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REALIZATIONS OF INVOLUTIVE AUTOMORPHISMS

a AND Ga OF EXCEPTIONAL LINEAR LIE GROUPS

G, PART III, G = E*

By

Ichiro Yokota

M. Berger [1] classifiedinvolutive automorphisms a of simple Lie algebras

g and determined the type of the subalgebras Qa of fixed points. In the pre-

ceding papers [Yl], [Y2], we found involutive automorphisms a and realized

the subgroups Ga of fixed points explicitly for the connected exceptional uni-

versal linear Lie groups G of type G2> Fif E6 and E7. In thispaper we consider

the case of tvoe E°. Our results are as follows.
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This paper is a continuation of [Yl], [Y2] and we use the same notations

as them. So the numbering of sections and theorems starts from 5.1 and 5.1.1,
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respectively.
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Groups E8

5.1. The complex Lie algebra tsc

In the 248-dimensional C-vector space

e8c=e7cc5pce^cC9CcC,

we define the Lie bracket [i?i, i?2] by

l(0i, Pi, Qi, ru slt U), (02, Pi, Qt, rt, s2> tty]=(0, P, Q, r, s, t)

where

0 = [0i, 0il + PiXQt-PtxQi,

P=R1P2-R2Pl+r1P2-r2P1+s1Q2-s2Q1>

Q = R1Q2-02Q1-r1Q2+r2Q,+t1P2-t2P1>

r= ―

s=

j{Pu Q*} + jlP*, C?i}+ s1?2-s2f1,

j{P1} P2}+2r1s2-2r8s1,

-i {0i, Qt}-2r1ti+2rit1,

then e8c becomes a simple C-Lie algebra of type E8 [16], [17]. For i?ee8c,

adi? ((adi?)i?!=[i?,i?x],i?iGe8c) is denoted by 6(R). Hereafter we often identify

R and &{R), e8c and Derc(e8c)={c(i?)|i?ee8c}, respectively. The group E8G

is defined to be the automorphism group of the Lie algebra e8c:

Eac={ae=lsoc(z*c)＼a[R1, R^ = [aRu aRi]＼.

5.2. Involutions of the Lie group E8C

We arrange here main involutions used in this chapter E8. We define C-

linear transformations y, a, X, u, <o of e8c by

7(0, P, Q, r, s, t)=(y0y, yP, yQ, r, s, t),

a(0, P, Q, r, s, t)=(a0<r, aP, oQ, r, s, t),

X(0, P, Q, r, s, t)-(X0X'＼ IP, XQ, r, s, t)

where y, a, X of right sides are the same ones as y<EG2cCZF4cc:Eec<zE7c, </t

FSaEScEf, X^ES,
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o(0, P, Q, r, s, t)=(0, -P, -Q, r, s, t),

co(0,P, Q, r, s, t)={0, Q, -P, -r, ―t, -s)
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Then y, a, ?.,u, q)gE8° and y2=a2=oz=l, X2=af'=o. (y is nothing but the

element ―1 of the center of Ef (see Proposition 5.4.1), however we use u in

E8° to avoid confusions because ―1 has many differnt meanings. Note that

u=<p{―E), <t)=(f){J)using $ of Proposition 5.4.2). We put

X=X(o=<i)2..

Then 1<=ESG and X2=l. The complex conjugation in esc is denoted by r:

t(0, P, Q, r, s, t)=(z0T, tP, tQ, rr, rs, tt).

These transformations y, a, o,I, t of esc induce involutive automorphisms f, d,

u, 2, t of E*c:

j{a)=rar, d(a)=aaa! u(a)=uau,
a^Esc

1(a)=lal, r(a)=vaT

5.3. Lie groups of type E8

We define J?-Lie algebras e8(8),e8(_24)by

e8(8)= e7C7)e^/e^'c^ei2ei2 (e7CT)-(e7cF)J

e8C_24)-e7(_25)c5|3e5peJKci2cJK (e7(_25)=(e7c)r)

(Theorem 4.5.2) with the Lie brackets as tsc, respectively. The connected

linear Lie groups of type Es are obtained as

Eac={a<Elsoc(t8c)＼<xtRi,i?2]= [ai?i, aRs~]},

£8={a Elsoc(e8c)|a[/?i,R,']= laR1, ai?2],<aRu aR2>=<R1, i?2>},

£8(8>={aeIso≪(e8C8))|a[i?1,/?2]= [a/?i, a/?2]},

^8c-24)={aelsoij(e8(_24))|a[i?i,/?g]= [a/?i, ai?2]}

here <i?1?i?8>=-(l/15)58(rli?i, i?2) where 58 is the Killing form of e8c [18],

[21]. Esc, Es are simply connected (see Appendix).

