epg=g™e o pa,
where t=f-g(m), x=h(m) and v=g(m).
Once again, our method is to show that
(33) h™epm=g™e fropt,
and then use the condition (E2) to get the required index.

In order to establish (53), we shall argue that there are large enough indices
beC and ne M such that

St(um)
(54) hmep® = rmeH,,
Hm
(55) rmeH, = r™eG,oF,,
Pm
(56) e GuoF, =2 ¥r™oGyoF,,

Hm
(57) rmeGroF, =2 r™GyoF,,
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Stz("m>
(58) rmeGyoF, = gmeq®F,,
Im
(59) ghogioF, = gmoq’oFy,
and
st(em) ,
(60) g""eqvaFu = gmofvop ,

where y=y(m), z=g(y(m)), w=x(m), u=Agm)), ptn is analogous to 7. and 7, &
and 2 are functions used in constructing h, g and f, respectively.

Suppose for a moment that the relations (54)-(57) hold. From (55)-(57) it
follows that there is a st*(un)-small multi-valued function K: X X[—Z such that

(61) rmoH, (x)CK(x, 0) and r™-Gy,-F.(x)CK(x, 1)

for every xX. Similarly, from (59), it follows that there is a pn-small multi-
valued function L: XXI—Z with

(62) greoqPoFo(x)CL(x, 0) and g™eg®Fu(x)CL(x, 1)

for every xX. Let B and D be single-valued continuous functions such that

Ym Ym
63) B=K and D=L

From (54), (61) and (63), we get that maps h™-p* and B, are st*(v,)-close.
Hence,

(64) h™e p®=B,.

Similarly, from (58) and (61)-(63), it follows that the two maps B, and D,
are st’(vn)-close. Hence,

(65) Bi=D,.

Finally, from (60), (62) and (63), we obtain that maps D, and g™- - p* are
st¥(yvn)-close. Hence,

(66) Dy=g™o frapt.

The relations (64)-(66) together imply the relation (53). Thus it remains to
explain why (54)-(60) hold. We shall describe what choice of ¢ and n make
each of these relations true and leave to the reader to put together all choices
to pick them so that all are true simultaneously.

Add (54). This follows from the way in which A was constructed (it cor-
responds to the relation (34)).

Add (55). Observe that H,=G,-F,, where s= f(g*(y)). Since G, is a
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(8(y, 2z, z), §)-map (and therefore alsoc a (g*(y), ¥)-map because g*(y) refines
8y, z, z)) and j refines p=0@"™)""(u™), it suffices to take ¢>s because then F,
and F, are joined by a g*(y)-smail homotopy @ : X XI—Y so that r™-G,-Q is
a pn-small homotopy joining r™-H, and »™«G,-F.,.

Add (56). Let n>z. Then G, and G, are joined by a (g(y, z, n), §)-map
R:Y XI—Z. Hence, if ¢>g*(n), then r™Re(F,Xid;) is a pn-small homotopy
joining 7™<G,°F, and r™-G,oF..

Add (57). Let n>w. Then G, and G, are joined by a pn-small homotopy
T:YXI—Z. Let w be a normal cover of ¥ X/ such that T is an (@, pn)-map
and let { be a normal cover of Y obtained from @ by application of [4, p. 358].
Let ¢>f({C}). Then F, is a -small multi-valued function so that ™+ T+(F,Xid;)
is a pn-small homotopy joining r™<G,F, and r™G°F.,.

Add (58). First we observe that

St(pm)

(67) oGy = gMeq’.

The relation (67) is just the version of the relation (34) for ¢. Choose a normal
cover © of ¥ such that G, is a (%, pn)-map. Let ¢>f({x}). Then F, is =-
small and the composition 7™<G,-F, is pm-small. Let B=(g™-¢")'(um). Let
¢>f({f}). Then F. is 8-small and the composition g™-¢°-F, is also gn-small.
With this information on the size of both sides appearing in (58), from (67), we
can get (568).

Add (59). We can assume that §,>>(g™) (un) for every meM. It might
be necessary to pass from a given set of &’s to the new ones by an inductive
argument on number of predecessors in order to accomplish this. Let ¢>u.
Then F, and F, are joined by a m,-small homotopy U: XXI—Y and gmeq*-U
is a pn-small homotopy between g™-g”-F, and g™eg"F,.

Add (60). The relation (34) for ¢=v reads

St(Ev)
qv°Fu — fvopt .

