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ON THE BRUN-TITCHMARSH THEOREM

By

HiroshiMikawa

1. Introduction.

Let 7i(x;q, a) denote the number of primes not exceeding x and being

congruent to a modulo q. In 1936 P. Turan [6] showed that,under the ex-

tended Riemann hvnothesis.

7c(x; q, a) ~
X

(p(q) log x
as x ―≫oo

for all #^x(logx)~2~£O>0) and almost-all reduced residue classes a modulo q.

The terminology" "almost-all" means that the number of exceptional reduced

classes is o(<p(g))as #―>oo.

In 1972 C. Hooley [11 demonstrated that there holds the inequality

7:(x ',q, a) ^
(4+s)x
<p(q)log(x2/q)

(e>0, x>x0U))

for allq^x2/s and almost-alla. Later Y. Motohashi [4] proved that the same

is validfor xi/s<g^x1~eas well. The purpose of this paper is to make an

improvement upon thisupper bound to large moduli.

Theorem. Let s be a small positive constant and assume x>xo(s). // q be

given and xen<a<x(losx) A with
^4>5,
then we have

tz(x ; q, a) <

for almost-allreduced classesa modulo q

(18+e)x

<p(q)＼og(x6/q)

Remark. It is of some interest to note that, using the argument of H.

Iwaniec F3. section 21. one mav easily show that

(2+s)x

a/2+s)x
<p(q)log(x/q)

if o^x5/6-d

if x5/e-8£q£xe/7-s (0<d<l/200)

for almost-all a.
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We use the standatd notation in number theory. Especially, r, used in

either r/s or congruence (mod s),means rr=l(mod s). e denotes a small positive

constant and the constants implied in the symbols < and 0 may depend only

on e. For convenience, we write n~iV when N^Ni<ni^N2^2N for some JVi

and N2.

I would like to thank Professor S. Uchiyama for encouragement and careful

reading of the original manuscript. I would also thank the referee for making

the paper easier to read.

2. Lemmas.

We firststate the inequality of Rosser-Iwaniec sieve [2, 5] in a simplified

form that is sufficientfor our present aim.

Lemma 1. We have for any e>0 and allx>xo(s)

7r(x; q, a) ^
(2+s)x

+ 23 h(D)rd(x ; a, a)
<p{q) log D ≪z.3)

where D^l is an arbitraryparameter;

rd(x; q, a)― I{n : n^x, n = a(modq), d ＼n}＼―
X

qd

the sieving weights (Ad)=(?.d(D)) have the following properties

Xd=0 if d^D,

＼Xd＼^ft＼d)f

and for any M, N^l, MN=D,

Za= S 23 Ham(l,M,N)bn(l,M,N)

lilogDmsM n&Nd=mn

with certain sequences (a) and (b), ＼am＼,＼bn＼t^l.

Lemma 2. Let <p(t)=[t~]-t+1/2.For H>2 we have

<w=
e(ht)

+O(min(l, -^jp))

Moreover

with

>

o<uisff 2k ih

where e(x)=eZ7:ix and ＼＼x＼＼=min＼x― n＼

minfl, ,,,,,,
)= S Che(ht)

＼ H＼＼t＼＼t h<ez
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Cft<mm^ 77 , -jr)

Lemma 3. For any e>0, we have

S e(b^)<T(c)(b, d)1/2d1't+l(l +
^)

n~N ＼ a / ＼ a I(.n,cd)=l
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Lemma 2 is well known. Lemma 3 is the Hooley's version of bounds for in

complete Kloosterman sums [1].

3. Proof of Theorem.

Maintaining the notationintroducedin Lemma 1, we put

Ea= 2 Zdrd(x; q, a).
(d,5)=l

We use the followinglemma:

Lemma 4. // M=x4/3-4V8/9 and N=q7/sx-2/＼then we have

2 |£J2≪x(iogx)3+^―
a = l
(a,g)=l

uniformly for x6p^q<x.

We postpone the proof of Lemma 4 untilthe finalsection. By Lemma 1

on choosing M and N as in Lemma 4, we have

(1)
tt(x; q, g)<[

(18+99s)x

<p(q)log(xe/q)
+Ea

We denote by 8 the exceptional set of reduced classes modulo q, I.e.

,(,,,,,,, w (18+99e)x 1

We shallshow that ＼e＼=o(<p{q)),from which Theorem follows.

By (1) we see that a <£eunless

Ea>
tx

<p(g) log(xe/q)

We therefore get, by Lemma 4, that uniformly for x6n^q^x(loo:x) A with A>5

or

1 l＼<p(q)l0g(x'/q)

Y<S|£J2^
S |£J2≪x(log%)s+-(log%r3

(a,g)=l v
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as required.
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im<9>M{^^+(iog*r}

≪pig){(logx6-A+Qogx)-1}

4. Proof of Lemma 4, preliminaries.

In this section we reduce the proof of Lemma 4 to the estimation of R

defined by (5) below. Since

we have

(2)

where

E>a― 2j I 2j Ad) ＼ 2-> ~~r) ―

nix din ＼C<2,g) = l Q, / Q

nsa(g) (d,g)=l ^

q
s

a =

(a,q)

u

£a|2^2 ＼Ea＼2=W-2V+U
a=l

a -V

d,q1 =l d )

(di,g)=l

w = 53 S ( 53 ^X 53 ^2)

711= 712(9)(di,3) =l (do.9)=l

We firstconsider W. We interprete the congruence Mi= n2(modg) as n2=zn1Jrql.

