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THE L-WELLPOSED CAUCHY PROBLEM
FOR SCHRODINGER TYPE EQUATIONS

By

Akio BABA

§ 1. Introduction.

We study the Cauchy problem for a Schrédinger type operator

1 2
P=P(x, 1, Da, D)=Ds+ 5 2 (Ds—a(x, 0) +e(x, 1),
j=1

where a(x, )=(ai(x, 1), -+, aa(x, 1)), c(x, HECXLO0, To); B=(R™), (T+w>0), D=
—1d/0t, D;=—i0/dx; and a,(x, )=a%(x, t)+iakx, t) (a%(x, t) and aj(x, t) are real
valued functions in R"XR,). Hence @<(R™) denotes the set of C~-functions
whose derivatives of any order are all bounded and g(x, ) C¥[0, To]; X)
(k=0, 1, 2, ---) means that the mapping: [0, T,] 2t—g(x, )& X is k-times con-
tinuously differentiable in the topology of X.

In this paper we give a sufficient condition for the Cauchy problem

» { P(x, t, Do, Du(x, )=f(x, 1) (x, )ER*X[0, T] (T>0),
*

u(x, 0)=uqox) XER"
to be L,-wellposed.
We say that the Cauchy problem (*) is L,-wellposed if there exists T>>0

such that for any initial data u,=H, and for any f(x, t)eC¥[0, T]; H,) there
exists a unique solution u(x, )& Ci([0, T1; LINCY[O0, T]; H,) satisfying

e, Dlle, 2CO{lualey+ {1 £C, ds} 210, T1,

where L,=L,(R"), and H, is the Sobolev space which defined by H,={ves’;

(D>we Ly(R™)}. Here, S’ is the dual space of the rapidly decreasing functions

S, and <D,>® is the pseudo-differential operator of symbol <&)* ({&>=~1+&[%).
When the coefficients e;(x)=a%(x)+iai(x) (j=1, ---, n) are independent of

¢, Mizohata [3], [4] proved that the condition

(Co) su

020, IeRnPweS”-l

SP iaﬁ(x—sw)wjds < oo
=

0
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is necessary for the Cauchy problem (x) to be L,-wellposed. S*-! denotes the
unit sphere in R*. He also proved (C,) and the following condition
lal=1,
(Ca) .
max sup |Dsai{x+ sw)| ds}<oo ,

1sjsn {xeRn,weS"—ISo

are sufficient for the Cauchy problem () to be L,-wellposed. Takeuchi [5]

proved that if there is e,>0 such that a;(x)=a%(x)+ial(x) (=1, -, n) satisfy
Drai(x)| < — C= )
| Dzaj(x)] = (Eotreoriar (all a),

(T)

1 DsafmISE (a2,

for x=R", then the Cauchy problem (*) is L,-wellposed.

In the present paper we give a sufficient condition for the Cauchy problem
(*) to be L,-wellposed.

THEOREM. Suppose that there are &,, £,>0 such that

Co

_St o (lal=0),
| Dsal(x, )] < <xc>
) o (lalzD,
Draf(x, =-S5 (lalz2)
E A ANGS] =<x>1+sz = ’

for (x, )e R*x[0, To] and j=1, -, n. Then the Cauchy problem (x) is L,-
wellposed.

We can see from the above Theorem that the condition for a¥(x) in (T) is
removed for |a|=1.

To prove our Theorem, we reduce the operator P to an operator of which
imaginary part of first order term vanishes identically, by use of pseudo-differ-
ential operator of type S§, To do so, we need some properties of a solution
of a characteristic equation for P. In §2 we investigate the characteristic
equations, in §3 conjugate P by a pseudo-differential operator ¢”(x, D.) of type

8.0 and in §4 prove that the Cauchy problem (*) for P with af=0 is L,-
wellposed.

§2. Properties of characteristic curve.

We consider a characteristic equation for P
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(21) At(x’ 5; t)_i-&'Ar(x: E; t)+a§(xv t E)AE(XI f; t)+al(4\) t ‘S)ZO’

where

af(x, t, =3 akx, 06 al(x, 1, = 3 allx, 08,

n

ag(x) t’ s):(JZZI a;e,rl(-xy t)sjr B} 2 af£n<xJ t)€]> ’

j=1
x-E= E x€,  (x, EER™).
The characteristic curve (x(¢), &)=(x(y, 7, t), &, 7, 1)) for (2.1) is defined by
{ =§  x(0)=y,

€=a¥(x,t, 8, &0)=7,

where £=0x(t)/0t, E=0&(t)/dt.
Put

(2.2)

~ t
1y, 73 == 0" (x(), s, &sNds.
Then we can prove the following

LEMMA 2.1. Assume that the conditions (S) in Theorem are valid. Then the
solution of (2.2) satisfies the following properties.

