TSUKUBA J. MATH.
Vol. 14 No. 1 (1990), 167—184

ON ALMOST-PRIMES IN ARITHMETIC PROGRESSIONS

By

Hiroshi MIKAWA

1. Introdnction.

Let P, denote integers with at most » prime factors counted according to
multiplicity. In 1975, Y, Motohashi [9] showed that there exists a P, such that

P,=a (modgq), Pi<q(log q)"

for any fixed non-zero integer a and almost-all moduli g with (¢, a)=1. His
argument based upon the weighted linear sieve and the Brun-Titchmarsh theo-
rem on average, which are due to H.E. Richert [10] and C. Hooley [4], respec-
tively. H. Iwaniec’s fundamental works [6, 7], therefore, suggest possibilities
of an improvement upon the above result. In this paper we present an estima-
tion for F,. We shall prove the following

THEOREM. Let Q be a large parameter and a be any fixed integer, 0<|a|
=Q. Then, except possibly for O(Q/log Q) moduli ¢ with (¢, a)=1 and Q <¢=<2Q,
there exists a P, such that

P,=a (mod g), P,=t(a)y(log ¢)"

where the implied O-constant is absolute and t denotes the divisor function.

Our proof of Theorem is performed by a simple modification of the argu-
ment in our previous paper [8], in which the dual problem is considered. In
fact, the numerical work in the main term from sieve estimate is identical.
Succeeding to Hooley’s investigation [4] we treat the remainder terms with the
same manner as in [8]. Our main lemma (see Lemma 1 below) is weaker than
E. Fouvry’s works [1-3] in its scope; however, it will be found to be suitable
for an application to the weighted sieve.

We use the standard notation in number theory. Especially, 7, used in either

Yy
r/s or congruence (mod ¢), means that 7#=1 (mod s). 3* stands for the sum-
=1

mation with restriction (x, y)=1. n~N means NN, <n<N,<2N for some N,
and N,. ¢ denotes a small positive constant and the constants implied in the
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symbols € and O may depend only on .

I would like to thank Professor S. Uchiyama for valuable comments and
careful reading the original manuscript.

2. Proof of Theorem.

Firstly we state the inequality for P, This follows from Richert-Chen-
Iwaniec’s work, see [6]. For ¢=<x and (¢q, a)=1, put

A={n:n<x, n=a (modyq), (n, a)=1},

Ag={n:ned, n=0 (mod d)},

1, , a)=1
P={p:ptlql, o(d)=
0, (d,a)>1,
and
g9 x old)
r(d, d)=|Aq| e a4 2.1
Let @, a, v be the parameters such that
—<<u<v, —z—gvéé, u<3. 2.2)
«a u
Write
D=x*, y=x"*, z=x"".
Then the following inequality is valid.
Hyx:q, a)=|{P: <x, P,=a (mod¢)}|
> 1 (12 (Ca, u, - Bb+ 5 dard, - 3 51
p<z p 7q (d =1 25p<y nEA
praq p2ln
=[I+E)+Eq, say, (2.3)

where C(a, u, v) is some constant, F is a very small quantity and the sequence
(A4)=(44(D)) has the properties:

Aa=0 if d=D.
[2a| =p*(d).
and for any M>y, N>1, MN=D,
L= 2D 2 2 all, M, N)b({, M, N) (2.4

l<(log Dy2 m<M nsN
mn=d

with |anl, |81 =1
We next choose a=11/20—6¢, 1/u=1/2—8¢, 1/v=a/4+11/80—2¢, then the
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condition (2.2) is satisfied and, for sufficiently large x and small e,

ve "{C(a, u, v)—E}>ﬁ),
which is caluculated in [8]. Hence

1 x
1> 200 mgix (2.5)

We turn to Ei(g). We use the following lemma :

LEMMA 1. Let 2Q<x, Q''x™'*>xc. If MSQY*x™* and NSQ*x™/%, then

e

Z} Zdr(J d) <<z'(a)x(logx)“+x(a)2Q+
olgs20lca Q

We postpone the proof of lemma 1 until the final sectien. Now we set x=
7(a)Q(log Q)’, M:x‘/2'55>y=x‘/":x1/2*35 and N=x!/%-¢ then M<Q%x~* and
NLQYix~v5, Lemma 1 yields

2 €/2

2 1E2(l])| <7(a)x(log x)‘*—l—r(a)zQ_]_;Q,,‘

Q<g<ls
<<<_2> Qr(a)Q(log Q) +(§) Q1

(¢ a)=1
X

x\2 _
«(3) @uog @y (2.6)
Moreover we have
2 IEQIE Z > 21
Q<((Iz§) z26spszl/2 a<n%éz)'
p In

£ 3 > t(n—a)
z28spsgl/2 m(znga:

pein

x

L x¢ —

* ngzs p?

