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REALIZATIONS OF INVOLUTIVE AUTOMORPHISMS ¢
AND G° OF EXCEPTIONAL LINEAR LIE GROUPS G,
PART I, G=G,. F, AND E;

By

Ichiro YOoKOTA

M. Berger [1] classified involutive automorphisms ¢ of simple Lie algebras
g and determined the type of the subalgebras g’ of fixed points. Now for
connected exceptional universal linear Lie groups G, we shall find involutive
automorphisms ¢ and realize the subgroups G° of fixed points explicitly. In
this paper we consider the cases of type G, F, and E,. Our results are as
follows. (Results of E, will be soon appeared in this Journal).

G G° g
G,° (Sp, O)XSp, C))/Z,
G.° G, T
G, (Sp(LIXSp(1))/ Z,
G.° G Ty rc
Gy (Sp)XSp())/ Z, T
(Sp(, R)XSp(, R))/ Z,X2 7
F° (Spl, COIXSpES, C)/Z, 7
Spin(9, C) o
F° F, T
F, (SpYXSPH@)/ Z, 7
Spin(9) o
F° Fiw Tr T¥c TIO
Fiw (SpYXSP3))/ 2, T
(Sp, R)YXSp(3, R))/Z,Xx2 7
(SpYXSp(L, 2))/ Z, 8
spin(4, 5) g
F° Fic a0 ¢ o’
Fisor (Sp)XSp(l, 2))/ Z,
Spin(9) g
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Spin(8, 1) g
ES’ (Sp1, CYXSL(®6, C)/Z, 7
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F, A
Ficoo0 AC
Sp(l, 3)/Z, Ar

The proofs of some theorems about the complex Lie groups are somewhere
obtained by the modifications of the preceding papers [4]~[7], but we give
their proofs again. Notation~in Theorems, for example, (Gix)~(trc¢) in
Theorem 1.3.5 means (Gyp)? P =((G,¢)7c)" for some < G,. Finally the author
would like to thank Takeshi Miyasaka, Toshikazu Miyashita and Osamu Shuku-

zawa for their advices and encouragements.

0.1. Notations and preliminaries.

Let R, C=RPRi (i’=—1) and H=CHCj (j*=—1) be the fields of real,
complex and quaternion numbers, respectively. We define R-algebras

C'=R®Ri, i"=1,
H=C'®C, j=—1, 'H=COCj, j*=I1,

called the algebras of split complex numbers and split quaternion numbers,
respectively. H’ and ’H are isomorphic as algebras.

For a vector space V over R, its complexification {u-+iv|u, veV} is denoted
by V¢ For an R-linear transformation f:V—V, its complexification f¢:V°¢—
V¢ is written by the same notation f. The complex conjugation in V¢ is
denoted by 7:

(utiv)=u—iv, u,veV.

The complexification of R is briefly denoted by C: C=R°’ The complexifica-
tions C°, HC of C, H have algebraic structures over C. Note that these algebras
have the natural! conjugations , for example, a-+bi=a—bi, a-+bi=CPHCi=C°C.

We use the following notations.

M(n, K) (resp. M(n, m, K)): all of nXn (resp. nXm) matrices with entries
in K, K=R,C,C’', H H','H, C, C®, H® etc..

E: the nXn unit matrix (n is arbitrary).

. 01
J.=diag(/, -+, J)eM(2n, R) where jz( ) O), I,=diag(/, -, )eM(2n, R)
1 0 0 1 -
where I:(O 1) and ]’:(1 O)' Hereafter the suffices n of J,, I, will be

omitted (so I, will have ho confusions with the following I,).
I,=diag(-1, 1, 1, ---), L=diag(—1, —1,1, 1, --), --- eM(n, R).
I'i=diag(i, 1, 1, --), I'y=diag(, i, 1,1, ---), --- €M(n, O).
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For a vector space V over K=R, C, Isox(V) denotes all of K-linear isomor-
phisms of V. For a K-linear transformation f of V, V. denotes {vEV| f(v)=v}.
When V has the non-degenerate inner produdt (u, v), for a K-linear trans-
formation of f of V, ¢f denotes the transpose of f:(*f(u), v)=(u, f(v)).

Z, (resp. Z,): the cyclic group of order r.

Let G be a group. For a, b=G, a~b means that a and b are conjugate in
G : da=bd for some d&G.

For a topological group G, G, denotes the identity connected component and
G=G,X2 means that G has two connected components. When G is a transfor-
mation group of a space X, G, denotes the isotropy subgroup of G at x=X:
G.={geGlgx=x}.

If two groups G, G’ (resp. algebras A, A’) are isomorphic: G=G’ (resp.
A=A’), then G, G’ (resp. A, A’) are often identified: G=G’ (resp. A=A").

We arrange here some of classical Lie groups used in this paper.

SL(n, K)={AsM(n, K)|det A=1}, K=R, C, C, C°,

SO(n, Ky={AcsM(n, K)|*AA=E, det A=1}, K=R, C,

O(m, n—m)={AsM(n, R)|'Al,A=I,},

SO*@2n)={A€sM@2n, C)|*AA=E, JA=(tA)], det A=1},

SUn, Ky={AsM(n, K)| A*A=E, det A=1}, K=C, C’, C°,

SUm, n—m, K)={AesM(n, K)| A*[,A=1I,, det A=1}, K=C, C’, C°,

SU*2n, K)={AesM@n, K)| JA=A], det A=1}, K=C, C’, C°,

Spn, KyY={AesM(n, K)| A*A=E}, K=H H’,'H, H®,

Spim, n—m, K)={AsM(n, K)| A*[,A=I,}, K=H, H’, H®,

Sp(n, K)y={AeM@n, K)|'AJA=]}, K=R, C
where ‘A is the transposed matrix of A and A*='A. Usually the following
notations are used.

SO(n)=S0(n, R), SUn)=SU(n, C), SUm, n—m)=SUm, n—m, C),
SU*2n)=SU*(2n, C), Sp(n)=Sp(n, H), Spim, n—m)=Sp(m, n—m, H).

The Lie algebra of a Lie group G is denoted by the corresponding German
small letter g. For example, 8u(n) denotes the Lie algebra of SU(n).

LemMmA 0.1. U(n, CH=U(m, n—m, C=GL(n, R).
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PROOF. f:GL(n, Ry={AsM(n, R)|det A#0}—-U(n, C)={BeM(n, C)|
B*B=FE},

f(A)y=eA+etA™?, ez—;—(l—%i’)

is an isomorphism (note e*=¢, £?=¢, ¢€=0, ¢+&=1). The inverse mapping
f:U(n, CY—>GL(n, R) of f is given by f(P+Qi)=P+Q, P, QeM(n, R).
Similarly, f: GL(n, R)—»U(m, n—m, C)={BeM(n, C")| B*[,B=I,}, f(A)=
cA+¢&l,t A, is an isomorphism.

ProprosITION 0.2. (1) SU(n, CN=SU(m, n—m, C')=SL(n, R), SU*(2n, C’)
=SL(2n, R).
2) SU(n, C%=SUm, n—m, C)=SL(n, C), SU*@2n, C°)=SL(2n, C).

ProOOF. (1) The restriction f:SL(n, R)— SU(n, C’) of f in Lemma 0.1 is
an isomorphism. In fact, the calculations of det(f(A4))=1l, AeSL(n, R) and
det(f-Y(B))=1, B€SU(n, C’) follow from

LemMA 0.3. (1) For A, BeM(n, B), we have

det(e A+éB)=cdet A+zdet B, e:—;—(l—{—i’).

(The above is also valid for A, BeM(n, C) and e:%(l—{-z'i)).
(2) Let P(xy, -+, xn) be a polynomial with integral coefficients. If

P(p,+qid’, -, Pmtqni)=1 for pi+qi'€RPRiI'=C' (resp. pi-+quicCPHCii=
CO), then P(pi-tqi, -+, putqm)=1.

Similarly, f:SL(n, R)—> SU(m, n—m, C'), f(A)=ecA+&el,’A'[, and f:

SL2n, R)— SU*(2n, C’), f(A)=eA—&JA] where e:%(l-{—i'), are isomorphisms,
respectively.
(2) These are corollaries of (1). In fact, for example, f:SL(n, C)—

SUn, C°, f(A)=eA+&'A"" where e:—;—(l—%z'i), is an isomorphism.

ProprosITION 0.4. (1) Sp(n, H)=Sp(m, n—m, H')=Sp(n, R).
(2) Spn, HSY=Sp(m, n—m, HY=Sp(n, C). In particular, Sp(l, H")=
Sp1, R)=SL2, R), Sp(1, H®)=Sp(1, C)=SL(2, C).

ProOF. (1) Let k': M(n, H)— {B&M@2n, C’)| JB=B]} be the algebraic
R-isomorphism defined by
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a b
ka+bin=(( _ )) a, beC’
—b a
Then f7'&': Sp(n, H')—> Sp(n, R) is an isomorphism. In fact,
Sp(n, H)Y={DeM(n, H')| D*D=E}

7

—> {BeM(@2n, C")| B*B=E, JB=BJ}
={BeU@n, C")|*BJB=]}

-1
— {AcsM(@2n, R)|*AJA=]} ((Lemma 0.1)=Sp(n, R).
kl
Similarly, Sp(m, n—m, H)={DesM(n, H')| D*I,D=I,}—{BeM2n, C")|
B*LywB=I,n, JB=BJ} ={B&M@n, C')| B*I1n B = Iy, ‘BJl1n B = J,n} (since
Jand JI,, arg clonjugate in OQ@2n): J.' J=]n].' where [, =diag(J’, -, ],
L, 1), J= 1 0), by the correspondence B -»J,'BJ.') ={BsM?2n, C')|
-1
B*lymB=In, *BJB=]} ={ B€U@2m, 2n—2m, C") | *‘BJB=]} - { AcM2n, R)|
tAJA=]}=Sp(n, R).
(2) These are corollaries of (1).

0.2. Automorphisms of a gronp.

Let G be a group and ¢ an automorphism of G. G° denotes {g=G | og=
g}. For s&G, § denotes the inner automorphism induced by s:3(g)=sgs™?,
g<G, thén G'={geG|sg=gs}. Hereafter G¥ will be written by G°®. More-
over when G is indicated, G° G*® will be written by g, s, respectively.

LEMMA 0.5. Let 0,, 04, 0, are involutive automorphisms of a group G satis-
fying ¢.0,=0;0;, then

(6”1)02:(692)”1, (G"l”2)“l:(G"2)"1, (601”3)0203:(6”102)“203.

By the simple representation, these are written by (0,)72=(0.)"", (6,6.)°*=(g,)"?,
(0105)°273=(g,0,)°2"%, respectively.

For a given group G and an involutive automorphism ¢ of G, our aim is to
determine the group structure of G°. After this, for a homomorphism ¢: G'—
G° of groups, it needs often to prove that ¢ is ‘well-defined and onto. When
G’, G° are Lie groups, these properties can reduce to their Lie algebfas', that is,

LeMMA 0.6. Let ¢: G'—G? be a homomorphism of Lie groups.
(1) When G’ is connected, if d¢p: g'—g? is well-defined, then ¢ is so.
(2) When G is connected, if d¢p:g'—g” is onto, then ¢ is so.
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To use Lemma 0.6. (2), the following Lemma is useful.

LeEMMA 0.7 (E. Cartan-P.K. RaSevskii [3]). Let G be a simply connected
Lie group and ¢ an involutive automorphism of G, then G° is connected.

