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　　Introdiictioii。

　　Let So be the firstorder language with function symbols ・，十and the equality

symbol =.　By £ we denote the firstorder language obtained from So by adding ａ

ternary predicate symbol .Ｒ　The theory in £with the following axioms and axiom

schemata is signified by 況。

　　(Ｎ-１)∀ｚ¬(が＝O)。

　　(Ｎ-2)　∀ｚ∀y(x' =が⊃x = y')。

　　(Ｎ-3)∀ｚ(ｚ十〇＝幻。

(Ｎ-

(Ｎ-

(Ｎ-

4)　∀ｙ∀ｙ(冲十が＝印十ｙｙ)。

5）

6）

(Ｎ-7)

∀が)(ｚ,0,0)。

∀ｚ∀ｙ∀れPQ^, y, z)⊃Ｐり，!J'，　ｚ十幻}。

∀ｊ∀ｙ∀ｚ∀削(Ｐく，ｚ，!VyZ)∧八:X, y, w))ニ:>z=w}。

　　(Ｎ-8)　∀x(x=x)。

　　(Ｎ-9)　∀ｚ∀y{x = y⊃(81(0;)⊃眼y))}。

　　(Ｎ-10)　阻(O)∧∀ｚ((筑(ｚ)⊃賢(畝))}⊃∀幻t(幻。

　　(N-11) s=t, where ｓ＝f is valid.

　　For ａ term t, b(0 means the number of occurrences of bound varibles in f。

For ａ formula % b(2l) is defined inductively as follows. 1. b(r=s)=max(b(r), b(s))。

2. b(八:ねｓＪ))＝ｍａｘ(b(ｒ)，b(ｓ)，b(０)｡3. b(¬幻＝ｂ(幻。4. h(n∧Ｓ)＝b(淡Ｖ敢)

＝ｍａｘ(b(幻，b(Ｓ))｡5. b(∀ｚ幻＝ｂ(ﾖ将t)＝b(幻。

　　ln[3]we proved that:

　　For anyルタ撰�α眼α)げ£;が詰ｍりｓα回心･er m ａｄμみ�，西口則りlatural

ｓｍ＆りi, thenロ�がs a proof % of眼疾)in　＾　ｗith the folloｗ向けｆｏｐｅｒtieｓ(j)

α�(2＼ then∀x'^Ccc) is Provable in 91。

　　(j)　７加/回折h of^ is less Zみan m.

　　(2) Forα町一面ｄ必n schemα35 in 9? which isﾀiot a for.回心摩尼o， hO8)<m。

　　The purpose of this paper is to prove the following theorem。

　　Theoeem. There are a foり7z�α眼α)α�αｓμけ�number M such that:(ａ)
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∀x%(x') is・t prot･品lg細雪。(b-) Fc･r any natural number n, 31(w) is pｒｏｖable　in

SR.with length <M。

　　We devote §2 to proving the theorem. In §1 we prepare for the proof。

　　The author wishes to thank Ｄｒ。Ｔ。Uesu and Ｄｒ。Ｍ。Fukuyama, on whose

advices the author could simplify both the form of the formula %(d) mentioned in

the theorem and the related arguments。

　　§2.　Preparations for §2.

　　Lemma １.　1/ ｍ・n=k,tｈｅｎ Ｐ(し:m,n, k)iｓ　Pｒｏｖａｂｌｅ　in雅一tｈ　ｌｅｎｓth13.

　　Peoof.　Ｕｓｉｎｇ(Ｎ-5)ａｎｄ(Ｎ-6)，ｗｅ can prove (1-1) and (1-2) with length j5.

　　(1- 1) PQm, 0, 0)。

　　　　　　　　　　　　辨　　　　　　　　　　　　　揖

　　(1- 2) PCrn, a, a十…十α)⊃八:m, a',a十…十α十両).

　　Ｂｙ(Ｎ-11)，(1-3)，(1-4)ａｎｄ(1-5)ａrｅ axioms｡

　　　　　　　　　　揖

　　(1- 3)　O＝O十‥･十〇。

　　　　　　　　揖　　　　　　揖

　　(1-4)α十…十α十m=a'十‥･十ぷ。

　　　　　　　　揖

　　(1- 5)　ｉ十…十n = k.

　　Using equality axioms with (1-1), (1-2), (1-3) and (1-4), we can ｄｅｄｕｃｅ(1-6)

with length 10.

　　(1- 6)　P(m, 0, 0十…十〇)∧∀収八:m, X, X十…十幻⊃P(m,x' x'十…十れ))。

　　Ｆｒｏｍ(1-6)ｗith an iduction axiom, (1-7) is provable with lenght 1L

　　(1- 7)　∀ｚ八:m, X, X十‥･十妁。

　　Hence we can deduce (1-8)ｗitｈ lenght 13 from (1-5)ａｎｄ(1-7)｡

　　(1- 8)芦:m, n, k)。

　　Lemma ２. If ｍ十ﾀi=k a�ｇ≠O，tｈｅｎ　k≠ｍ　iｓ　Pｒｏｖable　in覆面tｈｌｅｎｇth25.

