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REALIZATIONS OF INVOLUTIVE AUTOMORPHISMS a

AND G° OF EXCEPTIONAL LINEAR LIE GROUPS G,

PART I, G = G2. F4 AND E6

By

Ichiro Yokota

M. Berger [1] classifiedinvolutive automorphisms a of simple Lie algebras

g and determined the type of the subalgebras Qa of fixed points. Now for

connected exceptional universal linear Lie groups G, we shall findinvolutive

automorphisms a and realize the subgroups G" of fixed points explicitly. In

this paper we consider the cases of type G2t F4 and E6. Our results are as

follows. (Results of E7 will be soon appeared in this Journal).
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The proofs of some theorems about the complex Lie groups are somewhere

obtained by the modificationsof the preceding papers [4]~[7], but we give

their proofs again. Notation~in Theorems, for example, (G2(2))r~(T?'c)rin

Theorem 1.3.5means (G2^)5'lr5^((G2c)Trcyforsome 8^G2. Finallythe author

would like to thank Takeshi Miyasaka, Toshikazu Miyashita and Osamu Shuku-

zawa for theiradvices and encouragements.

0.1. Notations and preliminaries.

Let R, C=RRRi (i2=-l) and H=CRCj (j*=-l) be the fields of real,

complex and quaternion numbers, respectively. We define J?-algebras

C'=RRRi, i'2=l,

H'=C'@C'j, ?=-l, 'H=C@Cj', /≫=1,

called the algebras of split complex numbers and split quaternion numbers,

respectively. H' and 'H are isomorphic as algebras.

For a vector space V over R, its complexification ＼u-＼-iv＼u,v^.V) is denoted

by Vc. For an i?-linear transformation /: V―>V, its complexification fc: Vc―>

Vc is written by the same notation /. The complex conjugation in Vc is

denoted by t :

v(u-＼-iv)=u―iv, u, ysF.

The complexification of R is brieflydenoted by C : C=RC. The complexifica-

tions C°,Hc of C, Hhave algebraic structures over C. Note that these algebras

have the natural conjugations", for example, a+bi―a―bi, aJ＼-bi<^CRCi=Cc.

We use the following notations.

M(n, K) (resp. M(n, m, K)): all of nXn (resp. nXm) matrices with entries

in K, K=R, C, C, H, H', 'H, C, Cc, Hc etc..

E: the nXn unit matrix (n is arbitrary).

/ ° X＼
/≪=diag(/, -,/)eM(2n, R) where /= , /B=diag(/, -, /)e=M(2n, R)

A °＼ /° i＼ ^~1 °^

where /= and /'= . Hereafter the suffices n of Jn, In will be
＼0 -1/ ＼1 0/

omitted (so /, will have ho confusions with the following /,).

A=diag(-1, 1, 1, ･･･),/8=diag(-l, -1, 1, 1, ･･･),- ^M(n, R).

r,=diag(j, 1, 1, ･･･),A=diagO＼ i, 1, 1, ･･･),- eM(n, C).
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For a vector space V over K―R, C, Iso^(F) denotes allof /f-linearisomor-

phisms of V. Fora if-lineartransformation /of V, Vf denotes {v^V＼f(v)=v}.

When V has the non-degenerate inner produdt (u, v), for a /^-linear trans-

formation of / of V, lf denotes the transpose of /: (£/(w)>v)=(u, f(v)).

Zr (resp. Zr): the cyclic group of order r.

Let G be a group. For a, b^G, a^b means that a and b are conjugate in

G : da―bd for some d^G.

For a topologicalgroup G, Go denotes the identity connected component and

G = G0X2 means that G has two connected components. When G is a transfor-

mation group of a space X, Gx denotes the isotropy subgroup of G at xgI:

Gx={g^G＼gx=x}.

If two groups G, G' (resp. algebras A, A') are isomorphic: G = G' (resp.

A ^A'), then G, G' (resp. A, A') are often identified: G = G' (resp. A = A').

We arrange here some of classicalLie groups used in this paper.

SL{n, K)={A^M(n, K)＼detA=l}, K=R, C, C, Cc,

SO(n, K) = { AtEM(n, K) ＼lAA=E, detA=l}, K=R, C,

O(m, n-m) = { A(=M(n, R) ＼tAImA=Im },

S0*(2n) = { AeM(2n, C) ＼lAA=E, JA={tA)J, detA=l},

SU(n, K)= { A^M(n, K) ＼A*A=E, dety4=l}, K=C, C, Cc,

SU{m, n-m, K)= { A^M(n, K) ＼A*ImA=Im> detA=l}, K=C, C, Cc,

SU*(2n, K)={A^M(2n, K)＼ JA=AJ, detA=l}, K=C, C", Cc,

Sp(n,K)={A<=M(n,K)＼ A*A=E),K=H,H', 'H, Hc,

Sp(m, n-m, K)={A<=M(n, K)＼ A*ImA=Im}, K=H,H', Hc,

Sp(n, K) = {ieM(2n, K) ＼lAJA=J), K=R, C

where lA is the transposed matrix of A and A* = lA. Usually the following

notations are used.

SO(n)=SO(n, R), SU(n)=SU(n, C), SU(m, n-m)=SU(m, n-m, C),

SU*(2n)=SU*(2n, C), Sp(n)=Sp(n, H), Sp(m, n-m)=Sp(m, n-m, H).

The Lie algebra of a Lie group G is denoted by the corresponding German

small letter g. For example, §u(n) denotes the Lie algebra of SU(n).

Lemma 0.1. UCn, C')^U(m, n-m, C')=GL(n, R).
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Proof. /: GL(n, R)= {A^M(n, R)＼detA^0}^U(n, C')=|BeM(n, C')＼

B*B = E},

f(A)=sA+etA-＼ e= -i-(l+iv)

is an isomorphism (note s2= e,£2=e,££=0,£+s=l). The inverse mapping

/-1:U(n, C')-*GL{n, R) of / is given by f-＼P+Qi')=P+Q, P, Q^M(n, R).

Similarly,f:GL(n, R)-+U{m, n-m, C')={B(=M(n, C')＼B*ImB=^Im}, f(A)=

eA+elm'A'1^, is an isomorphism.

Proposition 0.2. (1) SU(n, C')=SU(m, n-m, C')=SL(n, R), SU*(2n, C)

= SL(2n, R).

(2) SU(n, Cc) = SU(m, n-m, Cc)=SL(n, C), SU*(2n, Cc)=SL(2n, C).

Proof. (1) The restriction/ : SL(n, R)-*SU(n, C) of / in Lemma 0.1is

an isomorphism. In fact, the calculationsof det(f(A))―l,A<=SL(n, R) and

det(/"1(fi))=l,BtESU(n, C") follow from

Lemma 0.3. (1) For A, B^M(n, R), we have

det(eA+eB)=s det A+e det 5, e=-J-(l+i').

(The aboveis alsovalidfor A, B^M(n, C) and s +≪)).

(2) Let P(xu ･■･, xm) be a polynomial with integral coefficients.If

P(Pi+qii',■■■,pm+qmi')=l for pt+qd''<£RRRi' = C {resp.pi+qiii^C^Cii^

Cc), then P{pi-Vqu - , pn+qm)=l.

Similarly, / : SL(n, R)~^SU(m, n-m, C), f(A)=sA+eImtA-1Im and /:

SL(2n, R)-^SU*(2n, C"), f(A)=eA-eJAJ where s=j(l+i'), are isomorphisms,

respectively.

(2) These are corollaries of (1). In fact, for example, /: SL(n, C)-≫

SU(n, Cc), f(A)=eA+StA~1 where s=y(l+u), is an isomorphism.

Proposition 0.4. (1) Sp(n, H')=Sp(m, n-m, H')=Sp(n, R).

(2) Sp(n, Hc) = Sp{m, n-m, Hc) = Sp(n, C). In particular, Sp(l, H') =

Sp(l, R)=SL(2, R), Sp(l, Hc)^Spa, C)=SL(2, C).

Proof. (1) Let k': M{n, #')-> { 5eM(2n, C") IJB = BJ] be the algebraic

.^-isomorphism defined by
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a, b^C>

Sp(n, H')―>Sp(n, R) is an isomorphism. In fact,

H>) = { D^M{n, H') | D*D=E }

k'

―> { B<EM(2n, C) | B*B=E, JB=BJ)

=:{B^U(2n,C')＼tBJB=J}

f1

―>{AGM(2n, R) | tAJA=J) ((Lemma 0.1)=Sp(n, R).

k'
Similarly, Sp(m, n~m, H')= { D^M(n, H') ＼D*ImD=Im } ->{ B^M(2n, C) ＼

B*hmB=I2m, JB=BJ} ={BeM(2n, C")I B*I2mB = I2m> *5//2mB = //2jIl}(since

/ and JItm are
1°

conjugate in O(2n): JJ J=JI2mJm' where Jm'-d'mg(J', ･･･,/,

1
by the correspondence B-^Jm'BJm')={B<EM(2n,C')＼

0/ /_1

B*I2mB=I2m, tBJB=J] = { B^U(2m, 2n-2m, C) ＼lBJB^J}^ {A<=M(2n, R) |

tAJA=J}=Sp(n,R).

(2) These are corollariesof (1).

0.2. Automorphisms of a group.

Let G be a group and a an automorphism of G. G°denotes | ^gG | <rg=

g}. For sgG, s denotes the inner automorphism induced by s: s(g)―sgs~＼

g^G, then G^={g^G＼sg―gs}. Hereafter G~swillbe written by Gs. More-

over when G is indicated,G", Gs willbe written by a, s, respectively.

Lemma 0.5. Let au a2, a3 are involutive automorphisms of a group G satis-

fying aiffj―ajdi, then

((P<7i)<72―(G"2)ai, (Gffl"2)<Tl=(G<r2)CTl, (Qaiazy2ai―(Gaiai)"'2-i;z.

By the simple representation, these are written by (oi1)<72=(o-2)ffl,(o"iO"2)<7l:=(o"2)ffl,

(ffiffsY2"3―(<r1<r2)CT2<73,respectively.

For a given group G and an involutive automorphism a of G, our aim is to

determine the group structure of Ga. After this, for a homomorphism (J>:G'―>

Ga of groups, it needs often to prove that <p is well-defined and onto. When

G', G" are Lie groups, these properties can reduce to their Lie algebras, that is,

Lemma 0.6. Let <p: G'―>Ga be a homomorphism of Lie groups.

(1) When G' is connected, if d<p: g'―>gCTis well-defined, then (p is so

(2) When G" is connected, if d<p: g'-~>Qais onto, then <b is so.
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To use Lemma 0.6.(2), the following Lemma is useful.
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Lemma 0.7 (E. Cartan-P.K. Rasevskii [3]). Let G be a simply connected

Lie group and a an involutive automorphism of G, then Ga is connected.

In the following we will somewhere try to give elementary proof not using

Lemmas 0.6,0.7. The author thinks that the elementary proof finds out occasio-

nally essential properties of the group G".

Group G2

1.1. Cayley algebras and Lie groups of type G2.

Let $=HQ)He be the divisionCayley algebra with the multiplication

{m+ae){n+be)―{mn―ba)-＼-{an-＼-bm)e,

the conjugationm+ae-―m ―ae and the inner product (m+ae, n+be)=(m, n)+

(a, b)(=j((mn+nm)+(ab + bd))). Another Cayley algebra &=H@He', called

the split Cayley algebra, is defined as the algebra with the multiplication

(m-＼-ae')(n-＼-be')=(mnJrba)-{-(an-f- bm)e',

the conjugation m+ae' ―fn ―ae' and the inner product (m+ae', n-＼-be')=(m, n)~

(a, b).

