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Introduction.

The purpose of this note is to answer the following problem.

PROBLEM. Let P be a propositional letter and G(P) a formula. Does the set
{Al—G(A)} always have the least and the greatest elements unless it is empty?

To be accurate, of course, the above problem must be understood in the
Lindenbaum algebra.

The answer is “no” if — denotes the provability in the intuitionistic logic
(§ 1), while “yes” if the classical logic is concerned with (§ 2).

The author expresses his thanks to Dr. Masazumi Hanazawa, who raised him
the above problem.

§1. The intuitionistic case.

In this section we understand by | the provability in the intuitionistic logic.
Then the problem is negative since Proposition 1 below shows an example of a
non-empty set which has neither the least nor the greatest element.

PROPOSITION 1. Let @ and R be distinct propositional letters and G(P) be the
formula [P~Q1Vv[P~R].

1°) —G(Q) and —-G(R).

2°) There is no formula B such that (a) —G(B) and (b) if —G(A) then
=BDA for every A.

3°) There is no formula B such that (@) —G(B) and (V') if +—G(A) then
—=ADB for every A.

PROOF. 1°) is clear.
2°) We assume, on the contrary to the conclusion, that any formula B
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satisfying (a) and (b) is given. By 1°) and (b) we have —BDQ and —BDOR,
from which together with (a) follows f«[QDR]\/[RDQ] which is absurd.
Hence no such B exists. : :

3°) is proved similarly. O

§2. The classical case.

In this section we understand by I the provability in the classical logic.
Then we see by Proposition 2 below that the set {4|—G(A)} has the least
element —G(F) and the greatest element G(7') unless it is empty, where for
brevity’s sake we assume that the propositional constants T (truth) and F (falsity)
are admitted. So the problem stated in the introduction is affirmative.

We remark that Proposition 2, 4°) has, essentially, already been obtained in
Maehara [1, Appendix].

PROPOSITION 2. Let be given a propositional letter P and a formula G(P).
1°) FGADI-GIF)DAL

2°) FGA)DG(G)).

3°) FGADLADGT)].

4°) FG(A)DGGT)).

PrOOF. We first remark the facts that

FADLA~T], =—AD[A~F], —[A~BID[G(A)~G(B)],
and so

HAD[GAN~GT)], F—ADLGA~GIF)], FGITAGE)DG(A).

1°) follows from +——AD[G(A)~GF)].

2°) From =G )DIG(-GIN~GE)] it follows —AAGE)DIG(A)D
G(—GF))], while from 1°) it follows " AA-GE)DIG(A)DG(—GUE))]; so
—[A~—=GEF)]IDLG(A)DG(—G(F))], from which together with -[A~—G(F)]
DIG(AY~G(—GWF))] follows 2°).

3°) follows from +—AD[G(A~G(T)].

4°) From ——AD[GA~GF)] and —GTHAGEF)DGG(T)) it follows
= ANGIT)DG(A)DG(G(T)], while from 3°) it follows - AA—G(T)D[G(A)D
GG(T))]; so F=[A~G(T)]IDLG(A)DG(G(T))], from which together with
FLA~G(T)ID[G(A)~GG(T))] follows 4°). O

Next, consider the following modified problem.

PROBLEM. Let P be an n-ary predicate letter and G(P) a formula. Does the set
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{Axy - xa Ay, =, X)|FGQAxy - X, Alxy, -0, X0)))

always have the least and the greatest elements unless it is empty?

The answer is “no” as the following proposition shows. The proof is similar
to that of Proposition 1 since it is not the case that —VYx[QxDRx]VVx[RxDQx].

PROPOSITION 3. Let Q and R be distinct unary predicate letters and G(P) be
the formula Vx[Px~Qx]V Vx[Px~Rx].

1°) G(AxQx) and —G(AxRx).

2°) There is no 2xB(x) such that (a) —G(AxB(x)) and (b) if —GAxA(x)) then
FVx[Bx)DA(x)] for every AxA(x).

3°) There is no 2xB(x) such that (a) —G(AxB(x)) and (b’) if —G(AxA(x)) then
FVx[A(x)DB@)] for every AxA(x).
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