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A REMARK ON NONNEGATIVELY CURVED HOMOGENEOUS
KAHLER MANIFOLDS

By
Mitsuhiro ITon

Introduction,

The aim of this paper is to show the following
THEOREM  If a compact connected homogencous Kihler manifold (M, g) is of
nonnegative curvature, then it is a Kahlerian divect product of a flat complex
torus (T, g») and a Hermitian symmetric space of compact type (M, g"); (M, g)=
(T, g)x (M, g').

Here, a Kahler manifold (M, g) is called homogeneous if the isometry group
I(M, g) acts on M transitively. And a Kahler manifold is said to be of non-
negative curvature when the sectional curvature K, is nonnegative for any plane
section o.

Hermitian symmetric spaces of compact type give typical examples for com-
pact Kdhler manifolds of nonnegative curvature (Helgason [2]).

For a Kdhler manifold (M, g), the holomorphic bisectional curvature H, . for
holomorphic plane sections ¢ and 7 is defined by

H(r,r=g(R(X» IX)IYx Y): G=X/\IX! T:Y/\IY, g(X: X>=g(Ys Y):l,

where R is the curvature tensor and 7 is the complex structure (Kobayashi and
Nomizu [51). Since g(R(X, IX)IY, V)=g(R(X, V)Y, X)+g(R(X, IVIY, X), the
holomorphic bisectional curvature H, . is written by a sum of two sectional curva-
tures up to nonnegative constant factors. Thus, if a Kadhler manifold is of non-
negative curvature, then the holomorphic bisectional curvature H; - is also non-
negative for any holomorphic plane sections ¢ and <.

From a theorem of Matsushima [6], a compact connected homogeneous Kahler
manifold (M, g) is a Kahlerian direct product of a flat complex torus (7, gy) and a
Kdhler C-space (M, g'); (M, g)=(T,g0) x (M', g"), where a Kihler C-space is
by definition a compact simply connected homogenous Kahler manifold.

If the compact connected homogeneous Kéhler manifold (M, g) is of nonnega-
tive curvature, so is the Kahler C-space (M, g’). Therefore, Theorem is a direct
conclusion of the following proposition.
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ProrositioN  If a Kahler C-space is of nonnegative curvature, then it is a
Hermitian symmetric space of compact type.

Before we give a proof of Proposition, we will summarize structure of a Kéahler
C-space and geometrical concepts (an invariant Kihler metric, connection and curva-
ture tensor) from Lie group theoretical point of view (Wang [7], Itoh [4D).

1. Structure of Kahler C-space

Let (M, g be a Kahler C-space. Then M is described as M=G,/K=G/L,
where G, is a compact connected semisimple subgroup of I(M, g, G a connected
complex semisimple Lie group which contains G. as its maximal compact subgroup,
L a connected closed parabolic subgroup of G and K=Gu.N L.

Conversely, given a connected complex semisimple Lie group G and its connect-
ed closed parabolic subgroup L, a coset space G/ L has structure of a Kdhler C-space.

We will give a full detail of structure of a Kahler C-space. Let g and } be
a complex semisimple Lie algebra and a Cartan subalgebra of g. The set of all
nonzero roots with respect to (g, ) is denoted by 4. II'= {ay, -1} (I=dimch=rankg)
represents a2 fundamental root system of 4. Any root is a linear combination of
@i, i=1, -, I, over Z, ACZoy+--+Zu. The lexicographic order is defined in
Zoy+ -+ + Zay with respect to II. A+ (or 47) denotes the set of positive (or negative)
roots. We fix a basis {Hj, Ey; j=1, -, I, aed} of g, called Weyl’s canonical basis;
namely, {H, -, Hi} is a basisof ) and each E, is a root vector for a root a such
that B(H, Hj)=«;j(H) for j=1, -+, I, and for any Hzb, B(E,E-o)=—1 for aed*
and [Ey Esl=N, eEq+8 Ny,g=N_q,-pSR, where B is the Killing form of g.

Choose an arbitrary subset @(#¢) of the fundamental root system /7. We
define a2 complex subalgebra I and a real subalgebra gu of g by

=9+ > CE,
aeld—4*(8)

b= ERY T 4 3 (R (Bt B+ BY <1 B-),
where A+(tl))={a=§i‘,lmﬂv,’ed+; m;>0 for some aje®}. Since | contains a Borel
subalgebra of g, I){i—;%“CEw and B, guxgu is negative definite, ! is a parabolic sub-
algebra of g and g, is a compact real form of g.

