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CLASS GROUPS OF GROUP RINGS WHOSE COEFFICIENTS
ARE ALGEBRAIC INTEGERS

By

Yumiko HIRONAKA-KOBAYASHI

Let R be the ring of integers of an algebraic number field k. Let 4 be an
R-order in a finite dimensional semisimple k-algebra A. We mean by the class
group of A the class group defined by using locally free left 4-modules and
denote it by C(A4). We define D(A) to be the kernel of the natural subjection
C(A)—C(§2), where £ is a maximal R-order in A containing 4, and denote by
d(A) the order of D(A). C(2) is isomorphic to a (narrow) ideal class group of
the center of A, which is a product of the ideal class groups of algebraic num-
ber fields with modulus some real infinite primes. Hence, in a sense, we may
concentrate on D(/A).

Let G be a finite group and let RG be the group ring of G with coefficients
in R. Then RG can be regarded as an R-order in the semisimple k-algebra
kG. We define T(RG) to be the kernel of the natural surjection C(RG)—
G(RYPBC(RG/(2s), where ZGZEGgERG’ and denote by #(RG) the order of

T(RG). Then T(RG)z=Ker (D(RG)—D(RG/(2)). Throughout this paper, C,
denotes the cyclic group of order n and p stands for a rational prime.

Much investigation has been done on D(ZG) and T(ZG) (cf. [8]), but the
results seem to depend on the speciality of Z.

The purpose of this paper is to study D(RG) for the case where R+Z. In
§1 we give some basic results on D(RG) and T(RG). In §2~§4 we assume
that R is the ring of integers in a quadratic field. We first give some results
on D(RCpe), and next examine the structure of D(RC,).

The author wishes to express her gratitude to Prof. S. Endo for the generous
contribution of his time and advice, in fact, some part of this manuscript has

been collabolated by those persons.

§1.

For a ring S, U(S) denotes its unit group. For an abelian group A and a
positive integer ¢, A® denotes the ¢-part of A and A“” denotes the maximal
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subgroup of A whose order is coprime to ¢. In the case where G=C,, we
denote ¥, instead of X5 Let 2 be an algebraic number field and let R be the
ring of integers of k. Let ?,(X) be the cyclotomic polynomial of degree n.
Write R[X1/(D(X)=R[{,] (resp. k[ X1/(Pn(X))=k[L,]) where ¢, denotes the
class of X in R[X1/(@,(X)) (resp. R[X1/(Dn(X))).

PRroPOSITION 1.1. d(RC )= | T(RC,)®" e pl@e 1]5[1 d(RIE,:D for some integer
f(e)=0.

ProoF. Let e=1. From the pullback diagrams

RC,ot—=RIXI/(® e XN=R[Lpers]  RCy——>RIC,]

i i .,

RCpa_——H—}(R/j}R)CPE 3 RM%R./!)R:

we have an exact sequence
0 —> K —> D(RC yors) —> D(RC )BDRIL oss]) —> 0
and a commutative diagram with exact rows

U(RC JBU(RIL jets1)——==U(R/pR)C o) —=EK——=0
o’ l @
U(RYPU(R[,])—————==U(R/pR)——=T(RC,)—=0,
where the vertical maps are induced by the norm maps. Since ¢ is bijective
on the p’-parts and Coker ¢’ is a p-group, we see that K =T(RC,)®". Hence,
by induction on e, we have the equality as desired.

COROLLARY 1.2. Suppose that p is unramified in R. Then
i) D(RC,) (=T(RCp)) is a p'-group.
i) If d(RCp)=1, then D(RP) is a p-group for every p-group P.

PRrOOF. i) Since p is unramified in R, U(R/pR) is a p’-group and R[{,:]
is a Dedekind domain for every 7=1. The assertion follows from these facts.
ii) If d(RC,)=1, then D(RCpe) is a p-group by (1L.1). Then, by the induction
theorem of Artin ([1, § 17), we see that D(RP) is a p-group for every p-group P.

ProprosITION 1.3. i) T(RCp)= G?T(chep) where p°2||n for each pln.
pin
ii) There is an exact sequence

0 —> P, —> T(RC ) —> T(RC,) —> 0,
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where Pe is a p-group whose exponent divides p°* (resp. p°) if p is unramified
in R (resp. ramified in R).

iiiy Let G be a finite group of order n. If pli(RG), then p|n or p|t(RC,)
for some prime factor q of n.

