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RELATIVE FREE ENERGY AND ITS APPLICATION
TO SPEED CHANGE MODEL

By

Makoto MoRI and Masasi KOWADA

§1. Introduction.

The purpose of this paper is to study a continuous spin system by introduc-
ing the relative free energy* which plays a role of the free energy in discrete
spin systems.

Although the usual free energy is a very important functional, it can be
available to only identically distributed 2-spin lattice systems. About such Sys-
tems, refer to Holley [1], [2]. On the other hand, our relative free energy
enables us to deal with spin systems with state space not necessarily discrete
nor identically distributed. In Section 3, we consider a 1-dimensional lattice spin
system with continuous state space to show that the relative free energy does
not increase with time and especially it strictly decreases if the initial state is
not Gibbsian; this is one of the main results of this paper. From this fact,
moreover we conclude that the time evolution of any shift invariant non-Gibbsian
state converges to an equilibrium state. The precise definitions of the relative
free energy et al are given in Section 2.

§2. Definition of relative free energy.

Let £ be a compact Hausdorff space with Second countability axiom, and
let B« be its topological Borel field. We suppose that a probability measure vy
is given on (£, Bx). We denote the two sided countable direct product of
copies of (2, By, v«) by (2, B, v). Let C, be the family of all (—n, n)-cylinder
sets i.e. the sets of the form {we2;w,€E;, i=0, +1, ---, +n}, E;€ By, and we
denote by 4, the g-algebra generated by C,.

The restriction to 8, of a probability measure # on @ is denoted by p™.
Moreover the set of all probability measures on @#(4,) is denoted by @(2,).
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* In [5], Sulivan defined the relative free energy which is similar to ours and obtained
the similar results. But his free energy depends on the special kind of invariant meas-
ure of the generator. Therefore it is hardly possible to deal with our model.
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Any measurable finite partition &, of £, induces a measurable finite partition
& of 2 each atom of which has the form {we®; w,&l}, €&, and we say that
£ is induced by &. The family of all measurable finite partitions of 2y is de-
noted by A and we identify the partition & of Q4 and the partition & of Q
which is induced by &,.

DEFINITION 1. For =@ and any finite measurable partition § of 2, we put

I
H(e, &)= 31 Tog - @1
P, O=Tm 5 L, YT 2.2)
v, §)=hm o 1 jia s , .
where T is the shift transformation; (Tw);=wi+;. In (2.1), we take
0log 0=0
plog T :* ) (2.3)
+ o0 if p>0,
if they appear. Note that H*(y, £)=0, since
w0 _ D
Sphlog L= Sur(1 5 )=0. @2.4)

The following Lemma 1 is a repetition of usual entropy calculus and we omit
the proof.

LeMMA 1. Let §<y. Then

H(p, ) sH* (1, %) (2.5)
and

R, E)=h*(pe, 1) (2.6)

LEMMA 2. If p is shift invariant, then

“(t, §)=sup 2-*;;1 Hp, NV T70) 2.7)

for any E€ A.

G ) - ., . .
ProOF. We need only to show that a,=H>(g, \/0 T7¢&) is subadditive, i.e.
A
n : . . . .
Anim=a,+an. When there exists n such that H*(y, \/OTJE):—!,»UQ, it is trivial
4

to see it. When H*(y, \7 Ti&)< 4o for any n, we get
j=0



Relative free energy and its application to speed change model 3

At an—Qmin

.U(]of\ L) . #([nnf\ o M msne1)
v(loy ) vdaei - N )

:Z,U(Ioﬂ o N mans1) log

« (Lo - N manss)
/l([oﬂ N mins1)

,U(Il:lm m1m+n+1) 0 , (28)

== 3o Almsnss) lo <
Ao Al 108 = S S S i ) =

where [;={we; w,sE}, for some F<&, and X is taken over all Iy, -+, Ipnyn-1.
Let U be a continuous function on 24} 2, and put