Changing the order of smmation we have

W=2 2

0<l<,x/q
di do
(.didz,q) = l

Ad1Aa2
nsx-ql

n+ql=O(.d

1+S(

SSI
Zj Ad)
d Irad,q)=l

2>

The simultaneous congruences rc=0(mocWi), n+#/=0(modd2) are soluble if and

only if (di, d2)＼l,and, in case of (du d2)＼l,reduce to the single congruence

M = 6(mod[di, d2~＼)where

(3)

with dj

(4)

where

0

-ql

=dJ/(d1, dt),7=1, 2. Thus

W=2 S S 2

(moddi)

(modrff)

W^ 2 l + O(Sr(n)2)

nix-ql nsx
n=6 ([(Zl<Z2])

W1+2R + O(x(logxy)
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R= 2 S

0<iS,/3(^

(d1(
＼

do
g)=l

2> 1^

Ui,d2) ＼l

x―ql

Ldlt d2l

＼ nsx-ql

x―ql
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Leaving the estimationof R to the next section,we here carry out the sum-

mJitinnnvpr / in W.

<21 do
<.d{d2,q)=l

2 2{x-ql)

We may assume (du dz)^x/q, otherwise the sum over / is empty. By an ele

mentatv argument we see that the inner sum is eaual to

Hence,

(6)

w

(

(.did*.

X2

q{du d2)
+0{x)

2 2 y2

dz ＼_du d2~＼q(du do)
g)=i

Sx/q

5.7
s
ki)＼of

q ＼cd,3)=i at ＼q

We turn to V. Since

we have

+0( S 23 r,XA1)

(Ji do
(di,do)>xla

^7)+O≪logx≪

=U+O(x(logxY).

23 ( 2 ^:)

jisi diin
(di,5)=i

v={( s

= s U^+o(i))

= ( 2
~^-)x+(KD)t

=U+o(―D＼ogD)

Combining this with (2),(4) and (6), we get

(7)
a
s

a = l

(a, g) =

Ea＼2<＼R＼+x(logx)s+-DlogD

where R is defined by (5).
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5. Proof of Lemma 4.

In thissectionwe estimate R by appealing to Lemmas 2 and 3. We shall

show that R^x2'eq~l, from which Lemma 4 follows by (7). We begin with

expressing the innermost sum in (5) as

(8) *(t
x―ql

di, dz]

By the definition (3) of 6(mod ＼_d

we have

(9)

m n

n m

b

[rfi, d*]

1>

)

H-
b

dz}) and the relation

―(modi)
mn

b _ bdt

＼_du dz] ~ dx d%

)

for (in, w)=l

/A= lq
d% ~q (du dt)

m.
d%
(mod 1)

since f/{di)=ft＼d2)―l and (du d2)＼L Furtheremore we decompose (Ad2) by

Lemma 1, getting

(10)
Xd= S S 2 Grm(c,

M, iV)6,n(c, M? AO

^ cslogJfiVrs=cdi.dg)mn =d2

In conjunction with (5),(8),(9) and (10) we may write

R= S 2 ^* 2 S SS^rmCc, M, A^)&sn(c, M, N)

dlsx/q C*.3)=l cslogJlfiVrs=5 to re
(8,9>=l

Wt£ +ql

(11)

with

< 2 t(8)＼ogx2 2
Ssx/q

R^Rtf, K, M, N, a, jS,y)

)―(b[ql )＼

N,a,p,r)＼S 2 S sup |i?x(5, tf, M

= 1
=1

+gl23 S S a(*)j8(m)r(n){0(-^-^
l&Lm~Mn~N ' [T＼ kvin

)―<p[ql )＼
run / ＼ mn n

where M0=x4/3"4£g~8/9,N0=qV9x-2'3; K, M, JV's run through powers of 2; the

supremum is taken over all sequences (a),(jS),(7) such that |a|, |/3|,Irl^l;

and L=x/qd. When KMN<xl~2s, we triviallyhave

(13)

i?,≪

KMN>x1~2'

(12)

From now on we assume
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We apply Lemma 2 to 0-functionin R1} getting

(14) R^Ri+Rs

where

*2= S
a(k)P(m)r(n) j k xr≫-≪≪/ ht ＼

lULm-MnlN Okm.71 0<＼h＼£H＼ 77171/JO ＼Okmn /
(t,IJltl)=l(ftmra,g)=l

i?3≪ 2 S S 2 S min(l, ,,. ...
＼

, ..
j=i,2*~jK-isLm~jifn~jv ＼ H＼＼(Xj/dkmn)+gl(

with Xi=O and x2=x―qdl.