Since §,>(g™) (pun), we get from this the relation (60). 0

Proor oF CLamM 6 (3). That 4 is a functor follows fram the previous dis-
cussion. It remains to see that S=@-J. Let f: X—Y be a map, i.e., a mor-
phism of the category Jop. For each c=C, there is a p.=&¥ such that g is
also a commutative uniform approximate resolution of Y into the approximate
inverse system ¢’'={Y,, p., ¢3, C}. By Theorem (6.3) in [8], there is an appro-
Ximate map f:X—-4’ such that (p, q, f) is an approximate resolution of f.
By Lemma (5.6) in [8], we get
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e
(©8) fropt© = ot

Let ¢,={F;} : X—Y be a multi-net, where F,=f for every ieY. Then Los]
=J(f). In applying the procedure from the description of # to the multi-net
¢; we can take for A a constant function and the above morphism f. The
relation (68) implies that S=#-/J. Indeed, the induced morphisms satisfy

(69) Ifl-lpl=lgl-f.

Since there is a unique morphism which satisfies (69), namely the morphism

S(f), we get S(NH)=6(J(f). O

Inverse of 4

We shall now prove that on spaces which admit ANR-resolutions with the
onto projections (that we call O-spaces) the functor @ is a category isomorphism.

DEFINITION 7. A space X is called an O-space provided there is an ANR-
resolution p={p*}: X—{X,, p&, A} in the sense of Mardesi¢ [7], where each
projection p® is an onto map.

At present we do not know what is the real extend of O-spaces. From
results in [11], it follows that inverse limits of inverse systems of compact
Hausdorff spaces with onto bonding maps are O-spaces. In particular, all com-
pact metric spaces are O-spaces. One can easily check that the examples of
non-degenerate regular spaces with the property that every real valued map on
them is constant [5, p. 1607 provide examples of spaces that are not O-spaces.

THEOREM 4. Let X be a topological space and let Y be an O-space. Then
the function 6: IMX, Y)-Sh(X, Y) is a bijection.

In order to prove Theorem 4, we shall construct the function {: SA(X, Y)
—4M(X, Y) which will be the inverse for the function §. The description of
¢ and the verification of its properties is given below in Claims 7-10.

Construction of the function {

Let f=(f, {f°}.ec) be a morphism between inverse systems |X| and |Y].
Let se¥. Recall that s is a finite set of normal covers of ¥V with the unique
maximal element §¥. By the condition (B1) for the approximate resolution
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g [8], there is an index ¢(s)eC such that

(70) (¢)""(&)  refines § for every c>c(s).

Let 7: Y—C be an increasing function with y(s)>c¢(s) for every se¥. Let
¢={Fi}cy, Where Fy=(q7®) s fr®«pI 7™,

CLAIM 7. The family ¢ is a multi-net from X into Y.

PROOF OF CLAIM 7. Let a o=¥ be given. We must show that there is a
ce¥ such that
g
(71) F,=F, for every t>s.

Let s={o}e¥. Let {>s. Put m=y(t), n=y(s), v=/(m) and w=f(n). Since
m>n and f is a morphism of inverse systems, there is an a>v, w and a map
K: X, xI-Y, with

(72) K(x, 0O)=ghof™pa(x) and K(x, )=f™pa(x)

for every xeX,. Let L=(¢")*<Ko(p*xid;). Then L:XXI-Y is a o-small
homotopy. Moreover, for every xcX, from (72), we get

(73) L(x, 0)=(g™) " egme f™ e pacp®(x)D(g™) 1o [ ™= p°(x)=F (%),
and

(74) L(x, 1)=(g") e fr peop(x)=(g") " = [ p*(x)=F(x).
Hence, L is a o-small homotopy between F; and F;. O

Now we can define the function { by the rule {([f1)=[¢].

CLAIM 8. The function { is well-defined, i.e., the value {([f]) does not de-
pend on the choice of the representive f of the equivalence class [f] and on the
choice of the function y in our description of ¢.

PrOOF OF CLAIM 8. Let g =(g, {g°cec)E[f]. Let ¢ ={G}scp be con-
structed from g by the above procedure using the increasing function pu: Y—cC.
We must show that ¢ and ¢ are homotopic, i.e., that for every ce¥ there is
an se¥ such that

g
75) F, =G, for every i>s.

Let a 0¥ be given. Let reo*:. Put s={r}=¥. Pick an increasing
function d: ¥—C such that HO>y(D), p) for every tey.
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Let t>s. Let m=y(f), n=pt), k=0@1), u=[f(m), v=,(k), y=g(n) and z=
g(k). Since k>m, thereis an a>u, v with f™epi=glef*-p%. As in the proof
of Claim 7, we can conclude from here that

(76) F =K,

where K=(g*)™'- f*op®. Similarly, we obtain

T
(77) L =G,

where L=(g*)'-g*-p?. Since f and g are equivalent, there is a b>v, z and a
homotopy H: X,XI—Y, with H(x, 0)=f*.p}(x) and H(x, 1)=g*-pj(x) for every
x€X,. It follows that the composition (¢*)™'Ho(p?Xid;) is a t-small homotopy
joining K and L. This together with (77) and (76) implies (75). O

CLAIM 9. For every morphism f=(f, {f tecc): | |—|Y| we have |f|=
6-C([F).