The connected linear Lie groups of type G2 are obtained as the automorphism

groups of the Cayley algebras, respectively.

G,C = GMC) = { ≪elsoc(Rc) | a(xy)=(axXay)},

G2=G2(@) = { aelsoii(6) i a(xy)=(axXay)},

G2C≫ = G2(6')= {≪elso≪(6') | a(xy)=(ax)(ay)} .

(Similarly the group G2(HC) is defined). G2C, G2 are simply connected (see

Appendix).

1.2. Involutions of Lie groups of type G2.

We definei?-lineartransformationsy, yc,Th of S by

Y(m+ae)=m―ae, m+ae^HRHe―^,

Tc(m+ae)=rcm+(rca)e, rn(m+ae)=rHm+(rna)e

where Tc In : H~^H are definedas Tc(x+yj)=x+yj, Ya(x+yj)=x―yj, x+yj(=

CRCj=H, respectively.Then r,7c Th^G2(ZG2g and y2=yc^=ya2 = ＼.
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Lemma 1.2.1. (1) (H%=H, {Hc)tTc^H', (Hc)TTh^'H.

(2) (6^=6, ( %=(!'.

Proof. For example, the correspondence

(Ec)rv9rn+we ―> m+ae't=& (m, a^H)

gives an isomorphism as algebras.

The semi-linear transformations r, rf of Sc induce involutive automorphisms

r, 7y of G2C:

r(tf)=rar, Tr(a)=TYa?T, a<=G2c.

Theorem 1.2.2. (G2c)r=G2, (G2C)T)'=G2(2).

Proof. ((G2c)r,(Gzc)Tr mean (G2c)f,(G2cr, respectively). These are direct

results of Lemma 1.2.1.(2).

Proposition 1.2.3. J, yc, Th, TTc TTh are conjugate in G2 with one another

(moreover T is conjugate to the others under 5=5"'eG2).

Proof. Define four i£-linearisomorphisms 8: (S―>Gtsatisfying <5(1)=1 and

i

J

k

e

j

i

ie ―> ―ie

je ―> -k

ke ―> ―ke

i ―> i

j―> e

k ―> ie

ie ―>

J

k

je ―> -je

ke ―> ―ke

i ―> ie

j ―* J

k ―> ―he

2 > ― 2

le ―>

je ―>

i

je

i i

J ―> je

k ―> ―ke

ie ―> ―e

ie ―> ―ie

je ―> j

ke ―> ―k ke ―> ―k

where k=ij, respectively. Then 5=^'gG2 and 8y=TcS, dT―yHd, dy―yycd,

dr=rrHd, respectively.

1.3. Subgroups of type CiRCx of Lie groups of type G2.

Proposition 1.3.1. G2(Hc)^Sp(l, C)/Zt.

Proof. We define<b:Sp(l,HC)->G2(HC) by



Realizations of involutive automorphisms
193

(p(q)m-qmq, m^Hc.

It is clear that <]>is well-defined and a homomorphism. We shall show <p is

onto. Let a^G2(Hc). Since Hc is a central simple C-algebra, by Noether-

Skolem's theorem, there exists an invertible element q(=Hc such that am=qmq~＼

m^Hc. We may assume qq = l, that is, q^Sp(l, Hc). Hence <p is onto.

Ker0={l, -1}=Z2. Thus we have G2(Hc)=Sp(l, Hc)/Zs=*Sp(l, C)/Z2

(Proposition 0.4).

Theorem 1.3.2. (G2cy=(Sp(l, C)xSp(l, Q)/Z2> Z2={(1, 1),(-1, -1)}.

Proof ([5]). We define <p:Sp(l, Hc)xSp(l, Hc)^(G2c)r by

<p(p, q)(m+ae)=qmq+(paq)e, mJrae^Hc@Hce―^F.

It is easy to verify that <p is well-defined and a homomorphism. We shall show

(p is onto. Let a^(G2c)r. Since (&c)r=Hc is invariant under a, a induces an

automorphism of Hc. Hence there exists q^Sp(l, Hc) such that

am=qmq, m^Hc (Proposition 1.3.1).

Put p=<l£l,q)-la, then /3e(G2c7 and /3|iJc=l. Since (Sc)-r=Fce is also

invariant under /3, we can put

^e-pe, p^Hc.

p^Sp{l, Hc) because -l=p(ee)=(pe)(pe)=(pe)(pe)=-pp, and /3(m+ag)

― m-＼-a(^e)=mJra(pe)―m+(pa)e=^(p(p, l)(m+ae), that is, ft=<p(p, 1). Hence

a-(p(l,q)^(p{l, q)<p{p,l)=(p{p, q). Therefore <p is onto. Ker^={(l, 1),

( ―1, ―1)}=Z2 Thus we have the required isomorphism. (Remark. (Sp(l, C)X

Sp(l, C))/Z2 = SOU, C)).

Lemma 1.3.3. <p:Sp(l,Hc)xSp(l, IIC)->G2C of Theorem 1.3.2satisfies

(1) 7=#-l, 1), rc=<pU,J), TH=<Ki,i)-

(2) T(p(p,q)t=<p(Tp,zq), Tc<p(P,q)Tc=^(p(7cp,TcQ).

Theorem 1.3.4. (G2y^(S/>(l)xS£(l))/Z2=(G2(2)y.

PROOF. (G8y=((G8c)r)r(Theorem 1.2.2)=((G8cy)r(Lemma O.5)=(#S/>(1,Ifc)

XS/>(1,̂ c)))r(Theorem 1.3.2).Hence for≪e(G2/ there existp, q^Sp(l, Hc)

such that a=(p{p, q). From the conditionra=ar, we have ^>(/>,q)=a=Tar=

r(p(p,q)z―(p{vp,rq)(Lemma 1.3.3).Hence

Tp―p, tq―q or rb ――p, vq=―q.
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The latter case is impossible. In fact, put p=ip', p'<=H, then l = pp =

(ip')(lp~')=―pif>''<iO,a contradiction. Therefore p, q(=Sp{l). Thus (G2)r=

{(JiSpil,Hc)xSp(l, HC))Y = <p(Sp(l)X Sp{l)) = (Spa) X Spa))/Z2. (Gtwy =

((G2cTry (Theorem 1.2.2)=((Gac)r)r(Lemma 0.5)^(S/>(1)XS/>(1))/Z2 (as above).

(This factis written as (G2f2)y=(rry=(r)0. (Remark. (S6(1)xS/>(1))/Z2=*S0(4)).

Theorem 1.3.5. (Gtwy~(trcY=(Sp(l, R)xSp(l, R))/Ztx2.

Proof. G2m=(G2cy^{G2cy?c.

In fact, since y and yc are conjugate in G2: §T―TcS, 8z=t8 (Proposition 1.2.3),

the correspondence (G2cyr=>a->dad~1^(G2c)Trc gives an isomorphism. Now let

a^((G2c)rrc)r! a=(p(p, q), p, <?eS/>(l,Hc) (Theorom 1.3.2). From the condition

Tycot―aTyc, we have (pirycp,zycq)=<p(p, q) (Lemma 1.3.3).Hence

rycp-p, rycq=q or tycp ――p, rycq―-q-

Therefore p, q^Sp(l, H1) or p, q<=iSp(l, H1) (Lemma 1.2.1). Thus ((G2c))Trcy^

(Sp(l, H')xSp(l, H')＼JiSp(l,H')xiSp(l, H'))/Z2=(Spa, R)XSpQ, R))/ZSX2.

((j)(i,i)=yH). (Remark. This group is isomorphic to the group SO(2, 2)―

IA(EM(4. R)＼tALA=L.detA='-l＼).

Group.FA .

2.1. Jordan algebras and Lie groups of type Ft.

Let K be H, Hc, (£,6' or (Sc. %K) denotes one of the Jordan algebras

.3(3,K)={X<eM(Z, K)＼X*=X],

3(1, 2, 7^)= {ZeAf(3, K) ＼IxX*h=X}

with the Jordan multiplication X°Y, the inner product (X, Y) and the trilinear

form tv{X, Y, Z):

X≫Y=^XY + YX), (X,Y)=tr(X°Y), tr(X, Y, Z)=(X, Y°Z).

In 3(AT), we define another multiplicationIX F, called the Freudenthal multipli-

cation, bv

XxY=^(2X*Y-tr(X)Y-tr(Y)X+(tr(X)tr(Y)-(X, Y))E)

and the trilinearform (X, Y, Z), the determinant detZ by

(X, Y, Z)=(X, YXZ), detX=j(X, X, X)
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The algebra 3(K) with the Freudenthal multiplication XxY and the inner

product {X, Y) is called the Freudenthal algebra. In 3(K), we have relations

X°{XxX)=(detX)E, (XxX)X{XxX)=(detX)X.

An element Z<=3(3, d) has the form

X=X<&, x)=

(?1 %& %2

Xs £2 X＼

X* Xi So

$i^R, XiG(£.

We correspond such X≪se3(3,g) to an element M+ae3(3, H)Q)H3 such that

m3

＼m2

m8 m2

+(au at, a9)

where xt=mt + aie^HRHe=(S,. Then 3(3, H)RH* has the multiplicationand

the inner product

(M+a)X(N+b)=(MxN-ha*b+b*a))-j(aN+bM),

where (a, 6)=

(M+a, N+h)=(M, N)+2(a, b)

-^-(a&*+&a*)=Ttr(a*&+&*a), corresponding those of 3(3, R), that
z z

is, 3(3,<£)is isomorphic to 3(3,H)RH3 as Freudenthal algebra. As for 3C=

3(3,Rc), the same arguments are valid as above: 3(3,(£c)=3(3,HC)R(HC)3.

In 3(3,in we use the following notations.

1

£,= 0

0

0

FM= 0

0

E2=

F,(x)=

0

0

0

f

＼x

0

1

0

0

0

0

0

0

X

0

0

0

£3= 0

0

0

F8(x)= x

0

0

0

0

0

0

1

The tables of the Jordan and the Freudenthal multiplications among them are

given as follows.
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EtoEj=Q, i±j,

(x, yXEi+l+Ei+i), Fi(x)<>Fi+l(y)=jFi+2(xy),

EiXEt=O,

EtXFt(x)=~Ft(x),

Ft(x)XFi(y)=-Cx, y)Ei

EixEi+l――Ei+z,

EiXFj(x)=Q, ii-j

Ft(x)xFt+1(y)=jFi+s(x~y)

where the indexes are considered as mod 3.

The connected linear Lie groups of type Ft are obtained as the automorphism

groups of the Jordan algebras, respectively.

F/=F4(3(3, <£c))= { a£Elsoc(3(3,cc))| a{X° Y)=aX°aY},

F4=F4(S(3, (5))= {aelso*(3(3, <£))|a(*o F)=aXo≪F},

/?≪≪= ir4(3(3,R0)= {≪elsoj,(3(3, <£'))I ≪(I°F)=aI"≪r},

/r4c-20)=F4(3(l,2, <£))= { aelsOflCSU, 2, 6)) | a(X- Y)=aX°aY} .

(Similarly the group ^(3(3, Hc)) is defined). F4C, F4> FiC-2n are simply

connected (see Appendix). The group F4C naturally contains G2°as a subgroup,

that is, for aeG2c, define a : 3C-^3C by

&X(g, x)=X(t-, ax) where ax―a{xl} x2,xs)=(axu ax2, axs),

then G2c^{fi＼a(EG2c}c:F4c. Similarly G2cF4, G2(2)cF4(4)) G2cF4(_20).

