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NON-COMPACT SIMPLE LIE GROUP Ejg

By
Ichiro YOKOTA and Osami YASUKURA

It is known that there exist three simple Lie groups of type Es up to local isomorphism,
one of them is compact and the others are non-compact. We have shown in [8] that the
group

Es={aelsoc(es, e5) |l Ry, Ry]=[aRy, aRy], {aR:, aR;>=<R;, Ry}
is a simply connected compact simple Lie group of type Eg, in [9] that the group

E;,,= {aelsoc(es, &) lof Ry, Ro]=[aRy, aRy), <aRy, aRy), =< Ry, Ry}

is a connected non-compact simple Lie group of type Eg—24 and its polar decomposition is
given by

E;, ~(SUQ)xE)/Z, x R12,
In the present paper, we show that the group
Egz={aelsogp(es, es) |¢1[R1, Ry)]=[aR,, Ole]}

(where e is a simple Lie algebra of type Egg) is a connected non-compact simple Lie
group of type Eyq and its polar decomposition is given by

Ey=Ss(16)x R'®.

1. Preliminaries.

1.1. Notations.

Throughout this paper, we use the following notations. R, C, H: the fields of real, com-
plex and quaternionic numbers, respectively. M(n, K), K=R, C, H: all of n xn matrices
with entries in K. E: the # X n unit matrix (# is arbitrary).

7
. 0 -1
J= - eM(8, C) or eM(16, R) where f=< )
1 0
J
L
. , 1 0
L= - eM(16, R) where L =< )
1% 0 -1
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@4, Hy={HeM@4, H)|H*=H}. 4, H),={He%4, H)|tr (H)=0}.
&(8, C)={SeM(8, C)|'S=—-S}.
SO(16)={BeM(16, R)|'BB=E, det B=1}: a special orthogonal group.
Ss(16)=Spin (16)/Z,(not SO(16)): a semispnor group.
SU®)={DeM(8, C)|D*D=E, det D=1}: a special unitary group.
Sp@)=(CeM4, H)|C*C=E}: a symplectic group.
80(16)={Be M (16, R)|'B=—B}.
u@®=1{DeM(@, C)|D*=—D}, su8)={Deu®)|tr (D)=0}.
spd)={CeM(8, H)|C*=-C}.

The identity mapping of a set is always denoted by 1.

1.2. The split Cayley algebra ¢, the split exceptional Jordan algebra §' and the
Freudenthal vector space 3'.

Let € =H® He' denote the split Cayley algebra with the multiplication

(a+be)c+de)=(ac+db)+ (bi+da)e'.
and the conjugation e +be’=a—be’. Let y: €' =€’ be the involutive automorphism defined
by
y{a+be')=a—be'.

Let ¥={XeM(3, €)|X*=X} denote the split exceptional Jordan algebra with the
multiplication X o Y=1 (XY + YX). The above involution y: § =@’ is naturally extended
to the involutive automorphism y: §'—%'. In P’, the inner product (X, Y)', the positive
definite inner product (X, Y), the Freudenthal multiplication X x Y, the trilinear form
(X, Y, Z) and the determinant det X are defined respectively by

(X, Y)=tr(XoY), (X, Y)=0X,Y),

Xx Y=% CXoY—tr (X)Y—-tr (V)X +(tr (X) tr (V)= (X, Y))E),

1
(X,Y,Z2)=(X,Yx2Z), detX=§(X, X, X).

Finally consider the vector space B'=3 DY @ RO R called the Freudenthal vector
space. We define linear transformations p, 1 and v of ' respectively (y is used the same
notation as above) by

WX, Y, Em=0X,vY, En), (XY, En=(Y, =X, &, v=p=1y.

In ', the inner product (P, @)’, the positive definite inner product (P, @) and the skew-
symmetric inner product {P, @}’ are defined respectively by

(P, Q)'=(X, Z2) +(Y, W)Y +&+nw, (P,Q)=(P,Q),
(P, Q1 =(X, W) =(Z, Y) +lw—{n=(P,1Q) == (P, Q)
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where P=(X, Y, & n), Q=(Z, W, {, w)eB’.
1.3. The Lie group Ey and the subgroup Sp (4)/Z,
We have shown in [11] that the group
Eg= {aelsor(Y, )| det o X=det X}
is a connected non-compact simple Lie group of type Egg, its Lie algebra is

es=¢g6= (¢ € Homg (3", 3) (¢ X, X, X)' =0}

and found a subgroup of type C, in Eg. To find this subgroup, we use a linear isomor-
phlsm f 3{’—’3‘(4’ -H)Oy

Ao by by b
él as + b3€’ as— bze' _0 ! ? _3
~ , . b A a3 @
f ag—b:ge cg a1+b1e = E - 1 a
a
ay+bye’ dl—ble' &s _2 } 2 ™

bs a; a4 As

where & eR, a4, bieH, i=1, 2, 3 and A=3(E+&E+E), A= E—&E—E),
Ae=73 (&= & — &), As=7 (&;3— & —&,;). Then f satisfies