@ x(, n, 1), &y, p, HEC(R X0, To]).
(i) There is a conslant C such that
Cttpl £lx(y, 5, D=y =Clinl,
Cnl<I&, n. OIZClnl, (0, 9, HER™X[O0, To].
(iii) There are T>0 (T £T,) and C>0 such that

¢ &y, 1, 9| .
5o<x(y, 7, s)>1+52d5§_c; (y, s t)C_R XEO’ T]

(iv) There is T>0 (T<T.) such that for la+pl=1
By, p 0, EE(, 9, He B0, TT; S5.oN B0, T1; So,0),
where x(B(y, 0, H=0:DEx(y, 0, 1), EB(y, 9, H=05DFE(y, 0, ), B[O, T]; X) is
the set of symbols of which k-th derivatives are bounded in X for t<[0, T] and
S?; is the symbol class of pseudo-differential operator which defined by Si;=
{p(x, &S C=(R™); | piB(x, E)| LCq, pl&OmP1«1¥0181 4n R**}, for some p and §
between 0 and 1.
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(v) There exist T>0 (T'<T,) and C>0 such that

0, 1, 1), &9, 1, 1)) ~ p2n
C'= a0y 7 =C,  ( pDeER"X0,T].

(vi) There is T>0 (T<T,) such that
AQy, 7, )€ BY[0, T1; S8 BH[0, T1; Sh.o).

PROOF. (i) This fact is well known (see [1], Chapter 1, Theorem 4.2).
(ii)) From (2.2) we have

218001 5. 181 = 2 180

<2160 1€t

S2IEDO 1 af(x(t), B,
which shows

1601 =160} exp | |/ 1a%x(s), 91 ds]
=Cinl.
Similarly, we obtain
d . :
S1E0 1"z 21601 10!
Z—21801°| 530, 1)
and
€012 160)] exp | = a%(x(s), 9)1d3]

=C'|nl.
Therefore, we can get
Clplzl&®)|=CInl.

From (2.2) and the mean value theorem, there exists a § (0<#<1) such that
t
ext=y,+[ 80, 7, )ds

:y7+tEJ(y’ /B at);
for j=1, ---, n. Therefore we get
CHigl=lx@®—y | ZCliyl.

(iii) From (ii) we have
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1160y, 9, $)|

S
yER™, I]ER”SO {x(s)yttes

¢|1&(y, 1, s)i

160y, m, )1
=ye1zsn,mzlgo x(s)yttee

S
yER™, |71 slgo {x(s)yrtee

t1&(y, 1, S)I
< e
:nlnslza;i {yeR". lsvyl:xpzml/mgo {x(s)yrres ds}+c'

ds+

When |;|/Ip1=1/+n, we have

H ¢ !
Soa’fi(x(sx s, &(s)ds I
- 7] |
1
2vn

1 & 7
| T9T ~ Tol

=CT<
for T<1/24/nC. Hence we obtain |&;|=|7%!|/24/n. Put GZSZ&(T)dT'
[}

Since x(y, 7, s):y-{—g &(r)dr, we have

E( , 7, | t CI [
g:?;cl(y%'g“é&mds

= c |7l
S—oo {yitayitee [£(s)] da

fiA

I

= ¢’ o
). gy 495"

This completes the proof of (iii).

(iv) Taking the derivative of (2.2) with respect to y,

.7(.: :‘Ev 5

@2.3) { S
Ey:agx(xy ¢ ‘E)xxy+a§(x; t)XEy ’

where

08,(1)/0y, - 0&:,(1)/0yy

gy-*< : i : )y
06.,(8)/0y, -+ 0&,(1)/0yn
a%i(x,t, E)Xxy

(aglrl(x) t, E) aglxn(x7 t 5)) (axl(t)/ayl axl(t)/ayn )
axn(i5/5y1

o axn(t)/ayn

aijnxl(x; 6, & agnrn(x, t 5)

and
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(ale(x, B e oafs (x,0) ) 06,(t)/0y, - aEn(t)/ayn)
af(x, )x€,= : g : ( : : .
aen(t)/ayl agn(t)/ayn

afxn(x) t) e alrfzn(x) t)
Let

o=~ 1x,OI+1&,1%,
where |x,(t)|={X21% ;=110x:(t)/0y;1*}'%, &, ={2F ;=1106:)/0y;|*}'1*.
Then we have
d z_i 2 i 2
5 00= T 15,01 2 16,0)]