Proor. i) Let JM=R@HM be a maximal R-order in rC,=kPkC,/(Z,) con-
taining RC,. By ([2, Theorem 1]), we have
I1 U (St p)

pin

D(RCy) T - ,
(M) TU(RHC)
pin

IR

where J,=Z,Q M and R,=Z, R. Since R, can be embedded in H,, the
z V4
map U(jlp):U(Rp)Xll(mp)—»l](jnp); (x, yy—yx~!, induces an isomorphism

1T U(Mp)

~ pln
D(RC)= U(s) pI.In u(R,Cr)

where u(R,Co)= {x|(1, x)€U(R,Co)GU(R) X U(R,C,/(Z.)}. On the other hand,
we have

5 yU(ﬂ”)

DRC, /(N B

RElED= g () TLU(R,Ca/(3'0))
Hence we get

U(fM)pII;L U(R,Cr/(2)

T(RCp)= Ut ;'Inu(Ran)

For each p|n, let e, be the integer such that p»[n. Since R,C,/(F,)=

R,Coeal (Zyen)®(, B, R,CoelLaD) and RyCaZR,Coof®( B, R,CerlCi), we
axt d¥1
see that *
U R e/ (2 .
T(RCy)= 11 L THEIURCoen/ (2 er))

sn UCHPIR,C,ep)

where M(p) is a maximal R-order in ka/(Zpep) containing RCpez,/(Zpep). This
shows that T(RC,)= P T(RCpep).
pin

ii) Let ©; be the maximal R-order in k[(:pi] containing R[Cpi], 1=i<e.
Then = éBO.L is a maximal R-order in kae/(Zpe) containing RCpe/(Z’pe), and
=1

we have
U(m)U(RPCpe/(Zpe))

b U©)U(R[L,])
U(ﬂl)u(RpCpe)

and T(RC,= —U(Ol)u(RpCp)

T(RC,.) =




160 Yumiko HIRONAKA-KOBAYASHI

The natural surjection cpeecpe/cpe_lch induces the surjection T(RCpe)—»
T(RC,); (x, y)—x where (x, y)EU(0y @ i), Set P.=Ker (T(RC,)—
T(RC,)). Each aeP, is represented by an ele“ment (x, y)eU(RpCpe/(Z'pe)) such
that x=uv for some ucU(®,) and (1, v)eU(R,C,). Let f(&):p;j:biéiz(x, )

U(Rane/(Zpe)), where b;€ R, and & denotes the image of a generator ¢ of
C,o in R,C,/(3,0, and let f(0)= 5 bis'R,Cpe Then x=/(C)= & h=uw
=u (mod ({,—1)0..,), and so we see that f(1)= IggbieU(Rp). Hence f(o)e

UR,C,). Then a=(x,y)={fD), /1)), because (x~'f(1), y'fANEu(R C,0).
Thus we know that

_ . |x€U(R,), x=u (mod (£ ,—1)0, ,)
PegN*{pI*(x’ x)ET(RCPH)I pfor some ue U(gl) ’ }

It is easily verified that
* peER® P Lp—1)RIC, 1P CH—DRIL 1D - BEC—DRIC IS RC .

Let p.€N and x=u (mod ({,—1)0y, p), welU@,). If p is unramified in R, then
0;=R[{,] and u'x€1+(,—1)01, and hence (ux)?° e 14+(p—1)p* 01 p
By force of (*), we know that p2°"'=1in T(RC,.). Thus we see that exp(P.)|pet.
Even if p is ramified in R, (u'x)?€1-+({,—1R,[{;], and so we have exp (P pe.

iii) By the induction theorem of Artin ([1, §1]), we have that T(RG)®?
z%T(RC)‘"”, where C ranges over all cyclic subgroups of G. The result

follows from i) and ii).

REMARK 1.4. By force of (*) above, if p is unramified in R, we can see
that the exponent of D(RC,.)® divides p°". Further assume that R is the
ring of integers of a real algebraic number field 2 and p=5. Then
exp(D(RC )P)=p*".

In fact, let = denote the endomorphism of RC . induced by o—o¢"?, where
Cpe-:<o>. Then D(R(,‘pg) can be regarded as a {r>-module. For every {(z)-
module M, we put M-={meM|m*=m™'}. Let V be the kernel of the natural
surjection D(RCP,,H)‘?”~>D(RCPB)(P’. Then, along the almost same line as in

([4]), we can show that V‘ga@ (Z/p®Z)%=, where v,=(1/2)[k: Q1(p—1)*p¢ ¢!
for a<e and v,=(1/2)[k:Q)p—1)—g, g is the number of prime ideals in R

over p.

PROPOSITION 1.5. Suppose that p is unramified in R. Then
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D(RC ) ®” = D(RC,)* (direct sum).

ProoF. Let 0;=R[{,], 1<i<e. Then ©; is a Dedekind domain and @01

is a maximal R-order in kag/(Epe) containing RCpe/(Zpe), and the product p;
of all prime ideals over p in ©; equals (1—Cpi), 1=i<e¢. Hence we get

D(RC,)= TLU©:,) / TTU@u(R,C,0

Il

[f1 UR/2R)) X[ Hatpoc,)

S eWED I pegur,c,)

where ¢; is induced by the natural surjection 0;—0;/pi=R/pR and UYO;)=
Ker o;=U(©)N\1+pi0;. ). Then it is easily seen that the former factor is iso-
morphic to D(RCpe)“’"’. On the other hand, ID(RCpe)‘P"i:d(RCp)e by (1.1) and
(1.2), and so we have

UR/pR) o:U©N)=D(RC,), 1<i<e.

