TSUKUBA J. MATH.
Vol. 20 No. 2 (1996). 517-524

ALMOST KAHLER MANIFOLDS OF CONSTANT
HOLOMORPHIC SECTIONAL CURVATURE

By

Takuji SATO

1. Introduction

An almost Hermitian manifold M = (M, J,g) is called an almost Kihler
manifold if the corresponding Kihler form € is closed, or equivalently,

sV Y, 2)+g((V,))Z,X)+((V,])X,Y) =0,

for all smooth vector fields X, ¥, Z on M.

Concerning the integrability of the almost complex structure of an almost
Kéhler manifold, the following conjecture of S. I. Goldberg is well-known ([1]):

The almost complex structure of a compact Einstein almost Kihler manifold
is integrable (and therefore the manifold is Kcihler).

As concerns this conjecture, some progress has been made under some
curvature conditions: K. Sekigawa proved that the above conjecture is true when
the scalar curvature is non-negative (8, 9]. A complete almost Kihler manifold of
constant sectional curvature is a flat Kihler manifold {4, 5, 10]. A 4-dimensional
compact almost Kihler manifold which is Einstein and #- Einstein is a Kaihler
manifold [10].

In connection with these results, the author proved that a compact almost
Kédhler manifold of constant holomorphic sectional curvature ¢=0 which
satisfies the curvature condition (b) is Kihler [7]. (The condition (b) will be
given in the next section.)

In this note, we shall show that, in the case where the dimension of the
manifold is four, the above statement can be improved. Namely, we shall prove
that a four-dimensional compact almost Kihler manifold of constant holomorphic
sectional curvature which satisfies the RK-condition is a Kihler manifold.

Throughout this paper, we assume that the manifold under consideration to be
connected and of class C”.
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valuable suggestions.

2. Preliminaries

Let M=(M,J,g) be an m(= 2n)-dimensional almost Hermitian manifold
with an almost Hermitian structure (J,g). We denote by Q and N the Kihler
form and the Nijenhuis tensor of M defined respectively by Q(X,Y)=g(X,JY)
and N(X,Y)=[JX,JY]-[X,Y]-J[JX,Y]-J[X,JY] for X,Ye X(M), where
X(M) is the Lie algebra of all smooth vector fields on M. The Nijenhuis tensor N

satisfies
NUJX,Y)=N(X,JY)=-JN(X,Y), X Ye X(M).

Further we denote by V,R=(R,').p=(p; ),7,p* =(p¥) and 7* the Riemannian
connection, the Riemannian curvature tensor, the Ricci tensor, the scalar
curvature, the Ricci *-tensorand the *-scalarcurvature of M, respectively:

RX,VNZ = [V V,1Z-V /2,
R(X,Y.Z,W) = g(R(X,")Z,W),
p(x,y) = trace of [z R(z, x)yl,
T = traceof p,
p*(x,y) = traceof [z R(x,J2)Jy],
¥ = trace of p* .
where X,Y,Z,WeX(M), x,y,z€ TPM, p€ M . The Ricci *- tensor p* satisfies
prUX,JY)=p*(¥.X), X, Y eX(M).

An almost Hermitian manifold M is called a weakly *- Einstein manifold if it
satisfies p* = A*g for some function A* on M. In particular, if A* is constant on
M, then M is called a *- Einstein manifold.

We define the tensor field G =(Gy,) by

G(X.Y,Z,W)Y=R(X,Y,Z,W)-R(X,Y,JZ,JW).
Then we have

2.1 S G(E.X,Y.E)=p(X,Y)- p*(X.Y),

i=1
where {E},, ., is a local orthonormal frame of M. We shall consider the
following three conditions on G for an almost Hermitian manifold M:

(a) G=0,
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(b) GUX,Y,JZ,W)=G(X,Y,Z,W), forX,Y,Z,WeX(M),
(¢) G(X,Y,Z,W)=G(Z,W,X,Y), for X,Y,Z,W e X(M).
It is easily shown that (a)= (b)= (c). We remark that the condition (a) is
equivalent to
(2.2) R(X,Y)oJ=JoR(X,Y),
for X,Y € X(M). The condition (b) is equivalent to