2| x, |12, +21€,11€,0)]

<20, 1 1€, +21&,1(1a%(x, t, )] | x,[+1aB(x, )XE,])
<200t {14 | afa(x, t, &)1+ ak(x, D]}

<2Cp(t7{14a)}.

where a(t)=|a%.(x(@), t, EB)).
Therefore

d%p(t)éc p)1+a®)).
Since p(0)=( x,(0) |+ |£,(0)[)*=/7, we get
(1)< p(0) exp [cg:a(s)ds]z Vrexp [cg:a@)d 5]

By (iii) and (S) we have

; _(* ClEW, 9, 9 '
Soa(s)ds-—go<x(y’ p, spyrads=C’

Thus we have p(1)<C which yields |x,[, [§,|<C. Similarly, {x,], |§,|<C.
For /=1 we suppose

[xB(, p, O1, [EBD, 9, DISC
for 1< |a+B1<!. It follows from (2.2)
0,05D8%(y, 1, 1)=0,05D5&(y, 1, 1).

We put f(y, 9, D=af:(x(y, n, 1), t, &y, 3, 1)) and g(y, n, H=a%(x(y, 9, 1), 1).
Then we have
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0,02 DEE(Y, 7, )=02DB(f X xy+gXE,)
= 3 CH%fE0, 1, OX0EDEx (v, 1, 1)

alta?=a
B2+82=8
+ 5 Calsigigd(y, 1, X85 Dy, 7, 1),
serpach
where
, 14-1&1
(a) L L
!f(ﬁ)(y’ 7, t)‘ ;Caﬁ <x(t)>1+52 s
1250, 7, O = Cap s
ﬁ ’ ’ =vap <x(t)>‘+52 .
Let

sO=118, 5B, 1, DI+ 1,680, 7. DI*.
Then we have

d d d

700 =7 10,28y, 7, DI+ 7 10,68, 7, I*
<200,y 9, 0110,23(, 7,0 +210,68(, 1,01 10,8 (v, 7,1)]
<2525 {Calt)+C al®)Ft)}.

Consequently,

p=| (Cals)ds+| (1+CalsDis)ds

<C+ S:(l—I—C’a(s))ﬁ(s)ds .
Therefore, by Gronwall’s inequality we have

0B C exp [g:(l—i—C’a(s))ds}éé ,

which implies
10,28y, 7, DI, 10,68y, 9, HISC.
Similarly, we obtain

‘ar;ngg(J’: 7]! t)lr |ar;§§§;(y; 77y t)l _S.C .

Thus x{&(y, 9, t) and &{3)(y, 5, t) are in BY[0, T7; S§,0) and (2.2) implies that
{8y, 7, 1) and &E(y, n, t) are in BK[0, T]; S5+). This completes the proof
of (iv).

(v) Let

(6x(t)/6y ax(t)/an)
oe)/dy e/ an)’
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I 0
X(0)=( ) .
0 1

Then taking the derivative of (2.2) with respect to y and 5 we have
0 1

af:(x®), 1,8  af(x@), 1)

where

X(t):( )X(I)EA(DX(I),

where X(1)=0X(3)/0t.
On the other hand,

[1amiasscfaracnassc,

where |A®)|={Z. (a0 ® and ay(t) (7, j=1, -, 2n) are components of
AQ).

Consequently,
d . .
T [X®1P=2X)X()
=—2[ABDI XD,
and
X121 XO)] exp| | | As)1ds]
=ClXW)|=C".
Similarly,
d . .
7 [ X@O1*=2X®)X®)
=2[AM|1X®17,
and

X011 XO) exp| |1 41 ds]

<C|X(0)|=C".

This completes the proof of (v).
(iv) We have

IBy, =32

Jj=1

t
Y Cziﬁigoa,‘;ll?ﬁlaﬁ(x(y, 7, 8), 9EEB (Y, 7, s)ds,
Fiigenp
where
Cas

|0g' D8 al(x(y, 9, ), s)lém-
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Then
~ t
1ABG, 1, O] §Caﬁgo(a(s)+1)dséc .

[t implies (vi).
Let y(x, & 1), n(x, & t) be the inverse functions of x(y, %, ?), &, 5, #) and
put

(2.4) Alx, &; )=A(y(x, &, 1), 9(x, & ;D).