　　Proof,　Ｂｙ(Ｎ-11)，(1-9)iｓ an axiom。

　　(1- 9) k=m十万.

　　The following formula is provable with length 17.

　　(1-10)　∀２;∀!/(2;十ｙ＝ｚニ)!/＝O)。

　　We can deduce (1-11) with length 21 from (1-9) and (1-10) with equality axioms.

　　(1-11) k=m⊃n=0.

　　Hence (1-12) is provable with length 25 from (1-11) with the ａｘｉｏｍ(Ｎ-1)。

(Ｎｏtｅthat ，z≠0.)

　　(1-12)¬(k=m)。

　　We define £'かrmulas inductively in the following manner. 1. Formulas of the

forms r=s, r≠ｓ and Ｆ(ﾀ･;s, 0 are E-formulas. 2. If 91 and S are Ｅ･formulas, then
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so are l!{∧Ｓ and 21VS5。3. If 21 is an E-formula, then ｓo is ﾖ将ｔ。

　　Lemma ３．£ｄ ９１(α１，…,aS) be an E-かｒ脚�ａ．　Assume t知加回り･free variable

θ/ St(fli,…，ら) is among ai,…，ら。Then there is a naturalがumber M such that:

for anyﾀz�μ躍/四脚＆認恥…，ち，び賢(痢，…, nS) is true, then %{:痢，…，恥)fｓ

μ卯α1心細91 with length≦jぼ.

　　Lemma ３ is easily proved by the induction corresponding to the inductive difini･

tion of Ｅ‘formulas.　We use Lemma ｌ and Lemma ２ in the basis step of the proof。

　　Let %ia,b,c) be

　　　　　　　　　　　　　ﾖ親政み十ｃ，b十ｃ十1，幻Λα十α＝ｚ十ご十司.

By formalizing the ordinary informal proof that the function

　　　　　　　　　　　　　　7(ｚ，y)＝(・十
2

十ｙ＋1)十ｙ

is ａ ｏｎｅ-tｏ･one function from ω２ onto ω, we can prove

　　(1-13)g(ａ，　b，　ｃ)∧g(α,d,e)→&＝j∧c=e,

　　(1-14)　∀２;∀ｙ∃ｚg(ｚ,　ａ，!Ｊ)

and

　　(1-15)　∀a;∃ｙﾖ将(.ａ;，　－ｙ,ｚ).

　　We define E-formulas g以:a, hi,…，&お1)bｙ induction on ν:1. g'o(≪> bi)=a=bi.

2･g1(ａ，　bi，　bo)＝g(ａ，　bi，　bo)｡3.9９1(<z, bi, bz,…，恥＋1，恥＋2)＝∃親a託ｇ，&1，…，恥，ｷﾞ)Ａ

ｇ(ぷ，恥士1，恥±2)]。

　　Using (1-13), (：レ14) and (1-15), we can prove by induction on ｐ，

　　[1-]L6)gｙ(どz，&1，…，恥±1)∧dv(a,ら…，ら±1)→&1＝c1∧…Ａ恥±1＝ら士1，

　　(1-17)　∀2;1…∀ら｡ト1ﾖ糾知(y，ｚl，…，ら遥)

and

　　(1-18)　∀2;∃ｙ1‥･∃y91脳(ｚ，y1，…> Vv+D-

　　Remark。In connection with the definition of E-formulas, we state the following

lemma。But it is superfluous for our purpose。It is proved by formalizing the

proof of the theorem ｌ in §6 of the chapter 2 of [2]。

　　Lemma 4.£ｄ＠(ａ，　b，　ｃ) be theが凹面面かｒ凹面which exiりresses f加無価か

だve ，ｗz。蛍昨夕ｒ�必�ε‘a=＼≒　Ｔｈｅｒe iｓ ａｎ　Ｅ-foｒｍｕla　Ｓ){a,b, c)ｓｕch that

＠(ａ，　b，　ｃ')≡が:α，ゐよ)is proi･able in 5R.

　　§2. Proof cf the theorem。

　　2.１　Let T{x) be ａ recursively enumerable predicate which is not recursive。

Ｂｙ[1], there are polynomials /(２;，y1，…，ぬ)ａｎｄ ｙ(2;，ｙ1，…, Vv) with natural

number coefficients such that:

　　(＊)７(幻４４ｖｙ1…Ｖぬ,(/(2;，ｙ1，…，ｙ。)＝ｙ(2;，ｙl，…，y。))。

　　We can find an Ｅ･formula ！(２;ｌ!^1,　･"，!J？)ｗhich expresses naturally /(ぷ，ｙl,…,yv)
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＝ｙ(ｚ，ｙ1，…,Vv)。There is a primitive recursive functionφ(幻ｓｕch that

　　　　　　　　　　　　　　φ(ｇ)＝（∃ｙ1…∃ｙβ:(n,Vi,…，ぬ,)‾1.

