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ON TRIVIAL EXTENSIONS WHICH ARE QUASI-FROBENIUS ONES

By

Kazuhiko HiratA

Recently Y. Kitamura has characterized a trivial extension which is a Frobenius
extension in [2]. In this paper we characterize a trivial extension which is a quasi-
Frobenius extension.

Let R be a ring with an identity and M an (R, R)-bimodule. The trivial exten-
sion S=(R, M) of R by M is the direct sum of additive groups R and A with the
multiplication (71, #,)(r2, #2) = (#1712, vime+mvs) for (v, m;)eS. S is a ring containing
R with the identification » — (v, 0) for e R. Let *S be the dual space of S as a
left R-module. Then *S is isomorphic to the direct sum of R and *M=
Hom (rM, zK):*S=[R,*M]. The action of an element [¢, /2]e*S on S is given by
[a, h)(r,m))=ra+h(m) for (r,m)eS. *S has the structure of an (S, R)-bimodule.
This is given by (v, m)a, hl=[ra+/(m), ri] and [a, hlr=[ar, /ir] for (r,m)eS, [a, H]e*S
and re K.

Following to [3] a ring extension S over K is called a left quasi-Frobenius
extension when 5 is left R-finitely generated projective and a direct summand of
a finite direct sum of *S as an (S, R)-bimodule.

Let S be the trivial extension of R by A4, and assume that S is a left quasi-
Frobenius extension of K. Then there exist (S, R)-homomorphisms @ : 5-*5@- - - P*S
and ¥ :*SP- - -P*S-> S such that ¥o®=15. Let &1, 0))=({a, ], - - -, [@n, #s])). Then
it is easily seen that 4; is contained in Hom (zMpz, zRg) for all i. Next, we consider
homomorphisms from *S to S. Since S is left R-finitely generated projective, we
have following isomorphisms

Hom (s*5g, sS&)=Hom (sHom (gS, 2R)&, sS&)
= {Hom (Rg, Sr)X SIS = {S®) 1S}

where {S&®g5}Y means the set of elements in S®gS cominuting to the elements of
S.  Explicitely, the correspondence is given by 3(s:®s:)(f)= s f(s2) for Y $,:&s.€
{SQ=S}S and fe*S. Let ¥, be the restriction of ¥ to i-th component of *S@®- . -P*S
and X (b;;, mi)R(ci;, ws;) the corresponding element in {S®&S}S. Then, for [, Ale*S,

we have
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Villa, R)y=(bia+h(n:), ma+ X g 0ing;))

where b;=2;b;ci5, ni=2N;bimiy; and mi=23 myc;;. Using the fact that ¥ is a left
S-homomorphism, we see easily that m;e M2={meM|rm=myr, for any reR}, h(rn;—
nir)=0 for any he*M and reR, and mh(m)=mh(m) for any he*M and mel.
Further, from (0, m)="-0((0, m)) we have m=Y;mh:(m) for all meM. This means
that M is a direct summand of a finite direct sum of R as an (R, R)—bimodule:
rMr<@Pr(RP---@PR)r. From this and A(rn;—n)=0 above, »; is in M? for all i.
We have proved the half direction of the next proposition.

ProposiTION 1. Let S be the trivial extension of R by M. Then S is a left
quasi-Frobenius extension of R if and only if M is an (R, R)-direct summand of a
Jinite divect sum of R, and for a system of projective bases {mi, hi} of M there exist
nis in MPE such that, for all i, mh(n)=m;h{(m) hold for any meM* and he*M.

Proor. We prove the converse. Assume that there are given {my, A;} and n;
described in the proposition. Set e=JY(n;). Then e is in the centre C of R.
Further we have me=Ymhin;)=3mmil(m)=m for any meM. In particular, since
Bi(m)=hi(ne)=Ii(n:)e, e is a central idempotent.