Thus we complete the proof.

§ 2.

Hereafter, let k& denote @(+/m), a quadratic field, where m is a square-free
integer, and R be the ring of integers of .. We write w,=+/m (resp. +/m +1/2)
if m=£1 (mod4) (resp. m=1 (mod 4)).

Let ©; be the maximal R-order in k[C,:] and p; be the product of all the
prime ideals over p in @;, 1</<e. Then

D(RC,)=11U©.,) / TLU©@MN(R,C,)

~

[ﬁ U(Oi/pi)'jl [ il;Il(1+Pioi.p)
i=1 Soi(U(Oz)) ﬁUj(O'i)u(RpCpe) ?

where ¢;: U(©,)—U(0;/p;) is the natural map and UY®,)=Ker 0, 1=i<e. Tt is
easily seen that the latter factor is isomorphic to D(RCpe)“”.

PROPOSITION 2.1. Let p be unramified in R, i.e. pY¥m if p=2 and m=1
(mod 4) if p=2. Then

exp(D(RC,)P)|p*! and D(RC o) = D(RC,)*.

Proor. This is a special case of (1.4) and (1.5).
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We write p*=(—1)?""%p.
PROPOSITION 2.2. Let plm, and mp* if p#2, and let m=1 (mod 4) and
max—1, 2 if p=2. Then
iy The exponent of D(RCpg)(“ divides
{ 26+t if p=2, m=2 (mod4) and e¢>1, or
»° otherwise.
i) For the case p+2 and m=np*,
D(RCpe)‘p’)zD(R’Cp)e where R'=Z[w,].
iii) For the case p=2 and m=—n where n=1 (mod 4),
D(RCZe)‘Z"ED(R’Cz)e“‘ where R'=Zw,].
iv) For the case p=2 and m=2n or —2n where n=1 (mod 4),

0 if e=1,2
D(RC, )¢ =
DR'C)**  if ez3,

where R'=Z[w,].

ProoP. If p+2 and m=np*, then we see that O;=Z[wy, L], pi=1—C,)
and p0;SR[L ], 1=ise. Hence we get that exp(D(RCpg)“”)lpe and D(RCDG)“’"
=D(R'C )" =D(R'Cp)*, where R'=Z[w,].

If p=2, m=—n and n=1 (mod 4), then we see that O,=R and ©;=Z[wy, {,]
for 7=2. Then, it is easy to see that exp(D(RC,.)®)|2¢ and D(RC,)=0. For
e=2, we have

D(RC,o)*>@D(R'Co)= D(R'C,)*?,

where R'=Z[w,], and so, by (2.1),
D(RC,.)*? = D(R'C,)*"*.

If p=2, m=2n or —2n and n=1 (mod4), then O,=R, O,=Z[v/m, V=1,
i+ +/=1/2] and O;=Z[w,, {,.] for i=3. The assertion can be shown simi-
larly for this case.

PROPOSITION 2.3. Let m=p* if p#2 and let m=—1, £2 if p=2. Then
the exponent of D(RC ) divides p®. Especially, it divides p* if p=3, 5 or p=2
and m=-1.

ProOF. Put 0,=Z[(,], <iZe. If p=2, then R (@0 is a maximal

R-order in kac containing RCpﬂ, and so we have
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11 U(O: ,80:. )

D(RC o) =,
HU©@0)u(R,C,0

4

IT {(1"r'7fi0z‘,p) X (A+7:0;, p)}

=1

~

T {TLUIXUT O R,C,)
i=1

where 7;=(;—1 is a prime element of ©;, and UX0)=U(@)N(1+7:Oi p)-
Hence D(RC ) is a p-group. It is easy to see that u(R,C,) contains
inII {4+t ) X (1470, )}, where n=x; and t;=1+(p—1/2)+(p—1)(e—i).

The assertion follows from the facts that U‘(Oi)acpizl—i—;ri for each p* and
U023+ ,+C,:"—2) unless p=3 and that (1+7,%0;, ,)?' 'P" S 1+g@-Dmtkg, ,
for every 1=k<p—1, m=1 and i=1. The assertion for p=2 can be similarly
shown.

§3.

Let R be the ring of integers of £=@Q(+/m). In the case m>0, we denote
a fundamental unit of R by en. &, can be written as a-+b/m, a, beZ or
(a+bv/m)/2, a, b Z, 2} ab.

Here we investigate D(RC,) more precisely.

