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ISOMETRIES OF A GENERALIZED
TRIDIAGONAL ALGEBRAS 3"

By

Young Soo Jo! and Dae Yeon Ha

Abstract. Let A{M™ be a generalization of a tridiagonal algebra
which is defined in the introduction. In this paper it is proved that
if 1 A5 —AGW is a surjective isometry, then there exists a unitary
operator U such that ¢p(A)=U*AU for all A in A§}” or a unitary
operator W such that ¢o(A)=W*'AW* for all A in Y, where ‘A
is the transpose matrix of A.

I. Introduction

In [3], Gilfeather and Larson discovered tridiagonal algebras and in [4], Jo
characterized all linear isometric maps of a tridiagonal algebra onto itself. Let
4 be a complex Hilbert space with an orthonormal basis {f,, fs, *-, fsn}. Then
a member of the tridiagonal algebra on 4 has the form

| |
|

*
% .

[ . *
*
with respect to the basis {fi, fs, -, fau}, Where all non-starred entries are

zero. If we write the given basis in the order {fy, fs, fs =) fon-1, S2 Jar
fan}, then the above matrix looks like this
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*

where all non-starred entries are zero. Let 4 be a complex Hilbert space with

an orthonormal basis {e,, ¢,, -, @} and let
* *
¥ %
% %k
%
So:A

i
%)

be an (n, n)-matrix, where all non-starred entries are zero.
Let S be an (n, n) matrix. Then S,=<S means that if the (7, s)-component

of S, is *, then the (7, j)-component of S is also *. Let Jlé{,"’:{(Dl S ): D,
0 Dg

and D, are (n, n) diagonal matrices and S is an (n, n) matrix with m stars in

each row and column and So-:<S}. Then A{Y is a generalization of a tridiagonal

algebra. In this paper, we will prove the following.

THEOREM. Let ¢: A — AR be a surjective isometry. Then there exists
a unitary operator U such that o(A)y=U*AU for all A in A or a unitary
operator W such that o(A)=W**AW* for all A in A5}, where A is the trans-
posed matrix of A.

From now, we will introduce the terminologies which are used in this paper.
Let 4 be a complex Hilbert space. If x and y are two vectors in 4, then
(x, y) means the inner product of the two vectors x and y. If S is a non-
empty subset of 4, then [S] means the closed subspace generated by the
vectors of S. An operator is a continuous linear transformation on 4 and the
set of all such is B(#). A projection on 4 is a self-adjoint idempotent operator
in ®(4). There is an obvious correspondence between projections and their
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ranges, which are always norm-closed subspaces of 4.

A lattice .£ of projections (or subspaces) is a collection of projections closed
under the operations A and \/, where EAF is the projection whose range is
(range E)N\(range F) and EVF is the projection whose range is [(range E)U
(rauge F)I. An operator A leaves a projection E invariant in case AE=FEAE,
and we denote by Alg.L the collection {A: AE=EAE for all Ec€.L}. AlgLl
is a weakly closed subalgebra of B(4).

Dually, if 4 is a subalgebra of ®(4%), then Lat A is the lattice of all or-
thogonal projections invariant for each operator in A. An algebra A is reflexive
if A=AlgLatA and a lattice .L is reflexive if L£=LatAlg.L. Let @ be in C,
then & is the complex conjugate of @. Let 7 and ; be non-zero natural numbers.
Then E;; is the matrix whose (7, j)-component is 1 and all other components
are zero. Let 4, and A, be subalgebras of B(4).

A linear map ¢ of i, into A, is isometry if it preserves norm.

2. Examples

EXAMPXE 1. Let 4 be a 2n-dimensional complex Hilbert space with an

orthonormal basis {ei, eq, -+, esnt. Let Einrnyneis E2nrorinee ) Emen,nvi be
m A for all 7(1<:i<n) and let .£ be the subspace lattice generated by {[e;],
Les], -+, [en], [einsn, ') @mcnan, €ns1l, [Crn+nys C2tneny, 5 Cminen), Cnizl, s
[eicemy, *** s @acznys ** » @mezny, C2nl}. Then A§W=AlgL and JA{P is reflexive.

EXAMPLE 2. Let A be a 2n-dimensional complex Hilbert space with an
orthonormal basis {e), es, -+, ¢:n} and let U be a (2n, 2n) diagonal unitary
matrix whose (i, )-component is u,; for all i (1=/<2n). Define ¢: AH’—A
by (A)=U*AU for all A in A{7’. Then ¢ is an isometry such that ¢(E;,)=
E;; for all i=1, 2, ---, 2n. If E;; is in A§}°, then the (7, j)-component of ¢(A)
is @t;,a;u; for A=(ay;) in AP (1<i=n and n+1<7<2n).