　　2.2　To deduce ａ contradiction, we assume that, for any natural number ﾀz，

∃y1…∃yv%in, Vi,…，ｙ。)ｏｒits negation is provable in 賢.

　　Then

　　(＊＊)∧xMy{[Ｐrｏｏ秘((!/)o，φ(ｚ))＆(!/)1＝O]

　　　　　　　　　　　　　　　　　　　　ｏｒ[Ｐｒｏｏｆｌ((y)o，Ｎ俘(φ(ｚ)))＆(y)1＝1]}，

where Ｐｒｏｏ脳iｓthe proof predicate for % and Neg is a function such that

Ｎ俘(「91‾1｣＝「¬Sl"f̂or any formula ｔ

　　We define

　　φ(ｇ)＝(μy{[Ｐｒｏｏｆｌ((!/)o，φ(ｓ))＆(y)1＝O]

　　　　　　　　　　　　　　　　　　　ｏｒ[Ｐｒｏｏｆｌ((y)o，Ｎ昭(φ(ｇ)))＆(y)1＝1]})l.

　　Ｆｒｏｍ(＊＊)ａｎｄ recursiveness of predicate Proofs and function Ｘ俘， we can

conclude that:

　　(＊＊＊)φ(が)is recursive.

　　Furthermore we can ｃｏｎｄｕde(＊＊＊＊)bｙthe following arguments (ａ)ａｎｄ(b)。

　　(＊＊＊＊)ＡぺT(x)←剌冤)＝O)｡

　　(a) Assume Tin)。Ｂｙ(＊)，ﾖ飢|…∃yv'3:(n, yi,…，ｙ。)iｓ true.

Because ！Cn, Vi,…，yｙ)iｓ an E-formula,

　　(＊＊＊＊＊)　ｖyＰｒｏｏ稲(ｙ，φ(め).

From the consistency of 弘

　　(＊＊＊＊＊＊)～yy Proof 5>(!ｈ　Ｎｅｅ(φ(ｇ)))。

We can obtain the conclusion that φ(ｇ)＝O from (＊＊＊＊＊)，(＊＊＊＊＊＊)ａｎｄthe difini･

tion of φ佃)。

　　(b)Ｃｏｎｖｅｒｓelｙassume φ佃)＝O.　Then, by the difinition of φ(n),

V2/ Ｐｒｏｏ玩(ｙ，φ(め)。Because every provable formula in 沢iｓ valid,

∃ｙ1…∃yv%(n, 2/1,…，ぬ)iｓ true. Hence, by (*), T(n)。

　　We can deduce ａ contradiction from (＊＊＊)，(＊＊＊＊)ａｎｄthe hypothesis that

T(x) is not recursive。Hence we can obtain the conclusion that:

　　(＊＊＊＊＊＊＊)Ｆｏｒsome 揖，∃ｙ1…∃ｙ。！Qm,2/1,…，!'iｖ)and　its　negation　are　not

provable in 況。Furthermore∃y1…ﾖ!jλ(荊，y1，…, Vv) is false, because

∃y1…∃y。！im, Vi,…, Vv) is an Ｅ･formula.

　　2.３　We can find an E-formula Uyi,…，ｙｙ)ｗhich expresses naturally

f(m, 2/1,…，ｙ。)≠ｙ(揖，y1，…，恥,)ａｎｄfor which

　　(2-1)Ｕ(y1，…，yj)≡¬%Cm, Vi,…，ｙ。)

is provable.

　　By 91(α)，ｗｅdenote the following formula:
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　　　　　　　　　　　∃y1…∃yvii^v-iCa, Vi,…，y。)∧Ｕ(y1，…，ぬ,)}。

Note that gt(α)iｓ an E-formula。In the remainder of this paper, we shall prove

that l!t(α)haｓ the two properties in the theorem.

　　2.3.1 Because of (＊＊＊＊＊＊＊)ｗith(1-18)ａｎｄ(2-1)，飢渇is true for any natural

numberﾀz。Hence, by Lemma ３，we can conclude that: there is ａ natural number

Ｍ such that, for any natural number n, %(:w) is provable with length ｊ Ｍ。

　　2.3.2　Using (1-16), (1-17) and (1-18), we can prove

　　(2-2)　∀a;2l(a;)⊃∀y1…∀yぶ(ｙ1，…，!'iｖ)。

Ｆｒｏｍ(2-1)ａｎｄ(2-2)，ｗｅ can deduce

　　(2-3)∀ｚ飢幻⊃¬∃y1…∃yv%(jn, 2/1,…. Vv)。

Ｈｅｎｃｅ，fｒｏｍ(＊＊＊＊＊＊＊)ａｎｄ(2-3)，ｗｅcan conclude that ∀x'HCz') is not provable。
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