Z 1-¢ x -2
<x <<<Z)—>Q(log Q). @2.7)
In conjunction with (2.3), (2.5), (2.6) and (2.7) we obtain
TT(@)QUlog Q)" : g, ) > —=% 4 E\(g)+ Ex(g) (2.8)
o7(a og 1 q, a glog % 1g 2(g .

where C is a positive absolute constant and E(¢) (7=1, 2) satisfy (2.7) and (2.6),
respectively.

We proceed to the proof of Theorem. Put x(f)=t(a)t(log?)” and &=
{g: Q<¢=2Q, (g, a)=1, I1(x(q):q, a)=0}. We shall deduce |€|<Qog Q)
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from which our Theorem will follow. Now, by (2.8), we have
IIy(x(g): q, a)=1T(x(Q): q, a)>f—— +E1(Q)+E2(Q)

For all g=& we then see that

Cx

|E logx

or |Exg)|>-

qlog x °
Hence
ecCe,Ve,, (2.9)

where 8]-={q:Q<q§2Q, (g, a)=1, |E; } Furthermore,

Cx
qlog x

2Q log x
Combining this with (2.6), (2.7) and (2.9) we get

o1 2, (HELY (2 ouog @

j=1,2

(g g =) <3, BV, 3, 1B
(q.vf)

<QUlog ),

as required.

3. Proof of Lemma 1.

In this section we follow the argument of [4] with a minor modification.
We use the following elementary lemma: [If (¢, d)=1, then

—— +0(z(c)) . CRY

By (3.1),
( S Aer( A, d>]
(g,a)=1 p]
Q<gs20Q
X 2
<3| 3 (3 06)-(,3 % 21|+
AT AR B (@, ap=1 a<71(qx)
m,a)=1 (n,ar=1
=W-=-2V+U+7(a)Q, say. (3.2)

Firstly we consider W.
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W:(q g:l a<§§z< dlzl;zl Xd )a<géx< dg%wz Zdz)

Q<qs2Q ny=a(® (d.@=1 ng=a(q) (do/@)=1

(ny, a)=1 (ng, a)=1
= 3 .23 lady, I 1 3 140(S 3 n))
(g,a)=1 (didg,ag)=1 152 a<n2<z g a<lnszr
Q<gs2Q nl a(q) ng=a(g) n=a(qQ)

n1=0(d1) ne=0(d3y)
(ng,a)=1 (ng,a)=1
n1#Fng

We express the congruent condition n,=a(qg), n.=a(q) as n,=a--ql;, ne=a-+ql,.
Then, the condition for [, and [, is
—a { a+ql,=0 (d,)

Ll . (bl a)=1.
a-ql,=0 (ds)

q

Since (lil,, a)=1, (;, d,)=(l,, d;)=1. Changing the order of summation, we have

W= 33 lauda = 3 = 1+o( ) T(n)%(n—a))
(d1dg, ar=1 Li#tps TGt Q<gsmin(2Q, B, Tt alnsz
(Ulg, @)= 1 q—~a51(d1)
apdp=1 g=—aly(dy)
2, dg=1) <q.ad1¢z)=1

We write L=(x—a)/Q and Q'=Q’(/;, [,)=min(2Q, (x—a)/l;, (x—a)/l;). The
congruences are soluble iff /,=I[, ((d,, d;)) and expressed as one congruence

E“ail(dl)
q9=b ([dy, d.]), { . (3.3)
=—aly(d,*), d.*=d./(d,, dv).