Usw="3 Ulws, i), 0. (2.9)
DEFINITION 2. For pe@ and é€ 4, we put

—00

J— 1 n X
v — > - 4
Fetn ©=Tm o || Undpm @+ B, ¥ TO] @10
Then the relative free energy f#(y) of g with respect to U and v is defined by
So(p)=sup Sy, &) . (2.11)
1=V

As can be easily seen, fp(p)=-4co if p™ is not absolutely continuous with

respect to v‘™ for some n.
LEMMA 3. If p is shift invariant, then
Fi=\ U, 0)du@+ 1), 212)

where h*(p)= sup i*(u, &).
ted
DEFINITION 3. We call #*(y) a relative entropy of g with respect to v.

§ 3. Speed Change Model.

In this section we consider a speed change model. A physical sketch of our
model is as follows;

i) each spin stays in a point with exponential holding time which depends
on the nearest neighbour spins,

ii) each spin changes its direction independently with a transition probability p.

The process of a speed change model which we are going to deal with is a
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Markov process (2, 8, {T,}) with the infinitesimal generator ¢ defined by
Gf(w)= EZCi(w)SQ plws, PLA @)~ f(@)]dvi(9), @.D

where Cyw)=exp [U(wi-1, )+ U(w;, wir,)] and wf<Q is defined by

(0)%)]‘:{
o J=i (p€y)
and p(¢, ¢) satisfles the following four conditions:
D) L>pg >0, @ ¢=Dy, (3.2)
i) SQ* b, Pdva()=1  for any ge= 0. (3.3)
i) (a2, P @@= F(Gava() 3.4)

for any integrable function f on 2.

iv) For any >0 and any ¢ &2y, there exists a neighbourhood @4 of ¢ such
that [p(¢, §)—p(¢’, ¢)| <e for any ¢'€0, and any ge Oy,

The existence of the Markov process with this generator comes from Ligget
[31.

Evidently, the definition domain of ¢ includes EF:\nJEFn, where &, is the set

of all real valued bounded measurable functions which do not depend on the
coordinates w; (|i|=n+1, n+2, ---) of w. Clearly the generater ¢ transforms &,
intO gn.'.l.

Let Ap e ={{y, -, i0); 11l =0, i) Smax {n, |1|+1}, -, i =max {n, |il
+1, -+, |ir_1|+1}, and let

G I (w):g[ (), 0)Cil@Nf(wh— Co@)f(w)1dve(eh) . (3.5)
We now define a ‘dual operator’ g%* (k=1, 2, ---) by

G @)=XG%q, - G*upflo), (3.6)

where f€ %, and the summation is taken over (i;, --+, 1z)E An. .
The direct calculation gives us the following

[t @) g)={aswr@)es g@) (37

for f, g=TF,.
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Let L' be the space of the integrable functions with respect to v. Then the
the norm estimations of &¢f and ¢} f=g}'f are given by,

D lefl=2@n+DK| 1] (3.8
2) NG fI=2@2n+DK| I fEFa, 3.9
where | -]| is the L'-norm and K= L(sup ¢V ¥>)2,

LEMMA 4. For f€%F, put
. k
exp (19)f(@)= 3 - ¢*f0). (3.10)
Then the right term converges in the L'-norm and we have

Lexp 19/ @)]in=9f@)  ace. (3.1

PROOF. Remark that ci(@g (@i, $)Lf @9 — f(@)]dus(¢p) depends only on

(w-n, -, wy) for 1=0, +1, ---, =(n—1) and that it depends only on (w_,_1, =+, @n)
for i=—n and (w_y, ***, wa+y) for i=n. Appealing to this fact, we get

lexp (¢ fII=| /] exp [4Kt(2n+1-+exp (4K1))] (3.12)
for feF,. As to (3.11) we have

Hh 5 o s—r}-o]

< H| g 8o 5 2o
Thus

L8 o) -ar]=o.

We shall define the time evolution g, of p€@ by

pH=plexp (19)f), feg,

which becomes a probability measure on 4.