JXofY=f (y(Xx Y))+% (X, VE, X, Ye¥
where the multiplication H; o H, is (4, H) is defined by H; o H2=% (H,H,+H,H,). Now,
a subgroup (FEse)x of the group Eg),
(Ese)x={a€ Eqql(aX, aY)=(X, Y)}
is isomorphic to the group Sp (4)/Z, by the correspondence
¢: Sp(4) — (Ese)x, $(O)X=f"HC(fX)C"), X e¥
with Ker ¢=2Z,= {E, —E}. Therefore the Lie algebra (egs)x of the group (Ege)x,
(es)x=(ese)x= {p €es| (0 X, Y)=—(X, ¢TY)}
is isomorphic to the Lie algebra gp (4) by the correspondence
é+: 8p (4) —> (eo)x, ¢+ (C)X=f"UC(fX)—(fX)C), X e’

Finally, for A, BeSY', AVBeeg is defined by

(AVB)X=% (B, X)A +% (A,B)X—-2Bx(AxX), Xe¥%'.

1.4. The Lie group Ey; and the subgroup SU(8)/Z;

For ¢ €es, A, BeS', ve R, we define a linear transformation &(¢, 4, B, v) of B’ by
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[ ¢X——;—X+23x Y+n4 |
, 1%

56 A B.v) 2AXX+§'Y+L Y+EB
A, Y)+v¢
(B, X) —vn

= o N

where ¢’ € ¢ denotes the skew-transpose of ¢ with respect to the inner product (X, Y)":
@X, YY=—(X,¢'Y). For P=(X, Y, & n), Q=(Z, W,{, w)eP®’, we define a linear
transformation Px @ of P’ by

~

o= —% (XVW+2ZVY),

A=—% @QYxW—-¢(Z-(X),
Px Q=¢(¢’ A’ B’ v)) 1 1
B=Z QCXxZ-ngW—-wY),
1 , ,
[y (X, WY +(Z, Y) =3(w+{n).
We have shown in [18] that the group

Exgy={aelsor(B’, B)la(PxQ)a '=aPx aQ}
is a connected non—compact simple Lie group of type Eyp), its Lie algebra is
er=exn= (D¢, A, B, v)|¢pces, A, Be ¥, ve R}

and found a subgroup of type A; in E;;. To find this subgroup, we use a linear isomor-
phism x: B'~&(8, C),

1X Y.en=(k (x—5B )+t (r01)-2E) ) s

where %: M (4, H)»M 8, C) is the algebraic homomorphism defined by k (a;j+jb;)

= ( ZZ _Z: ) ,a;;, b;eClieC, je H are the usual elements: i?=—1, j*=—1). Now, a
subgroup (Ez)x of the group Eyp,
(Er)x={e e Expl (P, aQ)=(P, Q)}
is isomorphic to the group SU (8)/Z, by the correspondence
w: SU@®) — (Eng)x, w(D)P=x""(D(xP)D), PP’
with Ker y=2Z,= {E, —E}. Therefore the Lie algebra (e;z)x of the group (Eyq)x,

(e:l)K=(67(7))K: {Peer|(@P, Q)= —(P, Q)}
= {¢(¢r A; _yA) 0) |¢ E(eIS)K! A 53"}
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is isomorphic to the Lie algebra 8u(8) by the correspondence
wa: 8u8) —> (ex, wx(D)P=x"Y(D(x(P)+(xPYD), Pep'.
If D e ¢u(8) has the form D=k (C)+ik(fA), Cespd), AeS, then y+ is given by
w(R(C)+ik(fA)=B(6x(C), A, —yA, 0).

2. The Lie algebra ¢; and the Lie group Ej

An exceptional Lie algebra eg is defined as follows. In a 248 dimensional vector space
es over R:

es=e;OP PP PRORDR,
we define the Lie bracket [ R;, R,] by
(D1, Py, @1, 7, 81, 1), (D, Po, Qs, 12, 52, 12)]1=(®,P,Q,7,5,1)
where
(O=[D;, D3]+ P X Qr—Pp X Qy,
P=®,Py— P, P +7P— 1P +5,Q:—5Q1,
Q=9,0,—0,Q,1—nQ,+nQ,+H,P,—1,P,

1 1
r= 3 {P, Q) +§ {Py, @1} +s18,— 5214,

1
S=Z {Pl, Pz} +27’132_27’2S1,

1
1= 1 {Q1, @2} —2rt+2r,1.
L
Then e is a simple Lie algebra of type E; [3], [8]. For R ee¢g, the adjoint transformation
ad R: eg—eg, (ad R) Ri1=[ R, R,], R; e es, will be denoted by @(R).
The group Ej is defined to be the automorphism group of the Lie algebra e

Egz={aeIsog(es, es) [ Ry, Ry]=[aRy, aRs]}.

Our purpose of this paper is to find a maximal compact subgroup of Ej explicitly and to
show that the group Eg is connected.

The group Ej contains a subgroup

B { E ‘ «(0,0,0,0,1,0=(0,0,0,0, 1,0)}
={oae

! *1a(0,0,0,0,0,1)=(0,0,0,0,0,1)
which is isomorphic to the group Ey defined in the section 1.4 by the correspondence
aeE7(7)—>oz' EE;CE&, where
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(P, P,Q,7,5 )=(®a"!, aP, aQ,7,s,1).