This congruence then absorbs the vcondition (g, did,)=1. Hence

W= 313 dgde, 3 3 5 140( 3 emrtn—a)
(didg, a)=1 ly+lgsL Q<q alnsz
U= Lz((dl dg)) 9= b([d1 dzl)
1lg, a)=1 (g,a)=1
(3,4 =Ug, dg)=1

It is expected, by (3.1), that the innermost sum is approximately equal to

¢la) Q"'—Q
a [dn d.]’
Thus,
W=W,+R+0(x(log x)* (3.4)
where
_ Aa A, (@) —a x—a
W= 28 15T e Dp  (min(e )-0) @5
Urlads ey Lap
and
— S -l _M¥Q"‘Q
F= B3 fete 3,3 (3, 1500 0) 6O

Q<q
11=la((d1, dg)) 7=01dy, d2]
diadd=lg adg)=1  (g.ad=1
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In section 5 we shall estimate K. We proceed to consider W,. We perform
the summation over [/, and /,. Write

2=2+2.

L#ly  Li<ly US>l

Then,
. x—a
2= 2 (m1n<2Q, T )-Q) 3z L
[N adz) =1 11=1p((dy, dg))
(lj,adyl=1
By (3.1), the inner sum is equal to
dad®) I, 0 4%
14<lg 1= (Zd* (dlr 2)+ (T((Z ! ))
L1=l2((dy,d2))
(U1, adi®=1
1

T H((d,, ), Z’ 14+0(c(ady)),

)=1

whence
1 x—a
i pL) B 0 d 3.7
2 G, 4 (min(20, 575)=0Q) 3 1+0Gtadin) B
1y, adg)=1 (y,adp=1
Similarly,
1 x—a
i e 1+0 d .(3.8)
) 2 1(m1n(2Q, ) Q)az%m +0(c(ady)x)
Uy, ady)= ,a =

In conjunction with (3.5), (3.7) and (3.8) we have

_ Rajda, §a) (dy, da) : x—a x—ay_
o= 28704 0 d, d) Dt (m‘“<2Q’ A ) Q)

(U, adp=AUz, adg) =1

+0(z(a)x(log x)*)
=W,+0(z(a)x(log x)*),  say.
Combining this with (3.4) we get

W=W,+R+0{(z(a)x(log x)*). 3.9
We turn to V.

Aa

V= (2 2)(, 5 %) =1

(q,a)=1 a<lnisx dilng (dg, a@)=1 dz alngsr

Q<gs2Q ny=a(Q) (dy,@=1 ng=a ()
(ny,a)=t (ng.a)=1

= IS Xdl 331 32 14+0(og x) r(m)r(n—a)).
(q,a)=1 (didg, a@) =1 dz a<nisr a<nysx alnsx
Q<gs2@Q ni=a(Q) ny=a()
ny=0(dy) (ng,a)=1
(ny,@)=1 n1#¥ng
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As before we write n,==a--gl, and n,=a-tql,. Then the condition for /, and

I, is
x—a (lllz, a):l
L#FL<S—. a+ql,=0(d,), .
q (L, dy=1
Changing the order of summation we have

Aa
V= 3 3 24,7 3 1+0(x(log x)°).
(didg, @)=1 dg ly#lpsL Q<q=Q’
(lylg,a)=1 g=s—aii(dy)
(l1,dp=1 (g,adidgd)=1

By (3.1) the innermost sum is equal to

_$adN) Q' =Q) \ 5riady,

qu—<af'i§1?dx) adz* d
(g, adg®)=1
whence
_ Zdlzdz ¢lad,*) r_
V _(dlzdz,az)=1711dz adg* ll‘-ﬁlzizL (Q Q)
Uylg?a)=1
(L1, dp=1
+0(z(a) (%)2D(log %)+ x(log x)) @.

Next we carry out the summation over /; and /[,.

?(Zz'dzf) :‘,_:‘lgL (mm(ZQ, -4, x120>_ Q)
(alg, @) =1

g dp=1

2% 2 11y
(g, a)=1 (1, ad =1

10)

+ 3 (min(zQ, x;‘l)—a))ﬂd@ S 1. 31D

115 d.* 1<l
Uy adp)=1 dy,a)=1

(3.1) yields

$d) ¢4 4D 1 orady)

de* (Ll,l}fdlf):x Lds, de] (li,l§§2=1
and
Sb(d2*) . (dx; 2)
i TR, ), TOadlen).
(g, @) =1 (g, ddp=1
Thus (3.11) is equal to
1y 2 ’ dl; dz ~ ’
o &) 5 51 (@ —)+ B 5 51 (Q/—@)+0((ad,) log )
[dl, z] (11<lz ¢((d;, dz)) (lllz,ilé‘;il
Iz, adg)=1

Combining this with (3.10) we have
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ldlzdg ¢(a) (¢([d1, 2]) SIS (Q—0)

T dnw=1 dyd, a [d,, 2] i1<i3sL

Ulg, a)=1
_»(dh 2)
+ ¢((d1, 2)) lz<11$L

dy)=
(lz lldg) 1

3 (Q-Q)

+ O(r(a)x(log x)4+7(a)(5—>2D(log x)z) (3.12)

Interchanging the role of (d,, /,) with that of (d,, {,), we may obtain the corre-
sponding expression to (3.12). Hence

i)zp(log %)) (3.13)

2V:U1+W1+O(r(a)x(log x)“—{—r(a)( o

where

xdlzdz ¢<a[d1, ds]) S (Q'—0Q).

