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ON ALMOST-PRIMES IN ARITHMETIC PROGRESSIONS

By

Hiroshi Mikawa

1. Introduction.

Let Pr denote integers with at most r prime factors counted according to

multiplicity. In 1975, Y, Motohashi [9] showed that there exists a P3 such that

P,= a (mod?), Ps q(＼ogqT

for any fixed non-zero integer a and almost-all moduli q with {q, a)=l. His

argument based upon the weighted linear sieve and the Brun-Titchmarsh theo-

rem on average, which are due to H. E. Richert [10] and C. Hooley [4], respec-

tively. H. Iwaniec's fundamental works [6, 7], therefore, suggest possibilities

of an improvement upon the above result. In this paper we present an estima-

tion for P2. We shall prove the following

Theorem. Let Q be a large parameter and a be any fixed integer, 0<|a|

SQ- Then, except possiblyfor 0(Q/log Q) moduli q with (q, a)―l and Q<q^2Q,

there existsa Pi such that

P2 = a (mod 9), P2^r(a)q(＼og q)7

where the implied O-constant is absolute and z denotes the divisor function.

Our proof of Theorem is performed by a simple modification of the argu-

ment in our previous paper [8], in which the dual problem is considered. In

fact, the numerical work in the main term from sieve estimate is identical.

Succeeding to Hooley's investigation [4] we treat the remainder terms with the

same manner as in [8]. Our main lemma (see Lemma 1 below) is weaker than

E. Fouvry's works [1-3] in its scope; however, it will be found to be suitable

for an application to the weighted sieve.

We use the standard notation in number theory. Especially,r, used in either

r/s or congruence(mod9), means that rr=l (mods). 2* stands for the sum-

mation with restriction(x, y)―l. n~iV means N^N!<n^N2^2N for some iVx

and N2. s denotes a small positive constant and the constants implied in the
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symbols C and 0 may depend only on e.

I would like to thank Professor S. Uchiyama for valuable comments and

careful reading the original manuscript.

2. Proof of Theorem.

Firstly we state the inequality for P2. This follows from Richert-Chen-

Iwaniec's work, see [6]. For q^x and (q, a)―I, put

Jl={n : n^x, n = a (mod*?), (n, a)―l},

and

Jld―{n : ≪gJ, n

S>= {plpXq}

=0 (modrf)},

r{J., d)---＼J.d＼

Let a, a, v be the parameters such that

a
<u<v

2

_

a

Write

D=xa, y =

Then the following inequality is valid.

1

0

(j>{a) x

a q

<v<

xl/u

4

_

u

(d, fl)=l

(d, a)>l,

Q)(d)

d

M<3

z=x1/v

II2{x:q, a)―＼{P2:P^x, Pz=a (mod<?)}

)＼x
{C(a, u, v)-E}+ S Xdr{Ji,d)

ZS

s

P<V n
V

si

2ln

(2.1)

(2.2)

^n+E^+Exiq), say, (2.3)

where C(a, u, v) is some constant, £ is a very small quantity and the sequence

(Xd)=(Xd(D)) has the properties:

Xd=0 if d>D.

and for any M>y, N>1, MN=D,

h= S 2 S am(/,M, iV)6n(/,M, AO (2.4)

with |am|, |6n|^1-

We next choose a = ll/20-6e, 1/m= 1/2-8s. l/y=a/4+ll/80-2e. then the



(2.6)

(2.7)

where C is a positive absolute constant and Ej(q) (j―1, 2) satisfy (2.7) and (2.6),

respectively.

We proceed to the proof of Theorem. Put x(t)=v(a)t(＼og t)1 and 6=

{q:Q<q^2Q, (q, a)=l, I72(x(q): q, a)=0}. We shall deduce |<?| <Q(log Q)"1,

(2.8)
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condition (2.2)is satisfiedand, for sufficientlylarge x and small s
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ve-r{C(a,u,v)-E}>^,

which is caluculated in [8]. Hence

n>m^tx- (2-5)

We turn to E2(q). We use the following lemma:

Lemma 1. Let 2Q<x, Qllix~ll5>x£.If MS.Q1/2x~4£and N£Q1/lix-1/5,then

s

Q<q&2Q

(<2,o)=l

S Xdr(Jl,d)
2≪r(a)x(logx)4+

x(a)2Q +
^-2

Cd,8)=l V

We postpone the proof of lemma 1 until the final sectien. Now we set x =

T(a)Q(＼ogQ)＼ M=x1/*-5e>y = xllu= x1'2-8*and N=x11/z°-£,then M^Q1/2x~is and

A^<21/4x-1/B. Lemma 1 yields

Q<q<i2Q(g, a)=l

Moreover we have

＼E2(q)＼2r(a)x(log xy+r(a)2Q +

<^
T(a)Q(logQy

x

≪(^-)2Q(log<?)-＼

2-S/2

Q

, 53 |£ifo)l^53 53 53 1

P2＼n

< s
X2sSp£x

<xs

s

1/2 a<nix

y -

r(n ― a)