In the following we will somewhere try to give elementary proof not using
Lemmas 0.6, 0.7. The author thinks that the elementary proof finds out occasio-
nally essential properties of the group G°.

Group G,
1.1. Cayley algebras and Lie groups of type G..
Let =HDHe be the division Cayley algebra with the multiplication
(m-+ae)n+be)=(mn—ba)+(afi+bm)e,
the conjugation m-ae=mM—ae and the inner product (m-+ae, n+be)=(m, n)+
(a, b) (z—é—((mﬁ—i—nrﬁ)%'(al;—i-bd))). Another Cayley algebra €’=H®DHe’, called
the split Cayley algebra, is defined as the algebra with the multiplication
(m+ae’)n+be')=(mn+ba)+(afi+bm)e’,

the conjugation m+ae’=m—ae’ and the inner product (m+ae’, n-+be")=(m, n)—
(a, b).

The connected linear Lie groups of type G, are obtained as the automorphism
groups of the Cayley algebras, respectively.

2L =Go(€%) = { acIso(€°) | a(xy)y=(ax)ay)},
Go,=Gy(€) = { a<Isor(®) | alxy)=(ax)ay)},
Gy =Go€") = { aclsor(®) | alxy)=(ax)ay)}.

(Similarly the group G.(H®) is defined). G,°, G, are simply connected (see
Appendix).

1.2. Involutions of Lie groups of type G,.
We define R-linear transformations 7, 7¢, rx of € by
r(m-+ae)=m—ae, m+aec HPHe=G,
Te(m+ae)=rem+(rca)e,  ra(m-+ae)=ygm~+(rnaje

where 7¢, 7u: H—H are defined as 7¢(x+y/)=%+5j, 1a(x+yj)=x—yj, x+yj<
CPHCj=H, respectively. Then 7, 7¢, 7Tu €G.CG.Y and r’=7’=ry"=1
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LEmMMA 1.2.1. (1) (H®).=H, (H°),,~H’, (H e, ="H.
(2) (€%).=GC, (€°),=6".

PrOOF. For example, the correspondence
(€%, sm+iae —> m+ae’ =€’ (m, acH)

gives an isomorphism as algebras.
The semi-linear transformations z, 77 of €° induce involutive automorphisms

z, 77 of G,°:
Ha)=rar, tHa)=trarr, acG,C.
THEOREM 1.2.2. (G,°F=G,, (G.°)7= G

PROOF. ((G.°), (G,°)" mean (G,°), (G,°)7, respectively). These are direct
results of Lemma 1.2.1. (2).

PRrRoOPOSITION 1.2.3. 7, 7c, 7w, T7c, T7n are conjugate in G, with one another
(moreover t is conjugate to the others under 6=0"'1<G,).

ProOF. Define four R-linear isomorphisms §:€—€ satisfying d(1)=1 and

i— ¢ i—> i i—> e i —> i
i A e E B B
k — —je k— e k —> —ke k— —ke
e —> i, e—> j, e—> —e, ie —> —e
iec —> —ie ie— k ie —> i iec — —ie
Jje— —k Jje —> —je Jje —> —je Jje—>
ke — —ke ke — —ke ke — —k ke — —k

where k=ij, respectively. Then 6=6"'€G, and 0r=7¢0, 07=7ud, 67=77c0,
0r=77 g0, respectively.

1.3. Subgroups of type C,PC, of Lie groups of type G.,.
ProPOSITION 1.3.1. G, (H®)=SpQ, C)/Z,.

PrROOF. We define ¢: Sp(l, HY)—G,(H®) by
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Plgym=gmq, meHC.

It is clear that ¢ is well-defined and a homomorphism. We shall show ¢ is
onto. Let a=G,(HC). Since HC is a central simple C-algebra, by Noether-
Skolem’s theorem, there exists an invertible element ¢g=H° such that am=gmg™',
meHC., We may assume g¢f=1, that is, ¢=Sp(l, H®). Hence ¢ is onto.
Ker¢={1, —1}=Z,. Thus we have G(H®=Sp(1, H®)/Z,=Sp(1, C)/ Z,
(Proposition 0.4).

THEOREM 1.3.2. (G.6y=(Sp(l, C)xSp(l, C)/ Z., Z,={(1, 1), (—1, —D}.

PROOF ([5]). We define ¢: Sp(l, HO)xSp(1, H)—(G, ) by
(P, gXm—+ae)=gmg-+(pade, m+aec HCQHCe=6°.
It is easy to verify that ¢ is well-defined and a homomorphism. We shall show
¢ is onto. Let a=(G,°Y. Since (6°),=HF® is invariant under a, « induces an
automorphism of HC. Hence there exists g=Sp(1, H®) such that
am=qmg, meHC¢ (Proposition 1.3.1).
Put B=¢(1, ¢)'a, then B&(G.°) and BIH®=1. Since (6°).,=HC is also
invariant under §, we can put
Be=pe, p=HC.

p=Sp(l, HS) because —1=p(ee)=(Be)Be)=(peXpe)=—pp, and Bim+ae)
=m-+a(fe)=m+a(pe)=m+(pa)e=¢(p, 1)(m+ae), that is, B=¢(p, 1). Hence
a=¢(1, )=, g)(p, D=¢(p, ). Therefore ¢ is onto. Ker¢={(l, D),

(—1, —=1)}=Z, Thus we have the required isomorphism. (Remark. (Sp(1, C)x
Sp, C)/Z,=S04, C)).

LEMMA 1.3.3. ¢: Sp(l, HS)XSp(l, H)—G,° of Theorem 1.3.2 satisfies
2) z(p, yr=¢(tp, Tq), TP, Pre=¢Tch, Tcq)-
THEOREM 1.3.4. (G =(Sp(1)XSp(1))/ Z.=(Go ).

PROOF. (G,Y=((G,°)Y (Theorem 1.2.2)=((G.°y)" (Lemma 0.5)=((Sp(1, H®)
xSp(1, HO))) (Theorem 1.3.2). Hence for a<(G,y there exist p, ¢=Sp(l, H
such that @=¢(p, ¢). From the condition ra=ar, we have (p, Q)=a=rar=
d(p, gr=¢(rp, rq) (Lemma 1.3.3). Hence

THp=p, tqg=q or tTHp=—p, T¢=—q.



194 Ichiro YokoTA

The latter case is impossible. In fact, put p=ip’, p'cH, then l=pp=
@EpNEp)=—p'p'<0, a contradiction. Therefore b, g=Sp(1). Thus (G, =
(P(SpL, HOYXSp(1, HO)Y = ¢(Sp(1) X Sp(1)) = (Sp(1) X Sp(1))/ Zs.  (Gowry) =
((G2°)7Y (Theorem 1.2.2)=((G,°)’) (Lemma 0.5) =(Sp(1)xSp(1))/Z, (as above).
(This fact is written as (G, ) =(c7) =(z)"). (REMARK. (Sp(1)XSp(1))/ Z,=SO(4)).

THEOREM 1.3.5. (G ~(z7e) =(Sp(l, R)XSp(1, R))/Z:.X2.

PROOF. Gy =(GoE)T=(G, )Te.,

In fact, since 7 and y¢ are conjugate in G,: 07r=7¢d, dt=10 (Proposition 1.2.3),
the correspondence (G.°) 7> a—dad ' &(G,°)7c gives an isomorphism. Now let
as((GO)Tey, a=¢(p, q), p, g=Sp(l, H®) (Theorom 1.3.2). From the condition
tlca=aryc, we have ((t7cp, t7cq)=¢(p, ¢) (Lemma 1.3.3). Hence

TVcp=p, Treq=q Or TYcp=—p, Trcq=—4q.

Therefore p, g=Sp(1, H') or p, g=iSp(l, H') (Lemma 1.2.1). Thus ((G.°))7e) =
(Sp(L, H")YXSp(1L, H'YViSp(l, H)YXiSp(1, H"))/ Z,=(Sp(l, R)XSp(l, R))/ Z, X 2.
(¢, i)=rm). (REMARK. This group is isomorphic to the group SO(2, 2)=
{AesM4, B)|'ALA=I,, det A=1}).

Group F, .
2.1. Jordan algebras and Lie groups of type F,.
Let K be H, H°, €, ¢’ or 6°. J(K) denotes one of the Jordan algebras
I@B, K)={XeM@3, K)| X*=X},
31,2, K)={XeM@, K)| LX*[,=X}
with the Jordan multiplication X-¥, the inner product (X, Y) and the trilinear
form tr(X, Y, Z):
XeY:%(XY—i—YX), X, V)=tr(X-Y), t(X, Y, Z2)=(X, Y-Z).
In JI(K), we define another multiplication XX Y, called the Freudenthal multipli-
cation, by

X><Y:%(2X=Y—tr(X)Y-—tr(Y)X+(tr(X)tr(Y)—(X, Y)HE)
and the trilinear form (X, Y, Z), the determinant detX by

(X, Y, Z2)=(X,YxXZ), detX:%(X, X, X).



Realizations of involutive automorphisms 195
The algebra J(X) with the Freudenthal multiplication XXY and the inner
product (X, Y) is called the Freudenthal algebra. In J(K), we have relations
Xo(XxX)=(det X)E, (XXX)X(XXX)=(detX)X.
An element X=3J(3, €) has the form
& Xy %o
X=X, x)=%s & x1], &<=R, x, 6.
x. X, &
We correspond such X&3(3, €) to an element M+a<J(3, H)YPH® such that
& my My
My &  mit(a,, as as)
my, My &
where x;=m;+a,ec HPHe=6. Then I3, H)YPH*® has the multiplication and
the inner product
(M+a)><(N+b):(M><N—%(a*b+b*a))*%(aN+bM),
(M+a, N+b)=(M, N)+2a, b)

where (a, b):%(ab*—i—ba*):%tr(a*bntb*a), corresponding those of J(3, €), that

is, (3, €) is isomorphic to (3, H)DH?® as Freudenthal algebra. As for J°=
(3, 6°), the same arguments are valid as above: J(3, €)=3(3, HO)P(HC).
In (3, K) we use the following notations.

1 0 0 0 0 0 0 0 0
E=0 0 0}, E=l0 1 0], E,s=0 0 0]

0 0 0 0 0 0 0 0 1

0 0 0 0 0 =% 0 x 0

F(x)=0 0 x|, F(x)={0 0 0], Fx)=|x 0 0

0 =x O) x 0 0 0 0 0

The tables of the Jordan and the Freudenthal multiplications among them are
given as follows.
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EE,=E,, EE;=0, i+#7,

EyoFi(x)=0, EeF(=3Ffx), i#],

FAx)F0)=(5, XEvitEuv)y Pl Feaa0)=5 Fias9),

Eix E=0, EoXEon=3Eoss,
EiXFi(x):—%Fi(x), E X Fx)=0, i+#j,

1 .
F(x)XF(y)=—(x, »)E4, Fi(x)XFi+1(y):"2"Fi+2(xy)

where the indexes are considered as mod 3.
The connected linear Lie groups of type F, are obtained as the automorphism
groups of the Jordan algebras, respectively.

Ff=F(33, €9) = {acls0(IG, 69)) | a(X-YV)=aX-aY},
Fi=F(3G, &)= {aclsor(I3, &) | (XY )=aX-aY},
Fio=F(3B, €)= {a=Isor(IG, €)) | a(X-Y)=aX-aY},
Fi0=F(3(1, 2, 6))= { aslsor(3(1, 2, €)) | a(X-Y)=aX-aV}.