LEMMA 5. Suppose that p™ is absolutely continuous with respect to v‘™ for
any n. Then pi® is also absolutely continuous with respect to v™ for any n and
t=0. Moreover,

dpm
dy™

=E[(exp (tG*)p)n| Ba], a.e. (3.13)
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where
(exp (1G*)p)n= f)i Lk'g?z:ikp
o k17
and
dﬂ(m)
p(_m): dl;(ﬁ)_

Proor. For feTF,,

[rav® ELexp (160l 2.

=Sfdv(exp (tG*)p)a

k
d —deé’ﬁkp(””“f

oo
=2
E=0

Bl

k

—gd,u.g"’f

=

8
o~

Il

:de exp (t@)f

:/lt(f) .

§4. Decreasing Property of relative free energy.

(3.14)

(3.15)

In this section, we show the decreasing property of free energy. As easily

seen by (3.4), v is an invariant measure when the potential U=0 (this is the case

when each spin moves independently). Thus it is natural to consider the relative

free energy with respect to v.

THEOREM 1. The velative free energy fi{u:) is monotone decreasing in t for

any peEP.

To show the above theorem, we employ an approximation technique.

Since the potential U is continuous, for any &>0, there exists a partition

&=/ such that for any partition 7>,

0=U(x, y)— inf U(x’, y')<
;‘EA

'€EB

[p(x, {)—p(x/, Pl <e, for any ¢=£, and x'€ A4,

-
. &

4.1

where A and B are atoms in » including x and y, respectively. We define
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Ufx, y)= i’xéfAU(x’, v, A, Bey, x€A, yebB. (4.2)
Yy'EB

Then it follows
fo,W=fo(w<sp,(w+e  for all pe@ 4.3)

In order to prove the theorem, it is sufficient to prove the following lemma.

LEMMA 6. For any partition {>n ((€4),

fl’?,]<,ut; C)éfbv(ﬂr C)+5K*t 3
where Ky=e¥0'4 "Y1 42¢% L+ 2¢e®).
Indeed from this lemma, it follows
ffl(#t)ﬁff/%ﬂt)%‘Eéf("/(#)‘i‘E(K*f+1)

and this implies the above theorem.

PrROOF OF LEMMA 6. For convenience we use the following notations. For

Aes :\TB/ T7y, let A; be the i-th projection of A, and we define

Ur/(A)::Z:)L Ur;(wiy ®it1) 4.4)

Cz(A):gUﬂ(“’i—lz‘"i)+UW(wi:‘“i+1) , (4.5)
where w; €4, |1|=n,
(note that the right terms of (4.4) and (4.5) do not depend on the choice of w)
and let for BTy, E=c¥(A) be the set such that

(B =i
E,= o (4.6)
l A; gL
Moreover we put for A, BEy
p(A, B=|_ inf p(p, $)dn(). @)

Since

ry JUN ]' Y ﬂt(A)
7, (=T 5= U (A Al A log L57 )

we shall evaluate the quantity for any partition {4 {(>7)

4
dt

[S[U @+ 10g 220 )

!

«(A)
fo)

S(S ) (U A)+log
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=3(Ja €0 [pt0r, PL@H— 14w a04(9))
A
Xlog IZLT(A))—QUMA)_??;(Sr%dmci(w)gup<wi' d)dvi ()

_SAd#tci(w)SBP(wi, @)dvy () )log ﬂL((A)) Uy |

n .
where 35 means the summation over the sets A< \/ 79¢ and 3 means the sum-
A -n B

mation over the sets BT,

Let A€C, be a set such that v(A4)>0 and 1:(A)=0. Then it follows from
(3.10) that for sufficiently small 4>0,

d/xs(A)

pan =" ds<||@4llh , 4.8)
and hence we get
4 24
g VA A A o ) log 242
— 1 #H’l( ) P
hm th(A)log 7D <(), 4.9

v(4)

Moreover, if there exists some i and B such that p(tA)>0, then we can easily

show that —d—{ U, (A)p(A)+p.(A) log #t((AA;} —oo, Noticing the above facts,

we get

d;‘t{ > [ LU A A+ pi( A) log M((A)) ]}

(e B(A) 1Ty A)
i A)e1 Oz B(A))

x| L@@ pw., pavi), (419

where we take Olog%:O, plog0=—oco (p>0), and —co=<—oo, if they appear.