ProOOF OF CLAIM 9. For every se¥ choose an index ¢(s)e C such that (70)
holds. Let y: Y—C be an increasing function with y(s)>c(s) for every se¥.
Let 6: C—Y be a function such that d(c)er~(c) whenever y7'(c)#0. Let o=
{Fs}sep, where Fy=(g"®) e fr®op/ae)  With respect to ¢ we now choose 7.,
w. and /. as we did in the description of the function #. Hence, we can assume

that (g7 (™) te from ., pfam) = (g7™)~te f1M o p7 T@) whenever m, n>l,.

Next, we shall select a cofinal increasing function 4: C—Y such that Ae)>
le, {7}, 0(c) for every ceC. Let u=Aa(c), v=y(u) and w=f(). Then v>c¢ and
g Fu=q () oo p = gie 7o "

Hence, in the next step, (i.e., the selection of the index “f(c)” and the single-
valued continuous function “f¢”) we can take some z=g(c) with z>w and the
map gé=géo fP-p¥. It remains to check that the morphisms £ and g=(g, {g°}cec)
are equivalent. In other words, that for every cC we can find an a> f(c),
g(c) with
Jeoph©O=gte pl©=qge fO pYe -

But, this follows from the fact that v>¢ and £ is a morphism of inverse sys-
tems. O

DEFINITION 8. Let ¢ be a normal cover of a space Y. Two multi-valued
functions F, G: X—Y are o-hooked provided for every x<X there is an S,c¢0
such that S, has non-empty intersection with both F(x) and G(x).
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Observe that o-close multi-valued functions are o-hooked.

LEMMA 4. Let F, G: X—Y be multi-valued functions and let ¢ be a normal

cover of Y. If F and G are o-small and o-hooked, then F =~ G.

PrROOF OF LEMMA 4. Since F and G are ¢-small, there is a normal cover
n of X such that for every E<=y there are Sz, Tr=o with F(E)CSy and
G(E)CTg. Define a function H: XX I-Y by the rule H(x, )=F(x)\UG(x) for
every x&X and every tcl. Leté={EXI|Eey}. Clearly, £ is a normal cover
of XxI. We shall check that H is a (&, st(6))-map. This would imply that H
is a st(¢)-small homotopy joining F and G.

Then H(K)=F(E)UG(E)=Sg\UTg, for a member K=EXI of ¢ and E<y.
But, since F and G are o¢-hooked, for every x&F there is an R,Eo¢ with
R.NF(x)#0 and R,NG(x)*0. Hence, HK)Cst(R,, o). O

CLAM 10.  For every multi-net o= {F}sey: X—Y we have {-0([p])=[¢].

PrROOF OF CLAIM 10. We first perform steps from the description of the
functor @ to get C., =, I, 2, f, and the maps f°. Then we perform steps from
the description of { to get indices ¢(s), the function y, and a multi-net ¢=
{Gs}sep, where G, is the composition (g7 ) e fT®e p/ T We must show that
multi-nets ¢ and ¢ are homotopic, i.e., that for every cc¥ there is an sV
with

g
(78) F, =G, for every t>s.

Let a ¢V be given. Let r=¢*. Since ¢ is a multi-net there is an s> {r}

such that

g
79) F, = F, for all r, t>s.

Let t>s. We shall prove that there is a large enough index ¢=C with the
property that

T

(80) F,=F,,
512(2') )
(81) Fy = (¢)tefop”,
and
(82) (@)t feop’ = Gy,

where u=21(c) and v=/f(c). The relations (80)-(82) and Lemma 3 imply (78).
Add (80). Since A is a cofinal function, there is a ¢&C so that A(c)>s.
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Then (80) is a consequence of (79).
Add (81). Let ¢>y({z}). If follows that (¢°)"'(&) refines 7 so that (g°)*(st(Ee))
refines si(r). Hence, from the relation (34), we get

st(r)
(83) (¢°) 1 eqteFy = () o [ op".

But, the composition on the left side of (83) is a m,-small multi-valued function.
Since 7.=(¢°)"(y.) refines r, by Lemma 4, from (83) we get (8L).

Add (82). Let w=y(t) and z=f(w). Let ¢>w, y({r}). Since (f, {f% aec)
is a morphism of inverse systems, there is an a>v, z and a homotopy H: XX
I-Y, with H(x, 0)=q¥f-p5%(x) and H(x, 1)=f"-pi(x) for every x&X,. It
follows that (¢°)™'eHo(p*Xid,) is a r-small homotopy joining the left and the
right side of (82). O

REMARK. It is possible to use only multi-valued functions that are upper
semi-continuous or to require that in addition images of points are compact.
With these functions we shall get a similar result but the space Y is further
restricted to spaces that admit ANR-resolutions with closed and perfect projec-
tions, respectively.
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