(Similarly the group F.(3(3, H®) is defined). F.°, Fi, Fy 20y are simply
connected (see Appendix). The group F.° naturally contains G,° as a subgroup,
that is, for a=G,°, define a: I°—>3I° by

aX(, x)=X(&, ax) where ax=alx,, x,, x;)=(ax, ax, ax,),
then chg{ﬁfae (]‘20}CF4C. Slmllarly GZCF4, Gg(g)CF4(4), GZCF“,%).
LEMMA 2.1.1. For a=Isoc(J°), the following three conditions are equivalent.
detaX=det X, (aX, aY, aZ)=(X,Y,Z), aXXa¥Y=ta(XXY),
for X, Y, Ze3J°.

LEMMA 2.1.2. For a<F.°, we have aE=FE and tr(aX)=tr(X), Xe3°.

PRrROOF ([4]). aE=E is trivial. Next we use the identity X(XXX)=
(det X)E, that is,

Xv(XoX)—tr(X)X”+%(tr(X)2——tr(X2))X:(det X)E. (i)
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Apply (i) to @X and then operate @' on it, then
Xo(XeX)--tr(aX)X2+—;—((tr(aX))2—tr((aX)Z)))Xz(det aX)E. (i)

By substruction (i)-(ii) we have
(tr(aX)—tr(X))X2+%(tr(X)2-—(tr(aX))Z-I-tr((aX)z)“tl‘(Xz))X

=(det X—det(a X))E .
Note that as an additive generator of 3° we can choose &={E;, Fe3°|tr(F)=
det F=0, diag F=0, F*=E;+FE.,, 1=1, 2, 3}. Now for F&®,
tr(aF)(Ei+Ei+l)+‘é_(’—(tr(aF))2+tr((aF)2)—"2)F:—(det(aF))E‘

Compare each term of both sides, then we have tr(aF)=0 (=tr(F)) and
tr((aF))=2. Hence tr(aE,) = tr(a(E—F{1)*)=tr(E)—tr((aF;1)*)=3—-2=1=
tr(Ey), i=1, 2, 3. Consequently tr(aX)=tr(X) for X=3J°.
PROPOSITION 2.1.3.
Fl={aclsoc(3°) | a(X-Y)=aX-aY} (1)
= {acls0(3°) | tr(aX, aY, aZ)=tr(X, Y, Z), (aX, aY)=(X, YY)} (2)

= {acls0,(3°) | detaX=det X, (aX, a¥)=(X, YV)} (3)
= {acIsoc(J°) | detaX=det X, aE=F} (4)
={aclso(I°) | a( XX Y)=aXXaY}. (5)

PrOOF. (1)=(2) (aX, aY )=tr(aX-aY)=tr(a(X-Y ))=tr(X-Y) (Lemma 2.1.2)
=(X, V). tr(a X, aY, aZ)=(aX, aY-aZ)=(aX, aY -Z)=(X, Y -Z)=tr(X, Y, Z).

2)—(1) (aX-aY,aZ)=tr(aX,aY,aZ)=tr(X, Y, Z)=(X-Y, Z)=(a(X-Y), aZ)
holds for all aZ, hence aX-aY =a(X-Y).

(2)—(3) Since we have already known (2)—(1), we can use tr(aX)=tr(X)

(Lemma 2.1.2). Now 3deta X=tr(a X, aX, aX)—%tr(aX)(aX, aX)-i——%tr(aX)s:
tr(X, X, X)——g—tr(X)(X, X)+%tr(X)3r:3det X.

B)=(B) (W(XXY), aZ)=(XxY, Z2)=(X, Y, Z)=(aX, aY, aZ) (Lemma 2.1.1)
=(aXxaY, aZ) holds for all «Z, hence a XXaY =a(XXY).
G)=4) ([detaX)aX=(aXXaX)X(@aXXaX)=a((XX X)X(XX X))=

(det X)a X, hence detaX=det X. Next, in aXXaE=a(X><E)=—;—a(tr(X)E—X),
put aE=P=P(p, p), then
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aXXPz—;—tr(X)P———;—aX. (i)
Put X=a™'E, in (i) and compare each term of both sides, then

O=pp—1, po=pp:, p2=pps, —p=pp,, O=pp,, 0=pp,

where p=tr(a™'E,). Consequently we have p,=p,=0. Similarly p,=0. Again
put X=a 'F\(1) in (i) and compare F-parts, then p,=1. Similarly 0z=ps=1.
Thus aE=E.

@)—-(2) tr(aX)=(aX, E, E)y=(aX, aF, aE)= (XE E)=tr(X), 2(tr(X)tr(Y)

(X YN=(X,Y, EY=(aX, aY, aE)=(aX, at, E)—-—(tr(aX)tr(aY)—(aX aYy)
=—(tr(X)tr(Y) (a X, aY)). Hence (aX, aY)= (X ). Fmally using (X, V, Z)=
tr(X, Y, Z)— —1~tr(X)(Y Z)— —tr(Y)([, X)— ftr(Z)(X })———tr(X)tr(Y)tr(Z),
we have tr(a X, eV, aZ)=tr(X, Y, 2Z).

The Lie algebra {,° of the Lie group F,° has the following structure.

PROPOSITION 2.1.4 ([2]).  §,.6=b,°®(m®)"
where b,°={0c=}°|0E;=0, i=1, 2,3} is the complex Lie algebra of type
D, (m®)={A= M3, 6°)| A*=—A} and for A=(m®)", A is the C-linear transfor-
mation of J° defined by AX=AX—XA, X=3C

2.2. Involutions of Lie groups of type F,.
We define R-linear transformations 7, ¢, ¢’ of (3, €) by
rX=rX(§ =X, rx), X33, 6),
& —xs —Z, & X3 —X,
o X=|—X, & x =0LXI,, o' X=| Z, & —x |=LXI1,
— X3 x, &, — Xy, —X &yl

respectively. Then ry=G,CF,CF.° g, ¢'=F,CF,° and 7*=¢’=¢"=1. Let r
be the complex conjugation in J° with respect to (3, €), then 7, 77, r¢ induce

involutive automorphisms 7, 77, ro of F,°:

#Ha)=rar, H’(a):rrarr, ;;r(a):rﬁaar, acF.°.
LemMma 2.2.1. (39.=3I(3, €), (I9),=I(3, 6, (I9).,=3(1, 2, 6).

PrOOF. The first two are trivial (Lemma 1.2.1. (2)). The correspondence
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& ixy iX, & xy X

(X0l i%s & x| —| =% & x|E€X, 2, 6),

ix, %1 & —%, % &
& =R, x;=6, gives an isomorphism as Jordan algebras.
THEOREM 2.2.2. (F.C¥=F,, (F°)7T=F,u, (F°) 7= Fys0.

PRrOOF. These are direct results of Lemma 2.2.1.

PROPOSITION 2.2.3. (1) 7 and yo are conjugate in F,: dy=yad (moreover

under 0= F, such that do0=ad).
(2) ¢ and ¢’ are conjugate in F,: 00=a'0 (moreover under 6=0"'<F,).

ProoF. (1) Define §:3(3, 6)—>3(3, €) by

& X3€ Xse 1 0 0
0X=| —ex, &, —ex.e|=DXD, D=0 e 0].
—xe, —eX.e &, 0 0 e

Then 6 F,, 6r=700 and dg=g9.
(2) Define 4: 33, €)—3(3, €) by

& X1 % 0 0 1
0X=|x, & Z;|=DXD, D=0 1 0
.7?2 X3 El 1 0 0

Then d=6"'<F, and do=0'0.

2.3. Subgroups of type C,DC, of Lie groups of type F,.

LEMMA 2.3.1. Any element M<cJ(3, HC) such that M*=M, tr(M)=1 can be
transformed to any E; by a certain A=Sp(3, HC): AMA*=E,; (1=1, 2, 3).

PRrROOF. Since Sp(3, H®) contains the subgroup Sp(3), we may assume

g img MM,
pis C , miEH,
M= Z.h_'lg [12 iml B
. L ﬂx‘*‘ﬂz‘]"/«ls:l-
My 21, ﬂ';

The condition M?*=M is
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Y —Ma My —m, T, _”7!277l1+i(/11+/12>’n3 *
* pat— Myl s — — M gMe+i( e+ ps)m, |=M.
—777_1177[3""‘2-(#3“{‘#1)7712 * /132—77117711-—77127%2

Compare the diagonals, then each p; is real. Hence we have
MMy =mams=mym,=0, LT = (a7 gty =0

If my=m,=m,=0 Lemma is clearly valid. Otherwise, for example, in the case

my#0, we have m;=m,=0, p,+p,=1, g;=0. Hence M has the form

M:(M 0>, M:('/“i zm)’ mim=-—py, p+v=1, p, veR, meH. If p>0, v<0,
P =N

this M can be transformed to E, by (—z’n‘a/\/ﬁ Vi )eSp(Z, H. If p<0,

>0, then M can be transformed to E,. Finally note that E,, E,, E, are trans-

formed by Sp(3, H¢) with one another. Thus Lemma is proved.

PROPOSITION 2.3.2. F.(J(3, HN)=Sp3, C)/Z,.

Proor ([6]). We define ¢: Sp3, HO)—F, (X3, H®)) by
P(AYM=AMA*, Me3@3, HY).

It is clear that ¢ is well-defined and a homomorphism. We shall show ¢ is onto.
Let ac= Fy(3(3, H®)). Since aE,=3(3, HC) satisfies (aE;*=aE,, tr(a E;)=1, there
exists A, =Sp(3, HC) such that

aEi:AiEiAi*, Z.:l, 2, 3 (Lemma 2.3.1).

Let a; be the i-th column vector of A; and construct a matrix A=(a,, @, a,).
Then we have aE,=AFE;A* ¢=1,2,3. Hence AA*=A(E,+E,+E,)A*=
a(E\+E,+E)=aE=E, that is, ASp@3, H). Put B=¢(A)‘a, then f&
Fi (X3, H®) and satisfies BE;=FE;, i=1, 2, 3. f induces C-linear transformations
B: of HC such that SF,(m)=F(B:m), mcHC from 2E; Fy(m)=F(m), j#1i, more-
over §3;are orthogonal: 8,04, C)=0(H?®) from Fiy(m)e Fy(n)=0n, n)(Eiu+Ei,).
Furthermore B,, 8., B satisfy

(Bim)(Bn)=Bs(mn), m, neHC

from 2F(m)eFyn)=Fy(mn). Put p=p1, g=B.1, then p, ¢=Sp(l, H°) and
B:(m)=7p B.(m)g, Bs(m)=p.(m)g, me HC. Again put B,(m)=pl(m), then { satisfies
Em)En)=L(mn), m, nc HC, that is, { is an automorphism of H¢. Hence there
exists r&Sp(l, H®) such that {(m)=rmF, me H¢ (Proposition 1.3.1). Therefore

Bim=prm?¥, PBsm=rmrq, Bym=grmFp
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Construct a matrix B=diag(gr, pr,r)=Sp(3, HC), then fM=BMB*, M=3(3, H®),
that is, 8=¢{B). Hence a=¢(A)B=¢(A)PYB)=¢(AB), ABESp@3, H®. There-
fore ¢ is onto. Ker¢={F, —E}=Z, Thus F:G, H)=Sp@3, H®)/Z,=
Sp3, C)/Z,.

THEOREM 2.3.3. (F4C>TE(Sp(1’ C)XSP(?); C))/ZZ) ZZZ{(I: E)) (—1: _E)}

PROOF ([6]). We define ¢: Sp(l, H)XSp(3, HO)—-(F.°Y by
¢(p, AYM+a)y=AMA*+paA*, M+a=sX3, HOYDHCP=3°.