From now on, we identify these groups E;; and E; under the above correspondence:
a=qa’'. Therefore, elements y, 1, v € Eyy) are regarded as elements p, 1, ve E;C Es.
We define linear transformations w, 7 and b of eg respectively by
(P, P,Q,7,s,1)=(®, —Q, P, —r, —1, —3),
i=oi=w and =wv=vow.

ProPOSITION 1. (1) w=exp (0 (0, 0,0,0,— ——)) eFg, w?=1.

2) 1,beE; bd=iy=yi, *=p’=1.

3. Connectedness of Ej

In this section, we shall show that the group Ej is connected. This proof is similar to
[19] Theorem 30, however we need some remarks. So we give the outline of its proof.
For R eeg, we define a linear transformation R X R of ez by

1
(RXR)R1=@(R)2R1+% By(R, R)R, Riees

where B is the Killing form of the Lie algebra eg, and define a subspace w’ of ez by
w' ={Rees|RxR=0, R+0}.

Since the Killing form By is calculated in [8] Theorem 27 as
By(R,, Rz)=% Bi(®,, ®5)+15{Q4, Po} ' —15{P;, @} +12077,+60t,5,+60s, 1,

(where B7 is the Killing form of the Lie algebra e;) for R;=(®;, P;, Q;, 7;, S;, ;) € ¢g, 1=1, 2,
we have the following

PROPOSITION 2. For R=(®, P, Q,7,s,t)€es, R#0, R belongs to w’ if and only if R
satisfies

(1) 2s6—PxP=0 (2) 2t0+QxQ=0 (3) 2rd+PxQ=0

(4) ®P-3rP-35Q=0 (5) ®Q+3rQ—3tP=0 (6) {P, Q} —16(st+rH)=0
(7) 2(PPxQ+2Px &Q—7PxQ,—sQ*x Q1) — (P, @} ' &=0

(8) 2(PQXP,+2QX P, +rQx P,—tPx P)— {Q, P} =0

9 8((PxQ)Q—stQ,—7"Q— 9°Q1+2r8Q1)+5{P, &} 'Q—2{Q, @} ' P=0

(10) 8((Q X Py) P+stP,+7’P, + &P, +2r®P,) +5{Q, P,} ' P—2{P, P} ' Q=0

(11) 18((ad®)’®,+Q x &, P—Px &, Q) +By(P, D,)®=0

(12) 18(®,6P—28P, P—rd, P—sP,Q)+Byd, &) P=0

(13) 18(®,9Q—20H,Q+r®,Q—1®,P)+BHD, )Q=0
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for any ¢1 ee"?’ Ply QIG‘B,'
For a while, we use the following notations briefly.

1=(0,0,1, 0)eP, 1=(0,0,0,1) e,
§=(0,0,0,0,5,0)ees, t=(0,0,0,0,0,¢)ees,
P=(0,P,0,0,0,0) ees, ©9=(0,0,Q,0,0,0)ees,
P'={Pees|PeP’l, R={(teeslteR}.

THEOREM 3. The group Eg acts transitively on w' (which is connected) and the isotropy
subgroup (Eg), of Egat 1 ew’ is (exp (B') exp (R))E7. Therefore we have the homeomorphism

Eg/(exp (B') exp (R) Er=w’.
In particular, the group Ey is connected.

PROOF. Obviously the group Ej acts on w’. Since lew’, in order to prove the tran-
sitivity of Ej, it suffices to show that any element R ew’ can be transformed to 1 by a cer-
tain element « € (E3g), (which denotes the identity component of Ej).

Case (1) R=(®,P,Q,7,s,1),t>0. Inthis case, from (2), (5), (6) of Proposition 2, we
have

1 r
o=—5Q%Q, P=7 Q—'—

6t2(QxQ)Q s=——+— Q, (@xQ)Q}.

961°

Put

log ¢ rlogt log ¢
=0, §= , n=———.
1 2(1/7*—t)Q 1 —1 1 2

Then, for 8=6(0, Py, 0, r, s, 0) e ad ¢3, we have (exp @)1 =R (about its calculation, see
[19] Theorem 30). So R is transformed to 1 by exp (—®) € (Ey),.

Case (1) ©=(9, P, @, 7, 5, 1), t<0. Similarly as the case (1), we see that R can be
transformed to -1 by (Eg),. Furthermore -1 can be transformed to 1 by (Eg),. In fact, for
©=6(0,0,1,0,0,0)cad ez,

. . 1
(exp ©)(0,0, 1, 0, 0, 0)= (o, 01,0, °’Z> — 1

(exp (—©))(0,0,1,0,0,0)= (0, 0,1,0,0, —%) — —1

This shows that —1 can be transformed to 1 by (Eg),.

Case (2) R=(®, P, Q,7,s,t),s>0. Similarly as the case (1), R can be transformed to
1 and 1 is transformed to —1by w=exp (©(0, 0,0, 0, & 5 —-’Zi)e(Eé)O: wl= —1. Further-
more, —1 is transformed to 1 as was seen in the case (1).

Case 2') R=(®, P, Q,7r,s, t), s<0. Similarly as the case (2), R can be transformed to
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—17 and then to 1 by w.