Let G be a simply connected complex semisimple Lie group with Lie algebra g.
Let L, G. and K be connected closed subgroups of G corresponding to subalgebras
I, gu and E=1Ngy respectively. Then the imbedding G,CG induces the indentification
G./JK=GJL and hence the coset space G.JK has structure of a compact simply
connected homogeneous complex manifold.
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It is shown that the space G./K admits a Kdhler metric g which is invariant
under G.. Then the Kihler manifold (G./K, g) constructed from such a pair (g, 9)
is a Kdhler C-space. We call it @ Kahler C-sbace associated with (g, @).

It is known that any parabolic subalgebra of g is conjugate with b+aed——§*(0) CE,
for a certan Cartan subalgebra ) and a certain subset @ of II. Therefore, any
Kihler C-space (M, g) can be written as a Kahler C-space (GJ/K, g) associated
with an appropriate pair (g, @).

Note that the second Betti number b, of a Kahler C-space associated with a
pair (g, @) is equal to %0.

If we set m= 3 {(R(Ey+E.-o)+Ry=1(E,—E_,)}, then g, has a reductive

. wed*(0)
decomposition, namely

ge=f+m, ad®Omcm.

We identify m with the tangent space at the origin of G.,/K. The Gu-invariant
complex structure I on the Kihler C-space (G./K, g satisfies on m

I(Ew + E~w> = V;T(Ea - E—w) ’
I(’\/r]—. (Ea: - E—w)) = (Ew + E—a:) -
The complexification mCof m is decomposed into the sum of m* and m~;

mC =m*4+m-, m*={XemC, I X=y/—1X}= > )CE,,,

acs* (0
m-=m*,
Any Gy-invariant Kéhler metric g can be written at the origin as

= > Ca,a)w'(l)&
e ()

where ¢, is a positive number for each aed*(0), cgpr=c,+cpfor a, B, a+Bed+(®)
and Cgiy=Cq fOr @, a+red*(®), yed*—4*(P), and w* (or o%) is the dual of E, (or
E_»).

We define a linear operator A4, called a connection function associated with the
invariant Riemannian connection p(yg=0, pI=0) as follows

AXY=1/2[X, Y]+ U(X, V), X, YenmC,

where [X, Yl,c¢ is the mC-part of [X, Y] and U is a symmetric bilinear mapping
of mCx mC to mC defined by

gUX V), 2)=g(Z,X1ne, V) +2(X, [Z, Yuo), X, Y, ZemC,
The curvature tensor R at the origin is described in the following way

R(X, Y)Z=[A(}O, A(Y)]Z—A([Xv Y]I[LC)Z_[[X) Y.]EC) Z}; X’ Y; Zemc)
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where IC is the complexification of t and [X, Y1;¢ denotes the C-part of [X, Y].
The metric g, the connection function A and the curvature tensor R are con-
sidered as ones extended over complex numbers.
The holomorphic bisectional curvature H, , for holomorphic plane sections
o=XAIX and t=YAIY at the origin is given as

H,=8RZDOW W) ;1 x_/o31%), W=t (VY—y=1I7).
" =gz DT vz XV, Wega (Vv =111

In order to verify Proposition it is sufficient to study the holomorphic bisectional
curvature for a Kihler C-space of Betti number 5,=1 from the consideration stated
later on (§2).

Henceforth, a Kdhler C-space is assumed to be associated with a pair (g, a:),

where g is a complex semisimple Lie algebra and «; is a fundamental root.
Set

4% () =A% (e) U dpt (@) U dg* (aid U5
At (@) = {a=Smjaed”; mi=k), k=1, 2,
7

and

mr=mtl4m24+m*34; mth= 3 CFE,, k=1, 2,--.

wedi(e;)

Then the invariant Kdhler metric g and the connection function A4 satisfy

g=62klk S w%w® >0

aed p(e;)

and
A(X)Yzj%[?f, Yius Xem*s, Yem'k,

ADY=IX, Yl X, Yem*, (Itoh [4]).