ExaMPXE 3. Let us consider JA{y as the following algebra.

* 0 % 0 =\

DS * % 0 0 =
A:( ) is in A{Y if and only if S=] 0 * * =x 0 |

0 D, 0 « = % 0

£+ 0 0 * %

Let V be a (10, 10) matrix whose (1, 2)-, (2, 1), (3, 3)-, (4, 4)-, (5, 5)-, (6, 10)-,
7, 8)-, (8, 7)-, (9, 9)-, and (10, 6)-component are 1 and all other components are
zero. Define ¢: AP —AR by ¢(A)=V*AV for all A in A{P. Then ¢ is an



168 Young Soo Jo and Dae Yeon HA

isometry such that 90(.[):1, ¢(E11)=E22, @(E22)=E11, @(E33):E33, (P(EM):EM;
(P(Ess):Ess, §D(Ess)=E10,1n, O(E17)=Eg, QD(Ess):Ew, SD(E%):E%; and (P(Elo, 10)=
Ees.

EXAMPLE 4. Let us consider A{® as the following algebra.

* %X ¥ O

D, S
A= is in A if and only if S=
0 D,

O ¥ X *
* X O ¥
* O ¥ ¥

Let U be the unitary matrix whose (1, 8)-, (2, 7)-, (3, 6)-(4, 5)-, (5, 4)-, (6, 3)-,
(7, 2)-, and (8, 1)-component are 1 and all other components are 0. Define ¢:
AP - AL by p(A)=U'AU for all Ain A§>, where 'A is the transposed matrix
of A. Then ¢ is an isometry such that ¢(I)=1I, ¢(E,)=Esgs ¢(Es)=FE, ¢(Ess)
=E¢, §D(E44):E55, SD(E55):E44, SD(EGS):ESS, SD(EW):E%, and (P(Ess)ZEll-

EXAMPLE 5. Let us consider A{’ as the following algebra.

D, S
A= is in A% if and only if S=
0 D,

O ¥k O* ¥
* O¥% ¥ O
O ¥ ¥ O
* ¥ OO *
* O¥ O*

Let U be a (10, 10)-matrix whose (1, 8)-, (2, 9)-, (3, 10)-, (4, 6)-, (5, 7)-(6, 4)-, (7, 5)-,
8, 1)-, (9, 2)-, and (10, 3)-component are 1 and all other components are zero.
Define ¢ : A{P—AY by p(A)=U*AU* for all A in A, where ‘A is the trans-
posed matrix of A. Then ¢ is an isometry such that ¢(J)=1, ¢(E.;)=FEss,
90(E22>:E99, QD(Ess)ZEm,w, SD(Eu):Ees, gD(E55)=E77, SD(EGG)ZEu, SD(Evv):Ess:
SD(Ess):Eu, SD(EQQ):EM, (P(Ew. 10)=Ess.

3. Results

Through this section, % is a 2n-dimensional complex Hilbert space with a
fixed orthonormal basis {e;, s, ¢:,}. We see that there is a commutative sub-
space lattice .L such that AP =AlgL. ¢ will denote an isometry from A§7”
onto A{M. Let x and y be two non-zero vectors in 4. Then x&y is a rank
one operator defined by (x®Qy) h)=(h, x)y for every h in A.

LEMMA 1 ([7]). Let .£ be a subspace lattice and let x and y be two vectors.
Then x@y is in Alg.L if and only if there exists E in .L such that y is in E
and x is in EX, where E_=VN{F: Fe.lL and F%2E} and Eft=(E_)*.
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LEMMA 2 ([8]). Let .L be a subspace lattice and let ¢: AlgL—AlgL be a
surjective isometry. If o(I)=A and if x®@x isin Alg.L, then | Ax|=|x|, where
I denetes the identity operator.

THEOREM 3. Let ¢ AP —AG be an isometry. Then ¢(I) is a diagonal

unitary operator.

PrROOF. Let QD(I):(b”) Since IISD(I)e;[I:]\elI]:l and go(f)ei:b”ei, IbuI:l
for all i=1, 2, -, n. Since [o(I)|=[IT|=1, ¢(I) is a diagonal unitary operator.

Let 9={A: A is a diagonal operator in J§’}. Then 9 is a maximal
abelian subalgebra containing .£ and =AM N(ASP)*, where A§Y = AlgL and
(A ={A*: A is in AL},

LEMMA 4 ([6]). A linear map ¢ of one C*-algebra into another which carries
the identity into the identity and is isometric on normal elements preserves adjoint,
P(A*)=(p(A))*.

