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NOTES ON P2 AND [A]F

By
Yoshihiro ABE

This paper consists of notes on some combinatorial properties. §1 deals with
Z-ineffability and the partition property of P4 with 2 ineffable. In §2 we combine
the flipping property and a filter investigated by Di Prisco and Marek to characte-
rize huge cardinals.

We work in ZFC and the notations are standard. Pii={zC2: |z|<s} [A]'=
{zci: |z|=x}, Di={{z, v}:x, yeP.2 and zSy}.

§1 P.2 when A is ineffable.

£ is called 2-ineffable if for any function f: P.2——> P. such that f(z)Cx
for all zeP.4, there is a subset A of 2 such that the set {xeP.A: ANx=f(x)} is
stationary. We abbreviate the following statement to Part*(x, 2);

“For any function F:D.2— 2, there is a stationary homogeneous set f i.e.
|[FCHENDD)=1."

If Part*(x, 2), then « is A-ineffable. We shall show the converse is true when
4 is ineffable.

LEmMma 1. XcP.2is closed unbounded iff {a<2: XN P.a is closed unbounded
in P.a} contains a closed unbounded subset of . Hence S is stationary in P2 if
{a<2:SN P is stationary in P.a} is a stationary subset of A

THEOREM 2. Suppose that 1 is ineffable. If Part*(x, a) for all a<2, then
Part*(«, 2).

Proor. Let F:D.A— 2 and F,=F[|D.a for every a<i. By our assumptions,
there is a stationary subset A, of P.a such that
FI'[APND.e)={k,}, k.€{0, 1}.
Since 2 is ineffable, we can find an AcCP.2 so that

S={a<i: Ai=ANP.a} is stationary in 2.
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A is stationary by Lemma 1.

Let ¢, ue[A]*ND.A Since S is unbounded in A, there is a member of S, @ such
that both ¢ and # are in [A.J°ND.a. Hence F(#)=F(u)=k,. So, A is a stationary
homogeneous set for F.

DEFINITION. « is 2-almost ineffable if for any function f:P.A—> P such
that f(z)cx for all ze P4, there is a subset A of i such that the set {zeP.:
ANnz=f(x)} is unbounded.

THEOREM 3. Suppose that 1 is almost ineffable. Then « is 2-almost ineffable
iff £ is a-almost ineffable for all a< 2.

Proor. — is proved by the same argument as the lemma in Magidor [9]
p.p. 281.
(«—) Let f: PA— Paand f(z)cz for all ze P.A. Considering a function f[P.«
and using a-ineffability, we get an A,Ca for every a<2 such that

X.={zxeP.a: f(x)=2NA,} is unbounded in P.a.
Using now the almost ineffability of 2, there is an AcC2 so that
S={a<1:A.=ANa} is unbounded in A

Let X={xecPa:f(x)=xzNA}. If acS and zxeP.a, then xNA.=xzNANa=xNA.
Hence X,c XN P.a for every aeS. This gives

{a<2: XN P.a is unbounded in P,a} is unbounded in A.
Thus X is unbounded in P.A.

CoroLLARY 4. The following are equivalent for £<2 with 1 ineffable.

(a) Part*(x, a) for all a<a.

(b) Part*(x, A).

(c) & is A-ineffable.

(d) « is a-ineffable for all a<A.

(e) « is a-almost ineffable for all a<A.
(f) « is A-almost ineffable.

(g) & is a-supercompact for all a<2.

Proor. (a)— (b) is Theorem 1. (b)——(c) is Theorem 2 in Magidor [9].
(¢)—(d) is the lemma also in [9]. (d)—(e) is trivial. (e)«—=(f) is Theorem
3. (e)—>(g) is by Carr’s result: If & is 2°~"-shelah, then « is a-supercompact.
(¢ is a-shelah if ¢ is a-almost ineffable.) See [3].
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On the coding of P.4, there are works of Zwicker [14] and Shelah [12]. The
author can not answer this question.

QUESTION 5. Is there a function #:2—> P.A such that for any stationary
subset A of 4, #/A is stationary in P4

It is, of course, true if k=4 In fact let £=id.|x. The question is interesting
when 2 is ineffable.