Lemma 5.3.1. (e8c)rr=egC8),(e8c)r=esc_24).

Theorem 5.3.2. (E8cy^E8, (E8cr=E8W> (E8cy=E8C_2i>

Proof. As for £8C8),E8^2o, these are direct results of Lemma 5.3.1. E8

is nothiner but its definition.
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Note that r^G2dFiciE6c:E1c:E8 (£7=(£7c)r;c(£8c)T;i(see Proposition 5.4.1)

=ES), o(EF4cEec:Ei(zEs, v(eEiCEs, 1(eEs. We know that the simply connected

compact Lie group E8 has two classes of involutive elements up to conjugation.

Lemma 5.3.3. For a,, <72e£8 such that o*= <722

ox~oi <==$ (E8Yi=(E8Y* <=$ (e8)*

moreover if and only if dim(e8)<Tl=dim(e8)<T2

= 1, we have

Proof is due to [19].

Proposition 5.3.4. (1) 1, o, y, ua are conjugate in E8 with one another.

(2) ly and uy are conjugate in E8.

Proof. We can easily calculate dim(e8)^=dim(e8)u=dim(e8y=dim(e8)uff=136

and dim(e8)^r=dim(e8)ur=120, hence Proposition 5.3.4 follows from Lemma 5.3.3.

Remark.

conjugation:

The author can not find any element 8<bE8 which gives the

8l=u8 etc..

5.4. Subgroups of type Al@E1 of Lie groups of type Ea

We consider a subgroup (Eec)ltl-tl_ of Esc:

(£8c)i,i-,i-={≪e£8c|al=l, al-=V, al_ = l_}

where l=(0, 0, 0, 1, 0, 0), l~=(0, 0, 0, 0, 1, 0), l_=(0, 0, 0, 0, 0, l)Ge8c.

Proposition 5.4.1. (Esc)1A-A_ = Ena.

Proof ([17]). For /3e£7c we correspond a<=E8c,

a(0, P, Q, r, s, t)={&QB-＼ BP, BQ, r, s, t)

for (R, P,Q,r

ae(£8c)u-.i..

a

s, 0ee8c. It is easy to verify ≪£(£/),,,-,!..Conversely let

From the conditions al=l. al~=l~.al_=l_, a has the form

J3i

/321

a2

a3

/3l2

ft

h

$13

/3a

0 0

0 0

0 0

1 0

0 1

0 0

0

0

0

0

0

1

j8ieHomc(e7c, e7c),

ft, j88,j88s,/332eHomc($c, gic),

iS≪,j881eHomc(c,c, 5pc),

fa, ^13eHomc(^c, e7c),

ajeHomc(e7c, C),

bu cteHomc(≪Pc, C).
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From [aO, l"＼―a[O, l]-0 we have /321=i53i=0, a2=a3=0, and from ＼_aQ,1~]

=a[O, l~]=0 we have a1=0. Put P"=(0, P, 0, 0, 0, 0), <?_=(0, 0, Q, 0, 0, 0).

From ＼_aP~,Y] =―aP~ we have ^12 = ^32=0, b1=b2―bs=0. Similarly from

[a^_, l]=a(?- we have ^13=^23=0, C!=C2=c3=0. Operate a on [P", O_] ―

fPxO. 0. 0. -ri/8VP. OK 0. 0). then

Pi(PxQ)=ptPxp,Q, {faP, P*Q} = {P, Q)

Again operate a on ＼_P~,(?~]=(1/4){P,Q)l, then

iPzP, PzQ) = {P, Q).

Operate a on [$, P"]=(0P)-, then

(&iQ)(B%P)=Bt{OP).

(i)

(ii)

(iii)

From (i), (ii)we have {^P, j88Q} = {j88P, /32<?}for all P, Q^c, hence £2=^3

(put=j8). In (iii) put fi^P instead of P, then p10=p0p~1. Therefore, from

(i) we have P(PxQ)p-1=p1(PxQ)=pPxfiQ. Thus /3e£7c.