_(dldz w=1 did, ald,, d,] ly#lpsL
(Iylg, a)=1

1

Finaly we consider U. By the same argument as above, we have

=3 (3. )25, 2 1 2

=1\cayap=1 dy /\d2@0r=1 dy /a<iiisz  a<ngsz
=2Q ny=a(g) ng=a(Q
(1, @)=l (ng,a)=1

— Zdl Aas 2
=Bl P EN B 8 BB L0 0 2 =)
1lg, a)=

Ag,Aq :
= Y > 1+0(x(log x)*)
dids. D=1 did, [171,SL  Q<i=q
(ylg, @)=1 (g, aldy, deD =1

zdlldg <¢(a[d1, d.])
LlstlgsL

= 2 e dud, ald,, 4] (Q'—Q)+0(z(ald,, d-]))

+0(x(log x)*)
:U,—I—O(T(a) (%)Z(mg x)'+x(log x)") (3.14)
In conjunction with (3.2), (3.9), (3.13) and (3.14) we get

>

oD 53 Aer(h, d)l &W 1+ R—(U,+W )+U,+r(a)x(log x)*
@q,a

d

=) Dilog x)*+2(a)Q

-l-f(a)(Q

< R+r(a)x(log x)“+t(a)’Q+(g—)2Dx‘. (3.15)
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4. Auxiliary results.

In the next section we use the following lemmas, see [5]

LemMA 2. Let ¢()=[t]—t+1/2. For H>2, we have

(ht) . 1
)= o<mzx HZﬂzt/z ' O(mm(l, W»

where e(x)=e**** and ]]x||:mi;1|x—n| Moreover,
ne.

. 1
min (1, —H-”—tTI)“ ’Ezche(ht) s
with

|Cirl € min (IOiH, Z)

LEMMA 3. We have, for any ¢>0,

2—1_ 172 J1/2+6 A_4_
=, e(ld)<<r(c)(l, d)yredi (1+d).
"k G

5. Proof of Lemma 1, continued.

In this section we shall estimate R by appealing to lemmas 3 and 4. We
begin with treating the condition (g, a)=1 by Moebius function

R= z,zjzggi (dl,%)llzl_ 44 Zd‘z'u(e)( Q<§Q e[dn 2])
(gls, =1 (d1, Gl1)=1 q=b1Cd1, 42D
(do, alg)=1 q=0(e)
=>ua) 2 2 PRI FIV N
cia UFLEL @l dpii-ls
Qilgl)=1  (dy,alp=1
(dg, alg)=1
Q' be
— . 5.1
s an~ ta a1 (i ag o)l ©D

We consider the argument in ¢-function. By the definition (3.3) of b (mod [d;, 2]
and the relalation, for (m, n)=1,

m

n
n m

1 (mod1), (5.2)
mn

we have
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b _ bdFe bde
{di, d.] d, dy*
:azldg*@ algdle>
- dl dg*
_a/dF | Tl
- e( d, dz*)
a 1 d,  diy

= (g~ arn
We write {,*=1,/(ly, l,), I,*=1,/(l;, l,). When
(yy b)=p,%0 - p,°7
BX= D b7 DT

bi#ED; G#7), a;=1, b;=0,

) (mod 1). (5.3)

we define

a a
11**=Dr+1 THLL ps ®

llg_plaﬁ»bl . p ar+by
= r .