In the above summation the n-th term is bounded above ;
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. pTB(A)) TR Ay, (A,)
Z A () (B)

x|z pwn, Gavig)

/"L(Tg(A))QUT’(Tg(A))V*(An) 24U
< + 4t g
= § EB‘,M(A) log 1 A)eT T B) e Ly (B)

< K,=LeMUi-1, 4.11)
where logTx=max{0, log x}. Similarly, we can show the (—=n)-th term is also

bounded above.
As to the main term, we proceed as follows; putting

o E)=p(E)e"1® [ui(Ey), (4.12)

we get

2 =x e, @i

% 1o po(TE(A)Un T @)y (A)
8 (AT, (B)

n-1 (0) (B,
= 5 S A4, B)ten(B)) log ";gif&({)‘l” CH AN+ 260¥)
=-(n-1 )

i

5w o (F(A))
+i:—(2n—1)2 1(A)p(A;, B) log o (A) CuA)

n-1 (D) (B
= 3 SEpApd, BICKA) log %{X”
i=—n+1 o

+e(2n+1)K,, (4.13)

where X% (37) means the summation over AE}?TiC and Be<({ for which

oty (t8(A)

- .
s @ (A) =0 (<0), respectively, and

log
K, =e%W-1(142¢% L +2ce®).
Moreover,

5 (cF(A)
23 up(ds BICUA log =250

~ o { OB
= DT mDpAs BOKAF( )
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v« (B)
+ % p:(A) %3 (p(B, Ai):;’&m“”‘ﬁ(&:, B)YCYA)
" 5 (28(A)) ol
< 33 pl A plAs, B)C;(A)Fo(fi;gf@ —————— Ve, (414)
where
Fo(x)=log+1—x=0. (4.15)

Combing (4.10), (4.11), (4.13), and (4.14), we get

d 1) Jog H4A)
 DICA RIS RN e

<2K,+e@n+1) Ky, (4.16)
where K.=K,+e?Y", and hence

#L(A)__
[ S UL A+ 3 ) log £ 5}

g{ SULApA)+ 3 p(A) log -—vi—}+21{0t+e<2n+1>1(*t .1

Deviding the both sides in (4.17) by 2n+1 and taking [im we obtain

n—00

fo, (e O, (p, OFekut .
This completes the proof of the lemma 6.
DEFINITION 4. We shall agree to say that a measure p=2 is a Gibbsian

measure (with respect to v), if for any n the conditional measure WA o | Bl >n)

satisfies
H(A 3 Wk, ‘ k‘ > nzl/Z(w—n—ly a)n+1)

XSAe_Un'H(w)dV(n)(w—n; Ty a)n) ’ (4.18)

where A=C, and
Z(@-n-1, wn+1):Se'v"“(“”dv(”’(w‘n, e, @) (4.19)

As can be easily seen, p is a Gibbsian measure if and only if g™ is absolutely
continuous with respect to v for any n and there exists a version p™(w)
dp™
:-df)—(,;;(w) such that e/»® p™(w) depends only on w.n and wg.

LEMMA 7. If p is Gibbsian, then p,=p (po={0).



Relative free energy and its application to speed change model 11

PrOOF. Since Ci(w%)p™ (0%)=Ciw)p™(w) a.e. v for |i|<n and for any ¢&
2, we get
GEp ™ (w)=0 a.e. v, for any n=1, 2, - (4.20)
Therefore

yL(A):SduXAp(m:,u(A) for any ACy, n=1,2, . (420

This completes the proof.

THEOREM 2. Let g be a shift invariant, non Gibbsian measure, then fy(pe.)
satisfies only one of the followings

D fi(p)=-+oco for any t=0

ii) There exists ty=0 such that f(p)=-o0 for t<t, and fy(p.) is strictly

monotone decreasing for t>to, unless p, s Gibbsian.