Case (3) R=(9®, P, Q, 7,0, 0), r#0. In this case, from (2), (5), (6) of Proposition 2, we
have @xQ=0, ¢Q=-37Q, {P, Q}'=16/2. Now, for ®=0(0, @, 0, 0, 0, 0) ead ¢z, we
have

(exp ®)R=(®, P+2rQ, Q, r, —4r% 0), —4r?+0.

So we can reduce to the case (2).
Case (4) R=(9,P, Q,0,0,0), Q0. Choose P, e P’ such that {P;, @} #0. Then for
©=0(0, P, 0,0, 0, 0) ead eg, we have

(exp ®)R= (*, *, % —% {P, Q1 %, *)

So we can reduce to the case (3).
Case (5) R=(9®, P, Q, 0,0, 0), P#0. This is similar to the case (4).
Case (6) R=(9,0,0,0,0, 0), #+0. In this case, from (10) of Proposition 2, we have
&*=0. Now, choose P, € B’ such that &P, #0. Then for ©=6(0, P,, 0, 0, 0, 0) ead e3,
we have

1
(exp @)= (¢y _¢Ply 0’ Oy _g {¢P1, Pl},y 0) .

So we can reduce to the case (5).

Thus the transitivity of (Eg), on m’ is proved. Hence w'=(Fjg),1, so mw’ is connected.
Next, the isotropy subgroup (Eg); of Eg at 1 is the semi-direct product of subgroups exp
(B') exp (R) and E; of the group (Eg)l: (Eé)l =(exp (P) exp (R))E7(about its proof, see [9],
[18]). Thus we have the homeomorphism Eg/(exp (B') exp (R)) E7=~m’. The space w’ and
the group (exp () exp (R))E; are connected, so the group Ej is also connected.

4. The positive definite inner product (R,, R,) in ¢;
We define an inner product (R, R;) in ez by
1, .
(Ry, Ry)=—-—Bs(0Ry, Ry)
15
(the coefficient % is not essential).

PROPOSITION 4. The inner product (R, R;) in eg is positive definite.

PROOF.

1.,
(R, Ry)= —E By(bR,, Ry)
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1 _,
= I By(o(®,, Py, Q1, 11, $1, 1), (Po, P, Q3, 73, 53, 1))
1 1
=——=By((v®:07Y, —vQy, Py, =71, =51, — 1), (Dy, Py, Q3, 73, 55, 1))

15

1
15

5 , ,
(§B7<v¢1u L @) 415 [Py, Py} — 15 (- 0@y, Q)
+120(—7‘1)7’2+60(—81)32+60(—t1)t2>

1
=§' Br(v®y, ;) +(Py, Po)+(Qy, Q2) + 87,75+ 4515, +4tt,.
So it is sufficient to show that B; (v®,v, &) is positive definite. From [8] Theorem 27, this
is calculated as follows.
B (v®,0, &,) =B7(vB(¢, Ay, By, v)v, B(¢p, Ay, By, v3))
=B:/(¢(—7¢‘17; yBl, )’Al, Vl), ¢(¢2: AZ; BZ’ VZ))

3 ., , , ,
=‘2“ Bs(—y$1y, 2)+36(pB1, By) +36(yA,, Ay) +24v, v,

3., .,
= ) Bi(yp1y, ¢2) +36(By, By)+36(A;, Az)+24v;v,
where B is the Killing form of the Lie algebra e;. So it is sufficient to show that Bj (yo1y,

@) is positive definite. From [8] Theorem 27, we have

Bi(y$17, ¢ =Bi(»(61+ T1)'y, 82+ T) =Bi(y(0:— Ty, do+ T3)

, ~ =~ _4 ., ,
=Bs(yo1y—yT1, 6o+ 1) =3 Bilyory, 8- 120'Ty, T))

4
=3 By(ydry, ¢2)—12(T, T,)

where B; is the Killing form of the Lie algebra f,={dees|dE=0}, d;efs,
T;€30={Te% Itr (T)=0} and TeHomgp(¥,S) is defined by TX=ToX. So it is
sufficient to show that By (yd:y, d,) is negative definite. Since the Lie algebra f4 is simple,
fais generated by §': fi= {X; [ A;, B:]|A;, Bie¥'}. We define an inner product (d,, dy), in fa
by

6, 23 [Ai B:D4= 2] (voyB;, A)), S€fy, A, Bieg'.

Then this inner product is well-defined ([8] Proposition 2) and positive definite. In fact,
under the notations
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5,‘1 0 0 0 5,-3x 5,-232
E,'= 0 6,'2 0 , F,(x)= 6,3x- 0 5,-1x e%",xe(&', l=1, 2, 3
0 0 6,'3 5,‘24’5 5,‘1]7 0

(J; is the Kronecker’s delta), we can easily verify that

V2[E,, Fy(e)], V2[E,, F3(e)), V2[Es, Fi(e)],i=0,1,2, ---, 7

1 = .
ﬁ[Fl(ei):Fl(ej)], 0=i<j=7

(where {e,=1, e1=i, e,=j, 3=k, es=¢’, es=ie’, es=j¢’, e;=ke’} ({1, 1, j, k} is the canonical
basis of H)) is an orthonormal basis with respect to the inner product (d;, d;)s. Hence (41,

J5),4 1s positive definite. Now, Bj (yd,y, d5) is again calculated in [8] Proposition 27 (cf. §8,
§11) as

By, Z [A;, Bi)=-9 Z (yé1yB;, Ai)'.