DEFINITION 5. Let A; and A, be C*-algebras. A Jordan isomorphism or
C*-isomorphism ¢ : A,—d, is a bijective linear map such that if A=A* in A,
then p(A)=(p(A)* and @(A™)=(p(A)".

LEMMA 6 ([6]). a) A linear bijection ¢ of one C*-algebra A, onto another
A, which is isometric is a C*-isomorphism followed by left multiplication by a
fixed unitary operator, viz, ¢(I).

b) A C*-isomorphism ¢ of a C*-algebra A, onto a C*-algebra A, is isometric

and preserves commutativity.

Let ¢: A{M— AW be an isometry and let ¢(/)=U. Then UA and U*A
are in A{™ for every A in JA{P. Define ¢: AP — AT by GH(A)=U*p(A) for
every A in JA§®. Then & is an isometry such that $(/)=I. Since 9 is a C*-
algebra, ¢(I)=I, and ¢ is an isometry, $|9 preserves adjoint by Lemma 4.
From this fact, we can prove the following lemma.

LEMMA 7. $(D)=9D.

Since ¢: AP —AI is a surjective isometry, just like ¢, and since the
main theorem would be true of ¢ if it were true of ¢, we now work exclusively
with ¢ and drop the “A”. Equivalently we assume that ¢(/)=1I. Then we
can get the following corollary.
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COROLLARY 8. If ¢: AP —A{W is an isometry such that o(I)=1, then ¢(9)
=9.

Let ¢ A —Af be an isometry such that ¢(/)=1. Then since ¢|9 and
¢ D are Jordan isomorphisms, we can prove the following lemma.

LEMMA 9. Let ¢: AV —ASD be an isometry such that oI)=1. Then E is
a projection in D if and only if @(E) is a projection in 9.

LEMMA 10 ([61). If ¢ is a Jordan isomorphism from a C*algebra A, onto
a C*-algebra ,, then ¢(BAB)=¢(B)p(A)p(B) with A and B in A,.

Let E and F be orthogonal projections acting on a Hilbert space 4. Then
a partial order relation =< is described as follows: E<F if and only if EF=

FE=FE. From Lemmas 9 and 10, we can prove the following theorem.

THEOREM 11. Let ¢: AP — A7 be an isometry such that o(I)=1. Then
¢©([e;]) ts rank one for each i=1, 2, -+, 2n.

LEmMMA 12 ([8]). Let ¢: AP =Alg.L — AW =AlgL be an isometry such
that o(I)=I1. Let E be a projection in D and let T be in Alg.L=AP with
T=ETE*. Then we have o T)=p(E)p(T)p(E) +o(E) o(T)p(E).

From Lemma 12, we can get the following lemma.

LEMMA 13. Let ¢: AP — AR be an isometry such that ¢(I)=1. Let E; ;)
Eiiw, 5 Evign bein AP (n+1=<4(1), -+, i(m)<2n and 1<i<n). Let ¢(E.)=
Ew and let (Eip.ip)=Ez;2; for all j=1,2, -, m. If 1<(<n, then x;=2n+1
and there exists ay,z; in C such that lai,z;1=1 and go(E,-,“,)):al_,jEl,xj. If n
+1=U<2n, then 1<x;<n and there exists @z i C such that laz;.|=1 and
‘P(Ei,iu)):axj,zEzj,z-

PROOF. Suppose that 1 </=<mn. Since E; i, = EtGp.inEw;inEip.up =
EiEiinEti, ¢(Ei.i(j))=E;j,erD(Ei‘i(j))Exj, xj+Exj,xj§0(Ei,i(j))Eij,zj and o(E ;)
:EILSD(EZ',i(j))EiLl—’_ElllSD(Ei,'L’(j))Ell by Lemma 12. So x;2zn+1 and (P(Ei.i(j)):

@, z;E. 5; for some @, .; in C and lai,2;l=1. Similarly, we can prove the

J
second part of lemma.

LEMMA 14. Let ¢: AP —AS™ be an isometry such that o(I)=1I. Let ¢(E})
=Ewe. If 1=k=n and if o(E;)=E (1<i<n), then 1<Ii<n. If n+1Zk<2n
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and if @(E;)=FE (1=i<n), then n+1=<[<2n.

PrROOF. Define a permutation ¢ on {1, 2, ---, 2n} by oc(a)=b if @(E..)=
Es. Suppose 1=<k<n. Since E, ,,, is in A, e(n+1)=n+1 by Lemma 13.
Since E; n.; is in AW, 6(2)<n. Since E, 4.0 is in AP, o(n+2)=n+1. Since
Eq oi0is in ALY, 0(3)<n. Continue this way. Then ¢(f)<n for all i=1, 2, ---,
n. Similarly we can prove the second part of lemma.