ProrosiTioN 6. If 2 is ineffable and there is a ¢: 21— P2 such that #’A is
stationary for any stationary subset A of 2, then « is 2-ineffable.

Proor. Suppose that f:P.2—> P and f(z)Cx for all ze P.A. Let A, ={f<a:
Be f(#a))}. Since 2 is ineffable, there is a stationary subset S of 1 and Ac2 so
that A,.=AN« for all aeS.

B=t"'S is stationary and for any ze€B there is an a.€S such that z=#as).
Hence f(z)Na;=ANaz.

Let B’={zeB: f(x)+ANux} and d,=the least ordinal in f(x)4(ANx). ds€x for
all zeh'.

Soppose that B’ is stationary. There is an ordinal 6<4 such that C={xeB’:
d;=0} is stationary.

VzeC(f(z)N(G+1DxANG+1)).
So,
VzeClas<o).
Haz: zeCH >|Cl|=2%"=2.
Thus there is an xeC such that é<a.-

Hence {reB: f(x)=AnNux} is stationary.

REMARK. #’A is a stationary subset which splits into 2 disjoint stationary
subsets. Gitik constructed a model of ZFC in which there is a stationary set that
can not be splitted into 4 disjoint stationary subsets in [6].

§2 [2]° when £ is huge.

Let j: V—> M be a huge embedding with critical point » and j(k)=2 in this
section.

At first we recall a filter on [4]* investigated by Di Prisco and Marek in [5].
It is analogous to the closed unbounded filter on P.2.



158 Yoshihiro ABE

DeriNiTION. For XC P2, define Ay, the basic set generated by X, as follows:
Ax={ze[A]":x is the union of an increasing «-chain of elements of X}. Define
F..by

AeF, , iff there is a closed unbounded Xc P.2 such that AxcA.

TrEOREM (Di Prisco, Marek, Baumgartner)
F. . is the least s-complete, normal, fine filter on [2]". If U is the normal ultra-
filter on [4]" induced by j, then every set in F, , is in U. In this case F, , is not
r*-complete.

Xc[2) is unbounded if Vze[A*IyeX(zCy). X is F., stationary if XNY=0
for all YeF, ;.

ProrosiTiON 1. Any XeF, ; is unbounded.

Proor. There is a Cc P.2 that is closed unbounded and CyxcX. Let ae[A]
and f:x—>a be a bijection, z.=f"a for all a<x. We can find, using induction,
¥.€C such that y.Dxz.U{ys: f<a} for every a<c.

{vala<s}cC is a g-chain and x=\Hr.: a<e}C\U{y.: a<i}=yeCxrc X.

Next proposition shows the situation is different from P.x.

ProrosiTiON 2. If & is huge, there is a F, ,-stationary set that is not un-
bounded.

Proor. (2)*={xe[2]": the order type of x is «} is in U. Clearly (1) is not
unbounded.

Moreover, we shall show that there is a F, ,-stationary set S such that for
any z, y in S, ¢y. Thus, partition property may not be directry extended to [1]
as for P.A.

DEFINITION. f is a w-Jonsson function over a set z iff f:“x —> 2z and when-
ever yCz and |y|=|z|, f""y=x.

Lemma 3. Let U be the normal ultrafilter on [2]° induced by j and f is a
w-Jonsson function over 4. Then {xe[A]": f“x is w-Jonsson over z}eU.

Proor. The same argument as a normal ultrafilter on P2 can be carried out.
Let e: V—> N=V¥ U and Xce'’2 with |X|=|e’’2}]=1 Since Y=¢"(X)c2 and
|Y|=2, f""*Y=2a. So,

Ya<idse’Y(a=f(s)).
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This implies
Vaee'’ 23se®Y(a=e(f)(e(s))).
Since e(s)=e'’se"X,

e(f) X =e"2.

Hence e(f)]”¢’’2 is w-Jonsson over e’’A.
Thus {zx: f“z is w-Jonsson over z}eU.