It is easy to verify that ¢ is well-defined (Proposition 2.1.3. (5)) and a homomor-
phism. We shall show ¢ is onto. Let ac(F.°y. Since (3°),=3(3, HC) is
invariant under a, a induces an automorphism of J(3, H®). Hence there exists
AeSp(3, HC) such that

aM=AMA*, Me3X(3, H°) (Proposition 2.3.2).

Put B=¢(1, A)'a, then B1I(3, H)=1, hence f= G, ={asF.°|aE=E;, aF,(1)=
Fi(1), i=1, 2, 3}, moreover B=(G,°Y and B|HC=1. By Theorem 1.3.2, there
exists peSp, H®) such that B(m+ae)=m+(pa)e, m-+ae= H°GHCe=E", hence
BM+a)=M+pa, M+a<I¢, that is, B=¢(p, £). Hence a=¢(l, A)p=
o1, A)Pp, Ey=¢(p, A). Therefore ¢ is onto. Ker¢p={(1, E), (—1, —E)}=42,.
Thus we have the required isomorphism.

LEMMA 2.3.4. ¢:Spl, HO)XSp(1, H®)—F.° of Theorem 2.3.3 satisfies

1) r=¢—1, E), re=¢J, JE), Ta=¢(, iE), o=—1, ).
(2) T¢(7): A)Tzﬁb(fp» 1*4)y TC¢(p? A)TCZQZJ(TCﬁ; rCA)y O'Sb(py ‘4)0:¢(p) [lAll)

THEOREM 2.3.5. (1) (Fy=(Sp(1)XSpQ3)/Z:=(Fiw).

(2) (Fun)~(rre)=(Spd, R)XSPES, R))/ Z,X2.

(3) (Faean ) =(Sp()XSp(, 2))/ Z,=(tr0) ~(Fiw)).

ProOF. (1) Let ac=(F, ) =(F.CyY=(FLY)yYC(F,°Y. By Theorem 2.3.3, there

exist p=Sp, H®), A=Sp@3, H) such that a=¢(p, A). From the condition ra
=az, we have ¢(rp,7A)=¢(p, A) (Lemma 2.3.4). Hence

tp=p, tA=A or tpHp=—p, TA=—A.

The latter case is impossible (cf. Theorem 1.3.4). Therefore pSp(l). A=Sp(3).
Thus (FY=SpL)XSp@BN=(Sp(L)XSP@3))/ Zs. (Fuwo ) =(zry=().

) Fuo=(FO)T=(F,%c.
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In fact, since 7y and 7c are conjugate in G,CF,:07=7¢d, 6t=td (Proposition
1.2.3), (FCY sa—dad*c(F.C)7c gives an isomorphism. Let ac((F,%)7c)=
(zrey, a=d(p, A), pSpl,H®), A=Sp3, HS). From rrca=arye, we have
Hzred, trcA) = (p, A). Hence (z7¢) = (Sp(l, H) X Sp(3, H)YWiSp(l, H')X
(iE)Sp(3, H'))/ Z, (cf. Theorem 1.3.5)=(Sp(1, R)XSp(3, R))/ Z,x2. ((i,iE)=Yn).
(3) Define ¢ : Sp(1, HO)XSp(L, 2, HO)—(F.°) by ¢(p, A)=¢(p, [ AI',™Y). Let
as(Fyan )y =(ta), a=¢(p, A), p=SpQ, H®), A=Sp(1,2, H®). From roca=aro,
we have ¢(zp,tA)=¢(p, A). Thus, as in (1), (Fyan )V =(Sp(1)xXSp(, 2))/ Z.

Fiw :(F‘tC)?TE (F4C)T70

because y~7¢ under d<F,: dy=70d, dr=rd (Proposition 2.2.3). Now (Fyw)~
(rrey=(ray.

2.4. Subgroups of type B, of Lie groups of type F,.
Hereafter we use the following C-vector subspaces of J°.

A2, 6°%)={X=J°| E o X=0} ={ X&J°|4E, X (E, X X)= X}

0 0 O
& x
=30 & x &, &=C, xe6%,
identify i &
0 x &

€.°=1{§E\|§=C},

Qe ={XEI° 0 X=X} =32, €)DE.,

R)-e={X=J°|0 X=— X} ={X=J°|2E,- X=X}
={XEJ°| E, X X=0, (E,, X)=0}

0 =x, X
:{ Xs 0 0 Xa, X3€(‘S;C}
x, 0 0

and (3),={X&X°|tr (X)=0}, (2, 6%, ={X=J(2, €)|tr(X)==0}. (3%, (I,
are invariant under as(F,°)°.

LEMMA 2.4.1. (F.°) =(F. g,

PROOF. Let a=(F,%)°. Then aE,=3(2, €°). In fact, aF,=a(—F,(1)xX F,(1))
= — aF(1)XaFy(l) = — (Fy(xs) + Fa(x4))* = XoXo Byt 13X, Es— ]'11(52;??;)63(2, (‘Sc)-
Similarly aE,=3(2, €°). Therefore aFE,=FE—aFE,—aE; has the form
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E4+-&E,+&,E,+F(x). Then0=a(E, X E)=aE,XaE,=(E,+&E,+&,E+F(x))?
=(&bs—xX)E +&E,+E,E,—F(x). This implies &=£=x=0. Thus we have
al,=FE,. Conversely let a=(F,%). Since I°=(I), D)., and (F°),=
{XEJCE - X=0}D{EE, | C}, (3°).,={X=3]C|2E,» X=X} are invariant under
a, as X=ao( X+ X)=a(X,— Xo)=aX,—aX,;=d(a X))+ o(a X)=ca( X+ Xo)=ca X
for X=X,+X,, X.€&%,, X,&(3°._,. Hence ac=ca, that is, a=(F,°)°.

LEMMA 2.4.2. (F.,%)°/Spin(8, C)=(S°8. In particular, the group (F.°)° is
connected.

PROOF. We define a complex 8-dimensional sphere (S°)? by

(SP={X=J°| E1e X=0, tr (X)=0, (X, X)=2}

-(; )

The group (F,%)’=(F,°)g, acts on (S°)* (Lemma 2.1.2, Proposition 2.1.3.3)). We
shall show that this action is transitive. To show this we prepare some ele-
ments of (F,°)°.

For a=6° such that ad+0, define a C-linear transformation a(a) of 3¢,
a(a)X(&, x)=Y(y, y), by

gy ix=1, £=C, xe(s,C}.

771:“51;

1 1 sin2
M= 6+ 5 (G cos 2u-+(a, x0T,

1 1 sin 2
Ny =562 +E5)—5(§2—E:) cos 2v—(a, x1) y’ ‘

2 2 y

1 sin2 sin?®
y1:xl—'§'(52_’$3)a Illj v_z(a; xl)aTéB:
—siny
Y2 =X5COS y— X4 ,
v
y3=x3c05v+(_z7c—zsmy
. 0 00
where v=C, v*=ad. Then a(a)=exp A(a) where A(a)=<8 0 %)e((mc)'),;l
—-a

:{Ae(mc)'lﬁElzm, hence ﬁ(a)e(f.")"::'L’)4°'€B(r”f1)")‘)El (Proposition 2.1.4).
Therefore a(a)e(F,°)°.
& x

Now let X:(f ¢

)E(Sc)s. Choose a¢<=8° such that (a, x)=0 and ad=
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0 =x,
X, 0
This shows the transitivity. The isotropy subgroup of (F,°)° at E,—E; is
(Fp,. gy e,={a=F.°|aE,=F,, i=1,2,3} and we hnow that it is isomorphic to
Spin(8, C) as the universal covering group of SO(8, C)=SO(E°) (cf. Principle of
triality [8]). Thus we have the homeomorphism (F,%)?/Spin(8, C)=(S°).

(z/4?, then a(a)X:X,:( ) x%=1. And then a((z/4)x,)X,=E,—E,.

THEOREM 2.4.3. (F.%)°=Spin(9, C).

PROOF. Since the group (F,°)? is connected (Lemma 2.4.2), we can define
a homomorphism = : (F,°)"—S0(9, C)=SO(V°)) by m(a)=a|(VC)® where

& x
(Voyr=3(2, @C)o:{xz ;5ec, xe@C}

x —
with the norm (X, X)/2=&+x%. Kerrn={l,0}=2Z, (cf. Principle of triality
[8]). Hence n induces a monomorphisim dz : (1.€)°—80(9, C). Since dim¢(f,°)°
=dim(d,“D((11°)")g,)=28+8=36=dim.80(9, C), d= is onto, hence = is also onto
(Lemma 0.6). Thus (F,°)°/Z,=S0(9, C). Therefore (F,°)° is isomorphic to
Spin(9, C) as the universal covering group of SO, C).

THEOREM 2.4.4. (1) (F)°=Spin(9)=(Fic-20)°.

(2) (Fiw)® =spin(4,5).

(3) (Fice20))’~(ra")°=Spin(8, 1).

PROOF. (1) (F)°=((F.°y)=(F{°)°) is connected (Lemma 0.7) because

(F€)=Spin(9, C) (Theorem 2.4.3) is simply connected. Since (F,°)° acts on
(V°)y, the group (F,)*={(F.°)°) acts on

& x
VI=(3(2, En={X =

B¢
with the norm (X, X)/2=&+4x%. We can define a homomorphism = : (F,)"—
SO(9)=S0(V®) by n(a)=a|V®. Kern={l,0}=2Z, Since dim {},)" =36=dim 80(9),
m is onto. Thus (F,)?/Z,=S0(9). Therefore (F,)° is isomorphic to Spin(9) as
the uuiversal covering group of SO(9). (F“_zo))":(ra)":(r)"_.

)’SER, xe6}

(REMARK. In the proof of Lemma 2.4.3, if we know that F,° is simply con-
nected, the connectedness of (F,°)? is trivial (Lemma 0.7). But the simply con-
nectedness of F,° is usually follows from the simply connectedness of F, and
the fact that (F,)°=3Spin(9) ([8]). To avoid a circular argument we took the
way like Lemma 2.4.2, Theorem 2.4.3).
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(2) As in (1), (Fuw)?=((F€)°)7" is connected. The group (F,w)’ acts on
: &
V=3, c&°>o>f,={X=( )[seR, X E(60)y=6'}
¥ =€

with the norm (X, X)/2=&*+x'%’. We can define a homomorphism 7 : (Fyw)’
—0(4,5),=0(V*%), by zm(a)=a|V** Kerz={l,0}=Z, As similar to (1),
(Fy0)?/ Z,=0(4,5). Therefore (Fyp)® is denoted by spin(4,5) (not simply con-
nected) as a double covering group of O(4,5),.

3) Fycoaey=(F Oy =(F,%y"

because o~¢’ under d&<F,:00=0'0, or=d (Proposition 2.2.3). As in (1),
(Fy? ) =(re’)’ is connected. The group (r¢’)” acts on

¢
V=32 6 ={X :(.
?