Proposition 5.4.2. (E&c)u has a subgroup 6(SL(2, Q) which is isomorphic

to the group SL{2, C). Where #(A), A=(? C＼t=SL(2, C), is the C-linear trans-

formation of t*°defined bv

c ;))=

Proof. For A―
(a

6(A)=exp

1

0

0

0

0

0

c＼
)=exp

0

0

0

0

0

0

0

rl

tl
0

0

0

0

al

0

cl

bl dl

0 0

0 0

0 0

rr s

＼t -r

0

0

0

0

0

0

l+2bc -ab

―lac a2

2bd -b2

Y we have

0 0 0

si 0 0

-rl 0 0

0 0 -t

0 -2s 2r

0 2t 0

0

0

0

s

0

2r

0

0

0

cd

-c2

d2

=exp≪9(0, 0, 0, r, s, t)).

Lemma 5.4.3. $: SL{2, C)-*(E8C)U of Proposition 5.4.2 satisfies

t6(A)t^=6(tA), axbiA)R-1^ A-1),
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X$(A)X-1=o$(A)a=7$(A)7=$(A).

Theorem 5.4.4. (Eac)u=(SL(2. OxESVZ*. Z,= UE, 1),(-E, -D)

Proof. We define a mapping <J>＼SL(2, C)xEf->(Escy by

Obviously
<p(A,£)e(£8c)u.Since $(A),

A(eSL(2, C) and /3e£7c are commutative,

(p is a homomorphism.
Ker<p={(E, 1),(-E, ―1)}=Z2. Since (E8CT is connected

(Lemma 0.7) and dimc(Sl(2, C)ce7c)=3+133=136=dimc(e8c)u (note that (e8c)u=

{{0, 0, 0, r, s, 0ee8c|#ee7c, r, s, t<=C＼),<pis onto. Thus we have the required

isomorphism.

Theorem 5.4.5. (1) (£8)y=(Sf/(2)x£7)/^2=(rly)y~(£:8(_24))y.

(2) (Esi_wr-(rlry=(SU(2)xEH_5,)/Z2^(rlorr^(Eswy.

Proof. (1) Let ae(£8)u=((£8c)rI)u:=(r!)u.By Theorem 5.4.4, there exist

A(eSL(2, C), fi^Ef such that a=<f>(A)[}. From the condition rla=azl, we

have (j)^1A-l)rl^lr=(j){A)^ (Lemma 5.4.3). Hence

f zlA-l=A ( t'A'^-A

1 . . or i
~ -

The latter case is impossible because {ttA)A=―E is false. In the first case,

(ttA)A=E, that is, A<=SU{2). For /3e£7c,zlflT=fi is tX^-1t=^, hence /3e

{E,c)tX=E1 (Theorem 4.3.2). Thus (E8f=<p(SU(2)xE1)^(SU(2)xE7)/Z2.

EK.u>=(EacystEacy1'>.

In fact, since l~y under some5e£8: dl=ud, dzl=Tld (Proposition 5.3.4),(E8C)T

^a-^dad-'^Efy1" gives an isomorphism. Now (E8<-m)0~(tIu)°=(tX)u.

(2) JE8C_24)-(£:8C)^(£8C)^.

In fact, since A~r under some<5e£8: 82=yd, dtl^rld (Proposition 5.3.4),(Eac)T

^a-+8ad-l(=(E6c)rlr gives an isomorphism. Let ae((£8c)r3O"=(^r)u, a=^(A)j8,

^leSL(2, C), j8e£7c. From rlra=a^r, we have 0(r£^-1)r^rJQ?'^=^(^)iS

(Lemma 5.4.3). Hence

1 - or 1 -

As similar to (1), the latter case is impossible. In the firstcase, A^.SU(2) and

P(E(E1cy'xr=(E1cyxr=Ell-v (Theorem 4.3.2). Thus (£8C_24))u~(-^>)us(.St/(2)x
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E-K_5))/Z2.

-C-8C8)―K&8 ) ―K^8 )

In fact, since ly^uj under some 8^E8: 8lf=oT8, dTl=rld (Proposition 5.3.4),

(EsCyr^a-tdad^GiEs6)^ gives an isomorphism. Now (E8C8,y~(^ur)u=(rAr)u.