Lemma 2.1.1. For a(Elsoc(3c), the following three conditionsare equivalent.

deta^=detyY, (aX, aY, aZ)=(X, Y, Z), aXXaY=la~＼XxY),

for X, Y, Zge3c.

Lemma 2.1.2. For ≪eF4c, we have aE=E and tr(aX)=trCY), Ig3c.

Proof ([4]). aE=E is trivial. Next we use the identity X°(XxX)=

(detX)E, that is,

Xo(XoX)-tr(X)X2+htr(Xy-tr(X*))X=(detX)E. (i)
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Apply (i) to aX and then operate a'1 on it, then
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X°(X°X)-tv(aX)X2 + j((tr(aX)Y-tr((aX)2)))X=(detaX)E. (ii)

By substruction(i)-(ii)we have

(tr(aX)-tr(X))X* + j(tr(Xy-(tr(aX)f+tr((aXr)-tr(X*))X

=(tetX-det(aX))E.

Note that as an additivegeneratorof 3C we can choose c={£*, Fe3c|tr(F)=

detF=0, diagF=0, F* = Et + Ei+1,i=l, 2, 3}. Now for Fec,

tr(aFXEi + Ei+1)+j(~(tr(aF)f+tr((aFY)-2)F=-(dQt(aF))E.

Compare each term of both sides, then we have tr(aF)=0 (=tr(F)) and

tr((aF)2)=2. Hence tr(a£<)= tr(≪(£-Ff(l)2))= tr(E)-tr((aFi(l))8)=3-2=l =

tr(Ei),i=l, 2, 3. Consequently tT(aX)-tr(X) for X(E%C.

Proposition 2.1.3.

Ff = {a(El$ocOc)＼a(X°Y)=aX°aY}

= {aeIsocC3c) I tr(aX,aY, aZ)=＼x{X, Y, Z),(aX, aY)=(X, Y)}

= {≪e!soc(Sc)ldetaX=detX, (aX, aY)=(X, Y)}

= {≪geIsoc(Sc)I detaX=detX, aE = E}

= {≪eIsoc(Sc) <x(XxY)=aXXaY＼.

(1)

(2)

(3)

(4)

(5)

Proof. (l)->(2) (aX, aY)=tr(aX°aY)=tr(a(X<>Y))=tr(X°Y) (Lemma 2.1.2)

=(X, Y). tv(aX, aY, aZ)=(aX, aY'aZ)=(aX, a(Y°Z))=(X, Y°Z)=tr{X, Y, Z).

(2)->(l) {aX°aY, aZ)=tr(aX, aY, aZ)=tr(X, Y, Z)=(X°Y, Z)=(a(X"Y), aZ)

holds for all aZ, hence aX°aY=a{X°Y).

(2)―>(3) Since we have already known (2)-^(l), we can use tr(aX)―tr(X)

(Lemma 2.1.2). Now 3detaX=tr(aX, aX, aX)--^tr(aX){aX, aX)+^-tr(aXy=

tr(Z, X, X)-~tr{XXX, X)+4"tr(Z)3-=3detX

Li Lt
(3)->(5) {a(XxY), aZ)={XxY, Z)=(X, Y, Z)=(aX, aY, aZ) (Lemma2.1.1)

=(aXXaY, aZ) holds for all aZ, hence aXXaY=a(XxY).

(5)->(4) (detaX)aX=(aXXaX)X(aXXaX)=a((XX X)X(XX X))=

(detX)aX, hence detaA"=detX Next, in aXXaE―a{XxE)=-^a{tr{X)E-X),

put aE=P=P(p, p), then
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aXxP= jtr(X)P-^aX (i)

Put X=a lEi in (i) and compare each term of both sides, then

O=/*|0i ―1, pa=ftpit p2~{lps, ―pi―flpi, ^~[ip2, Q=[ips

where fx―tt(a~1Ei). Consequently we have p2=p3=0. Similarly p!=0. Again

put X=a~1F1(l) in (i) and compare /vparts, then pt=l. Similarly ^2―^3―1.

Thus aR―R.

(4)->(2) tr(aX)=(aX, E, E)={aX, aE, aE)=(X, E, E)=tr(X),

(X, Y))=(X, Y, E)=(aX, aY, aE)=(aX, aY, E)=

-I,
~2C

＼

|(tr(Z)tr(F)

tr{aX)tr{aY)-(aX, aY))

tr(A")tr(K)-(a*, aY)＼ Hence (aX, aY)=(X, Y). Finally using (X, Y, Z)=

trC*, Y, Z)-^tr{X){Y, Z)~jtr(Y)(Z, X)-jtr(Z)(X, Y)-jtr(X)tr(Y)tr(Z),

we have tr(aX, aY, aZ)=tr(X, Y, Z).

The Lie algebra f/ of the Lie group F4C has the following structure.

Proposition 2.1.4([2]). ＼ic=＼c@{mcy

where bic={8(E＼ic＼8Ei―0)i=l, 2, 3} is the complex Lie algebra of type

D4, (bic)-=|A£M(3, $c)＼A* = -A} and for AtE(tttcy, A is the C-linear transfor-

mation of 3C deiined bv AX=AX-XA, X(^?sc.

2.2. Involutions of Lie groups of type Ft.

We define J?-linear transformations y, a, a' of 3(3,(S) by

rX=rX(£, x)=X(e, rx), XeS(3, (5),

£i ― x3 ―x

x3

2

1 ―

3

fi Xs ―X

IiXIlf a'X― xs 62 ―x

― x≫ ― x 1 if

2

1

3

12 XL

respectively. Then T^G2czFiczFic, a, ff't^cf/ and f-=a2=o'2 = l. Let x

be the complex conjugation in 3C with respect to 3(3,(£),then r, rf, rcr induce

involutive automorphisms r, rT, to of F4C :

Lemma 2.2.1. (3C)T=3(3, g),(3%=S(3, R'),(3c)r≪r=*3(l,2, 6).

Proof. The firsttwo are trivial(Lemma 1.2.1.(2)). The correspondence
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(3C)r,3 ix3

2 Xo
*i fa

Cl ^3 #2

―* -xa £2 Xl G3K1, 2, 6)

-^2 ^1 ^3

$i^R, X(GK, gives an isomorphism as Jordan algebras.

Theorem 2.2.2.(FAcy=F<, (F4C)^F4(4),(W = iV-2<o

Proof. These are directresultsof Lemma 2.2.1.
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Proposition 2.2.3. (1) J and jo are conjugate in F4: dy―jad {moreover

under <5eF4 such that da = <rd).

(2) a and a' are conjugate in F4: ha ―a'h {moreover under 5=5"1gF4).

Proof. (1) Define d :3(3, S)-≫3(3,<£)by

dX=

e

― exa

x3e

£

2

XGo. Q2C＼Q

x2e

―exxe

I1

=DXD, D=＼ 0

＼0

Then 8^Ft, dr=7od and de = ad.

(2) Define <5: 3(3, <£)->3K3,@) by

?3 %i .%2

5Z= xx ^2 ^3 =DXD, D

Xz X3 Ci

Then 8=8~1^Fl and 8a = a'8

0

e

0

/O 0

＼l
0

1

0

0

0

0

e

2.3. Subgroups of type C^Cs of Lie groups of type F4.

Lemma 2.3.1. Any element M^S{3, Hc) such thatM*=M, tr(M)=l can be

transformed to any Et by a certainA^Sp(3, Hc): AMA*=Et (i=l, 2,3).

Proof. Since Sp(3,Hc) containsthe subgroup S/>(3),we may assume

fii ims im2
fti^C, nii<=H,

M= ims pt2 iml ,

im2 imx fis

The conditionM2=M is
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u12~m2m2―msm3 ― m2mlJci(ul-ir u^m^

―fhifh 3+^3+i"i)m2

fi22―msm3―mim

* ≪32―m,mi- mzfhz

Compare the diagonals, then each fit is real. Hence we have

m1m2=mims=msmi=0, [i{mv=pim2 ―fisms=O.

If mi=m2=m3=0 Lemma is clearly valid. Otherwise, for example, in the case

m^O, we have rai=m2=0, ul + u2=l, ≪3=0. Hence M has the form

M=
VOQ/ ＼im v / _, / . /―＼＼J ＼J' ＼l111 V '

_ .
/

.
/

this M can be transformed to Ex by (
m(_

.~- "V)eS,&(2, ^c). If j≪<0,

v>0, then M can be transformed to £2. Finally note that Eu E2) Ea are trans-

formed by Sp(3, Hc) with one another. Thus Lemma is proved.

Proposition 2.3.2. ^(3(3, Hc))=Sp(3, C)/Z2.

Proof ([6]). We define <p:Sp(3, iJc)^F4(5(3, Hc)) by

<^A)M=AMA*, M^X3,HC).

It is clear that (pis well-defined and a homomorphism. We shallshow <pis onto.

Let ≪eF4(S(3, Hc)). Since a£,e3(3, Hc) satisfies(aEi)2=aEi, tr(a£0=l, there

exists i4<eS/>(3, Hc) such that

a£i = >li£i>li*, f=l,2,3 (Lemma 2.3.1).

Let Ui be the z-th column vector of At and construct a matrix yl=(ai, a2, a3).

Then we have aEt = AEiA*, i=l, 2, 3. Hence .4^* = i4(E1 + £2+£8M* =

a(£1+ £2+£s)=a£ = £:, that is, .4eS/>(3, Hc). Put i8=^(.4)-1a, then /3g

F4(S(3,H"0)) and satisfiesfiE^Ei, i=l, 2, 3. /3induces C-linear transformations

j8i of ffc such that ^Fi(m)=Fi^im), m(EHc from 2Ej°Fi(m)=Fi(m), j^i, more-

over ^^are orthogonal: ^£0(4, C)=O(HC) from Ft(m)"Ft(n)=(m, n)(Ei+1 + Ei+2).

Furthermore /3i,/32,j8ssatisfy

from 2F1(m)°F2(n)=F3(mn). Put />= j8il,9 = j82l, then p, q^SpQ., Hc) and

^(m)=p^i(m)q, ft.i(m)=fl1(in)q,m^Hc. Again put (Hi(m)=p£(m), then C satisfies

(C,m){^n)=C,(mn), m, n<^Hc, that is, C is an automorphism of ffc. Hence there

exists r^Sp(l, Hc) such that C,(rn)=rmr, m^Hc (Proposition 1.3.1). Therefore

Bim ―prmr, B2m=rmrq, Bsm-―qrmrp
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Construct a matrix 5=diag(£r, pr, r)eS/>(3, Hc), then fiM=BMB*, M<e$(3, Hc),

that is, fi=(p(B). Hence a=<JKA)p=(p(A)<{>(B)=<JiAB), AB £Sp(3, Hc). There-

fore 4> is onto. Ker^>={E, -£}=Z2. Thus F4(S(3, Hc))=Sp(3, Hc)/Z2^

Sp(3, C)/Z2.

Theorem 2.3.3. (F4C7=(S/>(1, C)xS/>(3, C))/Z2, ZS={(1, £),(-1, -£)}.

Proof ([6]). We define 0: Sp(l, Hc)xSp(3, JJC)->(F4C/ by

#/>, AXM+a)=AMA*+paA*, M+ae=3(3, HC)Q(HC)*=3C.

It is easy to verify that 0 is well-defined (Proposition 2.1.3.(5))and a homomor-

phism. We shall show <p is onto. Let ae(F4c)r. Since (3c)r=3(3, Uc) is

invariant under a, a induces an automorphism of 3(3, Hc). Hence there exists

AeeSP(3, Hc) such that

aM=AMA*, Me3(3, Hc) (Proposition 2.3.2).