There is an exact sequence

0 — D(RC,) —> C(RC,;) —> C(RYDC(R) —> 0

and T(RC.)=D(RC,). Further we have easily

ProposITION 3.1.

D(RC,) m<0 m>0

Z/3Z m=5 (mod 8) and m=5 (mod 8) and encZ[~vVm]
m<—3

Z/27Z m=2 or 3 (mod 4) m=2 or 3 (mod 4) and 2|b
and m<-—-1

0 m=1 (mod 8), m=1 (mod 8), m=5 (mod 8) and
m=—1 or —3 enEZ[vV'm] or m=2 or 3 (mod 4)
and 2}b

From now on, p is assumed to be an odd prime. From the pullback diagram
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RCy———=R

R[61=RC,/(Z )——=>R/[pR=F,[¥#], where Cp=(o7,
¢

we have exact sequences

§
U(R[3]) i UF,[vm]) —> T(RCp) —>0
0 —> T(RC,) —> D(RC,) — D(R[5]) —> 0.

Here ¢ is the restriction of the canonical surjection §: R[61—R[a1/(¢—1D),
E(F(x))=the class of the ideal (x, Xp) and

F,®F, if (5-)=1
Fp[\/ﬁjz
)

where (%) is the quadratic residue symbol.

Let p fm and let » be an element of R[G]1=R[{,] such that

i if (%):1, then ¢(r)=(a, )eUF)DU(F,), where a is a generator of

U(F;D)y
. . m .
ii) if (5>:—l' then ¢(r) is a generator of U(F ).
Noticing that ¢(U(Z[{,1)=UF}), we have

LEMMA 3.2. In the case p Jm, D(RC,) (=T(RC)p)) is a cyclic group gener-
ated by the class of (r, 2,), where r is given as above. Iis order divides p—1

(resp. p+1) if (%):1 (resp. (—nz—;—)-—-—l).

For an imaginary abelian field K, let K, be the maximal real subfield of K.
Denote by U (resp. U,) the group of units in the ring of integers of K (resp.
K,) and denote by W the group of roots of unity contained in K. Then the
unit index Qg of K is defined by the index [U: WU,]. It is known that Qx=1
or 2. (cf. [3, §20-267) ;

Assume that p }m and m<0. Let K=Q({,, ~/m) and K,=Q,+L,". Let
Gal (K/Q)=<s, t|o?'=2*=1, or=t0), Gal(K/K,)=<{o?"'/*z) and Gal(K/K))=
{o?-v2, 7>, The characters of K are given as follows:

i) the characters of K/K,;
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{ o‘t———»——)C%_l
1, 1=iZp—1and 2/)1.

{ g C{)—llz

T —1, 1=j=-

il) the characters of K,;

rr—r —1, 1<i<p—1land 2/)7.

Then we see that K/K, is unramified at p. Since we can compute the absolute
discriminants of K, and K,, we see that the discriminant dg g, =(n*m*), where

m if m=1 (mod 4) ) . .
r={,—C," and m*= ) . Thus, (p) is totally ramified in
m otherwise

K,/Q, and so there is a unique prime ideal @ over (p) in K, It is easy to see
that =(n%, =/ m).

PROPOSITION 3.3. Assume that pfm and m<0. Let K=Q({,, ~/m) and let
O be the ring of integers of K. Then the following conditions are equivalent.
i) Qx=2.
il) @ is a principal ideal in K,.
iii) There exists a unit of @ of the form (xmx-++/my)/2, where x, yE
Z[C+,10.

Proor. It is easy to see that i) is equivalent to
iy K=K,(+/€) for some unit ¢ of the ring @, of integers of K,.
On the other hand, we have

K=KC)=K~{p—Lp )% and

((€p—Cp =%  as ideals in O,
Thus we get the equivalence between i) dand ii). Let Ki=Q(,+{, ™ and O, be
the ring of integers of K,. Then K,=K,(z+/m*), and so O, has an integral
basis with respected to O, since dg x,=(x*m*) ([6]). As the discriminant of

4/ with respected to K,/K, is equals to 4z%m, we see that [0p: O:[z+/m J]1=1
or 2. Thus every element of ©, can be written uniquely with the form
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(x+7m/my)/2, x, yEO0,. Assume the condition ii). Let a=(x'+zn/my)/2, x’,
yE0,, be a generator of ®. Since PO=r0, = must divide x’, and so we have
7?| x’. Thus a can be writtn as (z%x+x+/my)/2. Then it is clear that (zx++/my)/2
is a unit of ©, hence we have iii). Conversely, if there exists such a unit ¢ in
©, then me is an eclement of K, and generates ®. This completes the proof.