X

_Z;xs) .EE R, x E(S,}

with the norm (X, X)/2=£—x%. We can define a homomorphism z:(z¢’)’—
0(8,1),=0(V®"Y), by n(a)=a|V*!. Assimilar to (1), (r¢')/?Z,=0(8,1). There-
fore (rg¢’)° is isomorphic to Spin(8, 1) as the universal covering group of O(8, 1),

Group E,

3.1. Lie groups of type E,.

The universal connected linear Lie groups of type E, are obtained as
EL=E(3(3, 69)={acsIs0.(I(3, €%))|det « X=det X},
E.={a<ls00(3(3, 6%))|det a X=det X, (aX,aY>=<(X,Y>)},
Es=E{3(3,6))={a<=Is0or(I3, €))|det a X=det X},
E,o=1{a<sIsox(3(3, 6%))det a X=det X, (a X, aY > =(X,Y)},
Esin={acsIsoc(I(3, €%))det a X=det X, {aX, al >,=<(X,Y ).},
Esesn =E(3, €)= {acIs0x(I(3, €))| det a X=det X}

where (X, Y>=(X, V), (X, Y),=(zrX,Y) and <X, Y ,=(r¢X,Y). (Similarly
the group E(J(3, HC)) is defined). E.°, E;, Eq . are simply connected (see
Appendix).

The Lie algebra ¢,° of the Lie group E,° has the following structure.

PROPOSITION 3.1.1 ([2]). ¢,°=1PI(3, 6°),
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where (3, C°)\={T <3, €°)|tr (T)=0} and for T<I(3,6°),, T is the C-linear
transformation of X° defined by TX=T-X.

3.2. Involutions of Lie groups of type E,.

LEMMA 3.2.1. If ac=E/° then ta'eE,°.

PROOF. ([4]). ‘a (¥ XY)X'a (Y XY)=(aY XaY)x(aY xXaY¥) (Lemma 2.1.
D=(det a¥)aY =(det Y)a¥ =a((det Y)Y)=a((¥Y XY)X(¥Y XV)), Y =3°. Put Y=
XXX, Xe3° then ‘a~((det X) X)X *a ((det X)X)=a((det X)X X (det X)X).

(1) Case det X+0. We have ‘e 'Xx'a ' X=a(Xx X). Hence 3 det‘a ' X=
Ca X, ta XX 'a ' X)=(‘'a ' X, a( XX X))=(X, Xx X)=3det X. Consider a! in-
stead of «, then we have also det ‘a X=det X.

(2) Case det X=0. If det‘e 'X+0, we can use the result of (1). O=det X
=det 'a(*a~'X)=det ‘a ' X (result of (1))#0, a contradiction. Thus det tam1 X=0,
hence det‘a~!X=det X is also valid.

We define an involutive automorphism 2 of E.° by

Aa)=a™?, a<E, " (Lemma 3.2.1).

Note that 1 induces involutive automorphisms of E,, Eg, Escs, Es 1o, Egeosn
and E(3@3, H®). As in F,°, E has involutive automorphisms %, ;f', and rg.

THEOREM 3.2.2. (Esc)d:Es, (ESC)?TEEG(G), (Eec)ﬂr:Es(z): (Esc)rzg:Es(—u),
(Esc)r:Ee(—ze)-

PROOF. As for E., Escs, these are direct results of Lemma 1.2.1.(2).
Ee, Esn, Egc-1 are nothing but their definitions.

The Lie algebras of the Lie groups of type E, are as follows.

PROPOSITION 3.2.3. (1) e,={g<e,’|—t'gpr=¢}=1DiJ(3, €),,
@) ew={p=eLtrdrr=0}=T:wBI3, 6" ).

B) ew={p=el| —17'drr=¢} =T Bi3(3, ).

@) es-w={d=el| —to'Par=0} =Ti 00DiSL, 2, E),.

(5) es-m={p=e’|rgr=0} =1.PI3, 6),.

PROOF. The involutive automorphisms of ¢,° induced by 7, o, A, ¢ are

r¢r:757’+ﬁ, o‘¢a=a§a+zﬁ‘, Ap)=6—T, r¢t:z’5z'+r7“
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for 6+T =13, 6°),=¢,°. From this, Proposition is clear (Lemma 2.2.1).

In addition to 7, 7¢, TeSG.CF.CE,, ¢, ¢’ F,CE,, we define one more in-
volutive element p<E,, p: I°—I° by

—&, ixsi —iiX, @ 0 0
pX=| i%d —§& —iix, =PXP, P=| 0 4 0
ixs0 IXd & 0 0 1
PROPOSITION 3.2.3. (1) 7 and p are comjugate in E,: dy=pd, d< E..

(2) ¢ and rp are conjugate in E;: do=7pd, S E,.
(3) o and rgp are conjugate in E,: 66=7 400, ek,

ProOOF will be given in 3.5.12.

3.3. Subgroups of type F, of Lie groups of type E,.

THEOREM 3.3.1. (1) (ES)*=F.°.
(2) (Egre)'=F=(Eo*.

(3) (EG(G))X::F““:(EG(Z))A.

4) (Esc-10)* =Fucca0y = (Egc260)*".

PrOOF. (1) It is results of Proposition 2.1.3.(1)—(3).

(2) (Egeone) =@ =Qy=(F.°y (result of (1))=F, (Theorem 2.2.2). (E)i=
(e =(0)* =)

3) (Es(e))A:(TT)X:(X)TJ‘Z(EC)TT:E;(;) (Theorem 2.2.2). (Es(z))i'—:(‘d?')x:
N =@

(4) (Eyeor)=(t20) =(r0)* =(A)* =(F,°)° = Fic-s0, (Theorem 2.2.2).

(Egcs0)?=(0)7=(r0)*.

To prove this, define §: J°—J° by

& ixs 1%, 1 00
6 X=| iz, —& —x, |=DXD, D=y 0 ¢ O
l']CQ —.7?1 “—53 0 0 i /

(see Proposition 3.6.5), then 6 E,, 8°=0, do0=08, dr=td"", ‘0=04. (Hereafter,
this & will be denoted by +/@). Now (r)*’>a—d"'ad<(ra)* gives an isomor-

phism.
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3.4. Subgroups of type C, of Lie groups of type F,.

We consider the Jordan algebra 3(4, H)={P= M4, H®)|P*=P} with the
Jordan multiplication P-Q=(PQ+QP)/2 and the inner product (P, Q)=tr(P-Q).
We define g: J°=3J(3, HOYDH)—-J(4, H®)y={P<=J(4, H®)|tr(P)=0} by

»1—tr(M) ia
gM+a)= ) R M+as3°.
ia* M—-Etr(M)E

LEMMA 3.4.1. g: JI°->J, H®), is a C-linear isomorphism and satisfies

- 1
gX-g¥ =g(1(XXY )+ (X YVIE,
(X, gV)=(rX, V),

PrROOF. g(r((M+a)X(N+b))=g(M—a)xX(N—b))

X, Ye3°.

=g(MXN— —é—(a*b—l—b*a))%— %(aN—I— bM))

%tr(MX N)w%(a, b 1 (@N+bM)

é—(aN—’rbM)* Mx N—%(a*b%-b*a)—%(tr(MX N)—(a, b)E
, 1, 1
=g(M+a)-g(N+b)—( (M, N)— (@, ))E

= g(M+ @) g(N+B)— 5 (M +-a), N+ B)E.

Thus the first formula is shown. Take the trace of both sides, then we have
the second formula.

THEOREM 3.4.2. (E*=Sp4, C)/Z,, Z,={E, —E}.

PROOF ([4]). We define ¢: Sp4, HC)—(ES)*" by
YA X=g"(A(gX)A*), XeJ°.
We have to prove ¢(A)=(E,%)*. Denote a=¢(A) and put Z=aX.
3deta X =3detZ=(Z X Z, Z)=(g({Z X 2Z)), gZ)

~(97-92—342, 208, 87)=(s24Z~ +(82,82)E, )
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:—(A(gX)A*"A(gX)A*f—i-(A(gX)A*, A(g X)AN)E, A(g X)A*)

:<gXogX~%(gX, gX)E, gX)=(gXogX—%<rX, X)E, gX)
=(g(r(Xx X)), g X)=(Xx X, X)=3detX,
(raX, a¥)=(g(aX), glaY )=(A(g X)A*, A(gY)A")=(g X, g¥)=(T X, 1)
=(Ca"'7X,aY), hence ra=‘a’'7.
Thus a<=(E°)*". We shall show ¢ is onto. To show this we prepare
LEMMA 3.4.3. Any element PEX4, H®) such that P*=P, tr(P)=1 can be
transformed to Elz((l) 8)63‘(4, HE®) by a certain A=Sp(4, H): APA*=E,.

PROOF is similar to Lemma 2.3.1.

Now for ac(E %)%, (g(aE))zﬂg(aE)—l— E In fact, (g(aE))z—g(r(aEXaE))
+— (raE aE)E=g(r'a  (EXE)+— (‘a“TE aE)E=g(arE)+-= (rE E)E = g(aE)

+3E Put P——(Zg(af‘)-l—E) Then P34, HS), P2:1—6(4(g(aE))2+4g(aE)
+E)——~(2g(aE)+E) P and tr(P)=1. Hence there exists A=Sp(4, H®) such

that
P=AE A* (Lemma 3.4.3).

Then ¢(A)E:g'1(A(gE)A*):g“‘(A(ZEI——%E>A*>:g"(ZP—%E>:g’1(g(aE))
=aE. Put B=¢(A)'a, then BE=E, hence B[, (Proposition 2.1.3.(4)),
moreover S=(F,°Y. By Theorem 2.3.3, there exist p=Sp(l, HY), DeSpB, H)
such that

B(M~+a)=DMD*+ paD*, M+as3°.

Put B=diag(p, D)=Sp(4, H®), then f=¢(B). In fact,
Y BYXM+a)=g (B(g(M+a))B*)
b 0 %tr(M) ia p 0
= e )
0 D ia* M~—7tr(M)E 0 D*
1 . .
ftr(M) ipaD*

=g . =DMD*+ paD*=B(M+a).
iDa*p  DMD*—5tr(M)E
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Hence a=¢(A)B= A)YB)=¢(AB), AB=Sp(4, H°). Therefore ¢ is onto. Ker
¢=|{E, —E}=Z,. Thus we have the required isomorphism.

LEMMA 3.4.4. ¢: Sp4, H®)—E° of Theorem 3.4.2 satisfies

@) r=¢), Te=JE), Ta=¢iE), o=¢I,).

@) t(Ay=rd(r A= Lz D), 'YA) =1 A=, AL), 1cd(Arc=
WrcA), od(A)o=gI,AL).

Proor. It follows from rg(r X)=g(rX)=I,(gA)l,, greX)=rcg X)=j(g X)j,
goruX)=ra(g X)=i(g X)i, g(¢ X)=I(g X),, X =3°.

THEOREM 3.4.5. (1) (E)=Sp(4)/Z,=(Ee)".

@) (Es)T~(z17c)" =S p(4, R)/ Zy X 22 (221 )V~ E s ).
3) (Ea-2)7=Sp(1, 3)/ Zo=(E ).

@) (Eoo)"=Sp(2,2)/ Z:X 22 (27 6 ~(E o).

PROOF. (1) Let a=(E)7=(E )%, a=¢(A), A=Sp(4, H®) (Theorem 3.4.2).
From rta~'7r=a, we have PrA)y=¢(A) (Lemma 3.4.4). Hence A=A or rA=
—A. The latter case is impossible. In fact, put A=¢B, then BB*=—E, Be
M4, H), a contradiction. Therefore A=Sp4). Thus (E)V=Sp4)/Z,s. (Ese)"
=z =(z2)¥. : ‘

2 Ey=(E"yT=(E*°)TTc

because 7~77c under d€G,CF,CE,: 67=77c0,0r=1d (Proposition 1.2.3). Let
aE(ELYTe) T =(cr1c), a=¢(A), A=Sp4, H®). From ty7c'a~‘rcrr=a, we have
Hrrc A)=¢(A). Thus (z77c)"=(Sp4, H')JGE)S p(4, H'))/ Z, (cf. Theorem 1.3.5)
=Sp4, R)/ Z,X2. (JIiE)=r1g).