Put j8=^(l, ^r1^ then 013(3, #c)=l, hence 0eEG2c={≪GF4c|a£:i = £:i,aFi(l)=

Fi(l),z=l, 2, 3}, moreover P<=(G,c)r and j8|^c=l. By Theorem 1.3.2, there

exists p(ESp(l, Hc) such that 0(m+ae)=m+(/>a)e, m+agefl'c'0JH"c'e=(S;cr,hence

j8(Af+a)=M+/>a, A/+aeE3c, that is, P=<jKp, E). Hence a=^(l, ^4)0=

0(1, 4)0(/>,E)=<p(p, A). Therefore <pis onto. Ker0={(l, £),(-1, -E)}=Zt.

Thus we have the required isomorphism.

Lemma 2.3.4. (p:Sp(l, Hc)xSp(l, HC)-^FAC of Theorem 2.3.3 satisfies

(1) r=#-l, E), Tc=<pU,JE), rH=<p(i> iE), cr=#-l, h).

(2) r^>(^, A)t--=<P(tP,tA), yC(p(P,A)rc=4>(TcP, TcA), a<p(p, A)o=<jip, hAh).

Theorem 2.3.5. (1) (F4y^(Sp(l)xSp(3))/zt=(FiWy

(2) (F4(4)y~(rrc)r= (S/>(l,R)XSp(3, R))/ZZX2.

(3) (F4C.20)y= (Sp(l)XSpa, 2))/Zt=*(T7<rY~(Ftwy.

Proof. (1) Let a E(F4y=((F4c)0r=(CF4c)r)rc:(F4cy. By Theorem 2.3.3,there

exist p(ESp(l,Hc), A(ESp(3,Hc) such that a―<p(p,A). From the condition ta

―ax, we have <J>(Tp,TA)=<p(p,A) (Lemma 2.3.4). Hence

vp―p, tA = A or vp ――p, tA= ―A.

The latter case is impossible (cf. Theorem 1.3.4). Therefore p^Sp(l). A^Sp(3).

Thus (F4ys#S/>(l)xSK3))s(SKl)XS/>(3))/Z,. (F4(≪)r=(rr)r=(Ty.

(2) F4(4)=(F4cr^(F4cFc.
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In fact, since y and Jc are conjugate in G2CF4: 8y―yc8, dr=r8 (Proposition

1.2.3),(F4cyr3a->5a5-1G(F4c)Trc gives an isomorphism. Let ae((F4c)Trcy=

(T7c)r, a=4>(p, A), ptESp(l,Hc), A(ESp(3,Hc). From zTca^arrc, we have

4KrTcP, tTcA) - <p(p,A). Hence (tTcY = (Sp(l, H') X Sp{% H')＼JiSp(l,H')X

(iE)Sp(3,H'))/Z2 (cf. Theorem 1.3.5)^(S/≫(l,i2)xS/>(3,/2))/Z2x2. {<p{i,iE)=jH).

(3) Define 0 : Sp(i, Hc)XSp(l, 2,Hc)-+(F<cy by #/>, -4)-0(^, r,Ar^). Let

a^C^c.jojy^Cra/, a=<j>{p,A), p^Sp{l,Hc), A^Sp(l,2, Hc). From raa=ata,

we have <j>(vp,TA)=(f){p,A). Thus, as in (1),(F4(-20))>'= (S/)(l)xS/)(l,2))/Zi!.

because r~r<? under <5eF4: dr=Tad, 8t=t8 (Proposition 2.2.3). Now (F4(4)y~

(TT<rY=(raY.

2.4. Subgroups of type Bt of Lie groups of type F4.

Hereafter we use the following C-vector subspaces of Sc.

3K2,<S.c)={XE3c＼E1-X=0} = {X(=Sic＼4E1x(E1xX)=X}

0

-
{･

0

0

x

( ' X＼＼^,^C, xe6c|

(&),= {XtE%c＼aX=X} =aK2,6c)0(g1c,

0 x3 xz

=

|

xa 0 0

x2 0 0

Xt, X3<=$Cl

and (3c)o={^e3c|tr(Z)=0}, S(2,&cX={X^S(2,&c)＼tr{X)=0＼. &c)a> (3c)_ff

are invariant under ae(F4c)ff.

Lemma 2.4.1. (F4cy=(F4c)Ev

Proof. Let a(E(F4c)a. Then aE2^(2,^c). In fact, a£2=a(-F8(l)xF2(l))

= -aF!(l)XaF8(l)= -(F8U8) + Fs(x8))x8 = x2.t2£2+ x3x3£3- /r1("x9^)e3(2, Sc).

Similarly aE3(E%(2,&c). Therefore aE^E ―aEt―aEa has the form



e≪mc)-)*

0 0＼

0 a)

a 0/

(Proposition 2.1.4)
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Ei+GtEt+hEt+FAx). ThenO-~=a(ElxE1)--=aElXaE1--=(E1+^E2+%!iEs+F1(x)yz

~(^3-xx)E1-{-^aEi+^tEi-F1(x). This implies £t=£s=x=0. Thus we have

aE^E,. Conversely let ae(F4%. Since 3c=(3c)≪,cOc)-≪,and (3c)<,=

{X^2c＼E1oX=0}R{^El＼^C}, (5c)-<;= {^eSc|2£:1°X=Z} areinvariantunder

a,aaX=ao(Xl+Xs)=a(X1-Xt)=aX1-aXt=<r(aXl)+o(aX2)=oa(X1 + Xt)=aaX

for ^=^ + ^8, ^£(3°),,,I,G(3c)-5. Hence aer^tja, thatis,a^(FtcY.

Lemma 2.4.2. (Ffy /Spin{%,C)^(SC)8. In particular, the group (F4c)a is

connected.

Proof. We define a complex 8-dimensional sphere (Scf by

(ScY={X^c＼E1oX=0, trm=0, (X, X)=2＼

-(
I x

x -£

j
£*+jcjc=1, £eC, xeSc}

The group (Fic)"=(Fic)El acts on (Scf (Lemma 2.1.2,Proposition 2.1.3.(3)).We

shall show that this action is transitive. To show this we prepare some ele-

ments of (Ffy.

For aeSc such that ad^O, define a C-linear transformation a(a) of 3C,

a(a)X(%, x)=Y(V, y), by .

y≫

y

=4(6+&)-

(&―|3)cos2v+(a,x1)

2-(&-£8)a

sin2y

V

― sinv

V2=x2cosv―xsa

y3―xscosv+axz

Now letX=(^ *)e(Sc)8.

sin2y

V

sin2i>
Tr(£2-&)cos2v-(a,xO ,

―2(a, Xi)a ,

1°

0

＼o

V

sinv

y

where veC, v%―ad. Then a(a)=expA(a) where A(a)=

= {A<EE(mcy＼AE 1==0}, hence A(a)e(f4c)" - b4cc(m)c)-)£l

Therefore a(a)e(F4c)ff.

Choose fleKc such that (a, x)=0 and ad =
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O/4)2, then

This shows

Ichiro YOKOTA

a(a)X=X1 = (H Xl), x.x^l. And then a((n/A)x1)X1=Et-Et.

the transitivity. The isotropy subgroup of (F4cy at E2―E3 is

(^4C)E1.E2.Es―{<x^Fic＼aEi= Ei, 2= 1,2,3} and we hnow that it is isomorphic to

Spin(8,C) as the universal covering group of 50(8, C)=S0(cc) (cf. Principle of

triality[8]). Thus we have the homeomorphism (F4c)a/'Spin(8,C)^(SC)8.

Theorem 2.4.3. (F4c)a = Spin(9,C).

Proof. Since the group (Ffy is connected (Lemma 2.4.2), we can define

a homomorphism n: (FACY-*SO(9, C)=SO((Vcy) by x(a)=a (Vc)9 where

(vcy=s(2,&c)0= H J £eC, xeRcl

with the norm (X, X)/2―£2+xx. Ker jt={1, a}=Z2 (cf. Principle of triality

[8]). Hence it induces a monomorphisim dit:(f4c)°'-^§D(9,C). Since dimc(f4C)"

=dimc(b4c70((mc)")Js;1)=28+8=:36=dimc§D(9, C), diz is onto, hence it is also onto

(Lemma 0.6). Thus (F4C)V^2 = 5O(9, C). Therefore (Ff)" is isomorphic to

Spin(9,C) as the universal covering group of SO(9, C).

Theorem 2.4.4. (1) (F4)<J= S^n(9)=(F4C_20))<r

(2) (FiWy&spin(4,5).

(3) (F1(.M))'~(w'rsSW81l).

Proof. (1) (Fty=((Ftcyy=((Ftcyy is

(Ftcy=Spin($, C) (Theorem 2.4.3)is simply

(Vc)9, the group (Fty=((FSyy acts on

F9=(S(2,r)0)r=

H

-v ＼x

connected (Lemma 0.7)

connected. Since (F4c)ff

■J

£e/2, xeg}

because

acts on

with the norm (X, X)/2―$2+xx. We can define a homomorphism x:(F4y-±

SO(9)=SO(V9) by 7z(a)=a |V＼ Ker n= {1, tf}=Z2. Since dim (f4)(7=36=dim 8o(9),

7ris onto. Thus (Ft)a/Z2s*SO(9). Therefore (F4Y is isomorphic to Spin(9) as

the uuiversal covering group of SO(9). (i?4(_2o))<T:=(r(7)<T=:(r)'r.

(Remark. In the proof of Lemma 2.4.3,if we know that F4C is simply con-

nected, the connectedness of (F4CY is trivial(Lemma 0.7). But the simply con-

nectedness of Ftc is usually follows from the simply connectedness of F4 and

the fact that (Fi)a=Spin(9) ([8]). To avoid a circular argument we took the

wav like Lemma 2.4.2. Theorem 2.4.3).
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(2) As in (1), (F4C4))ff=((F4C)<TF is connected. The group (Fi(i,Y acts on

y4-6=(S(2,r)o)rr={*=

/£ x

＼x'
-

with the norm (X, X)/2= £2-＼-x'x'.We can define a homomorphism re:(F4<M)a

^0(4,5)o=0(F4-5)o by n(a)=a＼V4'5. Ker n={l, a}=Z2. As similar to (1),

(F4(4))'7/Z2s0(4,5)0. Therefore (FiW)a is denoted by spin(A,5) (not simply con-

nected) as a double covering group of 0(4, 5)0.

(3) iv2o)=(F4cr^(F4cr'

because a^a' under d£EF4:da = a'd, 8t―t5 (Proposition 2.2.3). As in (1),

((F/'y'y^ira'Y is connected. The group {to')" acts on

V8.l=(3(2 ,&C)°)*o
, (£ ix＼ 1

1 vie -?/ J

with the norm (X, X)/2―^―xx. We can define a homomorphism % : {to')0-^-

0(8,l)o = 0(F8-1)0 by jc(a)=a＼V8-1. As similar to (1), {ra')/aZ2 = O($,l＼. There-

fore (to')" is isomorphic to Spin(8,1) as the universal covering group of 0(8, l)0.

