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§0. Introduction.

In this paper we shall state two theorems (Theorem A and Theorem B below)
concerning the existence of indiscernible sequences which realize a given type.
When we know the existence of a set A=(a;);<, Which realizes a given infinite type
b, it will be convenient to assume that A is an indiscernible sequence. Of course
this is not always the case. But the type p satisfies a certain condition, we can
assume A to be an indiscernible sequence. The reader will find some such con-
ditions in this paper. Our results generalize the following fact:

Fact. The following two conditions on a type p(x,, =, Xi " )ice &re
equivalent :

i) There is an indiscernible sequence (a;)i<, Which realizes p(x;)i<o.

ii) There is a sequence (a;);«, such that (e ))i<, realizes p(x;)i<,, Whenever
f is an increasing function on w.

QOur results in this paper will be used to investigate the number x;,,(7) of
independent partions of 7T, in the sequel [3] to this paper. In §1 below, we
shall state Theorem A and Theorem B, whose proofs will be given in §2.

§1. Theorems.

We use the usual standard notions in Shelah [2]. But some of them will
be explained below. Let T be a fixed complete theory formulated in a first
order language L(T), and € a mode! of T with sufficiently large saturation (cf.
p. 7in [2]). We use a, B, 1, -+ for ordinals and m, n, i, j, k, --- for natural
numbers. &, b, and @4 are used to denote finite tuples of elements in 6.
X, ¥, and %% are used to denote finite sequence of variables. We use capitals
Ag, Ba, (X, Ya, ) to denote (distinct) w-sequences of (distinct) A-tuples
of (distinct) elements in § (variables). Therefore, A, has the form (@%)i<w,
where a% is a tuple of elements of €, whose length is 2. For such an A,
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\JA, means the set {a: a is an element of some gi}. The set of increasing
functions on o is denoted by F. If f€F and A=(d");<., then A’ is the sequence
(@7 );co. Similarly, \UX, and X7 will be used. Also we assume that \UX,,
UXg, -+, UY,, - are all disjoint.

To state our results, we require two notions, “strongly consistent” and
“almost strongly consistent”, on a set p(X,)ac, of formulas of L(T) with vari-
ables in G\KJKUXQ defined by :

i) p(Xa)ace is strongly consistent if \J p(XE5‘)acs is consistent with T ;
Ferg
i) p(Xa)aee is almost strongly consistent if \J p(YE({®),c, is consistent with
FerF
T, where Fla is the restriction of F to a, and Y, (G=*>T) are sequences of

new variables.
Then our results are:

THEOREM A. The following two conditions on a type p(Xao)a<s are equivalent :

a) Pp(Xa)a<r s Strongly consistent.

b) There is a sequence (Aq)a<s With the properties i) (Aa)a<s vealizes p(Xa)a<e
and i) A.=(@%)i<o is an indiscernible sequence over ﬁ\%)auAﬁ for each a<k.

THEOREM B. The following two conditions on a type p(Xa)a<e are equivalent :

¢) P(Xa)a<k 1S almost strongly consistent.

d) Thereis a sequence (Aq)a<y with the properties 1) (Au)a<, realizes p(Xa)a<s
and ii) A,=(a%)i<e 1S an indiscernible sequence over ﬂgaU/l/g for each a<k.

§2. Proofs.

The implication b)=a) is trivial, because the sequence (A.)«<, realizes every
HXE@) e, (FE*F). a)=b) and ¢)=d) will be proved by iterated use of Ramsey’s
theorem.

a)=b): Let’s define the set (X, Y) by

T(X, Y): {¢(:Ei1"...’\fin ;y)<_/>¢(fj1'“..."jfn 1) qﬁe L(T),
j-ix, e, Fine X (l'1<“-<l.n),
x-jl: Tt fanX (]1<<]n>; TE\JY})
where ¥=\UY means that every element in the tuple ¥ belongs to the set Y.
We shall show the consistency of

Qﬂ(Xa>a<lc: U p(Xfx'(a))a<xurk<Jﬁ T(Xr’ H){J) »

Ferg
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by induction on 8. If 8=0, then the consistency follows from a). If 5 is a
limit ordinal, the consistency is clear by compactness. Let S=y--1 and suppose
that (B)a<: realizes ¢,(Xo)ac,. For given formulas ® ¢, (X,A-- A%, :5,)e L(T)
(i=1, -, m) and elements b, B\EerB(; (=1, .-, m), we can choose a function
fEF such that

Bl =gubf W07 "bf W 1 h)<—> (b I TB{ YW 1 by (=1, -, m),
whenever ,<---<7, and j,<---<j, by using Ramsey’s theorem. Then the
sequence (Bj)s<; A(Bf)A(Bs)s<, realizes the following type:

0 (Xadac\) i(J:l{%(.f%f---Ax;‘n b)) (Rf T EI 1 hy)
ll<<1n,~ ]1<<]n}~
This shows the consistency of ¢s(Xa)a<,. This means that b) holds.
c¢)=d): The proof of this case is similar to that of a)=b). For each F=