LEMMA 2.2. Assume that the condition (S)in Theorem is valid. Then there
is T>0 (T<T,) such that

(i) ¥(x, &0, n(x, § HeC=(R*"X[O0, T1)
(i) »{E(x, & 0, 2B(x, § D= BU0, TT; SLINBUO,TT; Sho), (la+plZ1)
(iii) 19gDEx(y(x, & 1), n(x, & 1), I =Calt—sl, (lalzl, all p)

v) A(x, & )= B0, T1; S BX[0, T; Sh.o)
Cast, (la|Z1)
I/IE;%(x,E,t)Ié{ ?
Cosy  (Jal=0).

i.e. Alx, &; HES).,.

Proor. (i) It is well known the proof of the differentiability of solutions
with respect to parameters (see [1], Chapter 1, Theorem 4.2).

(i) Set
F:(XU, n)—x) '
&y, m—§

OF _0(x, & oF
oy, n) 9y, 9" ox, &

By the implicit function theorem,

o(y, ) oF \-! oF
o o= Go.n) i)

Then,

~1.

_(0(x, )\
~Goim)

Thus the conclusions of (ii) follow from (iv) and (v) of Lemma 2.1.
(iii) Since x(y(x, &, 1), 7(x, &, t), t)=x, we have for |a|=1,
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|0gDex(y(x, & 1), 9(x, &, 1), s)]

osDE{x+{5(r(x, &, 0, 7(x, &, 0, )de}|

osD8{{ €r(x, & 1), 9(x, & 1), e} |

=Caplt—sl.
(iv) The estimate (iii) and (S) imply
| DEog A(x, &, 1)
=| D83 A(¥(x, & 1), n(x, & 1), 1)

=‘D§8§S:a’(x(y(x, & 1), n(x, & 1), s), 8)-&y(x, & 1), 9(x, & 1), s)ds

IA

t[(t—5)E(s)] v ds :
Caﬂ{gom(x(s))é“l ds_i_gt)(x'(»sw}éc“ﬂt if la|2=1,

ol capren 45+ gy} 5o iF b0,

This implies (iv).

A

§3. Transform by e’
Let o(K)(x, &; H=e2=&0 and ¢(K)(x, &; H=e 1= &D Where A(x, &t is

given in (2.4). Then, we have

(R K)(x, &; t)=Os~—SSe‘“"”e"”’“““”‘”e”””*”'5“’dyc777 ,

=1+{ 2 0s={{e= v (—DpACx, g+9; et enio

0177=1
XL A(x+6y, &; el =+v-E04ydndh
=1+40(R)x, &; 1),

where
1 .
o(R)x, &; t)zg0 Irgles—SSe“W'ﬂ{—D;A(x, E+7; et
XOLA(x+0y, &; Hel=+0v-504ydnd6 .
Here
dyp=Qr) "dn=Q2x)"dy, - dn,,
and

Os—SSe‘”"”a(y, ndydn= lim gge"’y'ﬂl(en, ey)aly, pdydy,
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for XS in R?" such that X(0, 0)=1. Then we can get the following Proposi-
tion 3.1 from Lemma 2.2 (iv).

PROPOSITION 3.1. Assume that the same condition (S) as in Theorem is valid.
Then, for any a, B (lal=1) we have
3.1 Ir@(x, &; ) =Capt, ([0, T]),
where r(x, &; )=a(R)(x, &; t).

From (3.1) and the Calderdn-Vaillancourt theorem, we obtain [|[R(x, D.; t)ll.,
<1 for t=[0, T], if we take T >0 sufficiently small. Hence we can define

(3.2) Qx, D, ; ty= i (—R(x, Da; )

which converges in the sense of L, norm. Moreover by virtue of estimates of

the symbols of multiple products of pseudo-differential operators we can show
that (3.2) is convergent in the symbol class S} .

PROPOSITION 3.2 (Kumano-go [2]). Let ¢ix, & (J=1, -, v+1) be in Sj..
Define for v=0

(3.3)  punlx, §)
=OS—SS eXp(—ié V). :_II:qj(ery"", §+n)dyt - dydy' - dy,

where 5°=0, ¥=y'+ -+, (j=1, -+, v), »**'=0 and y’, p’=R". Then there
is C>0 independent of v such that

3.4 pone, OISCH T 10y 9 . ne=20n/241],
for x, E&R™.