Group Ee

3.1. Lie groups of type E6.

The universal connected linear Lie groups of type Ee are obtained as

£6C= £8(3K3,(Sc))= {aeIsoc(S(3, 6C))|det aX=det X),

£6={a<Elsoc(S(3, 6c))|det aX=&et X, <aX, aY>=<X, Y>},

£6c6)= £≪(3(3,6'))={≪eIso≪(3K3,6'))Idet aZ=det X},

£6(2)={aeIsoc(3(3,(SGr))|detaX=detX, <≪I,≪r>r=<Z, Y>r},

£6C_14)= {aGElsoc(S(3)Sc))|detaZ=detX, <≪Z, aF>ff=<X, Y}a},

£6(_26)= £;6(S(3,S))={aeIsoiJ(S(3)g))|det≪Z=det^}

where <Z, F>=(rX, Y), <X, Y>r=(rrX, Y) and <X,Y＼=(jaX,Y). (Similarly

the group £6(3(3,Hc)) is defined). Eg6',£6,£6c_26)are simply connected (see

Appendix).

The Lie algebra eec of the Lie group Eec has the following structure.

Proposition 3.1.1 (r2"|). cBt7=ficffi3(3.cc)n
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where 3(3,(Sc)0={Te3(3,Rc)|tr (T)=0} and for TeS(3,Sc)0, f is the

transformation of Sc defined by TX=T°X.

3.2. Involutions cf Lie groups of type E6.

Lemma 3.2.1. If a^ERc then 'a'^E,0.

C-linear

PROOF. ([4]). la-＼Y xY)Xla-＼Y xY)^{aY XaY)X{aY XaY) (Lemma 2.1.

l)=(detaY)aY=(detY)aY=a((detY)Y)=a((YxY)X(YxY)), FeiSc. Put Y =

XXX, Xe3c, then 'a'KidetX)X)Xta-1((det X)X)=a((det X)Xx(det X)X).

Case det Z^o- We have ta-1Xxta~1X=a(XxX). Hence 3 detta~1X=

ta-1Xx*a-1X)=(ta-1X,a(XxX))=(X, XX X)=3det X. Consider a'1 in-

stead of a, then we have also det laX=det X.

(2) Case det X=0. If det 'a-'X^O, we can use the result of (1). 0=det X

=det ta(*a~1X)=det la~lX (result of (l))^0, a contradiction. Thus det ta~1X=0,

We define an involutive automorphism X of Eec by

^(a)='a-1, ffe£6c (Lemma 3.2.1).

Note that >linduces involutive automorphisms of Ee, E6Ce^ EsCZ),£6(_14:>,E6C.ze)

and E6(Z$(3,HC)). As in F4C, E6C has involutive automorphisms r, r^, and to.

Theorem 3.2.2. (E6cy*=E6> (E6cyr=EeC6), (E6cy≫=E6C≫, {E,c)^"^E^m,

( P C＼T―P

Proof. As for E6CO, E6C-2G),these are direct results of Lemma 1.2.1.(2).

ER, ER(n, £■≪,_,.■,are nothing but their definitions.

The Lie algebras of the Lie groups of type E6 are as follows.

Proposition 3.2.3. (1) e6H0ee6c|-r^r=0}=f40a(3,e)o,

(2) e6(6,= {0s e6c|rrtfrr=0} =f4C4>c3(3,<£')<>.

(3) e6(2)= {0ee6c|-rrVrr=^}=!4(4)0a(3,c/)o.

(4) c6C_u)= l^e e6c|-ra^<rr=^} =f4{-≪o)c*3(l,2,<£),.

(5) e6C.26)= {^ee6c|r^r=0}=f4cS(3,S)o.

Proof. The involutive automorphisms of t6c induced by y, a, X, t are

r#r=rdr+fT, a6a = ada + <rf, X(6)=d-T, t6t=t8t+tT
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for 8+Te!4ccS(3, <Sc)0= e≪c. From this, Proposition is clear (Lemma 2.2.1).

In additionto y,Tc,rH^Gi(ZFt(ZEe, a, a'^FAcEa, we defineone more in

volutiveelement p<=Ee, p: 3-c-≫3cby

pX

J ―fi ix3i ―iix2

ix3i ―£2

ixzi ix,ii

Zt X i

£

>

＼
=PXP, p=

a o o ＼

o a o

0 0 1/

Proposition 3.2.3. (1) J and p are conjugate in Ee: dT=pd, 8<^E6

(2)

(3)

a and Jp are conjugate in E6: do―jpd, <5fc/s6.

a and JHp o,reconjugate in Ee: 8a=jHpd, d^E6

Proof will be given in 3.5.12.

3.3. Subgroups of type F4 of Lie groups of type E6

Theorem 3.3.1. (1) (E6C)X=F4C.

(2) (E6(-,,,)i=F4=(E.)i.

(3) (£ec.,)i=F4(41=(jBett))i.

(4) (£6c-h>)*=F4(_20>= (£6c-26))^.

Proof. (1) It is results of Proposition 2.1.3.(1)―(3).

(2) (£6C_26))Mr)^U)^(F4cr (result of (D)=^4 (Theorem 2.2.2). (£6)'=

(3) (£6te))i=(rr)i=W)rr = (F4cr=F4a> (Theorem 2.2.2). (£,(tt)MrW =

(rr)"=(^)Tr.

(4) (£:6(-14))"-(r^)^(r(7)^(^ff=(F4c)--F4(_2o) (Theorem 2.2.2).

(£:6C_2G))-=(r)^s(r<T)^

To prove this,define d: SC~>SC by

ixt ＼

-xt

-&/

-DXD, D =

(see Proposition 3.6.5),then <5e£6, 82=a, 8a=ad, 8t=t8~＼ l8=8. (Hereafter,

this 8 will be denoted by s/a ). Now {r)x<J^a-^8~lad^{ra)x gives an isomor-

phism.
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3.4. Subgroups of type C4 of Lie groups of type Ee.

We consider the Jordan algebra 3(4, HC)={P(=M(4, HC)＼P*=P} with the

Jordan multiplication P°Q=(PQ + QP)/2 and the inner product (P, Q)=tr(P≫Q).

We define g: 3C=3(3, HC)R(HC)*->S(4, Hc＼={P(e3(4, Hc)＼tr(P)=0＼ by

jtr(M)

ia*

ict

M~tr(M)E

Li

Lemma 3.4.1. s＼ 3c->3(4, Hc＼ is

M+ckeSc .

a C-linear isomorphism and satisfies

gX°gY=g(r(XxY)) + j(rX, Y)E,

(gX,gY)=(rX, Y),

Proof. £(r((M+a)x(W+6)))=£((M-a)x(N-6))

=g≪Mx N- ―(a*b+b*a))+j(aN+bM))

jtT(MxN)-j(a,b)

-^(aN+bM)*

X, FgeS'c

j(aN+bM)

=g(M+a)og(N+b)-(j(M, N)

a*b+b*a)-htr(MxN)-(a, b))E

Ua,b))E

=g(M+a)'g(N+b)- j(r(M+a), N+b)E.

Thus the firstformula is shown. Take the trace of both sides, then we have

the second formula.

Theorem 3.4.2. (E6cy*=Sp(4, C)/Z2> Z%={E,-E}.

Proof ([4]). We define <p: Sp(A, HC)->(E6C)^ by

</KA)X=g-KA(gX)A*), Ig3c .

We have to prove (jj^A^iE^)^. Denote a ―<p(A) and put Z―aX.

3detaX=3detZ=(ZxZ,Z)=(g(r(ZxZ)),gZ)

= {gZ°gZ-j{TZ, Z)E, gZ) = (gZ°gZ-j{gZ, gZ)E, gZ)
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=(A(gX)A*oA(gX)A*-j(A(gX)A*, A(gX)A*)E, A(gX)A*)

= (gX°gX-~{gX, gX)E, gX)=(gX≪gX-＼{jX, X)E, gX)

209

=(g(T(Xx X)), gX)=(Xx X, X)=3 det*,

(TaX, aY)=(g(aX), g(aY))=(A(gX)A*, A(gY)A*)=(gX, gY)=(jX, Y)

~Ha~lrX,aY),
hence ra^a^f.

Thus a<=(Eec)Xr. We shall show </>is onto. To show this we prepare

Lemma 3.4.3. Any element PeS(4, Hc) such that P2=P, tr(P)=l can be

transformed to ^i = (J q)gS(4, i^c) by a certain A(ESp(i,Hc): APA* = E1.

PROOF is similar to Lemma 2.3.1.

Now, forct(E(Eecy?,(g(aE)T=g(aE)+jE. In fact,(g(aE))2=g(r(aExaE))

(TaE, aE)E=g{fa~＼E X E^+jCa-'jE, aE)E=g(arE)+j(yE, E)E = g(aE)+j(7aE, aE)E=g{fa-＼E X £))+

+ -rE. Put P =

that

j(2g(

＼(2g(
aE)+E). Then Pe3(4, Hc), P2=^(4(£(a£))2+ 4g(aE)

aE)+E)=P and tr(P)=l. Hence there exists AeS/>(4, Hc) such

P = AE1A* (Lemma 3.4.3).

Then <p(A)E=g'＼A(gE)A*)=g-1(A(2E1-jE)A*)=g-l(2P-^-E)=g-＼g{aE))

=aE. Put p=(p(A)-la, then fiE = E, hence /3eF4c (Proposition 2.1.3. (4)),

moreover P<e(E4cY. By Theorem 2.3.3, there exist p^Sp(l, Hc), D^Sp(3, Hc)

such that

P(M+a)=DMD* + paD*, M+a<EE$c.

Put B=diSig(p, D)(^Sp(4, Hc), then fi= <p(B). In fact,

A: :i

g-1

ftr(M) la

ia* M―^-tr(M)E

ipaD*

DMD*-^-tr(M)E

: ")

D* '

= DMD* + paD* = fi(M+a)
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Hence a=4>(A)P = <p(A)(p(B)=<p(AB), AB<~Sp(4, Hc). Therefore <pis onto. Ker

<p―{E,―E}=Z2. Thus we have the required isomorphism.

Lemma 3.4.4. <p: Sp(4,Hc)^Eec of Theorem 3.4.2 satisfies

(1) T=(p(h), Tc=<p(jE), Th^WE), o^fth).

(2) z<p{A)T=r(p(TA)r=4>(i1(TA)r1)> t<p(Aylr=r(p(A)r=<p(ilAi1), rc<jKA)rc=

<p{TcA), o(f){A)o=<p(hAh).

Proof. It follows from Tg(TX)=g(rX)=I1(gA)I1,g(rcX)=rc(gX)=j(gX)j,

e(r≫X)=Yn(zX)=i(sX)l s(oX)=UeX)h. Ig.T.

Theorem 3.4.5. (1) (£6)^=S/>(4)/Z8=s(£6((O)^.

(2) (£6<6>)iMrn>c)"'sS/>(4, R)/Ztx2~(T*rcYr~(E≪nyr

(3) (£6(_26))^S/>(1, 3)/Z2=(£6(2))^.

(4) (E6C-u,yr^Sp(2,2)/Z2x2 =(Tr<jy^(E^yr.

Proof. (1) Let ae(£e)^=((£8cW, a=<p(A), A^Spii, Hc) (Theorem 3.4.2).

From Yta~1Y=a, we have <p(TA)=<p(A) (Lemma 3.4.4). Hence rA―A or tA=

―A. The latter case is impossible. In fact, put A―iB, then BB*――E,B<^

M(A,H), a contradiction. Therefore AeSp(4). Thus (£8);r=S/>(4)/Z8.(Etiti)ir

(2) EeM=(Eecyr~(E'cyrrc

because Y~YYc under deGtCFiCEg: 8Y―YYc8,8r―td (Proposition 1.2.3). Let

a(=((E6cy"cyrz=(TTTcyr) a=<p(A), Ae=Sp(4, Hc). From xYYcO-^YcYr-a, we have

(p{rrcA)=<p(A). Thus {vr7cYr={Sp{A, H')＼J(iE)Sp(4,H'))/Zt (cf. Theorem 1.3.5)

^Sp(4,R)/Z2x2. (<IHE)=Yh).