THEOREM 4. There is an AeU such that for every pair z, v in A4, xdy.

Proor. Let f be a w-Jonsson function over 2 and A={xe[i]": Iz iS w-
Jonsson over z}eU.
Suppose y&xeA. Since |z|=|yl|, f/*y=x. But f’“ycCy.

§3 Flipping properties and huge cardinals, partition properties of P.A.

Flipping properties wrer first studied by Abramson, Harrington, Kleinberg and
Zwicker in [1] and turned out to be another form of large cardinal property. Di
Prisco and Zwicker [4] extended this line to supercompactness. More precisely,
they gave a new type of flipping properties equivalent to 2-ineffability and A-mildly
ineffability. We shall introduce an analogous type properties and discuss the
relationship with huge cardinals.

DerFINITION. If ¢:2— P([4]"), we call ¢ a flip of #(#'~¢) if #':2— P([A])
and for all a<i, ¥(a)=Ha) or t'(a)=[A"—Ha). Flip(s, D)=Vt:21—> P[A])It'~¢
such that uil{’(a) is F. ;-stationary. Inef(x, A)=for any function f:[A]* — [A]* such
that f(z)Cz for all xe[1]", there is a subset A of A such that the set

{xe[A]": ANx=f(z)} is F,, ,-stationary.

THEOREM 1. (i) Flip(x, 2) iff Inef(x, A).
(ii) If Flip(s, 2%, then there is a huge embedding j such that « is the critical
point and j{x)=A.
(iii) If j: V—> M is a huge embedding with the critical point & such that j(x)=41,
then Flip(x, A).

Proor (i) Assume that Flip(k, 2) and f:[A]" —> [4]" such that f(z)cz for
all xe[2}". Define {:1— P([AF) by

Ha)={ze[A] : ac f()).
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Let #~t be such that 4#(«) is F.,;-stationary.

Put A=U(f(): v Jt/(@)). We shall show that if wc4t'(a) then z0A=f(z).
Obviously f(z)cznA. If aexnA, then there is a yif’f’(ﬁ) so that ae f(y). Since
ac f(y), yet(a) and acy. Hence t'(a)=#a). Now ae:ceﬂz(lf’(ﬁ) and #(a)=#a). This
gives zet(a). Hence ac f(z).

Conversely, let ¢: 21— P([A]). Define f:[A) — [2]° by
flz)={aex:zet(a)}.
There is a subset A of 2 such that B={rcl]":xNA=f(x)} is F. ;-stationary.
Define #: 2 — P([AT) by #(a)=t(a) if acA and #(a)=[A—#a) if ad¢A.

Suppose reS and aczx. If acA, then acf(x) hence xeia)=t(a). If a¢A, then
agf(x) hence zéi(a). So zet'(a). Now we have shown Scaélxt’(a), which must be
F, ;-stationary.

(ii) Let y=2* and {A.:a<y} be an enumeration of P([A]"). Define ¢:7y —>
P([yT) by Hla)={xe[y]":zN2cA,}. Let ¢’~¢ be such that At (a) is F.,,-stationary.

A filter U on [4]" is defined by A.cU iff ¢'(a)=Ha). We shall show in fact U

is a normal ultrafilter. The fact that for any aeP.r the set {ze[y]":aCx} is a
member of F. , is often used.

(1) A€ U/\AaCAp _—> A,ge U.

There is a xefAt’(E) such that {a, flCx. Since zet’(a)=ia), xNicA.cAs. Thus
<2
zet(f). Hence t'(B)=1(f).

(2) U is g-complete.

Suppose {B,:a<dlcU (6<x) and f:6—> 7 such that B,=Ajsw for all a<d. Let
AV=Q§B,.

There is a xedt'(§) such that {y}U f"’6cz. For all a<d, zet'(f(w)=t{f(a)), sO
xegAfm. Hence xN2¢A,. This shows zet(y) and '(n)=£Hy).

(3) For any a<2, {xe[] :acx}eU.
Let Az={xe[A] :acx}. B)={ze[y):acxzN={xe[y]) :acx}ck,,. There is a
“ié’f'@) such that ze#(8) and pex. Hence ze#/(8) and #'(8)=¢f).