Theorem 5.4.6. (1) (£8(8))U=(SL(2,R)XE1W)/Z2x2.

(2) (E8c-2oT = (SL(2, R)XEK.^)/Z2X2.

Rroof. (1) Let a^(E8Wy=((E8cyry=(rTy, a=$(A)p, A<=SL(2, C),^E,C.

From vja―atj, we have ^)(tA)tJ^Jt=<J){A)^ (Lemma 5.4.3). Hence

r tA=a ( tA=-a
＼ or ＼

In the firstcase, A<=SL(2, R), p^(E7c)Tr=Eim (Theorem 4.3.2). In the latter

case, A-{iI)B, B(=SL(2, R), &=$', ^'^Eim where c(sE7 is one defined in 4.2.

Thus (£8(8>)≪s(SL(2,R)XE^VJ{H)SL{2, R)XcE7W)/Z2 = (SL(2, R)xEnn)/Z2

X2. (The explicit from of <p(il,c)is

<P(il,e)(0, P, Q, r, s, t)={cRC＼ icP, -UQ, r, -s, -t)).

(2) Let ≪e(£8(_24))y=:((£:8cnu=(r)u,a=$(A)p, A<=SL{2, C), P^Ef. From

ta―az, we have ^(tA)vPz=^(A)P (Lemma 5.4.3). As similar to (1),(£Sc-24))!>

s(SL(2, R)XEU_^)＼J{H)SL{2, R)XcEn_2tt)/Z2=(SL(2, R)xEn_2B,)/Z2x2.

5.5. Subgroups of type D8 of Lie groups of type E$

We definean IsJ-algebraichomomorphism /: M(8, C)->M(16, R) by

'(<*+>･■>)=((
_x,*))< x'ymR

and /: M(8, CC)~≫M(16, C) is its complexification. These / satisfy

Il(X)=l(X)I, Jl{X)=l{X)J, '(/(*))=/(**), Xc=M(8, iT), iif=C, Cc

Proposition 5.5.1. (1) /(u(8,Cc))={Be§o(16, C)＼JB=BJ},

/(@(8, Cc))/={5e§o(16, C)＼JB=-BJ}.

(2) Anjy element i3e§o(16, C) zs uniquely expressed by

B=l{D')+l(S)l D'eu(8, Cc), 5g@(8, Cc)

=l{D)+l{S)l+l{icE) De§u(8, Cc), Se@(8, £7C),cgC.
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Proof. (1) If Z)gu(8, Cc), then Jl{D)=l{D)J, tl(D)=l(D*)=-l(D). Con-

versely, for £<e§o(16,C) such that JB―BJ, put B=l(D), DeM(8, Cc). Then

l(-D)=-B=tB=tl(D)=l(D*), hence D*--D. Next, for Se@(8, Cc), Jl(S)I=

l(S)JI=-l(S)IJ, t(/(S)/)=t/7(S)=//(S*)=-7Z(S)=-/(S)7. Conversely, for 5g

§o(16,C) such that JB=-BJ, consider £7. Then JB1―BIJ, hence we can

put BI=l(S), SeM(8, Cc). Then B=l(S)I, tB=cPl(S)=Il(S*)^l(tS), hence -S

=JS, that is, Se(S(8, Cc).

(2) B=(B-JBJ)/2+(B+JBJ)/2 and use the above (1).

We consider Lie subalgebras §o(4,12),§o(8,8),§o*(16)(which are isomorphic

to the ordinary ones) of §o(16,C) as

§o(4,12)= {B<= §o(16,C)|/(72)(r£)/(72)=£},

§o(8,8)={5e§o(16, C)＼l(h'){TB)l{h')=B),

§o*(16)={fie§o(16, C)＼JB=(tB)J}

where 74'=diag(l, 1, 1, 1, ―1, ―1, ―1, ―1), and corresponding the above we

use the following notations.

§u(2,6)={£>e§u(8,Cc)|h(zD)h=D},

@(2, 6, C)={Se@(8, Cc)|72(r5)72=S},

Su(4,4)={7)GSu(8, Cc)|/4'(ri))74'=D},

c(4, 4, C)={Sge@(8, Cc)|74'(rS)74'-S}.