THEOREM 34. Assume that p Y m and m<0. Let K=Q,, vm). Then
i) The case where m#+—1, —3:

p—1  if (%):1 and Qgx=1
p—1

o= i (%):1 and Q=2
d(RC,)=

p+l if (%):—1 and Qr=1

P_“;l_ if (%):—1 and Qg=2.

if) The case where m=—1:

2= i p=1 (mod 8)

d(RC,)=
e Dl

i if p=3 (mod4).

iii) The case where m=—3:

2=l i =1 (mod3)

6
d(RCp)=
(RCy) ptl

6 if p=—1 (mod 3).

ProofF. There is an exact sequence

4 _
U(©) —> U(Fy[+/m]) —> D(RC,) —> 0.

Since (p) is totally ramifled in K,/@, we see that ¢(U(0,)SU(F,). On the other
hand, we have QU©O©)=UF,). Let m*—1, —3. If Qg=1, then U(©)=
L&pU(©,). Thus we have

p—1 it (
d(RC,)=
p+1 it (
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If Qx=2, then U(®)=<L,, e=(rx+my)/2>U(O,), for some e<U(©O) by (3.3). P(e)
&U(Fp) and e2€<,>U(0,), hence we see that

R B (’%):1

3
d(RC,)=
’ J’J;i if (7;{-):—1.

Let m=—1. Then K=Q(,, {,) and U(©)=<Lp, /=1, e=1—+/—1,>U(0). &le)
is of order 4 in U(F,[+/=1])/U(F,). Thus we see that

b1 if p=1 (mod4)

d(RC,)=
y 1‘1, if p=3 (mod 4).
Let m=—3. Then K=Q(y, {s) and U@)=(y, Lo, e=1-LLHU@). ¢(e) is of
. o . =3\ _(p
order 6 in U(F,[+/=30))/U(F,). Since (7%(3)’ we see that
ﬁ_gi if p=1 (mod3)
d(RCp)= 1
l’%ﬁ , if p=—1 (mod3).

REMARK 3.5. 1) Assume that p=3 (mod4) and m=—1, —3. Let M=
Q(~/—p, v/m) and let ¢>0 be a fundamental unit of M,=@Q(+/—mp). Then the
following conditions are equivalent.

) Qr=2 i) Qu=2 i) +/—eesM.

2) Assume that p=1 (mod4) and m=-—gq, where ¢ is a prime and ¢=3
(mod 4). Then Qg=2.

PrROOF. 1) The equivalence between ii) and iii) is clear. By [3, Satz 29],
ii) implies i). Let p be the unique prime ideal over (p) in M, Then it is easy
to see that ii) is equivalent to the condition that p is principal. If Qx=2, then
we can take a generator a of ¢. Since Ngym(P)=p, we see that Ng,y (@)
generates p. This establishes 1). 2) We may assume that ¢#3. Let b be a

primitive root modulo ¢, and let e:qﬁz(l_gqbzicp)_ Then ecU©) and ¢(e)=
S/T(Qf[‘zz(1—Cqbzi)):gﬂ(iV:'?])€EU(Fp). Hence &<, >U(O,), and so Qxr=2.

The next result is a special case of [3, Satz 22]. We give a direct proof
based on the idea of T. Miyata ({7, (2.6)]).
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LEMMA 3.6.  Suppose that m>0 and wnEZ[L,]. Then UlZ[wn, (1=
LpU(ZLwm, Lp+Lp D).

Proor. Let 7 be the complex conjugation. For every uceU(Z[wn, {,)),
(u/w)u /u)=1. So we see that «*/u is a root of unity in U(Z[wn, {p]1). Since
u®/u is mapped to 1 by the map ¢: U(Z[wn, () —UF Lwnl), u*/u={,* for
some 7. Then there is an integer j such that ({,/u)*={,’u. Hence we see that
UlZLwm, 5 D= sp>U(Z[wmy Cp"{’CpMIJ .

Let pfm, m>0, Nowmyelen)=—1 and p=1 (mod4). Then a system of
fundamental units of Z[w,, w,] is given as one of the following three types
([5, Satz 117]):

(@) ¢&p, em 2nd epm,

(b) &y, em and J/e,n (in this case, Noczmrelepm)=1), or

(€) &p, em and 4/cpemepm (in this case, Nocszmirolepm)=—1).

THEOREM 3.7. Suppose that p Y m and m>0. Then
1) If Nowmielem)=1, then D(RC,)® 0.
ii) If p=3 (mod4) and Ny ig(em)=—1, then D(RC,)®=0.
i) If p=1 (mod4) and Ngcsmyolem)=—1, then D(RC,)® +0
when the type of fundamental units of Z[w,, wnl is (a) or (b), and D(RC,)®
=0 when the type of fundamenial units of Z[w,, w,] is (¢) and p=5 (mod8).