(4) U is an ultrafilter.
Obviously ¢¢U. So we have to show only that if A¢U, then [1]"-AeU. Suppose
that A.4U. ¢(a)=[y]"—ta). Let [A*—A.=A,;. There is a xeAt’(E) such that
{a, Bicx. Since zxet'(a)=[r]*—i(a), zN¢A.. Hence zNicA; and xzet(f). Thus
' (B)=4p).

(5) U is normal.
Suppose that {B,:a<A}cU. Let f:1—>y be such that B.=As., for all a<y,
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and AP =A;.

ﬁote that X={zeP,y:VaczNA(f(a)ex)} is a closed unbounded subset of P,;.
Let C=Ax={ye[;]":IDCX(D is a s-chain, y=UD)}. Then CeF.,.

If yeC and aeyni, there is an ze¢D such that aexnNi and zcy. Hence
fla)ezcy. Now we have got that for any yeC, if aeyNi then fla)ey.

There is a yeAt’(E) such that yeC and Bey. For all aeyni, fla)ey and
yet'(fa)=Hf(a), hence YNA€Ascar-

If #(B)={y1"—#B), yN1¢As;=4B,. So, there is an aeyN2 such that yNi¢B.=
Arw - Contradiction. Hence t’a(,<81)=t(‘8).

(iii) Let U be the normal ultrafilter on [A]° induced by j, ¢:1—> P([A]").
Define #':2 — P([2)) as follows. #(a)=¢#a) if t{a)eU, and #(a)=[2]"—#(a) if {a)¢U.
Then #'~t and for all <2, #(a)eU. Hence ng’(a)e U. Every member of U is
F,, ;-stationary.

Next the author tried to express the partition property of P.2 in the form of
a flipping propertie. (Though it does not seem successful.)

PropprosiTION 2. The followings are equivalent.
(@) Part*(x, 2).
(b) For any ¢: P.A— P(P.2), there are #~t and a stationary set X such that if
{z, yleD.AN[X]* then yet'(x).

Proor. (a)—> (b). Define F:D,2—>2 by F(z, y)=0 if yet(z) and F(z, y)=1
otherwise. Let X be a stationary homogeneous set for F. When F/((X]ND.3)=
{0}, ¢=t. If F/(X1PND2A)={1}, let #(z)=P.a-Kz) for all zeX.

(b)—>(a). Put #x)={y:F(xz, y)=0}. There are #~¢ and a stationary set X
such that if xEyeX then zet'(y).

Let X,={zeX:¢(z)=tx)} and X;={reX:¥(z)=P.A—#x)}. Either X, or X, is
stationary and both of them are homogeneous set for F.

We add easy obervations at the end of this paper.

DerFINITION. A stationary coding set for P.2 (an “SC”) consists of a stationary
set ACP.2 together with a 1:1 function ¢: A —— 2 (called the coding function)
satisfying that for each x, yeA

zEy > c(x)ey.

ProrosiTiON 3. If Part*(x, 2), then an SC exists. (This is also seen in Zwicker
[14]. The author considered this property without a word an “SC”.)

Proor. Let F(z, )=0 if c(x)ey and F(x, y)=1 otherwise, for any 1:1 func-
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tion ¢: P.A— 4.

DeFINITION. XC P2 is prestationary iff for any choice function on X is con-
stant on some unbounded set Sc X.
This definition makes sense. In fact,

LemMa 4. (Menas in [10]) There is a prestationary set that is not stationary.

LemMAa 5. If X is prestationary, then {zreX:aecCxz} is also prestationary for
all gePA.

DEFINITION. wPart*(k, 2) iff any partition of P.2 has a prestationary homogeous
set.

THEOREM 6. If wPart* (¢, ), then « is almost Z-ineffable.

Proop. Magidor’s proof of Theorem 2 in [9] can be carried out. What we
really need is a homogeneous set H such that for any choice function f there is
an unbounded subset 7" of H so that

VzeT3yeT(xEy and f(x)=f(v))-
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