2. Proof of Proposition,

Let (M, g be a Kihler C-space which satisfies H, .20 for any holomorphic
plane sections ¢ and 7. Since M is simply connected, we obtain the following de
Rham decomposition; (M, @)=(M,, g) X+ X (M, g-) as a Kdhlerian direct product.
Each factor space (Mj, gj) is an irreducible Kdhler C-space. It also satisfies H,, =0
for ¢ and 7. Since the Betti number b, is equal to 1 for a compact connected irre-
ducible Ké&hler manifold of nonnegative holomorphic bisectional curvature (Itoh
[31), each (M;j, gi) is a Kahler C-space of by=1. Therefore, it is associated with
(g, @), where g is complex semisimple and o; is a fundamental root. ¢ is
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decomposed into the sum of simple ideals; g=g;+---+gs. Since a; is a funda-
mental root for some gx, the parabolic subalgebra [ associated with «; is written
as I=g;+go+ - +0k—1+l+gksy+ - +gs, where Iz is a parabolic subalgebra asso-
ciated with «; in gz. Hence, we may assume that each factor (Mj, g;) is a Kdihler
C-space associated with a pair (g, @), where g is complex simple and a; is a
fundamental root.

From this fact, it suffices for proving Proposition to show the following assertion.
ASSERTION Let (M, g) be a Kihler C-space associated with a pair (g, ai),
where g is complex simple and «; is a fundamental root. If (M, g satisfies
H, .20 for any o and 7, then (M, g is a Hermitian symmetric space of com-
pact type.

Complex simple Lie algebras are fully classified. Algebras of type A, B, C, D,
E, F and G exhaust thoroughly complex simple algebras. For all notations and
basic concepts with respect to root systems of type A, B, C, D, E, F and G that will
be used without comment, we refer to Bourbaki [1].

A pair (g, ;) is called regular if it is one of the following;

(A, ed1<ict, (By adi=,ty (Cy adiziyty (D1, @iz, 19,1
(Eﬁa ai)i:l,ﬁ) (E7s a7> and (GZ) al)'

A Kihler C-space of b,=1 is Hermitian symmetric if and only if it is associated
with a regular pair (Itoh [4]). Symmetric spaces of compact type have non-
negative sectional curvature ([2]). Therefore, in order to establish Assertion, it
suffices to show that any Kiahler C-space associated with a pair which is not regular
has strictly negative holomorphic bisectional curvature.

Before proving this statement, we show the following lemma.

Lemma Let (M, g) be a Kihler C-space associated with a pair (g, ;). If there
exist roots a, Pedy* (o) such that a+ped and a—pBéd, then H, <0 for o=XNIX,
t=YANIY where X=E,+E_,, Y=Eg+E_p.

Proor of LEMMA Since g(Ey E_) =g(Eg, E_g)=c, Hy, is written as

Hy,: =%{g ([A(Eo), A(E-2)1Ep,E-p)—g(A([Ew,E-alnc)Ep E-p)
_‘g([[anE—w]fcy Eﬁ]) E—ﬁ)}-

As [E,, E_ ley and A(E_,)Eg=[E_, Egla*=0, H, . is equal to %(—g(A(E_,,)

ACED Eg, E_g)—g([[(Es E-4], Egl, E_g)}. Using the formulae in the last of §1,
we have

Hyye=L{ L cB(CE o0 [Bu EaT), B-g) +0B([Eu E-d], Bl E-)}.
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Since the adjoint representation is skew-symmetric with respect to the Killing
form B, we have

Ha’,r= "'é].EH[Em EB]HBZ<O'