1

Therefore B (y:1y, J2) is negative definite. Thus we see that the inner product (R, Ry) is
positive definite.

5. The subgroup (Ej3)x of E; and its Lie algebra (eg)x
We define a subgroup (Eg)x of the group Ej3 by

(Eg)x= {a € Eglba=ab}
= {a e Esl(aRy, aRy)=(Ry, Ry)}.

Our present purpose is to show that the group (Eg)x is isomorphic to the semispinor group
Ss (16). First, we shall show that the Lie algebra (eg)x of the group (Ejg)x,

(e)x= (@ ead ¢3| 60O = 60}
={@ead es|(OR,, R;)=—(R;, OR,)}
={0(®, vP, P, 0,s, —s)ead eg| D ee;, v@=Dv, PeP’}

is isomorphic to the Lie algebra 80(16). For this purpose, we give some preliminaries (cf.
§1).
LEMMA 5. For X, X;e€S', we have
o[ X1, [X]=2( X VY X — X, Vy XY).
PrOOF. First note that [ £X;, fX;]€8p(4). Now, for Xe &',
f (X VyXp)X)

1 ,
- ((}'Xz, X)X, +3 (X, 7 X=X % (X, xX))
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1
=(X,, X)fX1+§ (X3, X)X = 4f X0 f(H( Xy X X))+ (X, (X1 X X)E

1
=(X,, X)fX1+§- (X, Xo) fX = 41X, 0 (fX1 0 fX) +( Xy, X)Xz +(Xs, X3, X)'E.

Hence we have

FRIX\VyXo— X,V y X)) X) = —4fX, 0 (fX1 0 fX) +4fX, 0 (fX, 0 fX)
=[1X, fXe )X~ X[ X0, FX0 1=/ (94 X4, fX2 DX).

Since f is a momomorphism, we have the required formula.

PROPOSITION 6. For S, S;, S, &(8, C), we have
(1) vy~ 1S=—x"1S.
@) tr(55-5.5)=4i{x"s, 2718}

3) ye (SISZ—SZSI—%&(SISZ—SZSQE) =4S, X 1 1S~ 0y 1S, X £ 1S},
PROOF. (1) Put x"'1S=P=(X, Y, ¢, 5). Then we have
xx " S=xoP=xv(X, Y, & n)=x(Y, —yX, n, = &)
- (k (f(rY)—%E> ik <f(7(—yX))—_7€E) ) ) J

= <k (fX—%E) +ik <f(VY)‘%E)>>]

(2), 3) Put x"1S;=P,=(X,, Y, &, n:), i=1, 2. First note that
518, —8; 51— % tr (5,5, 5,3)) E € 8u(8). Now,

55, =XP1E=X(X1, Yy, &, m) x(Xa, Yo, &, 12)

_ (k (le—-%E> +ik (f(le)—%E) ) 7 < (sz—éE> +ik <f(sz)—'-723E>> J

- (k (le—%E) +1k(f(yY1)——E>) ( (sz——E) ik (f‘VYZ"%E> ) 7
=k ((le—%E) (fxz——E> + <f(yY1)——E) (fWYZ)‘%E))
)-(eds) (om-2s)).

—ik ((f(yYﬂ—%E) (fXZ—EE

Hence we have
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518,85 = — k(X1 f X=X f X1+ YYD Y) —F (¢ Yo) f (¥ Y1)
—1k(fOYD =YX~ XY+ f 0 Y) —mfXa+n. X

+<flf(}’Yz)"fzf(J’Y1))+—;' (&ine—Em)E

=k(—[ /X, X:]-1F YD), F(yY2)]
+ik(fQRyXi %X Y, —2yXox Yi+m Xo—n X1 — &1y Yo+ Loy Y1)

+—;—(<Xl, Yy) —(Xo, Y1) +Em—Em) E

=Tkwyuuﬁ®+%wpb5ya Cesp(4), Ae¥.
pul
Take the traces of the above, then we have
tr (81 5;—S:81)=4i{ Py, P} '=4i {x7'S1, x 'S}
Therefore we have also
— - 1 — —
SISZ_SZSI_E tr (S] 52—5251)E=k(C) +lk(fA).

On the other hand )
[ -5 (Y1VY,+X,V(—yXy)

1
yY, X, —— 2(=pX)x Y, —mX,— &y YY)
—pX; Y, 4
UPlez= X =
g ¢ L @Yy x Xy = (— &) Vo= 1o~ 7X0)
=& N2 g rhrd pieTAATYR

1
L ‘8—((7Y1, Y2) +(X,, —pX0) = 3(mume+Ex(—8) |

Thus we have

1
E(_XIVYXZ"'XZV)'Xl_yYIV Y,+yY,vY)
1
7 @YXy x Yo —2yXo X Y1 +m Xy~ Xy + &y Y1— &y Yo)
vP1 XPZ_UPZXP1=¢

1
1 @XyxypY1—2X; Xy Yo+ oy Xy —myXe+ &Y~ & Y1)

L 0
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_ 1 1 1
=¢ (4 ¢+ C, 1 A, 1 YA, O> (Lemma 5)

. 1 = - — _
w«(k(C)+ik (fA))zz (5185, — 5,5 —_;‘ tr (5,5,—S5,S8) E).