E(;(z) Z(EGC)TR?'Z(ESC)“TC

because 7~7¢ under dG,CF,CE;: 8r=7c0,drA=7Ar (Proposition 1.2.3). Now
(Esca) T~ A2y )T =(t170)".

(3) Define ¢: Sp(1,3, HO)—(EL)YT by ¢(A)=¢([L A ™). Let ac(Egc-se0)
=(t)7, a=¢(A4), A=Sp(1,3, H®). From ra=ar, we have d(rA)=¢(A). Hence
tA=A or tA=—A. The latter case is impossible. In fact, there exists no
A=M4, H) such that A*[,A=—1I, because the signature of both sides are
different. Therefore ASSp(1,3). Thus (Es260)7=Sp(,3)/ Zs. (Eqeoy)=(1A7)
=(7)¥.

(4) Define ¢: Sp(2,2, HO)—(E,L)" by ¢(A)=¢(I",A;Y). Let ac(Eg_ 1)
=(r2a)", a=¢(A), A=Sp(2,2, H®). From ro'a~'‘or=a, we have ¢(rA)=g¢(A).
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o J’
Hence (Ey_1)7=(Sp(2, 2)Ui( , )Sp(Z,Z))/ZQ:Sp(Z, 2)/Z,x2. (The explicit

from of pe=¢(i( )) JC-JC is
J 0

—&, ex;e —iex, e 0

"0 X=| eXye —&, —iex, |=P,XP, P,=| 0 ie

- O O
~—

ix.e i%,e & 0 0
EG(G):(EGC)Trg(EﬁC)TTU

because y~7¢ under d=F,CE,: 6y=70d,0r=18 (Proposition 2.3.3). Now (E;)*
~(r70) =(tAg)¥.

3.5. Subgroups of type C,PA; of Lie groups of type E..

Let k: M3, HS)>{P=M(6, H®)| JP=PJ]} be the algebraic C-isomorphism
(resp. k: (HCY—{P=M(2,6, H®)| JP=P]} be the C-linear isomorphism) defined by

k((a+bj)):((_2 j)) a,beCt

and denote the inverse 2°! of £ by h.
LemmA 3.5.1. det(kM)=(detM)?, M<3(3, HC).

PRrROOF. Since we know that the determinant of a skew-symmetric matrix
S is square of a polynomial with respect to its components s;;, we can easily
calculate as

-5 0 Sas Sos Sz Sge (512534856 511585846+ 12536545
— 813524856+ S13S25S46— S13S26S
— S5 —Sas 0 St Sss Sus 13524856 T S13526S46 ™ S13526S45
det 0 = + 514525856 S14S25S36 T S14526S35
—S$ —3S — 8 Sas  Sag
H ks i ‘ 46 — 16523846 S15S24S367— S15S26S35
—S15 —Sss —S35 —S;s 0 Ss 4516523545 S16524 S35 S16525534)”

—S15 —Ssg —S3s —Ss —Sss O

Note that (RM)J= M6, C°) is skew-symmetric and use the above formula, then

det(kM)=det((kM)]) (m;, n,=C°)
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0 & —ny my Ny Hy

—& 0 =y —fiy —my —Hy (616563 —En 71, —Eymy i,
ny i, 0 & n, my — Ny Al — NyMaTiy— NyTi,y T
=det 0 = — MM s+ memem,—msfin,
—m g — —i, —7 _ = -
’ : & ! ! — Ny Tl — NoTlgiy — NaT1aE,

Ny My ny Ay 0 &s + Mo 7Tl g 7 — T o Tig My — T M6, )"

-7-?—12 "‘ﬁg —m, '_“ﬁl —EZ 0

On the other hand, detM is

& My+n3] Myt+nyj &6l (my+ny jXme+n, j)my+ns j)
det| ms;+nyj & mitng |=+0mtn g met+n ) me+n, j)
n'lz'Jl"nzj m1+n1j f% El=]$l(ml+nz.])(mt+nl.])

=the interior part of the above bracket.
LEMMA 3.5.2. The group E«(I(3, H®)) is connected.

PROOF. The group (E«(J(3, HO)f*={ac E{(3(3, H))|<aM, aN>=<{(M, Ny} is
connected. The outline of the proof is as follows (see [7]). In the homogeneous
space (B3, HONWYY/F(IGB, H) = EIV  ={X&J3, H)|detM=1,{M, M>=3},
FuX@3, H)=Sp3)/Z, and EIV 4 are connected, hence (E(3(3, H®))?? is also
connected. (In reality, (E(3(3, HO))*=SU(6)/Z,). And (E(3(3, H°)))* is a
maximal compact subgroup of E«(J(3, H®)). Therefore the group E(3I(3, HC))
is connected.

PROPOSITION 3.5.3. E(S(3, H))=SU*(6, C°)/ Z,.

Proor. We define ¢: SU6, H)—E(3(3, H)) by
W AM =k (ARM)A*)=(hA)M(hA)*, Me3(3, H°).

We have to prove (A)=E (I3, H?). In fact, (det(¢(A)M))*=det(k(¢(A)M))
(Lemma 3.5.1) = det(A(M)A*) = det(kM) = (detM)* (Lemma 3.5.1). Therefore
det(¢p(A)M)=+detM. Since SU*6, C°) is connected (Proposition 0.2), the sign
of det(¢(A)M) is constant with respect to A. Hence det(¢(A)M)=detM, that
is, ¢ is well-defined. Ker¢={FE, —E}=Z, Hence ¢ induces a monomorphism
d¢p: 3u*(6, CO)—eg(I(3, H®)). Since the Lie algebra e (J(3, H®) has the struc-
ture e4(I(3, H))=1,(3(, HC))@§(3, H°®), (cf. Proposition 3.1.1) and dimce3(3,
H°))=21+14=35=dim:8u*(6, H), d¢ is onto, hence ¢ is also onto (Lemma 0.6)
because Ey (33, HC)) is connected (Lemma 3.5.2). Thus we have the required
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isomorphism,

PROPOSITION 3.5.4. (E,Y=(Sp(l, C)xSU*6, C°))/Z,.

PROOF. We define ¢: Sp(l, H)x SU*(6, C°)—(E, Y by
W p, A M+a)="k (AL M)A®)+ pb~((ka)A~")
=(hAM(hA*+pa(hA)',  M+as(3, HORHC ) =3¢,

We have to prove ¢(p, A)=(E,°Y.

ASSERTION 3.5.5. ‘d(p, A '=¢(p, A* ™).

PROOF. 2(*¢(p, AXM +a), N-+b) M+4a, N+b=J°

=2M+a, §(p, AAN+b)=(k(M +a), k(g(p, AXN-+b)))
(where the inner product (X, Y) in M(6, C®)(resp. M(2, 6, C¢)) is defined by
—;—tr(X*Y—H’*X))

=(kM+ka, A(BN)A*4-(R(pb)A)=(kM, A(RN)A*)+2ka, ((pb))A™Y)

=(A*EM)A, kN)+2(k(pa)A*™", kB)=(AXEM)A+(k(pa)A*™*, kN +kb)

=(k(g(p, AXYM +a)), k(N +b)=2(p, A*XM+a), N+b).
This shows ‘¢(p, A)=¢(p, A*), hence ‘¢(p, A)'=¢(p, A*™").

ASSERTION 3.5.6. ¢(p, A)=(E°).

PROOF. Put a=¢(p, A) and we shall show ‘a (X XY)=aX, aV, X, Y 3°.
Recall

(M +a)x(N+b)= (M x N~ —;—(a*b—i-b*a))— %(aN+bM)
Now ‘a'(M X N)=aM X aN is nothing but deta M =det M (Lemma 2.1.2, Proposi-
tion 3.5.3).
(aa)y(ab)=(pa(hA) Y (pb(hA) " )=(hA)* 'a*b(hA) '=¢(p, A* 'Na*b)
=d(p, A)*(a*b) (Assertion 3.5.5)='a '(a*b),
(aaXaN)=(pa(hA) " N(hAN(hA)*)=paN(hAy*=¢(p, A**YaN)
='(p, A)""(aN) (Assertion 3.5.5)= a~aN).

This shows a= E,°. Clearly 7¢(p, A)y=¢(p, A)r. Thus Assertion 3.5.6 is shown.

We return to the proof of Proposition 3.5.4. Obviously ¢ is a homomor-
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phism. We shall show ¢ is onto. Let a=(E°). Since the restriction of &
to (3°),=3(3, H°) belongs to E(J(3, H°)), there exists A=SU*6, C°) such that
aM =k AEM)A*), McJ3, H°) (Proposition 3.5.3).
Put B=¢(1, A)'e, then BII(3, H)=1. Hence B=(G,°Y and B|H°=l. By
Theorem 1.3.2, there exists p=Sp(l, H?) such that S=¢(p, £). Hence a=
@1, A)B=¢(1, A)(p, E)=¢(p, A). Therefore ¢ is onto. Ker ¢={(1, E), (—1,
—E)}=Z, Thus we have the required isomorphism.
LemMa 3.5.7. ¢: Sp(l, HOYXSU*6, C°)—E, of Proposition 3.5.4 satisfies
(l) T:Sb(_l; E), TC:¢(j’ ])J TH:¢<i) il)) 0:¢<_1) Iz)
2) rd(p, Ar=d(rp, tA), Tep, Are=Trcp, —JAT).

THEOREM 3.5.8. (Ey-20)) =(SP(L)XSU*6))/ Z:=(Eece>) -

PROOF. Let a = (Esu) =), a=¢(p, 4), p= SpQ, H®), Ac SU*®6, C°)
(Proposition 3.5.4). From ra=ar, we have (zp, rA)=¢(p, A) (Lemma 3.5.7).
Hence (Ey,) =(Sp(1)=(SU*6))/Z, (cf. Theorem 1.3.4). (Ese))=(rry=(z).

TEEOREM 3.5.9. (1) (E,°y=(Sp(l, C)XSL(6, C))/ Z,, Z,={(1, E),(—1, —E)}.

(2) (Eyor)~(zrey=(Sp(l, R)XSL(6, R))/Z,X2.

PrOOF. (1) Since f': SL(6, C)—>SU*(6, C°), f'(A)=eA—EJA] where e=
%(H—z’i), is an isomorphism (Proposition 0.2), ¢’': Sp(l, H)XSL(6, C)—(E’ Y,
¢'(p, A)=¢(p, f'A) induces the required isomorphism (Proposition 3.5.4).

@ Eqor=(EsyT=(E )Te
because y~7¢ under 0= G,CF,CFE,: 07y=7¢0, 0tA=7t40 (Proposition 1.2.3). Let
as(tre), a=¢'(p, A), p=Spl, HY), A=SL(®6, C). From trca=ary:, we have
O'crep, TA)=¢'(p, A) (o(f'A)=f'(—]J(rA)]) and Lemma 3.5.7). Hence (E; )~

(zrey=(Sp(l, H)YXSL®6, R)UISpl, H')YX(—iI[)SL(6, R))/Z, (cf. Theorem 1.3.5)
=(Sp1l, RYXSL(6, R)/Z,x2. (y'(i, —il)=7p).