Then it follows ({,**, [,*)=1 and (d,d.*, [,¥)=1. By (5.2),

& _ d _ dF | 4
d*l, :'C’[ZQI**.H = dz’;li** 1,¥ (mod 1).
Moreover,
4 .
N LAY

AT AT d
— PN PN .
where k=—d,[,*+d,l,l** with d,l,d,l,=1 (mod d,*). We then have, with a cer-
tain integer n,
- PN
dd ¥l b=—d 1% d 1,4 d Lod o3 R
PN
=—*4+d lsd 1ol *
=—[L*-(14-nd*)*
=]k —[* (mod dy*l**),
Since (d,[,¥1,*, d,***)=1,
k=¥ —1%)d 1 % 1,* (mod d,*,*¥).
The condition (d,, ds)|l,—{, implies (d,, d,)|{,;*—{,* since ((d;, ds), [,l;)=1, whence

_U*=1%) ETKIE] %] k%
:(71: E;)'dl 11 lg (lnod dz ll ),
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or

- dlllﬁm 2[1712 :ll*—lzik ~d—L*llﬁlQ*
do*F T do* T (dy do) Ao

In conjunction with (5.3), (5.4) and (5.5) we finaly obtain

(mod 1).

S VA W R
[dh dz] T e dldz*ll dy*l, d.*
_ay 1 dIF LdAP | di
= e(dldg*ll N R d2*>
:g( I d,d*1** li*ﬁlz* ﬁ?"?l?‘l?
T eNd,d,*, L# (di, dy) d*1**
__a/e | pdi*
=T d, +0(d2*), say.
We write
Ly —1*
a:ef’ (dly d2>=5; dj*:”j: 5 ) :l
N f Q5 _
26 T e T T

By (5.6) and (5.7), (5.1) is reduced to the following:

L /a
R=3u(%) B33 2, RO LY

iTa Stit=1,
(lilg, a)=1 (5, alilg)=1
where
Rlle(f; ly, Ly, 6)
&, Vi & Yy
- B el o) o)
iy nfove ¢ vivs |\, ¢ V1V, Vs
v1,aly)=1
(vg.alg)=1
with

0(&):0(”—‘: Foli s, 8

Vo Yo

Lt

A
vol F%

and &,’s are defined by (5.7).
Next we decompose (45). Since p*(dv)=1, we may write

A= 2 SV X asmlk, M, N)baa(k, M, N).

ks(log D)2 gdr—'“ mn=y

Thus,

) (mod 1)

177

(5.6)

(5.7

(5.8)

5.9
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Ri<(log DY'r(0)* 3] 31 3 Ssup| R,|
M1 N1 My N,
M1, MasM
My, NosM

where M,, N,, M,, N,’s run through prowers of 2;

Ry=Ry(M,, N, M, N;; a,, [91, ay, ﬁz)

& m\n,
=3 a,(m ny)am, 2n2{< +0< ))
%‘LM%}Z (M) Bi(ny)as(ms)Ba(ns)y o, P
ni~Ny n2~N2
(ming, mong)=1
(miny, an) (nznz alg)=1
#2(ning)=

M )} 610

and the supremum is taken over all sequences (ay), (8,), (a2), (B,) such that
lail, 18], laal, |Bel <1. Moreover
R, L(log D)*z(8)%{ sup | Ryl +Qx %}, (5.11)

1, 29,81, B2
MIN;M2N2>QI 28

We shall show
sup|R,| <Qx~%*

from which Lemma 1 follows. Actually, by (5.9), we then have

R<x 33 = (IOgD)‘*T(t?)ZQ;c‘“/2

fla l1¢12<L 31ty

(o

Combining this with (3.15) we get Lemma 1.
Now we estimate R, defined by (5.10). By Lemma 2 we have

R2:R3+R4
where

Rim 33 3 p MBI o (o) Mt

my ™y my g MmN, MeN, MM &1 \My N Man,
(miny, mong)=1
(ming,aly)= (nynz alg)=1

#2(ning)= (5.12)

R 3 3333 min(l,
=tz <f1‘nf‘n$§>"2 ] ¢0<m1n1)

(ming,aly)=1 “ T
(mang, aly=1 MmN MaNy MmaNy

Firstly we consider R,. By Lemma 2
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R4<<x£j§z k~1l§1]1N1 r~MZN min (1, ! E_l k
, (k,all<)k:8'.=t;l:)=? H‘L(ﬁ+0<7>'[l
<3, 5, (5 )e(n0(;))|
:xsjzm %}Zlchi |S(h)], say. (5,13)

We proceed to estimate S(h). Trivially,
S(h)« M{N,M,N;, . (5.14)