EtW=(E<cyxr=(Etcy≫c

because r~7c under ^GG2cF4c£e: 8y=Yc8,8tA=tXy (Proposition 1.2.3). Now

(EsWyr~(TAYcyr=(TYYcyr.

(3) Define ^: S/>(l,3,^c)->(J5ec)^ by ^A^^Arr1). Let ae(J5eC_86))^

=(r)^,a=^(^),yleS/>(l,3>Hc). From ra^ar, we have 0(ri4)=0(4). Hence

rA―A or tA――A. The latter case is impossible. In fact, there exists no

AeM(4, H) such that .4*/!/!――A because the signature of both sides are

different. Therefore AeS/>(l, 3). Thus CE6(.26))^S/>(1,3)/Z2. (£6t8>)'r=(rW

=(r)^.

(4) Define ^: S/>(2,2,Hc)-≫(E6cyr by <f>(A)^<p(r,AF2-1). Let ≪e(£8{_io)^

■=(r^)^,a=0(^),^eS/>(2f2,^c). From zota-1OT=a, we have ^(r/D=^(.4).
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Hence (£6(_1O)^(SX2, 2)Wz

from of pe=$ii[
/

: SC-^SC is

peX=

―£1 exse ―ieXi

ex3e ―fi ―iexi

ixxe ixye f3

211

Sp(2,2))/Z2=Sp(2,2)/Zzx2. (The explicit

―PeXPe, Pe ―

ie

0

0

0

te

0

0

0

1

)

EeM=(EBcF~(EacF'

because J^ya under <5f=F4c£G: hy^-(ah,br=xh (Proposition 2.3.3). Now (£6(t0);r

~(rr<j)^=(r^<r)^.

3.5. Subgroups of type Ci0^45 of Lie groups of type Ee.

Let k: M(3, Hc)->{PgM(6, Hc)＼JP = Fj} be the algebraic C-isomorphism

(resp. k :(Hc)3-^{PgM(2, 6,Hc)＼JP=PJ} be the C-linearisomorphism) defined by

<<≪+*≫)=(_;;)),

and denote the inverse k~lof k by h.

a,b<=Cc

Lemma 3.5.1. det(£M)=(detM)2, Me$(3, Hc)

Proof. Since we know that the determinant of a skew-symmetric matrix

S is square of a polynomial with respect to its components sijf we can easily

calculate as

det

≪ Si3 S18 S14 S15 Sig

Sj2 0 S23 S24 S25 S26

513 S23 vJ S34 S35 Sas

514 S24 'S34 w S45 S46

515 S25 S35 S45 0 S56

Sig S26 ^S36 S46 S66 0

(S12S34S56 S11S35S46IS12S36S45

S13S24S56
+ S13S25S46 S

13^26 S45

== ~rSl4S23S56 514526536
+ 514526535

Si5S23 54(3-rSi5S24S3e 515S26S35

I S1CS23S45 S16S24S35
+ Si6S2bS34)

Note that(kM)J(EM(6,C°) is skew-symmetric and use the above formula, then

det(kM)=det((kM)J) (muni<ECc)
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=det

o &

■£i 0

n3 m3
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-n3 m3 n2 m2

m3 ― n3 ―mt ―n2

0 ?2 n, m.

― ra3 n3 ―£2 0―mi

― n2 m2 ≪i mi 0

-m2 ―n2 -m, ―≪i ―^2

On the other hand, det/V/is

& ma+nj m2+n2j

m2+n2j mx + nj f3

0

(fi&fs―£ini≪i―Sitthmx

―n3n£z ― n3rn2n-i.―n3n2ml

= ―m3fn3^3-＼-m3m2m1 ―m3n2nl

―n2in3nl ―nzn3m1--n2n2^2

+ M2m3fn1--m2n3nl―M2m2$2y

$^2^+(m1 + n1j)(m2Jrn2jXms + n3j)

― +(m1+nJXm2-t-n2j)(mi + nsj)

―SiUf i(mt+nt j){mprnrj)

=the interior part of the above bracket.

Lemma 3.5.2. The group E6O(3,HC)) is connected.

Proof. The group (£6(3(3,i?c)))^={acE£6(S(3, Hc))＼(aM, aN>=<M, N>} is

connected. The outline of the proof is as follows (see [7]). In the homogeneous

space (E&(3(3,Hc))y*/F4(3(3,H)) = EIVH= {Ze3(3,JHr£7)|detM=l,<M, Af>=3},

F4(3(3,H))=Sp(3)/Z2 and £/7ff are connected, hence (£6(3(3,Hc)))rX is also

connected. (In reality, (Ee(S(3,Hc))yx=SU(6)/Z2). And (£1,(3(3,fl"c)))riis a

maximal compact subgroup of £6(3(3,H°)). Therefore the group £6(3(3,Zfc))

is connected.

Proposition 3.5.3. E6(3(3,HC))=SU*(6, Cc)/Z2.

Proof. We define 0: SU*(6, HC)-^E6(S(3, Hc)) by

(f){A)M = k-＼A{kM)A*)={hA)M{hA)*, MeS(3, Hc).

We have to prove 0(A)g£6(S(3, Hc)). In fact,(det(<p(A)M)y=det(k(<p(A)M))

(Lemma 3.5.1)= det(.4(£M)/4*)= det(£M) = (detM)2 (Lemma 3.5.1). Therefore

det(0(^)M)=±detM. Since SU*(6, CC) is connected (Proposition 0.2), the sign

of det((p(A)M) is constant with respect to A. Hence det(^>(^)M)=detM, that

is, (p is well-defined. Ker</>={£, ―E}=Z2. Hence <p induces a monomorphism

d(p:§u*(6,Cc)^e6(S(3, i?c)). Since the Lie algebra eB(3(3,Hc)) has the struc-

ture eB(3(3,^c))=f4(S(3,
Jerc))0S(3,

Fc)0 (cf. Proposition 3.1.1) and dimce6(S(3,

flrc))=21+ 14=35=dimcSu*(6, Hc), d(p is onto, hence <pis also onto (Lemma 0.6)

because £6(S(3,Hc)) is connected (Lemma 3.5.2). Thus we have the required
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isomorphism.

Proposition 3.5.4. (E6cy = (Sp(l, C)xSU*(6, Cc))/Z2.

Proof. We define <p: Sp{l, Hc)xSU*(6, Cc)-^(E6c)r by

(pip, A)(M+a)=k-＼A(kM)A*)+pk-＼(ka)A-1)

=(hA)M(hA)*+pa(hAyl, M+ae3K3, JIC)c(I7C)3=3C.

We have to prove (pip, A)<E(Escy.

Assertion 3.5.5. '(pip,A)~1=<p(p, /I*"1).

Proof. 2il(pip,A＼M+a＼ N+h) M+a, N+b<=Sc

=2(M+a, (lip,AXN + b))={k(M+a＼ k(</ip,A)(N + b)))

(where the inner product (X, Y) in M(6, Cc)(resp. M(2, 6, Cc)) is defined by

|-tr(,Y*r+r*x))

Li

=ikM + ka, AikN)A*+ikipb))A~')=ikM, AikN)A*)+2ika, ikipb))A~l)

=iA*ikM)A, kN)+2Hkipa))A*-＼ kb)=(A*(kM)A+(k(pa))A*-＼ kN + kb)

=iki<pip, A*XM+a)), k(N + b))=2(<lip, A*)iM+a), N + b).

This shows l(pip,A)=<jip, A*), hence l(pip,A)~l=(pip, A*'1).

Assertion 3.5.6. (pip, A)e(Eec)T.

Proof. Put a=<fip, A) and we shall show la-＼XxY)=aXt aY, X, Fe3c.

Recall

(M+a)x(iV+6)=(MxiV-|(a*6+6*a))-|(≪^+6M)

Now la~＼MxN)=aMxaN is nothing but detaM=detM(Lemma 2.1.2,Proposi-

tion 3.5.3).

(ac)*(≪6)=(|ia(M)"1)*(^(^)"1)=(M)*"V6(y)-1=^(i)) A^'X^b)

= l(pip,A)-＼a*b) (Assertion 3.5.5)=ta"1(a*6),

(aaXaA^)=(J&a(/i.4)-1)((/i/l)A^(/i^)*)=/)aA^(/i^)*=^(/),A^XaN)

= l(pip,A)'＼aN) (Assertion 3.5.5)='a-x(aiV).

This shows ae£(c. Clearly 7*^(/>,A)=(pip, A)y. Thus Assertion 3.5.6is shown.

We return to the proof of Proposition 3.5.4. Obviously 6 is a homomor-
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phism. We shall show <pis onto. Let a^(E6c)r. Since the restriction of a

to (Sc)r=S(3, Hc) belongs to £6(S(3,Hc)), there exists AeeS£/*(6, Cc) such that

aM = k-＼A(kM)A*＼ Me3(3, i/c) (Proposition 3.5.3).

Put j8=^(l, A)-1^, then /3|S(3,Hc)=l. Hence iSe(G2c7 and /3|lfc=l. By

Theorem 1.3.2, there exists />eS/>(l,ifc) such that P=<p(p, E). Hence a =

0(1, A)j8=^(l, A)(p(p, E)=(p(p, A). Therefore (p is onto. Ker ^={(1, E), (-1,

―£)}=Z2. Thus we have the required isomorphism.

Lemma 3.5.7. <f>:Sp(l, Hc)xSU*(6, Cc)-+Ebc of Proposition 3.5.4 satisfies

(1) r=4K-UE), 7c=<pU,J), rB=<fKi,iI), o=<ji-l,h).

(2) t<P(P,A)t=(P(tP,tA), Tc<p(P,A)rc=<p(Tcp, -JAJ).

Theorem 3.5.8. (£6C_26>y=*(S/>(l)xStf*(6))/Z2==KE6Ce)y.

Proof. Let a e (£8(-M>)r= (r/, ≪= #/>, 4), />e S/>(1,^c), /le Sf/*(6, Cc)

(Proposition 3.5.4). From ra=≪r, we have (p(tp, rA)―(p{p, A) (Lemma 3.5.7).

Hence (£6(6)y^(S/>Q)=(S£/*(6))/Z2(cf. Theorem 1.3.4). (£6C6>y=(rr)r=(ry.

Teeorem 3.5.9. (1) (E6cy=(Sp(l, C)xSL(6, C))/Zit Z2={(1,£),(-1, -£)}

(2) (ER^y~(TrcY=(Sp(i, R)xSL(6, R))/Z2x2.

Proof. (1) Since /': SL(6, C)->S£/*(6,Cc), f'(A)=sA-eJAJ where e=

-2-(l+≪),is an isomorphism (Proposition 0.2), <pf:S/>(1,Hc)xSL(6, C)-^(Escy,

<p＼p,A)=<j)(p, f'A) induces the required isomorphism (Proposition 3.5.4).

(3) E6M=(E6cr^(Eecrc

because T^Tc under 5gG2cF4c£g: dT=TcS, drX^rM (Proposition 1.2.3). Let

a<EE(rrc)r,a=<j)＼p, A), p<=Sp(l, Hc), ,4sSL(6, C). From rrca^arrc, we have

(p'itTcP,tA)=</>'(P, A) WA)=f＼-J(rA)J) and Lemma 3.5.7). Hence (£6C6>)r~

(rrc)r=(S/>(l,H')xSL(6, R)＼jiSpQ., H')X(-iI)SL(6, R))/Z2(cf. Theorem 1.3.5)

= (Sp(l, R)xSL(6, R))/Ztx2. {<p＼i,-il)=ra).