First we treat R3. By Lemma 2,

(15) i?3≪S 23|CJ|Sfc|

J.1.2h<EZ

where

5ft= 23 23 S 23 '("i^Hw―)

k~KISL m~M n~N ＼0km7l / V WIM /
(ftmri)=(tM,5)=i

We preceed to the estimation of Sft. Trivially,

(16) Sh KLMN.

For /i^Owe have, by partial summation and Lemma 3,

5ft≪S s 53
l
m n

(mn,g)=l

≪(l+

S e(

ik, mn) = 1

hx

8KMN

(17)

hql

mn / V 8Kmn

)

/mn)＼＼ )

' I m n ＼ mil
(mji,9)=l

)

<<*,(l+^)s(22^^)m((22( /)-+/f(S21)-}

＼ AMiV / i ＼m n mn / m n m n

<x£(l +
h x ＼

/ hx ＼

<Lx-"(logx)(n-^)≪<A)

since M0N0^x2's~4e. Now we choose

KMN

then H>2 by (13). Thus, by (15),(16),(17) and Lemma 2, we have
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<xsHKLMN

k
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(18)

i?3≪(|C0| +

Hiroshi Mikawa

S ＼Ch＼)KLMN+ 2 |CJLx1-5e(logx)(l + 1^)r(/z)
lftl>ff2 0<ift|gff2 ＼ KMN /

logH

H

< Lx'-^+Lx'-^log x)■^3£(logx)2

≪^-x-2£(logx)3
qd

We turn to R2. We have

i?2^2

<

*

Jo
2

＼a(k)P(m)＼

m~M 8kmN
05:,m) = (m,g)=l

s

IO<ftsHJS(

X

s

x-f)/q5

supSS
8KMN t.ekm

where the supremum is taken

Thus,

(19)

where

(20)

i?2≪
X

s T(n)^e(

+ S T(h)(l +

ht
dkmn

h i n ＼okmn

over

)e(hql―)

/ ＼ mn /

)e(hql―)

sup (KMy/＼S(t, c))1/2
8KMNCi

S=S(t, c)=

o

h＼t ft2 '

" ^r r Vvi(^-MJ

＼p(hnl

l2nuno l d k m ＼＼ni YlJ OkfTl / ＼

(.mnin2,q)=l

V V V
2-i 2j Zj

0<ft1, h2iH llt 12&L

k~K V dkmn^rit

(k,mre1n2)=l

ft1i1re2=ft2'2ra

)

h2!

)

hx

KMN

dt

all sequences (c), c＼^l, and all O^tf^x.

2 S S 2 S Cnei-^―^eihql-^-)
%

k~K m~M 0<hsH liCx-f)/qd n~N ＼OKtnn/ ＼ Win I{kq,m)=l (n,ftg)=l

We proceed to the estimation of S. Expanding the square and changing the

order of summation, we have

― h%ql%

)l

k

mn2

_k_

mn

―^e(ih1l1n2―hil2n1)g
mn1n2

Here, the contribution of the diagonal terms hj1nz ―h2l2ni=

2 KM<KM 2 r3(r)2

0 is at most



By Lemma

(m

On the Brun-Titchmarsh theorem

3, the non-diae:onal terms contribute to S at most

'.1,l2ni,n2m＼ OtiMN
Tl2*tl2l2nl■iu o,g)=i

≪(1+75Sv

)

2 e{{hilin2 ― h2l2n1)q

(k,mre1n2)=l

^ y y y y
r£

Zj 2-i Zj Zja
/ h＼,hi l＼,l-ini,n2 m
hilin2^k2l2ni

k

mnin-i

((h1lin2 ―h2Uni)q> mnxUz)1'2

(mn1nzy2(l+ K )

/ (htUnt ―hikni, mnxn2)

hi,h2li,l2^ m,nl,n2 mn^Uz

Here we easilysee

TO, 7lj, 712

m, tij, ra2

＼ 1/2

{( S (mn1n2)2)1/2+/f( S 1)1/2}

I＼m,nj,n2 / m, n,.n2 J

{h1l-ln2―h2l2nu mnxn2)

mn1n2
xE

Therefore, the contribution of the non-diagonal terms is

<x5%HL)2{(AdN2y<2+K(MN2y12}

<x5eH2L2M03?2N0＼

Combining this with (19) and (20), we have

^2≪^r {MfN^x^'H* L + x5£//2L2vV/03/W03)}1/2

(21)

1 rx2
≪lH―

^

x4£M0*N0 + (-)2xluM07'2N04Y12

＼q / J

1 fx2-4£/x4/3

8 ＼q~＼~q*i≫

qd
-3E/2

＼*(^!L)+(±Xx-u(^!l
)＼x2l*r＼q) U8'9

y/2/<77/9＼4] 1/2
)
＼lw)t

In conjunction with (11),(12),(14),(18) and (21) we get

R< 2 T(dX＼ogx)4K x-3£/2<
X
2-e

as required.

This completes the proof of our Theorem.

)
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