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HOMOGENEOUS TUBES OVER ONE-POINT EXTENSIONS
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Introduction

Let A be a finitedimensional algebra over a field k, and M a finitedimensional left A-

module. We denote by R=R(A, M) the one-point extension of A by M, namely,

Mo
*
j.

V. Dlab and C. M. Ringel looked into the indecomposable representations of tame

hereditary algebras [3]. As a result, they found that stable tubes, in particular

homogeneous tubes, play an important role in their Auslander-Reiten quivers. Here a con-

nected component F of the Auslander-Reiten quiver is called a stable tube if F is of the

form ZAm/n for some ≪eN, and called a homogeneous tube if Fis a stable tube with n = 1

[6]. Recently, in case of the base fieldbeing algebraically closed, C. M. Ringel generalized

their results in terms of the one-point extension, and gave conditions on A and M that

make R(A, M) have stable separating tubular families [6].

We are interested in stable tubes, and in this paper we characterize broader parts of

DTr-invariant i?-modules in terms of the one-point extension, and construct the

homogeneous tubes which contain them.

Throughout this paper, we deal only with finite dimensional algebras over a field k,

and finitedimensional (usually left) modules. We denote by P(X), the projective cover of

X, and by E{Y), the injective hull of Y. The &-dual Horn* (―, k) is denoted by D, and the

,4-dual Hom^ ( ―,A) (resp. the i?-dual Horn* ( ―, R)) is denoted by - * (resp. ―*).Further

we freely use the results of [1], [21 and [5], and denote DTr by t.

1. The Aiislander-Reiten Translation over One-point Extensions

In this section, we calculate the Auslander-Reiten translation of R(A, M)-modules.

Given R=R{A, M), itis well known that the category of lefti?-modules is equivalent to the

category 3%{AMk). Recall that the category dlZ(AMk) of representations of the bimodule

AMk has as objects the triples{kU, AX, <f>)with an ^4-homomorphism <j>:AMRkU-+AX, and a

morphism from (kU, AX, 0) to (*£/',AX', <f>')is given by a pair (a, 0) of a ^-linear map a:
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kU-^kU', and an yl-homomorphism /?:aX-*jJC, satisfying /?$=$'(IR a). After this, we

write (dim* U, X, <f>)for (U, X, <f>)and we will call V= (dim* U, X, <j>)just an i?-module.

Now, for an i?-module V= (n, X, <f>),we consider the following commutative diagram

with exact rows:

(A)

0 ―*Ker v
4
>

0 ―*Ker<j>

ft

A

YI

V

exact

<t>

£

X ―*
n

C6k<h ―≫･ 0

-^ 0

This construction is as follows. In the bottom row morphisms are canonical. Since P(Cok

$)-≫Cok$-!'0 is the projective cover, we can take peHomA (P(Cdk<j>), X) such that

s = np. For the pair (</≫,p), we take the pull-back (Y; (i,v). Then this square is exact, and

Ker v is isomorphic to Ker <f>.

Proposition 1.1. Let V= (n, X, <j>)be a non-projective indecomposable R-module. Then

xrVis isomorphic to the R-module (dim*Horru (M, r^CCok4>)RIy) ―n, t^CCok4>)RIy, 4>)

with some 4>.Here Iv is the injective A-module D(Q*) where Q is the directsummand ofP( Y)

such thatP(Y)=QRP(Kers).

PROOF. It is easy to see that an indecomposable projective i?-module has the form (0,

P, 0) with an indecomposable projective ^4-module P, or the form (1, M, 1M) ･ Applying ―*,

(0, P, 0)*^(dim*P*, Hom^ (P, M), n{P)) where n{P) is the canonical isomorphism (??(P)

{mRf)){p)=f(p)m, meM, feP* and peP, or (1,M, 1m)#-(0, k, 0). (For right R-

modules, we use the similar notations.) Now the minimal projective presentation of Fhas

the following form:

0

P(Y)

n

Mn

[1]

M"0P(Cok<£)

(<t>, -p)

Mn

X

―≫ 0

―* 0

where a is the projective cover P( Y)" F-+Q, and each row is exact. According to the difini-

tion of the transpose, applying ―# to the above, we obtain the following diagram with ex-

act columns:

[ ° 1

|i/(P(Cok*)) I

(x)AM * kn0 Honu (P(Cok 0

K
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(P(Y)

({TrA

*RAM 2i£O:i) > RomA(P(Y),M))

(Cok 0)c Q *)R AM ^

f

Cok/c)

I

185

0 0

Here jc=(ici, jc2) where id: &*-≫Hom,4 (P(Y),M) and k2: Honu (P(Cok^), M)-*UomA

(P{ Y), M) with Ki ((a,-))= S?=i a,-/Mia,/c2(/) =fva where ;≪,-is the composition of /iand the i-

th projection, and < îs the induced morphism. We obtain TrR V― (dim* (TrA (Cok </≫)c Q*),

CokK, £). Consequently t^F―(dimfeD(CokK), T^(Cok0)c/v, <^) with some 0. To com-

plete the proof, it is sufficient to show dim*D(Cok/c)=dim(!,HomJ4 (M, r,i(Cok$)c/y)

-n. Since Hom^ (M, rA(Cok (j>)RIv)=zD((TrA (Cok^)cQ*)R^M), we will show dim*

Cok /c=dim* ((TrA (Cok <f>)c Q*) RAM) -≪. This follows from the following two facts: (1)

Im Kidlm K2=0 and (2) K＼is a monomorphism.