LEMMA 15. Let U be a unitary operator. Then |[I4+U|=2 if and only if
1 ¢s in a(U), where I denotes the identity and ¢(U) is the spectrum of U.

PRrROOF. Suppose that [|[[4+U|=2. Since U is unitary, I+U is a normal
operator. So the norm of I+U is equal to its spectral radius; that is, 2=
I I+U|=sup{|l+a]: aca(lU)}. Hence 1 is in a(U) because o(UU) is a compact
subset of the unit circle in C. Suppose that 1 is in ¢(U). Since I+U is a
normal operator, |[I+Uf=sup{|l+al|: acsaU)}. But |[[+U]| < |I|+|U|=2.
Since 1 is in ¢(U), sup{|1l+a|: asa(U)} =2. Hence |[+U|=2.

'PROPOSITION 16. Let A be an (n, n) matrix whose (1, 1)-, (1, n)-, (2, 1)-,
2, 2)-, (3, 2)-, 3, 3)-, -+, (n, n—1)-, (n, n)-component are 1 and all other com-
ponents are zero (n=2). Then | A|=2.

PROPOSITION 17. Let A be an (n, n) matrix whose (1, 1)-, (1, 2)-, (2, 2)-,
2, 3)-, -, (n—1, n—1)-, (n—1, n)-, (n, 1)-component are 1 and all other com-
ponents are zero (n=2). Then ||Al=2.

THEOREM 18. Let ¢: A’ —JAsR be an isometry such that o(E.)=E; for
i=1, 2, ---, 2n. Then there exists a unitary operator U such that ¢(A)y=U*AU
for every A in AP.

PROOF. Let ¢(E:)=as;E:; for all E,; in A, where |a;;|=1. Let ay;
=eri, Let A=(a;;) be in A{M and let a,, ., represent the (%, k(7))-component
of A, where 1<k<n, 1<:<m and n+1<k()<2n. Let U=(u,;;) be a (2n, 2n)
unitary diagonal matrix and let u,,=e'%t(I=1, 2, ---, 2n). Consider U*AU. If
the linear system (¥): 0p,1—0:=0; 011, O1c—0:=01,10), ", O1cy—01=01.10m
(Im)y=2n), O20y— 02,213, b2ty —02=04,2005, -+, Gay—02 = O2.00m>, -, Oncty—0n=
Onny, Oney—0n = On.niey, -, Onmy—0n = 04, 2my has solutions, then ¢(A4)=
U*AU for every A in A, Let K be the (mn, 2n) matrix consisting of the
coefficients of the linear system (x) the let X=(0,,1¢), 01,12, " » On, nm>)t. Then
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the linear system (x) has solutions if and only if rank K=rank (K, X). We know
that rank K =2n—1. If 04 20— 01 0t 0i 01— —0p e =0({>k=1) and
O nip—Oqnig-1tOgernigi—F0pi1nipii—0pi1,np=0(g—2=p=1), then rank
(K, X)=2n—1. Let

QAp,n+k 0 . oo 0 Ap,nsl
Api1,nek Rkl n+k+1 0 .
Apiz,nik+1 Xpizniks+2 o - * : 0

V=| ‘.

0 Ay, nyl-1 al,n+lJ

Then we see that |V||=|¢(B)| for some B in JA§Y. Since | B||=2 by Proposi-
tion 16, ||V]=2. Since

d;k,n+k 0 0 . * * O
0 C_rk+1,7z+k+1 0 ‘ * ¢ 0
v - : - |=I4w,

0 0 &l—l n+l-1 0

0 CYl,n+l

where

0 . 0 Gl.z_k+1j

au 0 0 [
0 as O 0

W= R

‘\0 . - 0 aickeni-w 0 J

where @z = Qpi1,n+2®k,nrky Q32 = Aryonskst Apat,nakat, "y Qloke1,iok = QL nil1
Or 1 nei-1, ANd @y 4 p41 = Qg 3@ ne. 1 is in (W) by Lemma 15. So @, a4
&l,n+lal.n+l—1&l—l,n+14l"'ak+1,n+k0_[k,n+k=1 or equivalently 0k,n+1_0l,n+l+0l,n+l~l
—ot 01 nee—0r =0, Let

Ap+1,n+p Apilnip+l 0 0 0
Apio,n+p+sl Apig,n+p+2 0 0
V_\: .
. 0
0 ‘ * ° 0 Ag-1,n+g-2 ®g-1,n+¢-1
g, n+p 0 ) ©T 0 g, n+q-1