Define the map ¥,;:*S— S by ¥(a, 2)=(1—e)a+M(n;), ma). Then ¥, is an
(S, R)-homomorphism. Set ¥ =237, the map from *S®-.. - ®*S to S. Next, define
the map @:S—*S@---P*S by @(1,0)=(1-e¢, /,},10, 2], ---,[0,A,]). Then we
see that ¥-®=1¢ and this completes the proof.

We continue the consideration. From the equation m/h(n;)=mi(m), we have
m{ng) =mihmy), and so n;=myl with t=2;41m;). Further, as l(n;)=h(m:)t we
have e=¢* and nid=m;.

As M is an (R, R)-direct summand of a finite direct sum of R, M is isomorphic
to MRReR and M7 is C-(and also eC-) finitely generated projective (faithful) by [1]
Theorem 1.2. Further, since there hold following isomorphisms

*M= Hom (gM, sR)= Hom (( MF®cR), R)= Hom ¢(M~?, Hom (rR, rR))
= Hom ¢( M7, R)y=Hom (M~ O)Rc R,

we may regard that Hom ¢(M%, C) is in *M. (Note that Homc(M~E, C)=Hom..(M¥, eC)).
Therefore the relation mh(n;)=m;h(m) holds for any meM?” and AeHom (M7, C).
Thus we have mh(m;)=nuh(m)t. As ME=XmC, we have mh(n)=nh(m)}t for all
m, ne M® and heHoma(ME, C)=Hom.o(MZ%, eC). On the other hand, since we may
consider mhi(n)=(m@h)n) where m@he MERc Homo{ M7, eC)=Hom,o(M®, M%), we
conclude that Homeo(ME, MP)=eC. Thus MR is an eC-finitely generated projective
module of rank 1.
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Conversely, assume that e is a central idempotent of R and M, is an eC-finitely
generated projective module of rank 1. Then, as the canonical map eC-—Homeo(M,, M,)
is an isomorphism, for an element m®#he MyRec Hom.o(M,, eC) there exists aeeC such
that mh(n)=(m@h)n)=na for any neM,. Let {m;, #;} be a system of projective bases
for M,. Then, since m/i(m;)=mua, we obtain A;(m;)a = hi(mia) = hi(mh(m:)) = h(m)h(m;) =
I(i(m)m;). Therefore fa==h(m) where {=2Xih(m;). Then nh(m)=nta=mh(n)t. As
this holds for any =, 2 and m, we have nh(m)=mh(n)t=nh(m)®. Therefore, since
M, is faithful, we have n=mns® for any neM,, and #=e. Put n;=myt. Then mh(n;)=
myta=m;/i(m) for any meM, and fieHom.e(M,, eC). Define M=M,R.cR(=MQcR).
Then M is an (R, R)-direct summand of a finite direct sum of R and it is easily
seen that there holds, for each i, mh(n;)=mh(m) for any me M and hreHom(zM, zR).
By Proposition 1, we proved the following theorem.

THEOREM 2. Let S be the trivial extension of R by M and C the centre of R.
Then S is a left quasi-Frobenius extension of R if and only if M is isomorphic to
MEQcR and there exists a central idempotent e in R such that ME is an eC-finitely

generated projective module of rank 1.

Remark. It can be shown that the element ¢=X;%;(m;) in the proof of Theorem
2 is equal to e.
Since the condition discribed in Theorem 2 is left right symmetric, we have

COROLLARY 3. On a trivial extension, a left quasi-Frobenius extension is as well

as a right quasi-Frobenius extension.

Y. Kitamura has proved that a trivial extension is a Frobenius extension if
and only if M is isomorphic to eR for some central idempotent e. As M is isomor-
phic to eR if and only if M#% is isomorphic to eC, we have

COROLLARY 4. A trivial extension whicl is a quasi-Frobenius one is a Frobenius
extension if and only if M® in Theorem 2 is eC-free of rank 1 for some central
idempotent ¢ in R.
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