where ||Z||z% denotes —B(Z, Z) for Zeg
To verify Assertion we show the existence of roots « and 8 which satisfy the
assumption of Lemma for each pair (g, ;) that is not regular in the following
list;
Type B: (B, ai)1<i<h
A=y,
B=ay+- +a;+20 4 + 20y
a+f=ay+ - +aig+20;+ - +2mEd,
a—fB=—(ay+ -+ a1 +2is1+ - +2a1)¢ 4.
Type C: (Ci, a1<i<,
a=ai,
B=oy+ayt - tait+2aig+- + 204 a, i<I-1,
=a;tast - ta, 1=l—1,
a+B=a;+ a1+ 2w+ - + 20, +a€d, i<l-1,
=q;+ - Faro+ 2 ta€d, i=1-1,
a—B=—(ay+ - +ai1+2ai 9+ +20+anéd, i<I-1,
=~ (ay+ - tar-1+andd, i=I[-1.
Type D: (D, a)i<i<i-1
a=a;
B=ay+ - +ai+ 2+ + 20 ot tay, 1<I—-2,
=g+ ta, i=1-2,
a+B=ay+ - Fai 20+ F 205+ g +ai€d, i<l-2,
=ay+ fa3+2e i Fa€d, i=[-2,
a—f=—(ay+ - +aiy+2ai 4+ 2t a Fa)dd, i<I-2,
== (qy+tagtatadéd, i=]-2.
Type E: (B a3), (Ep a2), (Eg ap),
a=ay,
B=a;+ax+ 203+ 3as+ 2a5+ g,
a+B=a;+2ay+ 203+ 3a4+ 2a5+ e,
a—fB=—(a;+2as+3a,+2a5+ag)é 4.
(Eg az)s (B, @3), (Es a3),
a=as,
B=a; +az+as+ 2a4+ 205+ g,
a+B=a,+az+2a3-+ 204+ 205+ g4,
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a—fB=—(a;+as+2a4+ 205+ )¢ 4.
(Ee ap), (Epy ap), (Eg ay),
a=ay,
B=a;+ap+az+as+ as+ g,
a+B=a;+a+ a3+ 20,4+ a5+ aged,
a—B=—(aqy+ay+as+as+ag)é¢d.
(B a), (B, as), (B as),
a=ag,
B=oy+ay+ 205+ 20,4+ a5+ ag,
a+B=a,+ ay+ 203+ 204+ 205+ aged,
a—B=—(a;+ar+2a3+2a,+ag)€4.
(B, @),
a=ay,
B=a;+ 20+ 303+ 4ay -+ a5 + 205 + a7,
a+B=2a;+2as+3as+4a,+ 3as+ 205+ ay€d,
a—fB=— Qay+3az+4as+3as+ 205+ ay) ¢4,
(Ez ag), (Eg ag),
a=ag,
B=a; +az+ 203+ 3+ 205+ a5+ ay,
a+B=ay+ay+ 203+ 304+ 205+ 205 + 7€ 4,
a—B=—(ay+as+2a3+3as+2a5+aq)€4.
(Be ap),
a=ay,
B=ay+2as+3a3+ 4+ 3as+ 20+ a; + ag,
a+ B=2a, +2cs+ 3ay+ 4as+ as+ 20+ oy -+ g€ 4,
a—fB=— Qo+ 3as+4as+ a5+ 205+ a;+ag)¢4.
(Es ap),
a=ay,
B=a;+2a5+ 2a3+ 3a,+ 205+ 20+ a7+ ag,
a+ B=ay+ 205+ 2a3+ 3ay+ 2a5+ 205+ 207+ g€ 4,
a—B=—(ay+ 2+ 203+ 3ay+ 2a5+ 205+ ag) € 4.
(Es ag),
a=ag,
B=2a;+ 3az+ 4az+6ay+5as+ dag+ 3a; +ag,
a+ 8=2a;+ 3oz + 4o +6ay+ Sag+ dag+ 3ag + 204€ 4,
a=f=—(2a;+3ax+4as+6ay+5a5+ dag+3a7)¢ 4.
Type F: (Fyp ap),

a=day,

7



8
‘8':&1 +3a2 +4CY3 +2a4,
a+,3=2011 +3a2+4a3+2a4ed,
a—f=—(Ba,+4a;+2a)é4.
(Fy ag)y

a=ay,
B=a;+ay+2a3+ 20y,
a+fB=a;+ 205+ 203+ 20464,
a—B=—(a;+2a3+2a,;)¢4.
(Fy a3),
a=as,
B=ay+as+ay,
a+B=ay+2a3+a,€ed,
a—f=—(agtayéd.
(Fy ap),
a=ay,
B=a;+2ay+3az+ay,
a+B=a;+2as+3as+ 20464,
a—B=—(ay+205+3)¢4.
Type G: (Gy ap),
a=ay,
B=3a;+ay,
a+ B=3a;+2a:€4,
a—p=—3a¢4.

Thus, Proposition is verified.

Mitsuhiro ITon

Remark Observing the process of verification for Proposition, we can replace the

assumption of nonnegative curvature in Theorem by assumption that the Kihler

manifold is of nonnegative holomorphic bisectional curvature.
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Added in proof. Recently A. Gray [Compact Kihler manifolds with non-
negative sectional curvature, Invent. Math., 41 (1977) 33-43] has proved the fol-
lowing remarkable result; Let (M, ) be a compact Kahler manifold of nonnegative
sectional curvature. If it has constant scalar curvature, then it is locally sym-
metric. Since a compact homogeneous Kdhler manifold has constant scalar curva-
ture, we can use this result to shorten the proof of our theorem.