ProoF. Let ¢: U(Z[wn, {4+ D—-UF ,[+/m]) be the restriction of ¥ to
U(ZTwn, C+C,710). Then, by force of (3.5), D(RC,)=Coker ¢. There is a
commutative diagram with surjective vertical maps

U(Z[wam, L HC'D UWF [/ m])
v,
U(Z[w,))2Im N, U(F [+/m])?-1%
Al , ‘L N;
U(Z)=Im N, O Uy,

where NI:Nq<,/7,g,g'p+cp~-1>/qc\/m>, No=Ngcsmrrq, Ni(x)=x2""7 ;:[VFZ,E\/HZ/FP and
¢’ and ¢” are the restrictions of ¢ to Im N, and Im N, respectively. If Ny(em)
=1, then Im N,oN,= {1}, and so 2| |Coker ¢|. For the case where Ny(en)=—1,

»=3 (mod 4) and (’Z)fl "o Ny(en)=(T, =1) or (<1, 1) in UF,[v/mD=UFy)
XU(F,). Since [UF,[v/m])®|==4, this shows that (Coker ¢)®=0. For the
case where Ny(en)=—1, p=3 (mod 4) and (’Z)~ 1, U, ImD® ={plen)>®,
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because ef'=-1 (mod p), and therefore we see that (Coker ¢)®=0.
To prove iii), we form the following commutative diagram with surjective
vertical maps:

UZTwnm, Cod- G D) U(F[/7])

N,
U(Z[wam, wy)20m N, U(F ,[+/Ti])?- 4
A
UZ[wym])2Im N, U(F )p-11t
N, ' (
U(Z)2Im N, b U(F,)P-12,

where N;, i=1, 2 and 3, are the norm maps and the other maps are natural.
For the case of type (a), Im N,E{—1, e}, and for the case of type (b), Im N,
E<{—1, epn> and Ny(epn)=1. Hence, for either case, Im ¢’eN;°N,°N,={1}, and
so 2||Coker @|. If p=5 (mod 8), UF [/ m)®=UEF [~/ m]P V*)®. Now con-
sider the case of type (¢). If (%)zl, UF [/m))P 1 =Z/AZPZ/AZ. Since
@'+ Nyo N3 Ny(+/ € pempm) =@ e Nyo No(v/ EpemEpm? ) = ¢ o Ny(b g pn 1) = ¢/ (— 1) =
1, o(Vepemepm? MY is of type (%1, ¢) or (c, +1) in U(F,)XU(F,), where ¢
is of order 4 in U(F,). Hence (Coker ¢)® =0, because Im ¢ 2 {(a, a)|a€U(Fp)}.

If (%):_]7 UF [m]P e =Z/4p+1)Z. We see that the order of

(Vepemepm? T2 is 8, because ef'=—1 (mod p). This shows that (Coker ¢)®

=(), and thus the proof is completed.

REMARK 3.8. For the case where the type of fundamental units of Z{w,, w,]
is (¢) and p=1 (mod 8), we do not know whether D(RC,)®=0 or not.

PROPOSITION 3.9. Suppose that p\m and write m=np*. Then
i) D(RC)=T(RCYPBD(RC,/(X)).
i T(RCp)z{ ;)Z/pZ if m<.ﬁ3 or m>0 and p|b
otherwise.
iii) D(RC,/(Z NP is an elementary p-group of rank=(p—3)/2. Especially,
if n=1, then D(RC,/(2,)) is an elementary p-group of rank=max0, (p—7)/2).

ProofF. ii) There is a commutative diagram
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UREo )~ 2 UF /T2 2] 5(p—1) Z—T(RC,)—=0
Nll , lN'
U(R)2m N—om U(F, LA 2 2 Z s

where N(f(&)):ﬁf(&i) for every f(3)=U(R[]), N'(x)=xP"! for every x<

U(F,[+/m]) and ¢’ is the restriction of ¢ toIm N. Then Coker $=Z/pZ or 0,
and Coker ¢=Z/pZ if and only if Coker ¢/=Z/pZ. 1f m>0, then ¢ N(en)=
¢'(ef)=1 if and only if p|b. If m<—3, then U(R)={+1}, and hence Coker i
=Z/pZ. For m=—3, we can compute directly that ¢ is surjective.
i) The conclusion follows from ii) and (2.2 ).
iii) Let n#1. Then we can write as

D(RC, /(3 )P = eSS,

US)1+pS,) °
where S=Z[w,p, (], S=Z[wa, £,], p is the unique prime ideal over p in S
and p=pS. Then the conclusion follows from (2.2 i) and the fact that
14+pS,
1+pS,
that p=7. Then

=pP-*2  Next assume that n=1. By force of (2.3), we may assume
b

(1470,) X (1+70,)
{UNO)XUYOMMUR,Cp/(E DN +70) X (1+70,))}

where 7={,—1 and 0=Z[{,]. The map U(R,C,/(Z )N (1+70,)%(1+70,))

D(RC,/(X )=

G (1470 X (1+70,) —9—0—> (1+70,) is surjective where ¢(x, y)=x. Since U 0O)
contains 1+z and 1+7*—7*(,™?, each element of D(RC,/(X,)) has a representa-
tive of the form (1, 1+rn*x)e(4+720,) X (1+70,), x€0,. The conclusion follows
from this, because u(R,C,/(3,))2{1} X(1+7?20,).