From Proposition 5.5.1, we have easily the following

Proposition 5.5.2. Any elements 5ge§o(16),§o(4,12),§o(8,8), 8o*(16) are,

respectively,expressed by B=l(D)-＼-l{S)l-＼-l(icE),

(1) case §o(16), De8u(8), See@(8, C), c&R,

(2) case §o(4,12), De§u(2, 6), Sec(2, 6, C), c^R,

(3) case §o(8,8), De§u(4, 4), SeE@(4, 4, C), ceiZ,

(4) case 3o*(16), £>g§u(8),Sg/R(8, C), ceT?.

Recall the C-linear isomorphism X: $Bc=3cc3c@CcC-*c(8, Cc),

1(X,Y,£,ii)=(k(gX-^E))j+i(k{g{rY)-lrE))J

which is used to define the homomorphism <p: SU(S, Cc)-^(E7cyr, <p(A)P =

7-＼A(lPyA), Pg5Pc (Theorem 4.5.3).

Lemma 5.5.3. For Sec(8, Cc), we have
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rr1S-Z"1(72S/2), rX-1S=Z-1(/2(rS)/2), aZ-'S^X'Kh'Sh')

Proof. 7ft-1S=Xr(X, Y, £,Tj)=X(rX, yY, $, rj)

= k(g(rX)―^E)j+ik(gY-£E)j

=h(k(gX-^E)j+ik(g(rY)-ZE)j)lt

309

=hy(X,Y,t,V)h=hSh.

Using g{tX)=lMgX))lu g(oX)=h'{gX)h', 78'=diag(l,1, -1, -1), other for

mulae are similarlyobtained.

Lemma 5.5.4. For Su 52ec(8, Cc), we have

(1) tr(S152-S2S1)=4/{X-1SI, TlS2).

(2) (pJs1S2-S2S1-^tr(S1Sz-S2S1)E)=4arX~1S1XX-1S2-^n~1S2XX-1S1)

where <p*: §})(4,Hc)->(t6cYr is one defined in 3.5.

Proof is in [21, Proposition 6].

Theorem 5.5.5. (e8c)^ = §o(16, C).

Proof. (e8c)^={0eDerc(e8c)Ur6>=6U?1

= {0(0, XjQ, Q, 0, s, -s)|0e(e7c)^, Q^C, s<eC} .

We define a mapping C,:§o(16, C)->(e8c)^r by

£,{l{D)+l(S)l+l(icE))=6((p*{D), 21yTlS, IT'S, 0, 2c, -2c)

where D(=Su(8, Cc), 5e@(8, Cc), cgC (Proposition 5.5.1) and <p*: Su(8, Cc)->

(e7c');tJ',X: $c-^c(8, C^) are ones defined in the beginning. Clearly £is bijective.

We have to prove that £ is a homomorphism, that is,

ZIX, Y] = KX, CF], X, Y=l(D), l(S)l, HjtcE).

For example, to prove C[7(.Si)/,/(S2)/] = [C(/(S1)/), C(/(52)/)], we use Lemma 5.5.4.

The details of calculations are in [21].

Theorem 5.5.6. (1) (e8(8))^s§o(16)=(e8)1''.

(2) (eR,_M^ = So(4, 12).
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(3)

(4)
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(e8<8))^(e8crO5r = So(8, 8).

(e8c8))Jr~((e8CrO^ = §o*(16)=((e8c)^y>~(e8(_24));>

Proof. (1) Let 0G(es(8,)5r=((e8c)rOir. By Theorem 5.5.5, there exist De

§u(8, Cc), Sge@(8, Cc), c(eC such that

6 = 6(<p*(D), 21WXS, 2V1S, 0, 2c, -2c).

From the condition zy6(R)yv=6(R), i?£e8c, that is, &{rjR)―6{R), we have

Tr<p*(D)rt=<p*(D), rft-is=x-ls, rc=c.