(1) Assume Im K＼film ^2^0. Then there exists (a,)e^M and /eHom^ (P(Cok #), M)

such that/ocx = S"=1 flj/ij-a^O. Since the following diagram is push-out, we have JeHom^

(X, M) such that 36 = (ad.

P(Y)

?
M*

^―* P(Cok</>)
I

"

> X

4>

This means that Fhas a projectivedirectsummand (1, M, 1M).It'sa contradiction.

(2) Similarly.

Corollary 1.2. Let V=(n, X, <j>)he a non-projective indecomposable R-module. Then

(1) If 4>is an epimorphism, xR V is isomorphic to

(dim* Homx (M, E(top (Ker <!>)))-n,E(top (Ker 0)), $).

(2) If<j>isa monomorphism, rR V is isomorphic to

(dim* Hom^ (M, t^(Cok 0)) ―n, r^CCok <j>),$).

(3) If proj.dim^ Cok <f>= ＼,trVis isomorphic to

(dim* Hom^ (M, r^(Cok <f>)0£(top (Ker 4>)))-n, TA(Cok </>)0£(top (Ker <j>)),$).

Proof. By Proposition 1.1.

2. Homogeneous Tubes

In this section, we characterize some T#-invariant modules by using the previous pro-

position. And we construct homogeneous tubes which contain them.
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Lemma 2.1. Let V=(n, X, <j>),(≪=£())be a non-projective indecomposable R-module.

Then the Auslander-Reiten sequence which has the end-term V has the following form:

0 ―>

0 ―*

Mm-n

I

u2

TA(Cok6)RIv

]
'

[1]

10"

01

00

Mm~nRMn

01 Vl

02 V2

0 4>

(TA(Cok<t>)RIv)RX

(0 1)

(001)

with some 4>＼,</>2,Wi and w2, where m = dimft Hom^ (M, r^CCok <j>)RIV)

Mn

X

― 0

-^ 0

Proof. By Proposition 1.1,the Auslander-Reiten sequence has the following form:

0 ―

0 ―

Mm-n

TA(Cok0)c/F

[:]

(≪1 Ct2)

Mm-n
(0 1)

cAT] ―

E ―

P

Mn

X

―*■ 0

―* 0

with some E, and some fa, 4>2,on, a2 and /?.Since the i?-homomorphism

0

X

M"

X

is not a splitable epimorphism, it factors through ((0 1), /?),and E has X as a direct sum-

mand.

Theorem 2.2. Let V= (1, X, <t>)be a non-projective indecomposable R-module.

(I) If <f>is an epimorphism, the following two statements are equivalent.

(1) TrV-V.

(2) (a) AX^E(top(Ker <!>)).

(b) dimiHom^(M,X)=2.
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(II) If <j>is not an epimorphism, the following two statements are equivalent.

(1) xRV-V.

(2) (a) *X~TA(Cok0).

(b) dim*Hom,4(M,X)=2.

(c) In the commutative diagramiK), Im icrad Y.

187

Proof. (I) (2) -+(1) By Proposition 1.1, xR V- (1, X, 4>)with some 0. Then, by Lem-

ma 2.1, the Auslander-Reiten sequence which has the end-term Fhas the following form:

0 ―

0 ―

[:]

M ―･ MRM

x ―* iei

(0 1)

I
0*1

(0 1)

M
l-

X

-^ 0

^0

with some y/.If <f>and <j>are linearly independent over k, this extension splits.It's a con-

tradiction. Hence rRV― V. (l)-≫(2) Obviously.

(II) By the after remark, the proof is similar to (I).

Corollary 2.3. Let V= (1, X, </>)be a non-projective indecomposable R-module.

(I) If $ is a monomorphism, the following two statements are equivalent.

(1) rRV-V.

(2) (a) AX-rA(Cok<t>).

(b) dimAHom^(M,X)=2.

(II) If <f>is not an epimorphism and proj.dim^ Cok <A= 1, the following two statements are

equivalent.

(1) rRV-V.

(2) (a) <f>is a monomorphism.

(b) AX^TA(Cok4>).

(c) dim*Hom,4(M,X)=2.

Remark. In caseof trV― V, X isindecomposable. Otherwise, X decomposes as X=

X1RX2, Xlt X2*Q, we have dimftHom^ (M, X1) = dim*Homyl (M, X2) = l, and the

Auslander-Reiten sequence which has the end-term Fhas the followingform:
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[:]

[*2 J

XXRX2 ―≫-

1

0

0

0

0

1

0

0

MRM

0
</>!