N

We define an algebraic homomorphism I: M (8, C)—>M (16, R) by
) P
l(xk,-+1yk,-)=( o > X, Yy € R.
Yii Xpj

Then we have
UXD)=UX"), LUX)=IX)L, JUX)=UX)] for XeM@8, C).
PROPOSITION 7.
(1) lu(8)={Beso(16)|B/=]JB}, U(&(8, C))L={Beso(16)|BJ/=—]B}.
(2) Any element B of (es)x is represented by the form

B=UD)+I(S)L, D eu8),Se&(8, C)
=l(D)+I(S)L+I(sE), Desu),Se&(8, C),scR.

THEOREM 8. The Lie algebra (eg)x is isomorphic to the Lie algebra 30(16)
by the correspondence ¢: 80(16)— (eg)x,
LU(D)Y+US)L+IGSE))=(wsD, 2vx 1S, 2x 1S, 0, 2s, —s)
where De80(8), Se&(8, C), seR.

Proor. The mapping { is clearly bijective. We shall show that ¢ is a homomorphism.

1) LUDyY, UDR)]=I[ Dy, Dol=(y+[ Dy, D;}, 0,0, 0, 0, 0)
=(ws+D, w+D,}, 0,0, 0,0, 0)
=[(w+D,,0,0,0,0,0), (w«D,, 0,0, 0, 0, )]=[LI(Dy), {U(Dy)].
(2) ¢[UD), I(S)L1=¢((DS—SD)L)={(I(DS+S'D)L)
=(0, 2vx "{DS+S'D), 2% "{(DS+S'D), 0, 0, 0). On the other hand,

[SUD), U(S)L)]=[(w+D, 0,0,0,0,0), (0, 20x 'S, 2x 'S, 0, 0, 0)]
=(0) Z(W*D)UX~IS) Z(W*D)X_IS, O’ 0’ O)'

Since (ws+ D)v=v(w+D) and (y+ D)y "1S=x " DS+S'D), this is equal to the above.

(3) C[l(D)v l(ISE)]zcl[D, iSE]=CO=0=[(W*D' 0, 0’ 0, 0, 0), (0, 07 0, O, 23, _25)]
=[¢U(D), {I(SE)].
@) US)L, USHLI=LU(S:15:—S:S)

=C (l <S1§2_52§1_%tr(Slsg—SZS‘l)E) +1 (%tr (81§2_82§1)E)>
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— ~ 1 — _
= (l//* SISZ"‘stl_‘gtr (SISZ—stl)E ,0, 0, 0,

~Lr(65-55), 1o (SISZ—SZS,))
=@y 1S xS —ux 1S xx71S),0,0,0, {x7'S), x 'S},
—{x7'Sy, xS} )
(Proposition 6 (2), (3)). On the other hand
[CU(SHL), LU(S)L))
=[(0, 2vx1S1, 2x7'S,, 0, 0, 0), (0, 2vx 'S, 2x 'S, 0, 0, 0)]

1 ,
= <2vx"51 x2x 718, —2vx 1S, x 2% 715, 0, 0, 0, 3 (— {20 7Sy, 2 71S5}

1 1 ,
+2 {ux 1S, 2x“51}'),z {20718, 2vx71S,), ~1 2x 7Sy, 2x 1Sy} >

=the above.
(5) ({IGSE), I(S)L1=((2!GsS)L)
=(0, 4vx ~1(isS), 4x (isS), 0, 0, 0)
=(0, 4x ~1(sS), —4vx "%(sS), 0, 0, 0) (Proposition 6(1))
=[(0, 0, 0, 0, 25, —2s), (0, 2vx 'S, 2x 1S, 0, 0, 0)]
=[{lGsE), {H(S)L)]
6) ([IGs E), l(s: E)]=C(llis E, is;E]=¢0=0
=[(0, 0, 0, 0, 2s,, —2sy), (0, 0, 0, 0, 255, —2s5)]
=[{lis, E), {l(is E)].

6. The polar decomposition of E; and connectedness of (Ej)x
To give the polar decomposition of the group Eg, we prepare
LEMMA 9. The group Ey is an algebraic subgroup of a general linear group GL(248, R)

=Isog(es, es) and satisfies the condition that o € Eg implies ‘o € Eg, where '« is the transpose of
o with respect to the inner product (Ry, R;): (aR,, R))=(R;, aR:).

PROOF.
Since (aRy, R)=(Ry, aRy)= —% By(iR,, aRy) = _ilg By(a 'R, Ry))=(ba"'0R,, Ry)
for a € E, we have
‘a=ba"'oeE; (Proposition 1 (2)).