REMARK 3.10. If p=5 and n>1, then D(RC,/(Z,)®=Z/5Z. In fact, since
U(§)=<C5>U(Z[wn, ws]), it is easy to see that U’(§):U1(S)g1+p8p. On the
other hand, there are examples of n for which D(RC;/(3)® =0, e. g n=-—1,
—3, —7 or —11.

§4.

In this section, we shall determine completely the structure of D(RC,).

LEMMA 4.1. Let m>0 and 3} m. Put en=(a+b"/m)/2. Then
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i) 3fYaor3tb.
ii) If m=1 (mod3), then 3|ab.
iti) Niolen)=1 if and only if m=1 (mod3) and 3} a or m=—1 (mod 3)
and 3|ab.

PrROOF. The results follow from the facts that N,e{em)=a®—b* (mod3) if
m=1 (mod 3) and that Ny elen)=a*+b* (mod3) if m=~1 (mod 3).

We can refine (3.4) and (3.7) as follows.

THEOREM 4.2. Suppose that 3} m. Then (v/m, Zs) (resp. (—1++/m, ) is
a Representative of a generator of D(RCy) if (m/p)=1 (resp. (m/p)=-1), and

D(RCy) m<0 j m>0
0 m=1 (mod 3) and (A), or ' Nisglen)=—1
m=—1
YAYNA m=1 (mod 3) and not (A4), m=1 (mod 3) and 3|b
gzdm(j)”l (mod 3), m#—1 ‘ or m=—1 (mod 3), 3|a
Z/AZ m=—1 (mod 3) and not (A) . m=—1 (mod 3) and 3|b

where, for m<0, (A) means the property that /—e_snEU(Z[Wn, L]).

ProoF. For the case m<0, the result follows from (3.4), since the condition
(A) is equivalent to the condition Qx=2, where K=Q(,, ~/m). For the case
m>0, we see that D(RCy)=UWF[~/m])/oU(Z[wx]) by (3.6), and so D(RC,) is
a 2-qroup. Therefore the resuit follows from (3.7 ii) and (4.1).

For the case m=—3n, we have, by (3.9) and (2.2),
D(RC)=T(RC)PD(RC,/(2;)) and

0 if n=1
D(RC, /(2 )= ] )
D(R'Cy) if n#1, where R'=Z[wn].

Hence we have

THEOREM 4.3. Suppose that 3|m and wrie m=—3n. Then
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0 n=1 (mod 3), (A) and 31d,| n=1
or n=-—1
Z/2Z n=1 (mod 3), not (A) and |

3td, or n=—1 (mod 3), o
n¥x—1, (4) and 3} d o

Z/3Z n=1 (mod 3), (A) and 3|d n#1 and N(ep)=—1
Z/AZ n=—1 (mod 3), not (A) and | ~—__
3 T
Z2ZBZ/3Z n=1 (mod 3), not (A) and n=1 (mod 3), n*1 and
3ld, or n=—1 (mod 3), 3ib, or n=—1 (mod 3),
n#—1, not (A) and 3|d and 3la

Z/3ZDZ/AZ gﬁ»—l (mod 3), not (A) and | n=-1 (mod 3), 3|b

where ep=(a+b/n)/2 if n>1, en=(c+d/m)/2 if m>0, (A) means the property
that «/—enc€U(Z[w,, $,)) if m>0, and N=Nym /0.

Next we want to know representatives of generators of D(RC,) in the case
of 3|m. Since T(RC,) is generated by the class of (14++/m, X,), we have only
to consider D(RC,/(X})). Write m=—3n assume that n#+1. Let R=Z[w_s.],
S=R[{,] and S=Z[w,, ;1. Then we see that S is the integral closure of S.
Put p=(+/--3, v/—3n) (resp. (+/=3, 1+(1++/=31)/2)) if nz=1 (mod 4) (resp. n=1
(mod 4)). Then we see that p is a unique prime ideal of S which contains pi=

LEMMA 44. An invertible ideal C of S such that €S is principal in S is
isomorphic to some p-primary invertible ideal of S not contained in p.

PROOF. Let ¢’ be an invertible ideal of S such that ¢’=c"'. Since p isa
unique non-invertible prime ideal of S, we have S[1/3]=3[1/3]. Hence, there
is ¢’€C’ such that ¢’S[1/3]=(c¢’) in S[1/3], and so there is a p-primary inver-
tible ideal g of S such that (¢")=C'g in S. Since p*=(4/=3)p, ¢ is isomorphic
to a p-primary invertible not contained in p% Since C=("""=gq, this completes
the proof.