Define p,..(x, D; )=(—R(x, D,; t))**'. Then it’s symbol p,.(x, &; 1) is
given by (3.3) with ¢;=—r(x, &; 1) (=1, ---, v+1). Moreover p,.{B(x, &; 1) is
given by (3.3) with q;zr%ﬁﬁ(x, &;t) Ca’=a, 2B'=p). Therefore we have by
virtue of (3.4)

CH(r [{Qrprany)”™ i |a+B]>y,

\pvﬂgﬁg(x; E;t)‘g{ .
C(Ir ] Ruprany) (I r| )+ 10tErif o+ <v

for x, é&R™.
From (3.1) we have |r|f0<Cyt (t=[0, T]). Hence
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)

1
[punBl+ 2 (B

0 v=la+B)+1

o0 la+pB
E)Pmﬁ%?(x, &; t)|§ 2

<Cas(1+ D (CtF)=Clp, 1[0, T]
if T is sufficiently small, which implies
Qx, & D=2 pun(x, & DF+1€ BAM, T1; SN BHO, TT; Sho).
Now we can construct the inverse K-! of K(x, D,;t) as follows

K(x, D.; )'=(14+R(x, D,; ) K(x, D, ; 1),

where K=e 4 &5 The symbols of K-'(x, D.;t) is in %[0, T]; S8 oM
B1([0, T]; Ss.0).

Put u(x, t)=Kuv(x, t). We have

Pu(x, t)=P-Kuv(x, t)
:Se”'se/'(z’é;“{D:A‘F géj(DjA—Zag)Jf‘Dﬁ'—;— ]é(&_afy
1 = 2 1 2 12 R\2
+e()+5 2 (Did—a)+—+ 2 DD A—a;)——+ 2 (a")}
2 =5 2 j= 2=

xD(&, ydé .
On the other hand,

1 =
KQ{DHL7 E(D,-—a’})g}u(x, )
- KD{DH% 33 (D3—2a8D;+ (a8~ Dyafhutx, 0
Jj=1
1
=|etetstensin( Dt S et)oce, nde

— 31 Ke(a¥(x, D, (%, t)+—12~ 3 Ke((a%)—D,a%u(x, 1),
j=1 =1

and
o(Kea%Dj)(x, §; 1)

S Os——“e“”"ie"(’”'“”;”a?(x—l-y, HE;dydy
Jj=1 J

3

= 3 e 600k x, D+ 3 3 (e ED(a(x, DENrFb(x, §5 1),
1 j=1 1y7i=

.
It

where
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b(x, &; 1)
oA 11-6 _ —iy. Acz, &+t R 7
=2Z .MSOT {os—\{evreremsenoymag, et 0y,08,dyan}a0,

J=1 Jj=1

= ﬁ‘,] e =50 (aB(x, 1)) 4cy(x, €; 1)
=

and

alx, &= 3 S:Os—gge‘”"V(e"("f*”;“)(”(a?(x-{-By, )dydyde.

j=1 Irl=1

Therefore we have
K-'ePs Ki(x, t):{Dﬂ—% é([)j—a*;)?}v(x, D+&(x, Do Hlx, 1),
where
(3.5) &(x, D,; u(x, t)
=Kt et e D A, &5 048 Aulx, €5 D aB(x, 1, ©

'Af(x) E; t>+a1(x) tr 5)}6(57 t)gf
+Keb(x, Doy D(x, t)

—|—-;— ZTLID,-aﬁ?(x, Hu(x, t)—é—K"’ocl(x, D,; Hu(x, t)
e

n ) 1 1
+ ]2 K“oﬁe”'5*”<I’5;‘>{c(x)+—2— (D;A— aj)z—}—? Dj(Dj/I—aj)—%(a’})z}
X0, )dE.

LEMMA 3.3. Assume that the condition (S) in Theorem is valid. Then
&(x, &; 1) is in B0, TT; S8.00N B[O, TT; Sh0).

PROOF. Note that the first term of the right side of (3.5) vanishes because
of (2.1) and it is evident that the terms in (3.5) except b(x, &; t) are in
BALO, TT; S8.0N B0, T; S§,0). Hence it suffices to prove that b(x, &; ¢) is
in 8¥[0, T]; S8.oNB[0, T]; St,0). By Lemma 2.1 (iii), Lemma 2.2 (iii), (iv)
and e ¥ 1=(y) DN eV =)D e V"7, where (D,>:=1-—A,, (D=
1—-A,, we have



248 Akio BABA

X g:{os_SS<3’>_“(Dr7>2l<7]>_u<Dy>2le_iy "/ag‘“'Dﬁ‘ﬁ’(e"“”’ £+77;t))(r)

X328 DB ab (x40, t)-Edy[h)}dﬁi

B R s R e

&I+l
<x+0y>1+52

dydndo

/ pleey N -2l41 ¢ 1&(s)] (t—s)(1&1+1)
écaﬁ55<y> (™ dyf?’)&)(x(s»zm dsX (xote

§6aﬁ .