Then we see that |V.|=|¢(BIl for some B, in A§P. Since |B,|=2 by Pro-
position 17, |V.|=2. Since
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dp+1,n+p 0 oot 0 )
0 &p+2.n+p+1 o - - 0 1
Vi ) . 1:I+W1,
L0 0 @gnigr)
where
0 b, 0 - 0 0
0 0 b 0 o 0
le‘ : s
‘ 0 J
. by_p-1,q-
bogr 0+ -« -0 7-p 6«1 »
where bw:(XpH,n+p+16—l’p+2,n+p+1, b23:ap+2.n+p+2d'p+3,n+p+2, Ty bq—p—l,q-p:aq—l,n+q—1

Qg nrq-1, Dgp,1=0Qq nsp@ps1,nip. 1 is in a(W,) by Lemma 15. S0 g 1:p@pi1,n4p
Apstnepe@per,nspet ** Qqot,niq-1@qneqr = 1 OF equivalently g nip — 0gniger +
Og-tnig-i— - +0pi1nips1—8pirnip = 0. Hence rank (K, X)=2n—1. Hence
o(A)=U*AU for all A in AP

LEMMA 19. Let ¢: AP — AR be an isometry such that ¢(I)=1 and o(Ers)
=L, for k=1, 2, -, 2n. If 1=<4,<n, then there is a unitary operator V such
that Vgo(Ekk)V*:Ekk fOT all kzl, 2, e, 2n and V(P(Ek.k(l))V*:aik,ik(l)Ek,k(l)

for 1=1,2,---, m, and for some Qiyigq, i1 C.

PROOF. Let V be a (2n, 2n) matrix whose (%, 7,)-component is 1 for all
k=1, 2, ---, 2n and all other entries are 0, where o(Ew)=E;, ;, for all k=1,
2, -+, 2n. Then Vo(E)V*=E: and Vo(Ey v)V*=aiy. i, E
k=1, 2, ---, 2n and [=1, 2, ---, m, and for some @, ;, ,, in C.

ihincly for all

THEOREM 20. Let ¢: A — AR be an isometry such that o(I)=I and
O(Evi)=Eq,. ,. If 1=i,<n, then there is a unitary operator W such that ¢(A)
=W*AW for all A in AP,

ProoOF. By Lemma 19 there is a unitary operator V such that V@(E ) VE
=FE,, for all k=1, 2, ---, 2n. Define ¢,: A — A by 0i(A)=Vp(A)V* for
all A in A§3’. Then ¢, is an isometry by Lemma 19 and 01(Erz)=E,, for all
k=1, 2, -+, 2n. Then there is a unitary operator U such that ¢,(A)=U*AU
for all A in A’ by Theorem 18. Since ¢,(A)=U*AU=Vp(A)V* for all A in
AR, o(A)=(V*U*)AUYV) for all A in AgP. Put UV=W. Then ¢(A)=W*AW
for all A in AP,
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LEMMA 21. Let ¢: AP A be an isometry such that ¢(I)y=1and ¢(E;;)

Ei,i,(k=1,2, -, 2n) If n+1<i,<2n, theu there is a umtary operator %
such that Vip(AYWV* is in A for all A in 85 and V'Q(Ep)V*¥*=E, for all
k=1, 2, ---, 2n.

PRrROOF. Let V be a (2n, n) matrix whose (k, 7,)-component is 1 for k=1,
2, ---, 2n and all other components are 0. If E, ¢, is in A for k=1, 2, -,
Thely ip Since Vth(Ek.k(l)ﬂ/*
:aik(l)’ikVEik-ik(l)V*:aik(l)'ik(l)Ek'ik(l)V*:aik(l)'ikEk'k”) for all k=1, 2, -,
n and all (=1, 2, -, m, Vie(A)V* is in A for all A in AP and ViQ(E,)V*
=F,, for all k=1, 2, ---, 2n.

n and for /=1, 2, -, m, then @(Es, r )=, i, E

THEOREM 22. Let ¢: AW —ASW be an isometry such that ¢(Exz)=Ei,.q,
for k=1,2, -, 2n. If n+1<i,<2n, then there is a unitary operator W such
that o(A)=W*'AW* for all A in A5 .

PrOOF. By Lemma 21 there is a unitary operator V such that Vi@(E;.)V*
=E; for all k=1, 2, -+, 2n and V'p(A)V* is in A for all A in AF’. So
there is a unitary operator U such that Vip(A)V*=U*AU for all A in ALY by
Theorem 18. Set {UV)=W. Then op(A)=W*'AW* for all A in J7’.
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