It is obvious that the group Ej is algebraic, because it is defined by the algebraic relation
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o[ Ry, Ry]=[aR), aR,).
According to Chevalley’s lemma ([1] Lemma 2, p.201), we have the homeomorphism
Eg=~(E3NO(ey)) x R'=(Eg)x x R*
where Ofes)= {a € Isogles, es) | (aR;, aRy)=(R;, Ry)} and d is calculated as d=dim Ez—
dim 80(16)=248—120=128. Thus we have the following

THEOREM 10. The group Eg is homeomorphic to the topological product of
the group (Eg)x and the Euclidean space R'?:

Ey=(Egxx R,

In particular, the group (Eg)y is connected.
Since (Eg)x is a connected compact simple Lie group of type Ds (Theorem 8, 10), we
see that the group (Ejg)x is isomorphic to one of the following four groups

Spin(16), Ss(16), SO(16), PSO(16).

7. Isomorphism (Eg)x=Ss(16)
In order to determine the group-type of the group (Ej)k, consider
(edx={Rees|bR=R}, (eg)p={Rees|doR=—R}.
Then we have
es=(ea)x @ (ea)p

which is the Cartan decomposition of the Lie algebra ¢z with respect to the involutive
automorphism 9, in particular we have [(eg)x, (es)»]C (eg)p. The adjoint representation ¥ of
(ea)x to (eg)p:

Y(R)R,=[R, R], Rel(egx, Ri€(esr
is irreducible ([4](8.5.1)). Moreover, since the Lie algebra (eg)x is simple (Theorem 8), the

complexification representation %€ of ¥ to the complexification representation space
((e)p)® is also irreducible ([4](8.8.3)). Thus we have

LEMMA 11. The representation of the group (Eg)x to ((eg)p)® is irreducible.
PROPOSITION 12. The center z((Eg)x) of the group (Eg)x is {1, 0}.

PrROOF. Obviously {1, 8} Cz((Eg)x). Conversely let « €z((Eg)x). The action of « to
((e8)p)® is constant: a|((es)p)*=A41, 1 €C, from Lemma 11 and Schur’s lemma. Since a e
(E3)k preserves the inner product (R;, Ro)(which is naturally extended to the complexifica-
tion Lie algebra (es)C of eg): (@ Ry, aRy)=(R;, Ro), Ry, R, € ((ep)p)C, we have A2=1. Next
from the simplicity of the Lie algebra (es)x, it is generated by (eg)s: (eg)x={Z;; [ R;, ;1| R;,
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R;e (e)s} - Therefore a is A*1=1, i. e. the identity mapping on (eg)x. Consequently, if =1
then o=1 and if A=—1 then e=5. Thus we have z((Eg)x)= {1, 0}.

From Proposition 12, we see that the group (Ejg)x is not either Spin(16) or PSO(16).
Therefore (Eg)x is isomorphic to one of SO(16) and Ss(16).

We shall show that 128 dimensional complex irreducible representation of the Lie
algebra $0(16) are only two. In fact, the dimension of the complex irreducible representa-
tion corresponds to a dominant weight w can be calculated by Weyl’s demension formula
(e.g. [4](7.5.9)) as follows:

wy | 2601 | W2 | 2w; | @3 | ‘G)4 i ws | ws | wr | s |-
16 | 135 | 120 | 5304 | 560 | 1820 | 4368 | 8008 | 128 | 128 I

where wy, w,, - - - wg are the fundamental weights of 80(16). From this, we see that only w;
and ws have 128 dimension among complex irreducible representations of $o(16). On the
other hand, we know that the spinor group Spin(16) has two 128 dimensional complex ir-
reducible representations 4%, 41, called the spinor representations, and these are both
not representations of the group SO(16)(e.g. [20] Lemma 4.4.6). Now, ((eg)p)¢ was a 128
dimensional complex irreducible representation space of the group (Eg)x (Lemma 11). The
above arguments mean that ( Eg)x is not isomorphic to SO(16). That is, we have

THEOREM 13. The group (Eg)x= {a € E3|(aRy, aRy)=(Ry, R,)} is isomorphic to the
semispinor group Ss(16): (Eg)x=Ss(16).
Thus, from Theorem 10, we have the following theorem which was our main pur-
pose.

THEOREM 14. The group Ez= {xeIsog{es, e3) la[ Ry, R]=[aR:, aR,]} is homeomor-
phic to the topological product of the semispinor group Ss(16) and the 128 dimensional Eucli-
dean space R'%:

E3=Ss(16) x R'®

8. The subgroup Ss(16) in the compact simple Lie group Ej

It is known that the simply connected compact simple Lie group Eg has Ss(16) as a
subgroup of maximal rank [10]. Here we find out this subgroup Ss(16) explicitly in the
group Es.

Let C=H® He denote the Cayley division algebra with the multiplication

(a+be)c+de)=(ac—db)+ (bc+da)e

and C®= {x+ v —1y|x, ye @} its complexification. The split Cayly algebra €’ is naturally
imbedded in @€,

a+be'e@ — a+ J—1beeCC



Non-compact Simple Lie Group Egg, 347

and its complexification @'+ v —1€’ is also €°: (€")°= €°. The involutive automorphism
y: €'~ €' is naturally extended to the complex linear involutive automorphism y: €¢— @C.
Let 7 denote the complex conjugation on € with respect to @: @+ v —1b)=a— v/ —1b),
a, be C. Then €'= {xe C°|w=yx} by the above inclusion. Similarly § and B’ are imbedd-
ed in §" and B¢ as §' = (X € $°|tX=yX} and P'= {PeBC|7P=yP} respectively, where
are the complex conjugations on ¢, € with respect to §, B respectively and finally y is the
complex extension of y on §°, RBC.