Here we take [=[n/24+2] and we use the inequality

(t—sXIE1+D) _ W—sp
syt =/
(x+[ 60, 9, Dy )co>
_ CLt—5)8>
=9y, 1, 0t—s)+s)>
=C,
1 _ 1
<x+0y>1+52<y>2 = <x+0y>1+62<y>1+52
= L -
= <x+0y>l+52<0y>1+52
<1
= <x>1+52 ’

and

t — t d
| DB A, &, 01 5 Ca{ [ 15 S dst ] S}

for any a (Ja|=1) (see the proof of Lemma 2.2 (iv)). This completes the proof.

By Lemma 3.3 we have a(@)x, &; )55, Finally put u(x, )=FKuv(x, 1),
then we can transform the Cauchy problem (*) to the problem

Kt P-Ku(x, )=K'f,
{

v(x, O=vo(x)  (=udx)),



The L,-wellposed Cauchy problem 249
where
K'ePeK(x, Dy )= D+ Enl(Dj—a?(x, HY+&(x, Das 1),
=

and
&(x, &; )€ BU[0, TT; S8 B0, T]; Sto).

§4. The existence theorem for Schridinger type operators of
real valued coefficients.

Denote
P()= 33 (D;=as(x, D) +c(x, Dz 1),
Assume that a,(x,t?) are real valued and c(x, &;¢) is in B0, T1; Sy oM
B([0, T]; Sho), then P(#) satisfies
(4.1 o(PX1)—a(Pt)= U0, T1; S8 )N BU[0, TT; S.0),
where P*() is the adjoint operator of P(¢f) which is defined as (P(t)u, V)1,=

(u, P*(t)v)., for any u, veS. We consider the Cauchy problem

4.2) (%—z’Pm)u(x, H=f(x,1) xeR", 1[0, T],

u(x, 0)=wuox) xR,
Then we obtain the following.

THEOREM 4.1. Assume that a;(x,t) are real valued functions in
CU[0, TT; B=(R™) and c(x, &;t) in BY[0, T1; S5 )N B0, T1; Sko). Then
for any u,s Hy(R™) and any f(x, )ye CY[0, T]; H,) there exists a unique sulution
u(x, t) of (4.2) which belongs to CY[0, T]; H)NCH[O0, T1; L) and satisfies

2
4.3) 1O, < (ol - 1 £l
for t<[0, T] and k=0, 1, 2.

Following the idea of Kumano-go [1], [2], we shall prove the above theo-
rem. We need several lemmas. First, we define {{,(£)}=., as

(4.4) g(g):(u sin %‘ ., vsin 52)

v

and P,(t)=p.x, D,; t) as
4.5) plx, &; =pi(x, $&); O+clx, &; 1),
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where p.(x, D,; )=32(D;—a(x, D)
Then, we consider the following Cauchy problem

Lyu,=0u,—1P,w,=f@) ([0, T]),
4.6) {

Uy \ t=0—1Uo .

We define the series of weight function {4,(§)}:, as

@ reO=en={1+ 3 (vsin 2},

v
then we have
) 1<2,8)< min (&), V1+m?),
i) 1922(6)] S Aads§)'',
iii) A8 —> <& (v—o0) on RE,

4.8)

(uniform convergence in a compact set),
In fact {,(€) satisfies

i) 146 <min(|&], V),
i) 102C8) | S AR LE) e,
i) G -—& (vooo),

(uniform convergence in a compact set).

4.9)

Denote by ST the set of symbols p(x, §)e C~(R*") satisfying

[pB(x, OIS Capgh(O)™ 1!

for any multi-index a, 8. Then we get the following lemma.

LEMMA 4.1. For p(x, §)&S™ put pSx, E)=p(x, LUE). Then p(x, § ST,
and for any a, B there is constant A, s which is independent of v and p, we
have

{ I DB (x, )1 <(Aa, sl P NAE™ T,
(4.10)

py(xr 6) i p(xr 5) (unzfor”lly) (VA)OO) at RgXKE »

where K. is an arbitrary compact set of RE.

Denote H;, ,={u&S’; ALé)* e L,}.

LEMMA 4.2. P=p(x, D;)&S} is a continuous mapping from the Sobolev
space H; ¢ym to H; s and for a constant Cs n and |=I(s, m) we have
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4.11) 1Pulfa, s S(Cs mlpl " Mulla, sem, ueH;, sem.
Especially for m=0 and s=0 we have

(4.12) 1Pull, <(ClLp1MNuliz,,  us Lo(R").

LeMMA 4.3. For c(x, &; e BY [0, T]; S, l]ju(E)ESH (=1, 2) and i+,
>0 we have
o(guocogun)(x, & HE BU[0, T]; STghthe).