COROLLARY. If the initial state p is shift invariant, non-Gibbsian probability
measure with finite free energy, and the evolution p, converges to a measure f

in the weak topology, then @ is a Gibbsian measure.

Proor or THEOREM 2. It is sufficient to show the decreasing property for
shift invariant non-Gibbsian measure g with f3(u)<oco. Thus we assume that
2™ has a density p™ for any n. Then, since ¢ is not Gibbsian, we can find
no such that for any n=n, there exist 7 (]7] <n) and d>0 for which

vif””)l(w_n, e, W, ) Fo('—pgﬁ(?v)’a(w) )é—a}‘>0 (4.22)

holds. Here, we may assume n,=2":—1 for some positive integer n;.
Let &,, be a finite partition of £, such that

1UCxo, y0)—UCxs, 32| <-;l- (4.23)
and
|5(xer $)—p(xs )| % 4.24)

where A, BEE&,, xo x1€4, ¥o, 1B and ¢ y. Put

g

W=V T%n. (4.25)
0

1=-n

Moreover, we let 7% be a partition defined by
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k k+1
<m0 - SR
{w,m:p ()< - } k=0, 1, -, m2—1
and
{w; p"v(@z=m}. (4.26)

Put ph=72Vv Y. Let pn=4 be a patition which satisfies
v {U{A\U{B; BE \] Tiy, and BCA}; Acqil<m™,  (4.27)
o

and for a partition n=75,, define the function (¢/v)™ by

gy )

(7) @=LE55,  itwcle | Ty, (4.28)
Then we get,

lim v{o; (%)m@)—pww(w)[;%}:o. (4.29)

Hence, combining the above fact and (4.22), we get for sufficiently large m and
any 1 (]i] <no)

(p/v)™@$)Ci(0%) )<_ 5}

2n0+2j N D)
Vg )l(w"”‘)’ ) Wngy P); Fo( (/)™ @)Cil@)

2

o
:X)f*znﬁz)‘{(wfno, Wy, ¢) ; wE/lEj:\Znoij: ¢EB

such that

e oA\ 0
etV Ty and A2 S1>0. (4.30)

lIA

We now define

oty (2¥(A4) )

Fun()= 3, SudA 5 BICUAR( 2500 (43D)

where %} means the summation over A< '2\/ T7y. By (4.30), it follows that
j=-2

Fo o ()<—0" (4.32)

for some 9’>0 and for sufficiently large m.
Appealing to the shift-invariance of x4, and the concavity of F,, we have

Fon, a(p) 22F m, na(pt0) (4.33)

and hence by (4.14) and the continuity of Fin, .,(¢) in g, we get



Relative free energy and its application to speed change model 13

d L ,Ut(A)
A S U (Dl At 3 () og 250

SFp (i)t @ DE 2K,
01
=—2n g (M - DKy 2K, (4.34)
2 m

and therefore for sufficiently small >0,

{; Uﬂm(A).Ut(A)—Jr ZA: /,ZL(A) log _ﬁi_t(_él}

(A
{20, (DpAr+ 3 ) log L4}

—2nmgYy 4 ;11—1—-(2"“—1)1{*t+2]{0t . (4.35)

Then dividing the both terms by 2"+'++1 and taking Iim, we get

n-00

. ) 1
fbﬂm(ﬂb = ny”m (g, p)—2-™M2%"t+ %K*t . (4.36)
Therefore it follows that
1
Fo(ud=fio(p)—27"17%0"t 4 —(Kxt+1). (4.37)

This completes the proof.

§5. Concluding remark.

We can show that the variational principle still holds for the relative free
energy. Precisely this means that the equation

inf Fy(e)=1 (@) G.1)
peES

has a unique solution ge&S, and it must be Gibbsian where S is the set of all
shift invariant probability measures on 2. This result will be shown in the
forcecoming paper.
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