LEMMA 3.5.10. Since f: SU(6, C)—-SU*6, C), f(A)=e A—EJA] where ¢=
%(H—ii), is an isomor phism (Proposition 0.2), ¢: Sp(l, H)XSU(6, C°)—(E°Y,

¢(p, Ay=¢d(p, fA) is also an isomorphism. Now this ¢ satisfies
(L) r=¢(=1, E), 1c=¢j, ]), Ta=9¢(, il), po=¢, I,’) where I,’=diag(—1,
1} "—1; l) l) 1)’ 0':¢('—1, 12>~
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(2) T¢(p’ A)T:¢(Tp: _jmj); [¢(p; A)_l - ¢(‘b1 —J‘qj)) TC¢(Z’: A)TC - ¢(rcpy
—JAD), 1ap(p, Ara=9¢(rupd, [AD), ad(p, A)o=¢(p, LAL).

PROOF. It is clear from ¢ f(A)=f(—JcA]), (FA¥=F(—JA*]), f(=], f(I.)
=1, and Lemma 3.5.7. p=¢(1, ;) is obtained by the direct calculation.

THEOREM 3.5.11. (1) (E=(Spl)XSU(B))/ Z.=(E;w).
(2) (Eoerny=(SpYXSU2,4))/ Z.=(tiyoY ~(Esn) -
(3) (Esn)Y~(tdrgy=(Sp(l, RyxSU@3, 3))/ Z,X2.

PROOF. (1) Let a@(E)=(2Y, a=d(p, A), p=Spd, H®), A=SU®,CC).
From rla=arli, we have ¢(rp,tA)=¢(p, A) (Lemma 3.5.10). Thus (E’)y=
(Sp(LYXSU(6))/Z, (cf. Theorem 1.3.4). (Esw ) =(tdrY=(tA).

(2) Define ¢ : Sp(1, H°Yx SU(2, 4, CO)—(ELY by o(p, A)=¢(p, (A, Let
a=(EyeroY=(caa), a=q(p, A), p=SpQ, H®), A=SU(2,4,CC). From ra‘a ‘ot
=a, we have ¢@(tp,tA)=¢(p, A). Thus (Eec1n)y=(Sp(l)xSU2,4))/Z, (cf.
Theorem 1.3.4).

Egoy=(Ey =(E,Cyare

because 7~7y¢ under 6= F,CE;:dy=ycd, 0tA=1i0 (Proposition 2.2.3). Now
(Esay) ~(tdyey=(tia).

&) Eow=(ES Y =(ES )y

because y~7y under 6= G,CF,CE,:0r=7y0, 67A=ti0 (Proposition 1.2.3). Let
SU@B,3, K)={A=s M6, K)| A*IA=I, det A=1}, I=diag(l, -1,1,-1,1,—1), K=
C, C° and define ¢ : Sp(l, HO)XSU(3, 3, CO)—~(ESY by o(p, A=¢(p, 'y ATy
where ['y’=diag(1,7,1,7,1,7). Let a=(zdra), a=¢@(p, A,) p=SpQ, H°), As
SU@3,3,C°. From trg‘a™rur=a, we have ¢(z7gp,tA)=¢(p, A). Thus (Eyo)
~(Ar g =S p(, " HYyXSU3, 3)\JjSp(1, " H)x (1 J)SU3, 3))/ Z,=(Sp(l, RyxSU(3,3))
/Z,x2 (cf. Theorem 1.3.5). (¢(j,i]J)=7c).

3.5.12. PROPOSITION 3.2.3. (1) r~p. (2) o~7p. (3) a~Tgp.

Proor. (1) Since I,’~I, under a certain D,=SU(6), p=¢(1, ') ~ra=¢, I5)
under d,=¢(1, D,)=(E;) (Theorem 3.5.11.(1)). Furthermore yo~7 in F,CE;
(Proposition 2.2.3.(1)). Consequently p~7 in E,.

(2) As is shown in (1), p~7¢ under d,=(E,), hence yp~rro=c in E,.

(3) 7u~7 under d=G,CF,CE; (Proposition 1.2.3). This ¢ satisfies d(i)=i,
hence dp=pd. Therefore ryo~7p under d€E;,. Thus 7gp~7p~7 (result of
(1)) in E,.
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THEOREM 3.5.13. (Esc- 1) ~(tArno) =(Sp(, RYXSU(5,1))/Z, .

PRroOF. Eyc1o=(E) " =(ES Yy4re

because o~7yp under 0=E;: do =700, 0tA=7Ad (Proposition 3.2.3). Put I/=
Iyl =diag(—1,—1,—1,—1,1,—1) and SUG5,1, K)={A= M6, K)| A*[,A=Iy,
det A=1}, K=C, C°. Define ¢:Spd, HO)XSU(5,1, CO-(EFLY by ¢(p, A)=
o(p, Iy Ay ~Y) where I'y'=diag(i,4,4,4,1,7). Let as(tArgp), a=¢(p, A), p=
Sp, H®), AeSUGB,1,C%. From ygptia~'tpry=a, we have o(r7yp,td)=
o(p, A). Thus (Es1n) ~(@Argp) =(Sp(1, " H)XSU(5, 1))/ Z, (cf. Theorem 3.4.5.(3))
=(Sp(1, RyYXSUG, 1))/ Z,.

3.6. Subgroups of type CHD; of Lie groups of type E,.
LEMMA 3.6.1. For ac(E°)°, there exists = C*=C—{0} such that aE,=&E,.

ProoOF. Note that for a=(E,°)’ we have ‘e, ‘a*(E)°. As in Section
2.4, (39, (3°)_, are invariant under a<=(E,°)’, hence akE,, 'aF,, 'a™E,, aFE,,
taE,, ta'E,=3(2,6°) as in Lemma 2.4.1. Suppose that aE, and ‘a ' E,&3(2, €°).
Then aF and ‘a'E=3(2, 6%), and &,E,+&,E,+ Fi(x)=aE=a(EX E)=ta'ExX'a™'E
=B+ 13 Es+ Fu(9)) 2 =(9,7,— y¥)E, for some &, 7,=C, x, y=€°. This implies
&,=6,=x=0. Hence aE=0, a contradiction. Therefore aE,&3(2, €°) or ‘a™ ' E &
(2, 6°).

(1) Case aE,¢3(2,6°. We can put aE,=EE,+&FE,+&FE,+F\(X), £+0.
Then 0=ta W(E,XE)=aE, X aE,=(EE,+&E,+EE,+ Fi(x)*=(563— xX)E\+E6,E,
E&,E,—EF(x). This implies &=§,=x=0. Hence aE,=¢&E,, £+0.

(2) Case ‘a™'E,&J(2,6°). Similarly as above, there exists p< C* such that
ta™'E,;=7E,, Then ‘aE,=77'E, (put §=971).

(aE,, E)=(E,,'aE)=(E,, EE)=E,
(aE,, E)=(E,, 'aFE;)=0 (because ‘aE,=3(2, €°)), i=2,3.

Hence aF, has the form &E,-+Fy(x), £+0. From O0=‘a ™ (E,XE,)=aFE, XaE,=
(EE,+Fy(x)y?=—xXE,—&F,(x), we have x=0. Hence «E,=£FE,. Thus the proof
of Lemma is completed.

LEMMA 3.6.2. If ac((E%)")p, then ‘a, ‘a ' c((E°)")s,.

PROOF. Put ‘aE,=&E,, é&C* (Lemma 3.6.1). Then é=(§E,, E\)=(*aE,, E,)
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=(E,, aE))=(E,, E))=1.

LEMMA 3.6.3. ((Es%)")g,/Spin(9, C)=(S®)’. In particular, the group (E))e,
is connected.

PROOF. We define a complex 9-dimensional sphere (S€)° by
(SOP={XeI°4E X(E,x X)=X, (E,, X, X)=1}

:{(E x)ifﬂ——xx:l, &, n=C, xE(‘SC}.
Ui

X

The group ((E°)?)g, acts on (S°)° (Lemma 3.6.2). We shall show that this ac-
tion is transitive. To show this we prepare some elements of ((£:°)?)g,.

1 00
(1) For d=6°, put D32:(0 1 0) and define a C-linear transformation
0d 1
d:(d) of 3¢ by 0,(d)X=D,, XD,,*, X=X(§, x)=J°, explicitly
& X3 x3&+xz
632(d)X= X3 Ez Ezg+x1

dXy+x, &d+Z, Ezdﬁz‘{‘z(d:fx)‘{’éa

Then 9;(d)=((E:°)%)g,. Similarly 8,(d)=((E°)?)g, can be defined.
(2) For 8#=C*, define a C-linear transformation 6(8) of J¢ by

& Ox; 6%, 1 0 0
ohX, | 0z, 0%, x: |=De XDy, De=|0 6 0
0'x, x  07%, 0 0 6

Then 0(6)=(E°))g,.

& «x
Now let X:(_ )6(50)9. If £+0 (resp. 7+0), operate d;(—%/&) (resp.
x

Oz3(—x/7)) on X, thelz7 X is transformed to a diagonal form. In the case of
£=1=0, choose d=6° such that (d, £)#0, then 532<d)(2 ]5):(3 % ;, f)), hence
it is reduced to the first case. Thus X is transformed to a diagonal form
EE,+7nE,, £np=1. Moreover choose #§<=C such that 6°=y and operate d(8),
then it can be transformed to E,+FE,. This shows the transitivity. The iso-
tropy subgroup of ((E°)%)g, at E,+E, is ((E:%)?)z=(F,%)’ (Proposition 2.1.3.(4))=
Spin(9, C) (Theorem 2.4.3). Thus we have the hemeomorphism ((E¢°)?)g,/
Spin(9, C)=(S°)°.
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PROPOSITION 3.6.4. ((E°)?)g,=Spin(10, C).

PROOF. Since the group ((E;°)?)g, is connected (Lemma 3.6.3), we can de-
fine a homomorphism 7 : ((E:)")z,—S0(10, C)=SO(V)") by n(a)=al(V°)"°
where

V=32, 6)={X=I(3,8°) | 4E, X (E, X X)=X}
with the norm (E,, X, X). Kerz={l,0}=Z,. Hence n induces a monomor-
phism dr: ((e,°)°)g,~80(10,C).  Since ((¢,9))z,=F. DE e, =1 )e, B2, 6°)
(Proposition 3.1.1) and dimc((es)?)g,)=36-+9 (Theorem 2.4.3)=45=dim¢80(10, C),
dx is onto, hence  is onto. Thus ((E,¢)")g,/Z,=S0(10, C). Therefore ((£:°)")g,
is isomorphic to Spin(10, C) as the universal covering group of SO(10, C).

PROPOSITION 3.6.5. (E°)° has a subgroup ¢(C*) which is isomorphic to the
group C*. Where ¢(8), 8=C*, is the C-linear transformation of J° defined by

0, 6x, 0% 6* 0 0
$(O)X=| 0%, 076 67x,|=S9XSs, Se=|0 6 0].
0x, 0%, 07%, 0 0 g7

LEMMA 3.6.6. The groups ¢(C*) and Spin(10, C) commute in (E°)’ element-
wisely.

PROOF. The restrictions of ¢(8), 8<=C*, to €,°, J(2,€°), (I)., are con-
stant mappings and S Spin(10, C) leaves invariant these spaces. From this we
see that ¢(¢) and B are commutative.