<xl"£<<(f)Q(log(?r2-

In conjunction with (2.3), (2.5), (2.6) and (2.7) we obtain

I7Ma)Q(＼ogQy:q, a)>
3Cx

qlog x

V~e/2

+£1(<?)+£2(<7)
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from which our Theorem will follow. Now, by (2.8), we have

n2(x(q): q, a)^IIt(x(Q): q, a)>

For all oGfi we then see that

Hence

where £,-

|£ifo)l>
Cx

qlogx

3Cx

tflog x

or |£2(<7)|>

e<zex＼jet,

=
＼q:Q<g^2Q,

(g, a)=l, ＼Ej(q)＼>

+ E1(q)+E?iq).

Cx

qlogx

―:
＼.Furthermore,

qlog x )

＼<LQlog X/ gefi,- Q<?S2Q

Combining this with (2.6),(2.7) and (2.9) we get

|e|ss/OiogQ_y/,y
,

.7=1,2V X ' ＼Q '

<Q(＼ogQ)-1,

as required

3. Proof of Lemma 1.

(2.9)

In this section we follow the argument of [4] with a minor modification.

We use the following elementary lemma: // (c, d)= l, then

S 1

A<mSB
cm,c)=l

_<j>{c)B-A

c d

By the definition(2.1) of r(J.,d) we have

By (3.1),

d)= S

(n,a) =

+ O(t(c))

(
V l＼

${a)

＼ Zj Ad)

(<Z,g)=i

2 2 idKJl, d)
2

≪ 2 2 ( 2 Xd)

(g,o)=i a<nSx ＼ din /
Q<gS2Q nsa(g) (d,g)=l

fn,a)=l

= W-2V + U+z(a)2Q

Firstly we consider W

(3.1)

c
s

d,ag) = l

say.

x ― a

q

c
^->

A I
og) = l 0. /

Cl ' a<nSx

n = a (g)

(3.2)



(3.6)

w
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(q a)=l a<Cni&x

Q<q&2Q 7li = a(.q)

(ni,a) = l

(

2 kAl)

(di,g)=l

S E E ^d,*d2

( 2 Xd
a<n2Sx ^ d2in2 2

(n2. a) = 1

2
(q,a)-l (d1d2,i9)=l a<nj
Q<qi2Q n,=a

1 2

a<.n2 = x

n2 = a.(Q)

7ii=0(di) n2 = 0(.d.2)

(ni,a)=l (n2,a)=l

1+0(23 23 r{nf)

n=a(.q)
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We express the congruent condition rii^a(q), n2=a(q) as rii= a-＼-qlun^a+qli

Then, the condition for /j and l2 is

Thus,

where

^0 =

and

w=

li±U<

S 23

<2id2,a,) = l

a+ql2=O (rf8)

)

diU, a)=l

Changing the orderof summation, we have

s

bltdud;

l+0( 23

＼a<Tni
T(nfz(n ―a))

X /

l+0( 2 T4(n)T(n-c))

S 2 (min(20, ^A ＼

6{a

a

(3.3)

(3.4)

-)-(?) (3.5)

x ― a

Q

Since (/,/g,a)=l, (/, di)=(/8, d2)=l

a1j2,a)=l
(J1,d1)=i
(I2,d2=l)

We write L=(x-a)/Q and Q'=Q'(lu l2)=min(2Q, (x-a)/lu (x-a)/U). The

congruences are solubleiffU=l% {{du d2))and expressed as one congruence

f b=-al1(d1)

q=b ddu d,]),
[ 6=-a/2(<f2*)5 dt*=dt/(du dt)

This congruence then absorbs the condition (a, dld2)=l. Hence

Ull2,a)=l (g,a)=l

It is expected, by (3.1), that the innermost sum is approximately equal to

A(a) Q'-Q

T^772]

W=W0+R+O(x(log xY)

Ma

a

/?= 2 S W*z 2 2 ( 2 1

ctl.a<i1) = Ci2. od2) = i C3. o) = l
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In section 5 we shall estimate R. We proceed to consider Wo. We perform

the summation over h and l2. Write

v ― v
_i_v^

2j ― 2j "T 2j ･
li*h l＼<h li>h

Then,

s = s

(Jo.ado)=l
M^-VM)