Let ef=ef ® PCD P D R°D R° D R® be complex Lie algebra of type E; constructed
basing on €€ ([3], [8]). The involution 7: e§—¢f is defined by

WD, P, Q,7,s, t)=0udt, 1P, 1Q, 17, 18, ).

Since ef is also the complexification of eg: e§ =es+ v/ —1 eg, involutive automorphisms y, ,
D: es—eg are naturally extended to involutive automorphisms y, 7, 5: e§ —e§ respectively.
Another involution p: ef —e¢f is defined by p=ty=yz:

p(D, P, Q,7,s,t)={ytPry, y1P, y1Q, 17, 15, 1f).
Then eg is naturally imbedded in e§ as
es= (Oeef|ph=0} = {9 e |yo=16}.

In ef, we define a positive definite Hermitian inner product {R;, R;> and an inner pro-
duct <Ry, R,>; respectively by

1
(R, Rp)>= T By(tiRy, R;)), <Ry, R2);=<{0Ry, R;)=(pRy, Ry)

where B is the Killing form of the Lie algebra ¢f. We have shown in [8] that the group
E§= {ae ISOC(esC, eg) |01[R1, Rol=[aR;, aR,]}
is a simply connected complex Lie group of type Es and the group
Ey={aeE§IKaR), aRy>={ Ry, Ry)}

is a simply connected compact simple Lie group of type Es. Now we define subgroups
(E§)*, ES, b respectively by

(Eg)”= {o EEglpa=ap} , Eg, »= la GEsCKOle, aRy> =< Ry, Ry>:}.
PROPOSITION 15. (E§)*=ES, ; and it is isomorphic to the group Ej.

PRROF. <Ry, Ry =<0R), Ry>= — Lk By(titoRy, R)=—% By(pRy, R), Ry, Ry ef.
Hence for aeEf, {aR;, aRy);=<R,, R;); holds if and only if pa=ap. Thus we have
(Ef)?=E§,;. Next, since it is easy to see that the Lie algebra (e§)?= {Ree§|pR=R)} is
isomorphic to the Lie algebra eg: (e§)?=es and ¢ is the complexification of (¢§), the cor-
respondence aeEgz—~afe(Ef)?(where of denotes the complexification of &) gives an



348 Ichiro YOKOTA and Osami YASUKURA

isomorphism between E; and (E$)”.

THEOREM 16. The simply connected compact simple Lie group Eg contains a subgroup
(Eg)?= {a e Eg| pa=ap} which is isomorphic to the semispinor group Ss(16).

PROOF. (Ej5)*={aeEs|{aR,, aR,>=<R,, Ry, pa=ap)
= {ae (E§) [{aRy, aRy)=<R;, R}
= {a e E3|(aRy, aRy)=(R;, Ry)} (Proposition 16)
=(Eg)x=Ss(16)(Theorem 13).

9. Eratta and corrections of the preceding papers about exceptional Lie groups

We have been able to realize all of connected exceptional linear Lie groups and find
their maximal compact subgroups explicitely:

Gy-19[2], [20], Gz [15].
Fy-s5[2],[20], Fy-20[2], [14], Fys [16].
Eg-18 [17], Eo [12], Eo-14 [12], Eg(-26) [2], Ee) [11].
Er-13y [5], [7), En-25[6], [7], E7-5[13], Esn [18]
Eg-245 [8], Eg-24) [9], Egeg) [this paper].
Here we point out some of their errata and correct them.
[5] p. 384, 1. 12,[6] p. 10, L. 16. In front of “FC@F D C” insert “‘e§®”.
[5] p. 384, 1. 13. Upon ‘“2XxZ—nqW—EY"” insert “XVW+ZVY”.
[8] p. 761, 1. 6. For “—9(6A, B)” read “9(éA, B)” or'‘—9(6B, A)”.
[8] p. 761, L. 6. For “—12(¢A, B)”’ read "12(¢A, B)".
[9] p.70,..1—6. Omit and replace with “T={Rees;|RxR=0, R+0} where
RxReHomg(es, es)) is defined by (R % R)R,=(ad R?R, +31*0 Bg (R, R)R for Ryees1(Bs,
denotes the Killing form of the Lie algebra eg;)’’.
[9] p. 70, I. 10-12. Omit Proposition 10 and replace with ‘“‘Proposition 10, ¥ is con-
nected”. Added in [9]. The group Eg; can be also defined by Egi= {o € Isog(es;, ¢s1)
| Ry, Ry]=[aRy, aR;]} (which is connected (see [9] Theorem 16).
[17] p. 461, 1. 2. For “Z,={1, —1}” read “Z,= {1, 6} "'.
[18] p. 60, I. 2. Instead of x use x of Remark.
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