Hence Z)e§u(8) (Theorem 4.5.5), T＼tS)=X~1S (Lemma 5.5.3), rS=S, that is,

Sec(8, C) and c(eR. Therefore, 0e=C(/(8u(8))+/(@(8, C))/+/(iJR£)) = C(§o(16))

(Proposition 5.5.2. (I)). Thus (e8(8))^=§o(16). (e8y>=((e8c)^)/>=((e8cr)Ir-

(2) Let 0 E(es(_2≪)I?'=((e8cn"r, 0=@(0*(£>), 2^Z-1S, 2Z"1S, 0, 2c, -2c) as

in (1). From t0 = 0t, we have

z<p*(D)T=<p*(D), rZ~1S=Z-1S, rc=c.

Hence De§u(2, 6) (Theorem 4.5.5), X-1(/8(rS)/8)=Z-1S (Lemma 5.5.3), h(rS)h=

S, that is, Sec(2, 6, C) and cei2. Therefore, from Proposition 5.5.2. (2), we

have (e8C_2≪)^=So(4, 12).

(3) E8W=(Escyro.(E8cy°r

because y^ay under 5gF4 (Proposition 2.2.3) dE6(zE7c:E8: 8j=<jyb, dr―rd.

Now let @e((e8cr0"r, O = O(<p*(D), 21jrxS, 2l'lS, 0, 2c, -2c) as in (1). From

tgjO^Otgy, we have

T<rrMD)r<rT=<l>*(D), rarX-1S=X-1S, zc = c.

Hence Z)gSu(4, 4) (Theorem 4.5.7), r^/CrS)/*'^*"^ (Lemma 5.5.3), h'(TS)h'

=S, that is, 5ec(4, 4, C) and csi?. Therefore, from Proposition 5.5.2.(3), we

have (c8(8))J^((e8c)rffO;r=So(8, 8).

(4) JE8CS)=(£:8cr-(£:8cr''.

In fact, consider 8: e8c―>e8<7,

6(0, P, Q, r, s, t)=(0, iP, -iQ, r, -s, -t)

(d is <j){il)of Proposition 5.4.2), then 8(eEs> 8y=j8, 8t=tu8, and (£8c)rr3≪^

dad-'eiiEs0) ? gives an isomorphism. Now let (9eE((e8c)ru0^ &=9(<p*(D),

2XyX~1S, 2X~lS, 0, 2c, -2c) as in (1). From toyQ=Qtoy, we have

Ty<b*(D)YT=(b*(D), -tyr1S=riS, rc=c.
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Hence £>e§u(8)(Theorem 4.5.5), -Z"1(rS)=r1S (Lemma 5.5.3), -rS=S, that

Is, S(=i<5(8,C) and cei2. Therefore, from Proposition 5.5.2.(4), we have

(e8c8))JrM(e8crOIr-§o*(16). (e^^MCe^)^ (Theorem 5.4.5.(l))-((e8cr0"r.

Theorem 5.5.7. (1) (£sc)^=Ss(16, C) (=S/>m(16, C)/Z2 and not SO(16, Q).

(2) (£8)^sSs(16) (=S/>m(16)/Z2 rarf no^ SO(16)).

Proof is in [21]. The outline of the proof is as follows. The group

(E8cYr is connected (Lemma 0.7) and the center z((E8cYr) is Z2={1, Xy}, hence

(Eg0)1* is isomorphic to one of SO(16, C) or Ss(16, C). (jB8c)^ has the 128-

dimensional irreducuble C-representation (e8c)_ir,however SO(16, C) has no 128-

dimensional irreducible C-representation. Therefore (Esc)lr must be 5s(16, C).

As for (E'g)^,the argument is similar to (E8cyr.

According to Theorem 5.5.6, we use the following notations.

5o*(16)-((JE8c^^>-(JE:8(_24));> Sso*(16)=(So*(16))0,

So(4, l2)=((E8cyyr=(Esc_wyr,

So(8, 8)=((EsCyanlr^(Eswyr, Sso(8, 8)=(So(8, 8))0.

Theorem 5.5.8. (£8(.24))^~(Tiy)Ij'=So*(16)=Sso*(16)x2 = (ryr)Ir~(^8C8))^r.