For h+0, we get, by partial summation and the definition (5.9) of 6,

hé k
S(h) (r~Mlzl)Vzl(1+]\/ft]\‘}lr) (:~A{z§:\;11e(h0(?>>‘
T, aly ,ralyp)=
hQ - ”‘ 5k 1** kI Fl,
<« sarvatw) i, | 2 ro(—hf =] ):ﬁ% (1)

(k,Talyjxx)=1

Lemma 3 yields

hQ ¥ BLFL*
S<(+g NleNZ) r};yz 2 3, s )|
(r,alg)=1 (kkibguﬁ))
,arlpeR=1

hQ - M, N,
£/2 . 21 # H%k\1/2 Kok\1/2 Il
«x (1 M1N1M2N2>(T.alz):lll cla)hfl, A=) (l' rll**>
hQ M, N
€/2 12 (12
<ula)z (1 M NN 2 B ) ( wz)

<ot (V)35 ) () (e

@)t (Lt gy e (MNP MNCL N ), (5.15)
since
5 A o), (5.16)
m~M M

In conjunction with (5.13), (5.14), (5.15) and Lemma 2, we obtain
R4<<x’M1N1M2N2(|C0[+ 2 lchl)

{hI>HMgN g

h
+r(a)x* I {(MaNo)* P+ My Ny(MeNo)V2E 35 [Crlz(h) 1+_Q
0L RISHMgNg MNMzNz

= 14V
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1
< MNMN(E s Y e (N MM N,

n>HMaNg h?

log H HQ 1 Q
B (L M1N1M2N2)+11<h§§1v21‘12Hr(h)(ﬁ+ hM,NlMgNz)}

log H
Cx*MN,M, Ny Q.gﬁ +ATN>
24Vg

HOQ

2¢ y 3 ] 7

+2(@)x2, {( My N2+ M, No(M, N, 72} (log H)2<1+ N LN, Nz)_
Now, we choose

PRILAARS

then H>2 since M,N,M,N,>@Qx"* in (5.11). Thus,

R« x(Qx*+MN)+1(a)x ™1 {(MyN,)* 2+ M, N,(M,N,)'/?}
or

sup | R €Qx 2+ r(a)x“(g—)(MN)w

<<Qx—Zs+xse(%)(Qa/éx—l/s—u)a/Z

<<Qx“‘25_{_Qx23( X /5)7/2

LQxm3e2, (5.17)
We turn to R; defined by (5.12).

RS:NI]}V‘Z 2 2 al(?’ﬂl)dz(?ﬂz)gédmlmz Z ; E ‘Bl(nl)ﬁg(nZ)

mi Mg Jmimg 0\ hiSH
(ny,mg)=1 {(miny, mznz) 1
(m1,al1)=1 (ni, all) (ng,alg)=1
(g, alg)=1 #2(ning)=1
NN, ¢ ht min,
N B e
nin, nin, MoyNg
4Q/0M Mo “
<yn 23| S 0S S Bun)Bun)
NINZ mi mg 0 OLhsH n1 ng
(mi, mg)=1 (miym, maong)=1
(my,l1)=1 (nyg,al)=(ng,als)=1
(mg, flg)=1

RACAL e(,h,,t,).e(hg(ﬁ’ﬂl! id :

niny, NN, MiaMNy

<5, ,\?Mz NS E S DS Seh, n, ne(ho(1))) (5.18)

my mg | A my ng MeNy
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where the suprenum is taken over all sequences |c(h, n,, ny)| =1.

In the next section we shall prove the following :
LEMMA 4. For any sequence (¢) with |c| <1, we have

» S >y c(h, ny, nz)e(he<MX))'2

my~My m?~M~Z‘0<h§H n1~N1 ng~Njy MaNs

(my, mg)=1 (myny, mang)=1
(my,lp=1 (ny,all)=(ng,alp) =1
(mg, flo)=1 p2(nyng)=1

L x HM N, M,N,+ x°l H} (M, + M) M, * N2 N,* .
We apply Lemma 4 to (5.18).

Q 1720 Q\1/2
R Sa w30 (MMHS)

4 )EH— {x*H (MM N N+ x°0 H* (M Mo)M M * N2 N,* } /2

L x# Qx4 M M, +1,(M,+ M)M, M;* *N 2 N,*} 1/*
or
sup| Ry| € x%/2{Q 2 x = M-I, 12 M 4 No/2}

crfocns() o)

<<Qx—3£/2 .