THEOREM 3.6.7. (E°) =(C*XxSpin(10,C))/ Z,, Z,={(1,1), (—1, 0), (i,0/G),
(_i’ '\/F)}'
PROOF ([7]). We define ¢: C*XxSpin(10, C)—(£,°)° by
&0, B)=¢(0)8 .

Then ¢ is a homomorphism (Lemma 3.6.6). We shall show ¢ is onto. For
as(E.°)°, there exists #<=C* such that

aFE,=0'E, (Lemma 3.6.1).

Put f=¢(8)'a, then BE,=E,, hence B=Spin(10, C) (Proposition 3.6.4). There-
fore a=¢(0)f=¢(0, B), that is, ¢ is onto. Ker ¢={(1, 1), (—1, ¢(—=1)), (7, #(—17)),
(=i, 0N} =2Z,. (¢(—1)=0, ¢(i)=+/d (Proposition 3.2.3.(1)). In fact, let ¢(0)p
=1, §=C*, B=Spin(10,C). Operate on E, then @'=1, hence =1, =+i.
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Therefore Ker ¢=2Z,. Thus we have the required isomorphism.

THEOREM 3.6.8. (1) (Escs)’ = R* X Spin(9, 1).
@) (Esce)” =(R* X spin(5, 5)) X 2.

ProOOF. (1) For a=(E )’ there exists E&R*={(=R|&>0} such that
aE,=€E,. In fact, EE=a,E, (€€ C* (Lemma 3.6.1))=tarE,=tEE,, hence t§=§,
that is, & R*=R-—{0}. Moreover £>0. (Although it follows from the connec-
tedness of (Eg:0)° (Lemma 0.7) we will give here a direct proof). As in
Lemma 2.4.1 we have

aE2:7]2E2+7]3E3+F1(y), 72, 7,20, y<6,
ta~1E3:c2E2+C3E3+F1(Z): Cﬁ; CK:/\:O! Z<E(S’ .

Suppose £<0. Then from {E,+{E,+Fiz)="a E,=2'a (E,X E;)=2aE,XaE,
=28E, X (9o Ey+ 03 B+ Fi(9)=Ens By HE9, Es—EF(y) we have 7,=7,=0. Hence
aE,=F(y). Again from 0='a (E,X E))=aE,XaE,:=F(y)XF(y)=—yJE, we
have y:(),‘ ‘a contradiction.

 Now (Egc2))5, =((Es°))e)  =(((Es°)?)z, )" is connected (Lemma 0.7) because
(Es)),=Spin(10, C) (Proposition 3.6.4) is simply connected. The group
((Esc-20)" )5, acts on .

: 3
Ver=(3e, (S,C)),={X=(f )15 7<R, x<6}

x
Ui
with the norm (FE,, X, X)=§&y—xX. We can define a homomorphism
71 (Egeose) )5, 09, De=0V*1),. Kerz={l, ¢}=Z,. As similar to Proposi-
tion 3.6.4, = is onto. Thus (Esc-:)")5,/Z:=0(9, 1),. Therefore (E¢c-209)")e,
is isomorphic to Spin(9, 1) as the universal covering group of O(9, 1),. Let
¢: R*—(Es30)° be the restriction of ¢: C*—(E,%)? defined in Lemma 3.6.5.
Now ¢: R* X Spin(9, 1)=(Esc-20)°, (0, B)=(6)B, gives the required isomorphism
(cf. Theorem 3.6.7).

(2) As in (1), for as=(Esw)°, aE,=&E,, é=R*. In this case there exists
surely a=(Es)’ such that aE,=—E, In fact, p, in Theorem 3.4.5.(4) is
the required one. Now the connected group ((E«)")s,, as in (1), acts on

& n=R, x'S(E),=C}

§ x
Vee=(3, @0>>,r={X=(_, )
7

with the norm (E,, X, X)=§p—=x'%’. We can define a homomorphism
7 (Ese)),— 05, 5)=0(V®%),. Kerax={l, ¢}=Z,. Assimilar to (1) we have
(Eso>")e,/ 2.2 0(5, 5. Therefore ((Esw ")k, is denoted by spin(5, 5) (not simply
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connected) as a double covering group of O(5, 5),. Put (Ese;))e={aE(Eee)°’!
aE,=EE,, §>0}. By the use of ¢ in (1), we see that ¢: R*Xspin(5, 5)—
(Ese))o, P8, B)=¢(0)8, is an isomorphism (cf. Theorem 3.6.7). Thus (Fe)°
=((Ee0) )\ p(Escer)? o= (R* X spin(5, 5))X 2.

THEOREM 3.6.9. (1) (E¢)’=(U1)XSpin(10))/Z,=(Esc-10))°.
(2) (Eo)?=(U(1)Xspin (6, 4))/ Z..
B) (Es-10)'~(t2a") =(UQ) X spin (8, 2))/ Z,.

PROOF. (1) For acs(Ey)’, EE,=akFE, (£eC* (Lemma 3.6.1)=c'a 'rE,=
(t€)7'E,, hence &(ré)=1, that is, EcU(1)={(=C |€(r&)=1}. (Ee)*)g,=(((E®))g, ) ?
is connected as in Theorem 3.6.8. (1). The group ((E¢)")g, acts on

X

3
V”:{XES’CIZEIXX“———TX}:{( )IEEQ xE@}

—&

=

with the norm <X, X>/2=&(&)+x%. We can define a homomorphism
71 (Es)")p,—SO0(10)=SO(V*). Kerz={l,6}=2Z,. Since (e;)°=(f,)"PBiI(3, €),)°
(Proposition 3.1.1) and ((es)")E,:(h)“EBig(Z, €)o, dim ((¢¢)?)z,=36+9=45=dim 80(10),
hence 7 is onto. Thus ((E¢)?)g,/Z.=SO(10). Therefore ((Ee)”)g, is isomorphic
to Spin(10) as the universal covering group of SO(10). (In reality (Ee))p,=
(Eo)g). Thus ¢: UL)XSpin(10)—(Ee)°, (6, B)=¢(8)8 where @(8) is one defined
in Lemma 3.6.5, induces the required isomorphism. (Eg_.y)°=(vi6)°=(z2)°.
(2) For a<S(Ee¢w)’=(rAr)’, aE,=£E, &cU(l). The connected group
((Es»)"),, as in Theorem 3.6.8. (1), acts on '
I
V“"‘:{XESC|2E1><X=——17’X}:{(

7!

)[Ee C, ' (69, =C'}
X

—r€
with the norm <X, X),/2=£(z§)+x'%’. As in (1), we have (Ee) g/ Z =
0(6,4),=0(V**),. Therefore (Eswx)")s, is denoted by spin(6,4) (not simply
connected) as a double covering group of 0(6,4),. Thus ¢: U(1)Xspin(6,4)—
(Eswy)?, (8, B)=¢(0)B, induces the required isomorphism.

(3) Ee(—u):(Eec)“og(EeC)ﬂw
because g~¢’ under 0= F,CE,: d6=a'd, dtA=7Ad (Proposition 2.2.3). For ac
(ECy* "y =(r2a')’, aE,=EE,, £€U(1). The connected group ((r40’)?)g, acts on

& «x
V”={XES‘CIZExXXZT"’X}:{(_

X T

)lEeC,xe(&}

with the norm <X, X>,./2=&(&)—x%. . As in (1), we have (tde") g,/ Z,=
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0(8,2),=0(V*?), Therefore ((rig')?)y, is denoted by spin(8, 2) (not simply con-
nected) as a double covering group of O(8,2),. Thus ¢: U1)Xspin(8, 2)—(rda’)’,
(0, B)=¢(6)B, induces the required isomorphism.
THEOREM 3.6.10. (Eﬁ(z))“w(rlp)"z(U(l)Xspin*(IO))/Zz(TRTp)”N(Em-m)".
PROOF. Esy=(E yr=(EL )4

because y~p under 8< E,: §7=p0, dti=rid (Proposition 3.2.3). Asin Theorem
3.6.9, for a=((E°)**) =(1p)°, aE,=EE,, £cU(1) and the group ((zAp)")E, 18
connected. The group ((r4p)”)g, acts on

52 X
(VOyo=%(2, @C):{X:< )xgz, &eC, xE(S/C}
x &

with the norm (E;, X, X)=6&,&,—x% and the inner product {X,Y),. Here

&, x s Y —&, —iix\ (n. ¥
<X, y>,,=<( ) (77 )> :(f< i ) (/ )>
-i 53 57 773 0 Zfl’ 63 y 7}3

Vi
=—(t&)n+(x&)ys+ 2 x, y)=(7§, TX>S( )
y

where £§=(&,, &), =(7,, 7. and S:diég(—l, 1, 2i], 2i], 2i], 2:))e M (10, C). By
the following coordinate transformation

E,=iS, S5, E3=iSs—Sy, 7pa=itstty, 7s=ila—ls,
we have £,6,=—s,%2—5s,%, —(TEZ>772+(Té3)ﬁ3:2i(_(T53)tg+(‘['$z)tg>. Hence (£, X, X)
=—(s, DE( ) and <X, ¥,=(zs, Ttxzz'])(;) where s=(s, $5), t=(ts, ;). This
shows that we have an isomorphism
{asIsoc(VOO(E,, aX, a X)=(E,, X, X), {aX, a¥Y),=<(X, Y>,}
= (A= M10, O)|'AA=E, JA=(zA) J} =0*10)=0*(V)*).

Thus we can define a homomorphism 7 : (740)%)z,—~SO*(10)=(0*(10)), by n(a)=
al (VO Kerr={l, ¢}=2Z, As similar to Theorem 3.6.9 (r20)")g,/Z.=SO*(10).
Therefore ((rAp)")g, is denoted by spin*(10) (not simply connected) as a double
covering group of SO*(10). And gb:U(l)Xspz’n*(lO)ﬁ(er)", (6, B)=n(0)8,
induces the required isomorphism as in Theorem 3.6.9.

Ee(—u):(EaC)r“ ;(ESC)rlrp

because o~7p under 8= E,: do=7p0d, 6tA=140 (Proposition 3.2.3). To determine
the group ((ESy¥¥*) )y, =((zArp)")g,, consider the space (VOr=(2, 6% with
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the norm (E,, X, X)=£¢,—x% and the inner product <X, Y ,,=@rpX V)=
(z¢, 17’x)S<Z)=(TE, Tx>s'(;7) as above, where S'=diag(—1, 1, 2i, 2iJ, — 2], —2i])
€M(10, C). Since J and —] are conjugate in O(2) (see Proposition 0.4), by a
suitable coordinate transformation, we have <X, YD, o=(zs, 7x')(24 j)(;,). This
shows

{a€lsoc(VOY)(E,, aX, aX)=(E,, X, X), (aX, a¥ >,,=<(X, Y ),,} =0%(10).

Hence by the same arguments just as before we have the isomorphism (riyp)’
=(U1) X spin*(10))/ Z,.

Appendix

The Cartan decompositions of the exceptional universal linear Lie groups of
type G,, F, and E, are given as follows.

G,: simply connected compact Lie group of type G,
ZC: szRlAi’

G =(Sp(IXSPH(1))/ Z, X R?,

F,: simply connected compact Lie group of type F,,

F°~F xR,

Fio=(Sp(L)XSp(3))/ Z, X R*,

Fic-20,=2 Spin(9) X R,

E,: simply connected compact Lie group of type E,,

Ef=E,XR®,

Esy=Sp(4)/ Z, X R*,

Esoy=(Sp(1)xSU(6))/ Z. X R*,

Ei1o=(UQ)XSpin(10))/ Z, X B*,

Eq oy =F, X R,
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