T/ze Cartan decomposition of So*(16) fs

So*(16)= ((SO(2) X SUWi/Zi X 2)X IS56

where Z4 = {(E, E), {E, -E), (-E, iE), (-E, -iE)＼

Proof. The maximal compact subgroup So*(l6)K of So*(16)is

So*(16)x=So*(16)n£8^((£8c)^)^=((r^)^=((y)"0Tj

=(W)")lr=((£!)fsP(2)x£,)/^

(=((riyry=((E8yry=(Ss(W)T)-

Let a^So*(16)K=((Es)uyr. By Theorem 5.4.5,thereexistAeSU(2), j8e£7such

that a=<j>(A)fl. From the conditionlya=aly, we have $(?A^ly $y＼-=$(A)$

(Lemma 5.4.3). Hence

1
_ or 1 -

i iy$yi=$ {iypr*=up.

In the firstcase, A<=SO(2), ^(E,yr=(E7)^=SU(8)/Z2 (where Z2={E, -£})

(Theorem 4.5.5). In the latter case, A={il)B, £<e5O(2), j8=^/, jS'eC^)^,

Thus SO*(16Vs(SO(2)X(£:7)^W(27)SO(2)xK£7)^)/^2 (where Z2={(£, 1),(-£,



312 Ichiro Yokota

-1)}) = (S0(2) X (E,)^)/Z2 X2 = (S0(2) X SU(8)/Z2)/Z2 X2 (where Za= {(£,£),

(-£, f£)Z2})^(SO(2)xS£/(8))/Z4x2. (As for the explicit form of <p(il,c),see

Theorem 5.4.6). {E,m)lr^{vor)lr (Theorem 5.5.6.(4))=(t5w)^.

Theorem 5.5.9. (£8(_24))Ir~(rItx;)<;=So(4, 12) fs connected. The Cartan

decomposition of SoiA, 12) z's

So(4, 12)=(S£/(2)XS£/(2)X S^n(12))/(Z2xZ2)XJR48

w/zere Z,xZ!={(£, £,1),(£, -£, -<t)}X{(£, E, 1),(-£, -£, <?)}= {(£,E, 1),

(£, -£, -(?),(-E, -E, a),(-E, E, -1)}.

Proof. E1 ( C1 C＼r―( T? C＼rlua

In fact, since l^uo under some d^E8: dl=odd, drl=zld (Proposition 5.3.4),

(ESC)T=> a^-dad'1 <^.(Escy~Xuagives an isomorphism. Consider the subgroup

((Escyluay=(Tha)a=(Tloy of {tloa). Since dim((e8c)rLr)=120, the type of

(tloY must be D8. Moreover, as is shown in the following, the type of the

maximal compact subgroup of {zlo)a is D2RD6, hence the type of the Lie algebra

of {rloY is §o(4,12). Hence we put here So{4, I2)={tlo)a. Now the maximal

compact subgroup So(4, 12)# of So(4, 12) is

So(4, i2)*=S0(4, mnEsMiE^ry^iiTluyy^iiriyy

=((Esyy=(.(SU(2)xEq)/z2y.

Let ≪eSo(4, 12)K=((Es)°y- By Theorem 5.4.5, there exist AeSU(2), /3e£7

such that a=<f>(A)fl. From the condition aa―aa, we have <$>{A)a$a=■<$>{£)$

(Lemma 5.4.3). Hence ap<j=p, that is, ^(E(E1)<7=(SU(2) x Spin(l2))/Zs (where

Z2={(E, 1),(-£, -a)}) (Theorem 4.6.14). Thus ((rl)T = (SU(2) x (E7y)/Z2

(where Z2={(£, 1),(-£, -1)}) = (St/(2)X(St/(2)xS/)fn(12))/Z2)/Z2 (where Z2=

{{E, (E, 1)),(-£, (-£, <7)Z2)})s(Sf7(2)xS£7(2)xS/>/n(12))/(Z2xZ2).

Remark. The maximal compact subgroup So(i, 12)^ of So(4, l2)―{r)Xris

So(4, 12)x=((T)IOT3=((T)J)r=((^)r=((^)2Or=(Ss(16)y.

The author can not give any isomorphism between {{TX)l)rand ((r^)u)ffdirectly.

Before determine the maximal compact subgroup So(8, S)K of So(8, 8),recall

the construction of the spinor group Spin(n) using the Clifford algebra C(Rn_)

[15]. Let C(Rn.) be the Clifford algebra generated by elt■･■,en with relations

0i2=―1. Let Rn be the i?-vector space spanned by eu ■･･, en and put S""1^

Iflei2re|a2= ―1}. Now the spinor group Spin(n) is defined by
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Spin(n)={a1--- a2m＼ai^Sn'1> m=l, 2, ■･■}.