PrOOF. We take 2(>I,+n (Il,=max ({;, 0)), then by Lemma 4.1 and A,(é+7)*
S C{pA&)* we have

[(guecogu)B(x, §; DI

= Dgaz{0s— {7 mgu+ mete+, & D@ dyd )|

éECgl. a2, al

OS_SS<U>—“<D!,>“{<y>'21<[)r/>21e—1y.,1,}
X QD E+ R+, & D9 (@ dyd 7|
é’CXOS‘gg‘?'”"’<y>‘“<r;>-%<$+ M A d yd 7

gC’<§>"'Zy(§)ll”ZSS(J’Y“O])‘z“ildygn
g Cr/<§>m+ll+lz ,

where a'-ta’+a=a.

LEMMA 4.4. For any u.=L, and any ft)eC¥ [0, T]; L,) there exists a
solution u,(t)e CH[0, T7; L) of (4.6) which satisfies the energy inegalities

(4.13) IO S fusl+ eI fOllde ([0, TD)
@) | Aumlse | Munl+ | eI Af@lde (10, TT; j=1,2,3,)
@15 | o] SCrliAr ul+max |47 @) (=0, T]; j=0.1.2, )

I A )= u NI Cr [t =2 {1 AL 2ol + mox AL f ()}
(tr t/E[O, T] N ]:0) 1’ 2’ ) ’

(4.16)

where 7, 11, Cr, Ci are constanis which are independent of v, and A,=A(D,),
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- l=1l-llz,

PrROOF OF LEMMA 4.4. I) If we fix v arbitrarily, we have p.(x, &;t)e
BH[0, T]; B~(R%) (k=1,2). We note 8~(R¥:)=S3 (A=1), and use Lemma
4.2. Then P,(f) is an L,-bounded operator uniformly with respect to #. There-
fore u,(t) to be a unique solution of the integral equation

4.17) ukh=u+i| PAOw@dr+ 1@,
which can be solved as follows;

t
0

uy=ust ﬁzg [ P - Pieundes - et | srde

5

+3 zkg”g , S:’*"‘P,(n) o PAre) fe)dTe - dry (ro=1).

Then we have u,(t)e CI[0, T]; L,).
II) From (4.6) we have

d. oo d
gilulr=2Re( G, u.)
=Re(i(P,—P¥u,, u,)+2Re(f, u,).
By the way, from the definitions of (4.1) and (4.5) we have
(4.18) Jv=a(Pn)—a(PY)eCY[0, TT; S3).

Thus by Lemma 4.2 and the Calderén-Vaillancourt theorem, for a constant 7>0
which independent of v, ¢ we have

S OFS2ILOP+2 OOl (00, T; v=1,2, )
and
L OISOl + O]
Therefore we get (4.13). Moreover from (4.6) we have
& A =iPot LA, Pu) A7+ Me A7) M AL

and Py, j=Py+[4], P,]A;7. Here, [4], P,]A4;7<CY¥[0, T]; S,) and by Lemma
4.3 Aicd;7€ BA[0, T]; S8.o)NB8Y[0, T1; Si,) uniformly with respect to v and
P,, ; satisfies (4.18). Hence we get (4.14) similarly to (4.13). On the other
hand, noting
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%Agu,:mgm;z’u e Ao Ayt AL f

where ¢(A4iP,, 4,7 CY[0, T1; Sy,) and AfcA,7-*< 3%[0, T]; S8 )N BUO, T];
4 o) (uniformly on v), we have

“g_t Aiuy(t)“§61||/1£“uy[l+H/IifH :

Then from this and (4.14), we get (4.15). Put u,,(t)——u,(t’):S:’—dd? u,(t)dr. Then
we get (4.16) from (4.15). This completes the proof of Lemma 4.4.

ProoF OF THEOREM 4.1. 1) First we assume that u,e H,, f(H)&
CY[0, T]; H,). Then it follows from Lemma 4.4 that there is a solution u.(f)
of (4.6). Then, from (4.9) we have

(4.19) IAud| S| Auoll, NSNS IAF

for j<4, where A=<{D,).
Therefore by (4.13), (4.14), (4.16) we have

(4.20) H/I{up(t)llcl{llfl’:uoll-l- max 147 £},
(4.21) [ A2 — u (NI S Col t—1" {1 A7+ uo ]|+ max IA7*2 £}
for j7<4.

Therefore if we fix t,=[0, T] arbitrarily, then from (4.20) with ;=0,
{u,(f)}; is a bounded sequence in L,. Hence there exists u(t))eL, and a
subsequence such that {u, }%-, of L, we have

uy, —> u(ty) (weakly) in L, (m-—o0).