0 0,

(X1RX2)R(X1RX2)

(0 1)

r 00101

I

0001

I

MI
i hi

X1RX2

― 0

―* 0

with bi, b2 k. But it is easy to see that this sequence splits.It's a contradiction, therefore

AX is indecomposable.

If xRV― V, Vbelongs to some homogeneous tube G [4]. Next we will state the con-

struction of the homogeneous tube G. Here we denote V(s) the module in G which has the

quasi-length s [51.

Theorem 2.4. Let V=(l,X,<f>) be a non-projediveindecomposable R-moduk. And

assume xRV― V. Then V is quasi-simple,and V(s)= (s,Xs, &{s)),where $(s)=

0

0

%

with y/ being an arbitrary linear map which is linearlyinde-

pendent of <j>.Further the Auslander-Reiten sequence which has the end-term V(s) has the

following form:

" Ms

#(s)

Xs

MI

s+1

0(S+1)

xs+1

/(s-1)

where I(s) = (E(s)/O), J(s) = (0 ＼E(s))with E(s) the unit matrix of degree s

I

Xs
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Proof. Itis easy to see that Fis quasi-simple.We prove the restparts by the induc-

tionon s.First,by Lemma 2.1,the Auslander-Reiten sequence which has the end-term V

has the following form:

o ―>

0 ―*

M
I-

X

:

[:]

MRM

xRx

(0 1)

(0 1)

M
I.

X

-^ 0

―* 0

with some i//.If y/is linearly dependent of <t>,this sequence splits.Consequently it must be

linearly independent of <f>.Here it is easy to see that the arbitrary yj which is linearly in-

dependent of 4>makes the isomorphic extension. Second, assume that the form of V(s) and

the form of the Auslander-Reiten sequence which has the end-term V(s ―1) are checked.

Then the Auslander-Reiten sequence which has the end-term V(s) is decided except 6 as

the following form. But routine calculations show that we can take 0=0.

Ms

Xs

Ms+1
<t>

0

#(s)

Ms~l

Xs-l

<P(S~1)

'Ms

i

*(s)

Recently Ringel considered the stable separating tubular families, and he made Y＼k-

family of stable tubes [61. In connection with it, we show the following.

Proposition 2.5. Let V=(1,X,4>) be a non-projectiveindecomposable R-module.

Assume rR V― V,6a monomorphism, EndU (X) = k,and k an infinitefield.Then we can make
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＼k{-family of homogeneous tubes.(| | means the cardinal number.)

Proof. We write the canonical extension

O-^^f-^X-^Cok^―*0

and let

A n
Q-^X―≫E―*Cok<t>-^0

be the Auslander-Reiten sequence. Since n is not a splitable epimorphism, there exists A'

such that n=fik'. If necessary, adding some ak (aek) to A', we can take A' as a monomor-

phism. Further, since A' is not a splitable monomorphism, there exists £such that A' = £A.

We can also take £as an automorphism. Now, using A' above, we can make the following

commutative diagram with exact rows and columns, with some d>'eRomA (M, X):

0 ―*

0 ―≫

0
I

.

M ―

･I

X ―*
x

0

0I

XV

E
I

0

―-> Cok <$>―* 0

V

Cok <6 -^ 0

Notice Cok <f>―CokA' from the commutative diagram below:

A

o ^x―*

0 ―*≫Z
A'

E
I-

E

n

V

d> ―≫ 0

CokA' ―* 0

where each row is exact. Set V = (1, X, </>'),then by Corollary 2.3, rR V ―V". It is easy to

see V^t V. In this way we can construct ＼k＼-number of T#-invariant modules.

Example. We givean example where gl.dim^ A = oo and thereexistsa leftA-module M

such thatR(A, M) has homogeneous tubes.

Let
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A = -

z

0

0

0

0

0

x

0

0

0

0

7

y

o

o

ex

0

0

y

o

0]

0

0

s

x .

In other words. A is defined by the following quiver with relations:

8

*■ a

x y ―> z,

y

with yd=Sy=Q (J3=ad).

A is representation-finite, and has the following Auslander-Reiten quiver:

Here, for example,

(
y

X Z

)

"[

Xr'i
-x

y

-Z

1

(x)

191

means the indecomposable A -module N such that top N―Sv

and soc N― SXRS,, where S_ means the simple A-module corresponding to the idem-

potent -. Let M=(x)R(z). Then i?-modulesV=
I 1

(
y

X Z

], <t>1 , where 0 are inclu-

sions in the sense of Proposition 2.5, are T/?-invariant.

Remark. (Ringel [6]) Under the additional assumption that EncUCX")=&, the

homogeneous tube in mod R constructed in Theorem 2.4. is an abelian category which is serial,

and is closed under extensions in mod R.
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