Lemma 3.5.10. Since /: 5/7(6, Cc)-*Sf/*(6, C7C),f(A)=eA-eJAJwhere e =

■
i-(l+≪),

≪ an isomorphism (Proposition 0.2), 0: S/>(1,Hc)xSU(6, Cc)^(E6c)r,

<j)(p,A)―(p{p, f A) is also an isomorphism. Now this <j>satisfies

(1) r=0(-l, £), rc=<t>U,J)>rH=W,iI), P=$d, h') where I2'=dmg(-l,

1, -1, 1, 1, 1), o=$(-l, /,).
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(2) z<j>(p,A)t=<P(tP, -fFXj), <$(p, A)" = <j>{p,-JAJ), jc<j>{p,A)yc = 0(7cP,

-JAj＼ rn$(P,A)rH=<f>(rBp,iAi), o$(p,A)<i=$(p,itAit).

Proof. It is clear from vf{A)=f{-j7AJ), (fA)*=f(-JA*J), /(/)=/, /(/,)

=Ift and Lemma 3.5.7. p=<j>{l,h') is obtained by the direct calculation.

Theorem 3.5.11. (1) (EJ=(Sp(l)xSU(6))/Z2=(E^J

(2) (£6C_u)y= (S^(l)xSf/(2,4))/Z2s(r^<7)r~(^ec2))r.

(3) (E6C≫y~(TXrH)r= (Spa,R)xSU(3,3))/Zzx2.

Proof. (1) Let as(E6y=(tXy, a=$(p,A), p^Sp(l,Hc)

From tla ―axl, we have (f>(rp,zA)=<j>(p, A) (Lemma 3.5.10).

{Sp(l)xSU(6))/Z2 (cf. Theorem 1.3.4). (EeWy=(TXrY=(jX)r.

A(bSU(6,Cc).

Thus (£6c)r=

(2) Define <p: Sp(l, Hc)xSU(2,4, Cc)->(E6cy by <p(p, A)=(j>(p, AATY1). Let

aeE(£6(_14)y=(r/^y, a=<p(p,A), p<ESp(l,Hc), AeeSU(2,A>Cc). From zo'a^ar

=a, we have <p(zp,TA)=(p(p, A). Thus (£6(_14))r=(S£Q)xS(/(2,4))/Z2 (cf.

Theorem 1.3.4).

E6C2)=(E6crr^(E6cy^

because J~ya under d^F^cE^.dr^jad, dvX^rXd (Proposition 2.2.3). Now

(EeWy~(Txr<T)r=(TXay.

(3) E6C≫=(E6cy≫^(Eecy*rB

because 7~Th under 5gG2cF4c£6 : dr-THS, drX=zXd (Proposition 1.2.3). Let

SUR,%,K)={AtEM(fi,K)＼A*IA=I, det.4=l}} /=diag(1, ―1,1, ―1,1, ―1), K=

C, Cc and define <p: Spa, Hc)xSU(3, 3, Cc)-+(E6cy by <p(p, A)=^(p,r8fAr9f-1)

where A^diagCl, i, 1, /,1, 0- Let as(r/lr//)r, a=<p(p, A,) p^Sp(X,Hc), A<=

SU(3, 3, Cc). From tyHta-1rHT=a, we have ^(rr/?^, rA)=tp{p, A). Thus (£6(2))r

~(r/lri/)r=(SKl, 'H)XSU{2, 3)UjSp(l, 'H)x(iJ')SU(3, 3))/Z2^(Sp(l, R)XSU(3,3))

/Z2x2 (cf. Theorem 1.3.5). Mj,Uf)=7c)-

3.5.12. Proposition 3.2.3. (1) y~p. (2) o~yp. (3) o~yHp.

Proof. (1) Since J8'~/2under a certain D^SUfJS), /o=$J(l,/2')~?'≪7=::^(1JA)

under 8l=(j)(l,Dl)(E(EJ (Theorem 3.5.11.(1)). Furthermore yo~y in F4(ZE6

(Proposition 2.2.3.(1)). Consequently p~y in E6.

(2) As is shown in (1), p^fa under di^(E6)r, hence Jp^yya ―a in £6.

(3) r≪~r under d^G2dF4czE6 (Proposition 1.2.3). This 5 satisfies8(i)=i,

hence 8p = pd. Therefore yHp^yp under 8^E6. Thus yHp~yp~y (result of

(D) in £,.
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Theorem 3.5.13. (£6c-i4>y~(r#tf|o)r^(S/>(l,R)xSU(5,1))/Z2.

Proof. £6(_14)^£6c)^^(£6c)^"ir,<>

because a^jHp under 8^Ee: da=yHpd, dtA―r^d (Proposition 3.2.3). Put W ―

/27 = diag(-l,-1,-1,-1,1,-1) and SU(5,1,K)= MgM(6, K)＼A*h'A-h',

det^=l}, K=C, Cc. Define <p: Spa, Hc)xSU(5,1, Cc)-+(Eecy by <p(p,A)=

^p^s'Ar,,'-1) where A'^diag^, /,:,;,1,i). Let a^{rkrHp7, a=<p(p,A), p<=

Spa,Hc), A^SU(5,l,Cc). From raprta-lTprH=a, we have ^(rr///>,rA)=

9>(/>,A). Thus (Eel-U)y~(T/LrHpY = (Spa, 'H)xSU(5,1))/Z≪ (cf.Theorem 3.4.5.(3))

^(S/>(l,i2)xS£/(5,l))/Z2.

3.6. Subgroups of type CQ)D5 of Lie groups of type E6.

Lemma 3.6.1. For a<={E,c)a, there exists£eC* = C-{0} such that aE1=^E1.

Proof. Note that for ≪g(£6c)' we have la, ta-x^E^)a. As in Section

2.4,(SC)CT,(5c')-<tare invariant under a^(EGcY, hence aE2, laE2, ta~1Ez,aEs,

laEz, la-lE,(E%2, (Sc)as in Lemma 2.4.1. Suppose that aE, and 'a^E^WZ, 6C).

Then aE and 'a^E^SV, 6C),and $2E2+£sEs+F1(x)=aE=a(ExE)=ta-1Ex la'lE

=(r]2E2+7]sEs + F1(y))x2―(r]2r]:,-~yy)E1for some gu rjtGiC,x, y(E&c. This implies

fa=£s=;t=O. Hence aiS=0, a contradiction. Therefore aEx£%2, Sc) or £a"x£i^

3(2,£c).

(1) Case aJB1^3(2,(£c). We can put a£1=££1+£2E2-f£8£3+F1(*), 6^0.

Then0=ta-X^iX£1)=a51Xa£1=(^1+f8£:a+esJB3+F1(x))><2==(^e8-JcJc)JE;1+^8£!!

^zEs―^Fiix). This implies f2=f3=x=:0. Hence aEi―^Ei, £^Q.

(2) Case £a"1£1^S(2,Sc). Similarly as above, there exists r/eC* such that

ta-1E1 = rjE1, Then 'aE^rj-'E, (put f^"1).

(aEx, £!)=(£, taE1)=(E1, $E,)=^,

(aE1,Ei)=(EutaEi)=0 (because ^£^3(2,^)), *'=2,3 .

Hence a£x has the form f^-f^U), f^O. From 0=ta-1(£1x£1)=a£1Xa£1=

(f£i+i?i(x))x2=―xxEx―£Fi(x), we have x=0. Hence aE1=$E1. Thus the proof

of Lemma is completed.

Lemma 3.6.2. // ≪e((£6c)ff)£lthen [a, £≪-1e((£ec)ff)£l

Proof. Put laE =£EU fe C* (Lemma 3.6.1). Then f=(££j,E1)=(taEu Ex)
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=(E1,a£1)=(^i,^i)=l.

Lemma 3.6.3. ((E6c)a)El/Spin(9, C)^(SC)9. In particular, the group {(E°)a)El

is connected.

Proof. We define a complex 9-dimensional sphere (Sc)9 by

(Sc)9={^e3c|4J51x(£1X^)=^, (Elf X, X)=l)

<
vl

The group ((Eec)a)El acts on (Sc)9 (Lemma 3.6.2). We shall show that this ac-

tion is transitive. To show this we prepare some elements of ((Eec)a)E,-

(1) For d^&c, put L>32=

1 0 0＼

0 1 0

＼0 d 1/

and define a C-linear transformation

ds2(d) of 3C by 8S2(d)X=D32XD3i*, X=X(£, x)£e3c,explicitly

d32(d)X x3 £2 ^2d + xt

dx3+x2 $2d+X! $2dd+2(d,xl)+^3

Then 8i2(d)(E((E6c)a)El.Similarly dat(d)<=((Etcy)El can be defined.

(2) For 0<eC*, define a C-linear transformation 8(0) of SC by

/9"1r v
ft~z£

u X2 X＼ v C

2

3

= DdXDg Dg

1 0 0

0 0 0

0 0 d-1

Then 8(d)^((E6cY)El.

Now let X=i e(5c)9. If £=£()(resp. jj^O), operate dia(-x/$) (resp.

523(―jc/jy))on X, then Z is transformed to a diagonal form. In the case of

£=)?=0, choose dcife0 such that (d, x)^0, then di2(d)l _ n) = ( _
0/, -A,

hence

it is reduced to the first case. Thus X is transformed to a diagonal form

$E2-＼-7jEs, £37=1. Moreover choose 0<sC such that 62=y and operate 8(0),

then it can be transformed to E2+E3. This shows the transitivity. The iso-

tropy subgroup of ((E6cY)El at Et+Ea is {(E,CY)E^{F,CY (Proposition 2.1.3.(4))=

Spin(9, C) (Theorem 2.4.3). Thus we have the hemeomorphism {{E&cY)eJ

Spin(9, C)-(Scf.
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Proposition 3.6.4. ((Eec)a)El=Spin(l0, C).

PROOF. Since the group ((E6c)a)El is connected (Lemma 3.6.3), we can de-

fine a homomorphism k: ((E6cy)El->SO(10, C)=SO((FC)10) by 7t(a)=a＼(Vc)10

where

(Vcy°=%(2,&c)={X<=S(3,&c) I 4E1x{E1xX)=X}

with the norm (Eu X, X). Ker tt={1, a}=Z2. Hence jt induces a monomor-

phism ^:((e6cr)^§o(10,C). Since ((e6c)ff)£l=(!/e(5c)o)£l-(!/)£l0S(2,r)

(Proposition 3.1.1)and dimc((e6cr)i?1)=36+9 (Theorem 2.4.3)=45=dimc§o(10, C),

dn is onto, hence itis onto. Thus ((Eec)a)El/Z2^SO(W, C). Therefore ((Eec)")El

is isomorphic to Spin(10. C) as the universal covering group of SO(10, C).

PROPOSITION 3.6.5. (E6c)a has a subgroup 0(C*) which is isomorphic to the

group C*. Where <j>{0),(?gC*, is the C-linear transformation of Sc defined by

04|x 0x3 6x2＼

0(0)X = dxs 0-2£2 d-*xA

dx2 e-H, o-2J

―S e XS o, Sg ―

02 0

0

0

e

o

0

Lemma 3.6.6. The groups 0(C*) and Spin(10, C) commute in (Eec)a element-

wisely.

PROOF. The restrictions of 6(6), 6<eC*, to (g^, 3(2,(Sc),(Sc)_, are con-

stant mappings and (}^Spin(10,C) leaves invariant these spaces. From this we

see that 6(6) and /3 are commutative.