Let {t:}2, be a dense set in [0, T]. Then by the diagonal method there exists
u(t,)e L, and we have

(4.22) Uy (te) —> u(te) (weakly) in L, (m—o0).

©

Then from (4.21) with j=0, for any ¢, t’{t,}i-: we have
(4.23) Tu®)—u@ M S Calt—t" | {I| A2uo] + max IA*£1I}.

For any &[0, T] we choose subsequence {t; 3 of {t,} such that ¢, —t.
Then by (4.23), {u(t:,)};=1 becomes a Cauchy sequence in L,(R™. Thus there
exists u(ty= L, and we have u(f, )—u(ty) in L, (s—o). Moreover for all u(¥)
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we obtain (4.23) and
Uy, (1) —> u(t) (weakly) in L, (m— o),
Thus for ¢S we have
(4.24) (A 1y (1), @)=y, (1), A% ) —> (u(t), A*¢) (m—o0),
Therefore noting (A5, u,, @), )| <145 u., DOlllel, we get from (4.20) and (4.24),

(4.25) [(u(), A*@)| < Co{llA* ua||+ max [A*fl}lgl  (pEs)

for k<4. We define up,(, x)eL? for any t<=[0, 7] and R>0 such that
ar 1t E)=<E alt, §) (1E]=R), and ag 4(t, §)=0 (|£[>R) and take the sequence
{@i}52 of S as supp $C{|€| <R}, ¢,~ig 1(t, & in L, (j—>oo). Then we have
w(t), A'o)=\a, @ G — | @ lat, OItde (o).
Therefore from (4.25) we get
lur, (O =Co{ll A% uoli+ max TA* £} (R=4).

Hence taking R—oco, we have A*u<L, and

(4.26) (A u]| < Co{lf A* ol + max 14571} (k=4).

From (4.21) we have similarly to (4.26)
(4.27) [A*u@—u@ NI Cilt—t" {1 A" uo||+ max IAR2 £y (kz2).
Thus we obtain u(t), Au(t), A2u(t)eCY[0, T]; L,).
We take ¢(t, x)=@.(H)p,(x)= C5((0, T)X R™) arbitrarily. Noting
L¥.o-— L*¢ in CY[0, T1; L,),

we have

SSQTLu-¢dxdt:SSQTu-T,*-godxdt

= tim || w., Thpdvdi=tim || L.,u, pduds

m-s00 m—oo

=§S9Tf-¢dxdt.

Thus Lu=f (t[0, T]). Therefore u is a solution of (4.2). Also noting u(f),
Au(t), A2u(®)eCY[0, T]; L.) and d,u=:iP(Hu+f, we get w(t)c CH[0, T7; L,)N
C¥[0, T]; H,).

I If u@®=Cy[0, T1; LoNC¥[0, T]; H,) is a solution of (4.2), we obtain
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the energy inequality (4.3) similarly to the proof of Lemma 4.4.

Assume w,&H, and f(H=CY[0, T1; Hy). Put wo.=X.(D.)u, and f()=
X(D:)f(t), where X(&)eS; satisfies 2(0)=1 and X.(&)=%(c€). Then uo.=H,, f.(t)
€CX[0, T]; H,). Therefore from I), we get the solution u(t) of (4.2) for u, .
and f.. Then by (4.3) we have

lu)—ueOfe<e™ {uo c—uo ool + 7T max I fer)— fe ()}
On the other hand when ¢, ¢’—0 we have
{ o s—uo e = A(D2) =X (D:)utolly —> 0,
max || fe(t)— fo(t) o= max [(X(Dz) =X (D) f(2), —> 0.
£o. 7] ro, T3
Therefore, noting 0,u.=iPu.+f., we can see {u.(t)}ocec; becomes a Cauchy

sequence in Ci([0, T]; L)NCY[0, T]; H,) and the limit of this series u(?) is a
solution of (4.2). This completes the proof of Theorem 4.1.

PROOF OF THEOREM. By Theorem 4.1 we can see that there exists a uni-
que solution v(x, )= CA[0, T]; H)NCK[O, T1; L,) of the Cauchy problem ()
with initial data u.(x) and we get the energy inequality

0 Dl CTY sk + 1K £, )l )

for t<[0, T] and k=0, 1,2. Hence, we obtain the unique solution u(x, H=
Ku(x, t) of the equation (x) with initial data u.(x) and by using the Calderén-
Vaillancourt theorem we get the energy inequality

e, Oty SCCYttllry+ | 1 £ Dl )

for t=[0, T] and k=0, 1, 2. Thus we complete the proof of our Theorem.
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