By (3.1),the inner sum is equal to

s

l.do))
Cli. adi*)=l

whence

2 =

1

H<h <j>{(du di))

Similarly,

h>h

1
6(ad^) h

arf,* (dlf d2)

1

,d2))
1=1

+O(r(adi*))

p((ai, a2)) fi<≪2

S (mm(2Q, -

12£L ＼ ＼
a2,ad2)=l

=±)-Q)

j-r,―-j-r
S

(min(2C?,
―j―

<p{{di, a2)) hsL ＼ ＼ li
U1,ad1)=l

S 1+O0c(ad,)*) (3.7)

ti<i2
(I1,ad1)=l

)-0) S l+O(r(ad8)A(3.8)

In conjunction with (3.5),(3.7) and (3.8) we have

w- v^ W*2$(a) (<*i>d*) v v (mmhn x~a x~a＼-o＼

(J1,ad,)=(i2,ad2)=l

= W1 + O(r(a)x(＼og xf)

+ O(t(a)x(＼ogxf)

say.

Combining this with (3.4)we get

W=W1+R+O(T(a)x(log xY)

We turn to V

V SY1

Q≪l&
= 1 a<7iiSz

(

dl＼ni
2Q Hjsu^I (dlFg) =

)( 23

SV V 3 2 V 1
(g, a)=l (did2.
Q<qS2Q

^

2_

＼
y, 1

A I *-*
0.1 / a<7i2S^

n2=i (?)

(7i2.a) =

S 1 + O((logx) S r(wMn-a))
a<H2Si a<nsx

(raj, a) = l ni^n2

(3.9)
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As before we write n^-a-＼-qU and nz=a+ql2. Then the condition for h and

h is

U^Uik

whence

(3.1) yields

and

2

12SL
((2.1)

0 (</**)

Thus (3.11) is equal to

x ― a

Ad2

a+ql^Oidr),

s

Q≪HQ'
q=-a'n(.di)

_<f>(ad2*)(Q'-Q)

ad2* di

1=1

+°(≪a)(f)

= 1

over li and

-)

f (llh, fl)=l

I
(/l, dl)=l

1+O(x(log*)3)

+ OMad2*))

2D(logxf + x(logx)B)

-fl＼ n^. y 1

1=≪ld. rfj) 2 1+owadl))

Jf!' d'＼c
S l+Oiriad^logx)

<p{＼.audi)) i2<ix

d.2

d

)

*)
)

(3.10)

(3.11)

2 2 (.Q'-Q)+O(r(ad1)logx)

l,adi)
=l

!2,a(J2)=l

Q

Changing the order of summation we have

v= s s ^

By (3.1) the innermost sum is equal to

Q<q.£Q'

1=-a-ll<.dl

Cg, ado*) = i

(did2,a)=i aia2 aa2 ti*j2si
≪lf2'O)=l

Next we carry out the summation

~Tir~ 2j 2j i mmi £,kj, , ―j-

(mm(2Q

+ 2 (mm(2Q, *

≪1

a 2 ≪2<ti

≪2.O) = l

1

lai, a2] ii<hn

Combining this with (3.10) we have
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v= s ^■M S S (≪--(≫

Uilz,a)=l

+
J*hA*L

y y (O'-O))
J.//J jn＼ Zj Zj W W)l
<p{(di, d2)) h<ii&l /

≪i,od1)=i
(J2. adz)=i

+ O(z(a)x(logxy+T(a) (^fDHogxr) (3.12)

Interchanging the role of (du h) with that of (d2, h), we may obtain the corre-

sponding expression to (3.12). Hence

where

2V=U1+W1+O(z(a)x(log xy+r(a)(^)

it _ v V
^i^2 0(flCrfi. d*＼)

^ ^
u i― Zj Zj j ~j r j i -i Zj 2-i

(did2. a)=i <21a2 <2L≪1j "2J Ji^g^i
(1^2, a) =

2D(logxf) (3.13)

(Q'-Q)

i

Finaly we considerU. By the same argument as above, we have

u= a ( a ^)( a ^*) a i a i

Zj 2j ~j~)＼ 2j ~t~I 2j 2j

5<9S2Q ≪1l2,a)=l

1+ O((logx)2 S r(n-a))

2 2
^4^2"

s s S ' 1+O(x(log;t)3)

(Ill2,a)=l (q.aldi.doD^l

Zj Zj j 1― Zj Zj I

(J1!2.a)=l

ftWi, rf8])
(Q'-Q)+O(r(a£du dt]))

=f/1 + 0(r(a)(|-)2(l0g xY+x(log xf)

+O(*(log x)s)

In conjunction with (3.2),(3.9),(3.13) and (3.14) we get

(3, a)=i

S Xdr{Jl, d)
＼wl +

R-(Ul+Wl)JrUl+T(a)x(＼ozx)i

(3.14)

+T(a)(^)2D(logxy+T(ayQ

^R+t{a)x{＼og xy+T(a)V + (-fi)ZDx*. (3.15)
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4. Auxiliary results.