Theorem 3.6.7.(£6cr=(C*xS≪10,C))/Z4, Z4={(1,1),(-1, a),(*>V^X

(-≫,V?)}.

Proof ([7]). We define <p: C*xSpin(lO, C)->(E6c)a by

<p(d,|8)=5K0)i9.

Then <p is a homomorphism (Lemma 3.6.6). We shall show <J>is onto. For

a^(E6cY, there exists #eC* such that

aEl = diEl (Lemma 3.6.1).

Put $=<j>{dyla, then j8£1=jB1, hence p<ESpin(10,C) (Proposition 3.6.4). There-

fore a=fi(d)P=<p(d, j8),that is, ^>is onto. Ker 0= {(1, 1),(-1, 0(-l)), (i,^(-0),

(-1,^(0)}=^*. (0(-l)=ff, <i>(i)=s/'o'(Proposition 3.2.3.(1)). In fact, let ^(5)j8

= 1, (9eC*, B(ESpin(10,C). Operate on Ex, then d*=l, hence ^ = ±1, ±i.
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Therefore Ker <l>=Zi. Thus we have the requiredisomorphism.

Theorem 3.6.8. (1) (E^2e,)a=R+xSpin(9,l).

(2) (EfiU,y=(R+Xspin(5,5))x2.
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Proof. (1) For as(£6C_26))<7 there exists ^R+={^R＼$>0} such that

aE^ZEt. In fact, £E=a1E1 (£eC* (Lemma 3.6.1))=TaTE1=r^Eu hence r£=£,

that is, £(ER*=R―{0}. Moreover £>0. (Although it follows from the connec-

tedness of (£6(_26))ff(Lemma 0.7) we will give here a direct proof). As in

Lemma 2.4.1 we have

aE2=7j2E2+7]3E3+E1(y), rj2, 3?3^0, y<^&,

Suppose £<0. Then from C2E2+C>zE3+Fi(z)=ta'1E3=2ta--＼E1xE2)=2aE1XaE2

=2£E1X(7},Et+r)aEt+Fl(y))=fytEi+£T)tE9-GFl(y) we have 572=^3=0. Hence

aE2=F1{y). Again from 0=ta-＼E2xE2)=aE2XaE2=F1(y)xFl(y)=-yyE1 we

have y=Q, a contradiction.

Now ((£6(_26))<J)£l=(((£:6c)r)s1)</=(((£:6C)<T^iris "connected (Lemma 0.7) because

((E6c)a)El = Spin(l0, C) (Proposition 3.6.4) is simply connected. The group

(lE^^)a)E. acts on

1 ＼x 7/

with the norm (Eu X, X) = £37―xx. We can define a homomorphism

^:((JE(jC_26))<')£l->O(9Jl)o=0(791)0. Ker7t-{1, a}=Z2. As similar to Proposi-

tion 3.6.4, 7T is onto. Thus ((EG(_26)r)£l/Z2s0(9, l)0. Therefore ((E6C.26,)a)El

is isomorphic to Spin(9, 1) as the universal covering group of 0(9, l)0. Let

$: i2+->(£6(-26))ffbe the restriction of <j>:C*―>(Eec)a defined in Lemma 3.6.5.

Now <p:R+xSpin(9, l)-K£6(:-26))'7,<p(0>P)―fi(@)P> gives the required isomorphism

(cf. Theorem 3.6.7).

(2) As in (1), for ≪g(£6(6))(T,aEi=l-Eu £^R*. In this case there exists

surely ae(£6C6))<7such that aEl = ―El. In fact, pe in Theorem 3.4.5.(4)is

the required one. Now the connected group ((E^Y)E., as in (1), acts on

1 ＼X' 7] J

with the norm (Eu X, X)=!-r} ― xrx'. We can define a homomorphism

re:((E^Yh^OiS, 5)o=0(F5'5)0. Kerff={l, a}=Z2. As similar to (1) we have

((EHe)a)El/Zz=z0(5, 5)0. Therefore ((E6(_6/)El is denoted by spin(5} 5) (not simply
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connected) as a double covering group of 0(5, 5)0. Put ((£6(6))tr)(i={≪G(£6(G))<'

a#i=££i, £>0}. By the use of <j>in (1), we see that <p: R+Xspin(5, 5)->

((JE6C6))'T)0,0(0, /3)=0(0)/3, is an isomorphism (cf. Theorem 3.6.7). Thus (ER^)a

=((ER<R,Y)R＼Jo,{(ER<R,Y)n=(R+Xs1)in{5, 5))X2.

Theorem 3.6.9. (1) (£6r=(tf(l)xS/>m(10))/.Z4=(£6(_14)r

(2) (£6(2)r= (^(l)Xs£m(6,4))/Z4.

(3) (£6C_14)y~(r^T=a/(l)Xs/>/rc(8,2))/Z4.

Proof. (1) For a^(E6y, ^E,=aEx (feC* (Lemma 3.6.1))=rta-1r£1=

(?£)-*Euhence £(r£)=l,thatis,£e£/(l)={£e=C|£(r£)=l}.((^'^(((WW^

is connected as in Theorem 3.6.8.(1). The group ((Er)")e,acts on

V10-{X^c＼2E1xX=-tX) ={ x]|£eC,xeg}

with the norm {X, Xy/2―^(r^)+xx. We can define a homomorphism

7z:((E6y)El->SOa0)=SO(V10). Ker7r = {l, <r}=Z2. Since (e6r=(f4y 0/(3(3, (£),)"

(Proposition 3.1.1) and ((e6r)£l=(f4rc*3(2, <£),,dim ((e6)ff)*1=36+9=45=dim So(10),

hence n is onto. Thus ((Ee)a)El/Z2=SO(10). Therefore ((E6)")El is isomorphic

to Spin(10) as the universal covering group of 50(10). (In reality {(Es)9)El=

(E6)El). Thus <p: U(l)XSpin(lO)^(E6)a, <p(d, P)=<p(6)p where ${0) is one defined

in Lemma 3.6.5, induces the required isomorphism. {Ei^u-))a ={rX<y)a ―{rX)a.

(2) For a^(E^)a={tXr)a, aE1=$Eu £e£/(l). The connected group

((Ee(2)Y)Ei, as in Theorem 3.6.8. (1), acts on

V6-i={X(E3c＼2E1xX=-TrX}=＼＼
X WeC,x'e≪£%=<£'}

with the norm (X, X}t/2=$(t£)+x'x'. As in (1), we have ((E6Cv)a)El/Z2=

0(6,4)o= O(F6-4)o. Therefore ((E6W)a)El is denoted by spin(6,4) (not simply

connected) as a double covering group of 0(6,4)0. Thus <p:U(l)Xspin(6,4)-≫

(EeW)a, (p(0,fi)=<j)(d)fi,induces the required isomorphism.

(3) E6^u>=(E6cy*°=(E6cyXa'

because <t~<t'under d^F4dE6: 8a=a'd, dvl=vX8 (Proposition 2.2.3). For ≪g

{{E6c)tla')a={TXa'y, aE1=£E1, £s=U(l). The connected group {(tXo')")e,acts on

V8-2={X£eSc＼2E1xX=t<7'X}=＼＼ |£geC, xe<4

with the norm (X, X>a,/2= (r£)-xx. As in (1), we have ({zXafY)EJZi =
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0(8, 2)0=O(V8-2＼. Therefore {(rXo')a)Ei is denoted by spin(8,2) (not simply con-

nected) as a double covering group of 0(8, 2)0. Thus <p: U(l)Xspin(8,2)-+(TXary,

(p(d, fi)=<j){d)f},induces the required isomorphism.

Theorem 3.6.10. (£:6(2))ff~(r^)ff=(/7(l)Xs/)m*(10))/Z4=(r^r1o)'r~(£:6(-i4))(;.

Proof. E6W={E6cy*r^Eecy*p

because y~p under <5e£6:8j=p8, dzZ=vXd (Proposition3.2.3).As in Theorem

3.6.9,for a^dE^y^y^TXpY, aEi=£Eu fe£/(l)and the group ((rty)*)£lis

connected. The group ((Tkp)")E acts on

1 ＼x SJ
f,,f,£C,xe6c}

with the norm (Eu X, X)=£t£s―xxand the inner product (X.

<X,Y>P = <

t x＼(" y)><{

＼x U ＼y rjj
p

V ＼

= ― (r£8)≫2 + (r£8)fl

―$2 ―iix

ixi <?3

Y>P

1 ＼y vs/

i+2(ihx y)=(r$,vx)S 0

Here

where £=(&, £8),v=(y*, Vs) and S=diag(-1, 1, 2iJ, 2iJ, 2iJ, 2iJ)<EM(10, C). By

the following coordinate transformation

%2= is2 + Ss, ^a = is2―Sa, 7]z= it2+ts, 7]s= it2―ts,

we have ^8=-s88~s,8, -(r^)592+(rf8)≫8=2*(-(TS8)f8+(TS2)f8). Hence (Ex, X, ,Y)

= -(s, x)E(S) and (X, Y}p=(ts, r 0(2*7)( J where s=(s2, ss＼ t=(t2, t3). This

shows that we have an isomorphism

{a<=lsoc((Vc)10)＼(EuaX, aX)=(Eu X, X), <aX, aY>p=<X, Y>p}

= {A^M(1Q, C)＼lAA = E, JA=(TA)J}=0*aO)=0*((Vcy>).

Thus we can define a homomorphism tt:((r^)ff)£l-^SO*(lO)=(0*(lO))o by s(a)=

a i(Vc)10. Ker n= {1, a} =Z2. As similar to Theorem 3.6.9((r^)ff)£l/Z2sSO*(10).

Therefore {{rXp)a)El is denoted by s£m*(10)(not simply connected) as a double

covering group of SO*(10). And 0: U(l)Xspin*(10)^(r/lpy, ip(d,i3)=^(^)iS)

induces the required isomorphism as in Theorem 3.6.9.

-c'6(-14)―V-C'B^ =V-C'6z1

because a^yp under d^E6: 8a―jpd, dtX―rXb (Proposition 3.2.3). To determine

the group (((Eecy^py)El=((Ttrpy)El, consider the space (Vc)10=3(2, &c) with
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the norm (Eu X, X)=^2^3―xx and the inner product <Z, Yyrp={typX, Y)=

(r£,rr*)S(5?)=(r£,r;e)S'(37)as above, where S'==diag(-l,l,2*/,2i/, -2iJ, -2iJ)

gM(10, C). Since / and ―/ are conjugate in 0(2) (see Proposition 0.4), by a

suitable coordinate transformation, we have <Z, Yyrp=(rs, tx'){2ij)( ,]. This

shows

{aelsoctC^DK^, ≪I, ≪!)=(£, X, X), <aX, aY}rp=(X, F>r,}sO*(10).

Hence by the same arguments just as before we have the isomorphism (rXxpY

==;(IK 1W s1)in*nOWIZ..

Appendix

The Cartan decompositions of the exceptional universal linear Lie groups of

type G2, F4 and Ee are given as follows.

G2: simply connected compact Lie group of type G2,

Gm^(Sp(l)xSpa))/ZzxRs,

F4: simply connected compact Lie group of type Fi}

Ff^FtXR52,

Fi(i^(Spa)xSp(3))/Z2xR28,

FiC-m^Spin(9)xR16,

E6: simply connected compact Lie group of type E6!

E6c^E6xRi8,

E&M^Sp(A)/Z2xRi2,

E5C2^(Spa)xSU(6))/Z2xRt0,

Eu.u^(Ua)xSpina0))/Z.ixR32,

£cr_9c1~Rxi226.
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