Combining this with (5.17) we get
sup| R;| Ssup| R,| +sup| R <Qx7%/?,
as required.
6. Proof of Lemma 4.

It remains to establish Lemma 4. By expanding the square and changing
the order of summation, we have

S= 23 3 clhy m, ne((hs, my m) B2 > e( .8 (%m) h30<m1n73))

0<hy, hgsH mnj(j=1,3, my MoN sy MoNy
(ny,ng)= (n3 71,4) 1 (miny, ngng)=1
(nyng,aly)= (nzn4 alz) 1 (ning, nanyg)=1
;lz(nlnz) pe(ngn = (my, lyp=(mg, flg)=1

u? manad Fl* myngl Fl*
=DIIDIDID I P (e ))}
Ty my ny mp b=1 m;:‘Ml f Moo ¥* 7’)’lzn4l ok

mi=b(l1#)
(my, mongny gl =1

We proceed to treat the argument in the above exponential sums. We have

A mand fl* \ Mgl Fl* g
. —h, vbe B
Mool F* man d ** My n,

Mor—— —
2(”2) n3) (nly n4) !
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where

1 Na 1
PR S l #l *
Gy o) (s, gy ) = ho s

with A’A=1 (mod m,n,/,**) and A”A=1 (mod myn,d,**). We then find, with
certain integers %k, and k, that

g=h, (manyl #1,%)"

myn el Fla* g

Ny
=h, —
l(nZ; ns) (nl, n4)

s (1 b ymanal F*)— h, —— (L4 koman,d,**)

(nu n4) (nz, ”3)
n h n n n n
=hy et 2t (modmz _r T 1**)
(ns, ny) (ny, ny) (ny, ny) (na, ny) (ns, ny) (ny, 1)
=7, say.

Since (myn,, man,)=(m.n,, men,)=1 and p*(n,n,)=p*(nsn,)=1, we have

Ny n
(mlnlnﬁll#l?,*y Mo ——— e — ll**)z]_ s
(15, ns) (n1, ny)

whence

g=mnmnyl FL*r (modmz(—fﬁ;nnf%ll**)'
2, b3 1y Ny

Now Lemma 3 yields

M A
Sx}?%n (1‘12234) 17% b l m§M1 2<f[?' dll** )£
hingns—Haning=r(ng,ng) (n1, ny) my=b(l1%#)
Mmongny=d (ng, n3)(n1,ng) (My, dlj*¥*(ng, ng)(ny, nyd)=1
, fi=1
£/2 # 1/2 1/2 M1
CZPEMMetz S5 55 LA(Flr, dy Ly (1)
u%nanz‘; /{yunz h1n3n4~h2n1n2 r(ng n3)(n1 N0
mongnrs=d(ng, ng)(ni, ny)
d, fHr=1
kr d 1/2 1/2
M, 51 e, 3 (3 3E ) (s 5y (3 51)")
SSAH NN [ TANTY R d nj my nj my
1/2
< HMNMNok 71, 3 (33 57 2)
hi hg\nj; my d

{((MoNP N2 24 M(MoN2N )V
Here we easily see

(}er d)

=220 L x°N.

nj mg

In fact, if we write
0,=(ny, na),  0a=(ns, 1)

n1:51n{ s n2=52n; , ngzagné B n4=5;7‘li »
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r=(n3 ny), ny=1ns, ni=rn,,

then we have

(k(hinsny—haning), maynan,)
=222 X
)2 7y ng 811ny dplng %]2? % ?4 MaY NNy
k(Ryngn,~hyningzo (P2 RO=L

<22222222(B my) (B, 1) (B, n.) (B, ny)

ny ng 81 82 np my Mg ms T Ng Ny

where B=k(hinin,~—hsnin,)#0. Since (n., n,)=1,

and

(B, ny)=(khinsn,, n.)=(khyng, n,)

(B, no)=(khsni, n).

By (5.16),

SKERET S (khlnay nz)z(khzn{, ny)

ny ny 51lﬂ1 daing nz Ny ny Ny

L(x#/e) nZ ,.2 (n)r(ns)

LxN;®.

Therefore we get

S x*HM,N,M,N,+ x*l, H*{ M,*>N,2N,*-+ M, M," > N2 N, }
Lx*HM N, M,N,~+ xelle(Ml‘l‘Mz)le/ZNszza P

as required.

L1]
£2]
£3]
(4]
[5]
L6]
£71]

This conpletes the proof of our Theorem.
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