In the next section we use the following lemmas, see [5]

Lemma 2. Let 0(0= [f]―f+1/2. For i/>2, we Aaye

where e(x)

with

<p(t)― 2j f,―rr
0<＼hl£H Z7tth

=ze2lzix and ||x||= min | x ― n ＼

neZ

minf 1

1

' H＼＼t＼＼

Lemma 3

+0(min(1'tfl^))

Moreover,

)=HChe(ht),

/ h<=Z

r .y . /log// H＼

We have, for any s>0

2 e(l

m~M ＼
msx(mody)
Cm,cd)=l

|)≪r(c)(/, dy≫dl"+'(l+j)

5. Proof of Lemma 1, continued
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In this section we shall estimate R by appealing to lemmas 3 and 4. We

begin with treating the condition (g, a)-―lby Moebius function.

R

e＼a

t.d2,al2')=i

ll*l2SL

S S ^d^d2

(.di,di)＼li-l2
(di,ali)=l
(do, ai2)= i

)

f./__^ be ＼ / Q be ＼]

＼9＼eldu d8j ldudty 9＼eldud^ ＼_dudt~＼n
(5.1)

We consider the argument in ^-function. By the definition(3.3) of b (mod [du <i2])

and the reialation,for (m. n)=l,

we have

m n _ 1

n m mn
(modi), (5.2)



176

Then it follows (/,**, /t*)

d1

d%n

Moreover,

=1

d2*L*

~dj

~d

2
*1

k =

Hiroshi Mikawa

bdt*e bdxe
ch

at
idz*e
d,

-(

I*

*･/,*

#
1

**
+

(/l*-/a*)

(du d2)

A *0,2

alid^e

d2*

+

djd&j**

(mod 1)

(mod d**^**)

(modi).

(modi).

(5.3)

d,

1 d±

We write ly*=lj{lu l2), lt*=lt/(lu /2). When

Pi*p}(i±j), 0(^1, 6^0,

we define

'l ―i^r+l Ps

+, ai+bi , ar+br
Pi ･"･ Vr

and (didi*, /,*)=!. By (5.2),

A I #

dj2

a2

where k = ―d1l1*+ d1ljl** with ddiddt = l (mod d2*). We then have, with a cer-

tain integer n,

dd,H%*k = -lLL*dJiH**+'<UidJ**L*L**

= ―l2* + dilid1l2l1*

=-u*-＼-a+ndt*)u*

=/x*-/2* (mod d2*lt**)

Since (dJSU*, rfj*/,**)=l,

^=(/!*―/2*)d^77*/7* (mod dt*li**).

The condition (dit d2)|/,―U implies (d,, di)＼l,*―U* since ((du d2), l＼lz)=l, whence

―LJ. A */ #/ *
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dx/i*

d2*/!**
+

d2*

_/x*-/2* dWU*

~(dZ~dt) dl*ll**
(mod 1).

In conjunction with (5.3),(5.4) and (5.5) we finaly obtain

be

[rfi, d2-]
-(

a(
7V

1__

(1,(1**1

1

a/ 1

2 ＼d＼d-PU

d,

~dJJ

+

d2h**

IS

a/e
1 fi(d*＼

ddfh ＼dt*J

We write

a ― ef, (du d2)―8

SQ

ad
+ J_

8L
=£.,

By (5.6) and (5.7),(5.1) is reduced

where

with

cLxd&i**

l±-

say.

dj*=*>j.

fQ

ad
+

+
d2*/

dt) ~dt*h**

7 * / *

81,

to the following

R

£

SI

8

)

=/

#=2/<(-?-) SS 2 Rx{f,U,h,$)

aU2.a>=l(.d,ahl2)=l

=/?,(/, /, U, 8)

- 2

Cvl,i^2)=l

(ul,oij) = l

(v2. ai2) = l

(mod 1)

*M<£.+°O-<7k+eR)}

＼y2/ ＼y2

f
avWi**

/ *
+//

VxL*h*

V*L**

and £/s are defined by (5.7).