(mod 4)). Then aS=(/—3) and a2=(3).
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LEMMA 45. The following statements are equivalent :

i) a is non-principal in S.

i) In the case where n<0, U(Z[wy, {s])=<—1, s, €-3ny, and in the case
where n>0, e,=(a+by/1)/2, 31 a, 3]b.

Proor. Let nzl (mod4). If « is principal, then we can write as a=

=(1). Since 3€aq,

W' +z24/=3n)Bx+y+/=3n)=3  for some v/, z= Z[&,].

Hence we have that 3xz-+vv'=0, and so v'=3v for some ve Z[{;]. Then the
equality xz-+yz=0 implies that v=wux and z=-—uy for some usZ[{,]. Thus
uBx—yv/=3n)Bx+yv=3n)=3, and so u(x+/Z3+y/n)(xv/Z3—y/)=—1
in 5. Hence there is a unit of type /34 y/7 (x, yeZ[C]) in §. Con-
versely, if there is a unit in S of the above type, we see that a=(3x+y+/—3n).
If n<0, then there is a unit of the above type when and only when the unit
index of Qs, wy) is 2, i.e. U(S)=<(—1, &, v=e_an>. If n>0, then US)=<¢~1,
s, €a> by (36), en=a-+b+/%, and there is a unit in S of the above when and
only when 3|a and 3tb. We can similarly prove the assertion for the case

LEMMA 4.6. Assume that n=-—1 (mod 3). Put g=@, v/=3n++/—38) (resp.
@, vV—3+G++—=3n) if n#*l (mod4) (resp. n=1 (mod4)). Then g is a p-

principal in S if and only if n>0 and 3} ab, where e,=(a-+b/n)/2.

Proor. Let n#l1 (mod4). The first statement is obvious, so we have only
to show the second one. If g is principal in S, then g¢g=(3(x+y+/—3n)+
(z+v4/—3n)(v/ =3++/—3n)) for some x, y,z,v€ Z[{,], and 0 g=(s+/ —3-+t+/37),
where s=—+/—~3x+2z++/—=3nv and t=3y+z++/ 3. Since g% p? we have
+/—3/)z and hence +/=3} st and (s, £)=(1). Since 3€g, 3=u(s+/=3+it+/—3n)
(s4/=3—t+/—=3pn) for some usZ[{;]. Hence u(s+i/7)x(s—t/n)=—1 in S
and so

* s+t/nelU(Zlvn, §) where s, t€ Z[{,] and /3 ) st.

If n<0, ther U(Z[v/7n, D) =(—1, L, €-sa or {—1, {5, v/ —€_sny, Where o/ —e_,,
=x+/—=3+y+/n for some x, y#0. Therefore (*) is impossible, and hence g is
non-principal.  If n>0, then U(Z[+/n, {])=<{—1, T, ¢,> Where e,=a+b/7.
This shows that (*) is possible if and only if 3/ab. We can similarly prove
the assertion for the case where n=1 (mod 4).
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Combining (4.3), (4.5) and (4.6), we have

THEOREM 4.7. Suppose that 3\m and m#=+3. Let

(3, v/m) if m#Ll (mod4)
“=(3, 1+i“523@— if m=1 (mod 4),
and
(3, V=3+~/m) if m#1 (mod4)
9= (3, «/’——3+-3i2“/—’%) if m=1 (mod4).

Then D(RC,/(Z3) is generated by the class of a (resp. g) if m/3=—1 (mod 3)
(resp. m/3=1 (mod 3)).

REMARK 48. We can also determine the structure of D(RC;) for the case
that k is a real quadratic field. Let R=Z[wn], S=Z[wa, we], where 5} m>0,
and e,=(a+b/m/2). Then a system of fundamental units of S is given as one
of the following:

(@ &5 &ms Esmy

(b) €5, €my /é5m (in this case Nl(esm)=1 and (m—5—):1),

(€) €5 em, v/ EsEmEom (in this case N(em)=N(esm)=—1, or N(em)=1, (%):
—1 and 5/} b), or

(d) &5, 6m, V/émesm (in this case N(em)=N(esm)=1, (%):4 and 5/ b),

where, for a sequare-free positive integer d, N(eg)=Ngcmiolea)
We have a following table:

0 N(ew)=—1 and (¢) New——L, @ and 516
} Z/24 ) (a) and 5} b, or (b) %21)) Oarncgdl’;)’ b, or N(en)=1 and
zpz | ———— | New=-1L () and 5lb
Z/4Z | (e) and 5]b T
Coz6z | | (@) and 5]b ]

where (a) means that the type of fundamental units of S is (a).
Further, let R'=Z[w;n] and esn=(c+d/5m)/2. Then
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(2]
[3]
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D(R'C5)=D(RCYDZ/S5ZPHT(R'C;)

0 if 5yd
T(R'Cy=

Z/57 if 5|d.
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