(fa)acg €F, we prepare new variables Xp=(%})i<,. We shall show the con-
tency of

¢5(Xp)rea= U p(XEOV U U r(Xp, \J XED),
FeFg <8 <y

Felg
by induction on 8. As in a)=b), we can assume that § is a successor and that
ﬁ:T‘l—l. Let (BF)FE”>£F realize qJ,’(XF)FE”>§- FOI' giVen ¢i,j(721A"'A??n:5/->EL(T)
@=1, -, j=1, -, m), Fy€rs (=1, ---, 1), and bi,jeay UBER (=1, -, [;
'
7=1, ---, m), we can choose a function f=% such that, for each 7, j,
G| =g jOEIV ™ bh 1 by, o>y BRI "bEIR 1By ),

whenever 7,<---<7, and j;<---<j,, by using Ramsey’s theorem. Then define
(Ap)rer>g by

Ar=Bp it [h(F)<y,

Ap=B% if h(F)=y,

A~y a=Brg.ny if (W(F)=yr.

It is a routine to check that (Az)rers realizes the following type:

Q;‘(XF)FE".‘IUI

1

. {95:;(3?}'1""55;{‘ 2bi,5)

z
Jjsn

TAIA
ATA

i

<—f>¢,j(f;’-1/"\fﬁ? . Ei,j) . Z.1<"‘ <ln, ]1< <]n} .
The above argument shows the consistency of ¢5(Xp)perg. Let (Ap)rer>g realize
g Xr)re>g and define (Aq)q<: by

*) Exactly speaking, n depends on 7, but we can assume that n does not depend on ¢
without loss of generality.
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Aa'::—'q(irl).

3<a

:~—’41(id,17d,~~)-
Ty
« times

i

(An)a<e is the desired sequence which satisfies the conditions i) and ii) of d).
d)=c): For each a<x and each f&7, let E, ; be an elementary map such
that
1) dom(A,,,,):ﬁgkajﬂuAﬁ, E,, ;.=the identity map,

2) Ea,f[(ﬁg U Ap)=the identity map,
3) E, j(@)y=al®, for each i<w.

Using these E, ; (a<k, f€9F), let's define elementary maps I» (FE*F) such
that ‘
4) dom(Ip)= \UJ \UA,,

aslh(F)

5) Igl( ’l\hj(F)UAa).EIGI( 'LU<G>\J’A“)’ for all F, G=**9 such that FSG,

<lh
6) IFA(f):IFA(id)"Elh(F).f~
Suppose that we have already constructed I» (FE“>F). Our construction splits
into the following two cases:

CASE 1. a=f+1. For each F=?F, let J be an arbitrary elementary map
such that J27r and dom(J)=\J\UA,. Then put IpapH=JEg, ;.
TEe

CASE 2. « is a limit ordinal. For each Fe¢9, let ?zﬁU (Iphaf(UgAy)).
<a </

By 5), I¥ is an elementary map. We define I, as an elementary map such that
Ir27% and dom(IF):ﬁy UA,Q- If we put Ap=Ur(@inm))ico, then (Aprer>g

guarantees the almost strong consistency of p(X.)e<, i.€., it realizes the type
U p(YE®) .. For this we must show that (AF{§)a<. realizes p(Xi)a<, for
FerF
each Fe*g. But this is clear, since the followings hold in turn:

(Aa)a<: realizes p(Xa)a<1c;

((IF(dz))i<m)a<x realizes p(Xa>a<r:;

(Tpra:(@8))ico)a<s TEAlIZES P(Xa)acs;

((IFra'/\(id)°Ea,F(a)(a_7z:z))i<w)a<m realizes j)(Xa)rr'fx;

(((]Fra(dfx))i<w)F(a))a<s realizes p(Xa>zr</:;

(AF{®) o< realizes p(Xo)a<s

REMARK. If T is stable, any indiscernible sequence becomes an indiscernible
set. Hence, in such cases, we can require in b) and d) that A, is an indiscernible
set. We are inspired by Chapter IIl of [2]. In fact, the construction of I} in
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the proof of d)=r¢) is very similar to that of F, in Theorem 3.7 of [2]. We use
Theorems A and B freely in our forthcoming paper [3].

Added in proof.

In Theorems A and B, each sequence X, (a<x) is assumed to be an -
sequence of finite tuples of variables (to avoid unnecessary complexity). But the
restriction to w-sequence is not necessary. By using compactness, we can prove
Theorems A and B for a type p(Xa)a<w, With [A(X,)=2, where 1 is an arbitrary
infinite cardinal. Moreover, if p(X.).<: iS a strongly consistent type of a stable
theory T, its realization (A.)«<s can be assumed to be independent over some A
with |A|=k. (Precisely speaking, aL/Jan is independent over A.) To prove

this, we must note that for each A,=(d%)i<z, the average type Av(A./A.) is a
unique non-forking extension of Av(A./(@%)i<.) to the domain A,. A hint for
its proof will be found in [3].
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