Next we decompose (XSv). Since fi＼dv)=l, we may write

Thus,

3 . V1 ^s"1
a<5v― Z-i 2-i

is (log O)2 6<J=5
bm&M

S abm(k, M, N)bdn(k, M, N)

mn=vdniN

177

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)
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tfiCdogLO-WSZ!

Mi Nl
tfl.M

a nsupii?2i

M2 N2

where Mu Nlt M2, N2's run through prowers of 2

Ri=R*(Mu Nlt M2, N2;au plt aa, B2)

s
S2S al(ml)^l(nl)a2(mz)^(n2)U(―-―
Mi m2~Mo {T＼mln,m2n2

(mini,m27i2)=l

and

l≪i

(mini, all
nln2)=l

+･

-4{―i!_+≫(≪l!i.))l; (5.10)
T＼m1nim2n2 ＼m2n<i'n

the supremum is taken over all sequences (aj, (jSa),(a2),(jQ2)such that

1/3,1,Ia, I. S,I<1. Moreover

R^ilogDftidYi sup

MiN1M2N2>Qx

＼R2＼+Qx-2S}

2*

We shallshow

sup|/?2|<<9x-3£/2

from which Lemma 1 follows. Actually,by (5.9),we then have

i?≪S SS 2 (log£>)8r(W;r3e/2

<(J^fxeQx~3£>2

Combining thiswith (3.15)we get Lemma 1.

Now we estimate R2 definedby (5.10). By Lemma 2 we have

R2=RBJrRi

i?,= V V V V
2.) 2j Zj 2->

m,＼ n＼ too noml 1 TO2 U2

(mini, ;?i27i2) = l

(mini. al,'i = (n.

≪i(Wi) (n1)a2(m2)B2(n2)

mxnxm≪nt

i?4< 2 S 2 2 2 min
.7=1,2 mx n＼

(nim.n
(mini, a
(7712^2* ^

o<i/iisff ＼ ＼m2n2

1

(―k―+≪(

＼miniW2n2 V

ffliMi

m2n2

)!

)

Firstly we consider i^4. By Lemma 2

))$;:< ht

min1m2n2

(5.11)

)dt,

(5.12)
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R<<xs 2 S S min/l,
＼

(t,o!l)=(r,aI2)=l ＼ ＼^r ＼r' I

j=i,2 h<=z k r ＼krf ＼ ＼r>'

= x£ 2 S |Ch||S(/i)|, say.
.7=1,2 he.Z

We proceed to estimate S(h). Trivially,

S(h)<M1N1M2N2.

For /i=£0,we get, by partialsummation and the definition(5.9) of 6

S(h)

r~Mipf2＼ MiNyr) h-mIni ＼ ＼r')
(,r,al2)=l t,k,ral＼)=＼

M^ dM1N1MtNiJ
r~£iN2
(r,alo)=l

Lemma 3 yields

S(/i)≪(l +

since

179

(5,13)

(5.14)

M1N1MzNj r~Siir2≫=! a~#^jv2 V
J

rh**
)

≪'^+H^>(5(^n(?'-r+^(?in

≪r(a)x£(l+
Mi^^)/1r(/t){(M2ATa)^/^+M1iV1(M2Ar2)1/2}>

(5.15)

s
(A m)

<r(A).

In conjunction with (5.13),(5.14),(5.15) and Lemma 2, we obtain

Ri<x*M1N1M2N2(＼C0＼+ S |Cft|)

+r(a)x2H1{(M2N2)3'2-＼-M1N1(M2N,)1'2}

(5.16)

o<ul

§

M2^
|C?l|T(/l)(1+M

1iV1M2yv

J
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<xeM1N1M2N2(^~ +

^S n

^)+r(fl)x2s/1{(M2A^2)3/2+M1^V1(M27V2)1/2}

log//

･^ rr0<fts// Ji T{k)＼l+ M^M^y
H<hSNiMiHt{h^+TMjmJ[,
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On almost-primes in arithmetic progressions

where the suprenum is taken over all sequences ＼c(h,nu n2)|^l.

In the next section we shall prove the following:

Lemma 4. For any sequence (c) with |c|<l, we have
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We apply Lemma 4 to(5.18).
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Combining this with (5.17) we get
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as required.

6. Proof of Lemma 4.
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It remains to establish Lemma 4. By expanding the square and changing

the order of summation, we have
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We proceed to treatthe argument in the above exponentialsums. We have

Ill
mmd^L*

m2n2li**
-h2

minj^'k*

m2ndi**

g

n2

m*(n 2, ≪s) ini

))



182

where

g= hx
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then we have

On almost-primes in arithmetic progressions
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as required.

This conpletesthe proof of our Theorem.
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