We use here the notation Spin(ri)=Spin(eu ･･･, en). In the case of w=0 (mod4)r

the center z(Spin{n)) of Spin(n) is Z2XZ2={1, ―1}X{1, et ･･■en} = {＼,―1, ex ■■■

en, ―ei ■■■en) and we know

Sptn(n)/{1, -1}=S0(≪), S/>m(n)/{l, ex ･■･ere}=Ss(n).

Theorem 5.5.10. (£8(8))^~(rar)Ir=So(8, 8)=5so(8, 8)x2. TAe Carfan rfe-

composition of So(8, 8) /s

So(8, 8)-((S/>m(8)XS/>m(8))/(Z2XZ2)x2)xRei

where ZaxZa={(l, D, (-1, -1)}X{(1, 1), (^ - *8, ^ ･･･e16)}= {(l, 1), (-1,-1),

Proof. Consider the group (Eacyr=(Tar)=E8W (Theorem 5.5.6.(2)). JL

Sekiguchi [20] shows that {tay)/{(tajYr)0 is simply connected and the funda-

mental group of (ray)/(toff* is Z2, hence Sso(8, 8)={tay)Xr must have two

connected components. The maximal compact subgroup So(8, 8)K of So(8, 8) is

So(8, 8)K=So(8, 8)nE8=(((Escy^IrrIH(Taryrr1=((TarrnTl

=((ayryi=((a)hyi=((TXyry=(Ss(16))a.

We shall find a subgroup of type Z)40D4 in 5s(16). In the spinor group Spin(l6)

=Spin(eu ･･･, 0i6), consider two subgroups S£zm(8)=Spin{ex, ■･･, e8),Spin(8)=

Spin(e9,･■■,eie). We define a mapping

Spin(8)XSpin(8) ―> Spin(16) ―> Ss(16)

by <p(a,fi)=afi and let iz be the natural projection. Then the image of n<p is

isomorohic to the sroup (Sbin(8)xSbin(8))/(Z*xZ*).

Remark. The author can not find any element of So (8, 8) which does not

be contained in Sso(8, 8), and can not realize the subgroup (Spin(8)XSptn(8))/

(Z≪~XZ≪)in Sn(R. R) ronrref-elv.

Appendix

The Cartan decompositions of the exceptional linear Lie groups of type E8

are given as follows.

E8: simply connected compact Lie group of type E8,
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£8(8)^Ss(16)Xl2128,

Es(_u^(SU(2)xE1)/Z,xR11＼

References

[Yl] Yokota, I., Realizations of involutive automorphisms a and Ga of exceptional

linear Lie groups G, part I, G=G2, F4 and E6, Tsukuba J. Math., 14 (1990),

185-223.

[Y2] Yokota, I., Realizations of involutive automorphisms a and Ga of exceptional

linear Lie groups G, part II, G = En, Tsukuba J. Math., 14 (1990), 379-404.

[15] Atiyah, M. F., Bott, R. and Shapiro, A., Clifford modules, topology, 3 (Suppule-

ment 1) (1964), 3-38.

[16] Freudenthal, H., Beziehungen der E7 and E8 zur Oktabenebene I,II, Nederl. Akad.

Weten, Proc. Ser. A. 57 (1954), 218-230, 363-365.

[17] Imai, T. and Yokota, I., Non-compact simple Lie group -Esc-24) of type E8, J. Fac.

Sci. Shinshu Univ., 15 (1980), 53-76.

[18] Imai, T. and Yokota, L, Simply connected compact simple Lie group ESi_2iS:)of

type Es, J. Math. Kyoto Univ., 21 (1981), 741-762.

[19] Nagano, T., The involutions of compact symmetric spaces, II, submitted to J. Fac.

Sci. Univ. Tokyo Sect. IA Math..

[20] Sekiguchi, J., Fundamental groups of semisimple symmetric spaces, Advaced

Studies in Pure Math., 14 (1988), 519-529.

[21] Yokota, I. and Yasukura, O., Non-compact simple Lie group £8(8)> Tsukuba J.

Math., 10 (1986), 331-349.

Ichiro Yokota

Department of Mathematics

Shinshu University

Asahi, Matsumoto, 390

Nagano, Japan