R(X,Y,Z,W)

2.3
(2.3) =R(JX,JY,Z,W)+ R(JX,Y,JZ, W)+ R(JX,Y,Z,JW),

for X,Y,Z,W € X(M). The condition (c) is equivalent to
2.4) R(JX,JY,JZ,JW)=R(X,Y,Z, W)
for X,Y,Z,W e X(M). An almost Hermitian manifold M satisfying (2.4) (and so,

the condition (c)) is called an RK-manifold ([11]).
In an RK-manifold M, we have easily the following

(2.5) G(JX,JY,JZ,JW)=G(X.Y,Z,W),
(2.6) pUX,JY)=p(X,Y),

(2.7) p*(X,Y)=p*(¥,X),

(2.8) p*(IX,JY) = p*(X,Y),

for X,Y,Z,W e X(M).
Now we assume that M =(M, J,g) is an almost Kihler manifold. Then we
have

28((V )Y, Z)=g(JX,N(Y,Z)).

It is well-known that ([2])
(2.9) G(X,Y,Z,W)+G(JX,JY,JZ,JW)
+GUX, Y, JZ, W)Y+ G(X,JY,Z,JW)
=28((Vy DY = (V, )X, (V,H)W—(V ,])Z).

By (2.1) and (2.9), we have
(2.10) p(X,Y)+p(JX,JY)—p*(X,Y)—p*(JX,JY)
=-$6((V, DX, (V, D)Y),
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»_ 1 zz_l 2
(2.11) T-7T = 2||VJ|1 8”N"‘

In the sequel, we shall adopt the following notational convention:

V=3V VJo=JdV

av jk?

— a — aygb
Ny =J'Nyer Ny, =90 "Ny
— Ja — agb
Rijk; =J, R,.j,m, G‘_jﬂ =JJ, G,ja,,, etc.

Then it is easy to see that

ViJu+V:J;, =0,
VI, =VJ, =V,
Ny=-2VJ,, 2VJ,=N,.

By the Ricci identity, we have

Lo
26 =5 NNy = ViNg VN,

(2.12) 1
=VNy =V Ny + (N

ila

a a
Nik _NikuNjI ).

3. The pointwise constancy of holomerphic sectional curvature

Let M=(M,J,g) be an m(=2n)-dimensional almost Kihler manifold of
pointwise constant holomorphic sectional curvature c=c(p) (peM). Then,
taking account of [6] and (2.12), we have

c
3. Ry, = Z{g”giﬂ =88+l = Judy 275
1
+ E{N,ikN’ﬂ - N'iIN,/k + 2N[iiNrk/}
1
+%Qg,’k1’

where
Oy = =13{ViNy, =V Ny, + VN, = VNG )
+3{V;N,; — VN, + VN~ VN,
13
- (VNG =V Ny + VN —V,Ny,

=V,N;, + VN5, -V,N;, +V, N}

il

3
+5{V:‘-Nkji _VENiji +Vleil? -ViNj;E
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—VTN,- +V-N,,v —V.N it V;Nﬁ]—}
+2{V, Ng+V,N. +V N, +V.-N...}
+VN +VN_ +V,N, +VN

ijl

—VN- V.N -V,N, VN_

N =V, i
We put

(3.2) Sy =Ny N“,

and

(3.3) T, =N, ,N";.

Then, from (3.1), we have

py="eg Lg . Llp +—(V"N +VN )
(3.4) Y 2 8 32 b Jia
2n —”Nl[ —§S +§T +— (V Ny, + VN,

(3.5) T= n(n+1)c——HN||2,

n+1 1 u 1%

p;‘ = Tcg:j +— 32 U (V ija V ij)
(3.6) .
= 2_ j ” " glj 32 U (V“Nl/u V”leu)
(3.7) ™ =n(n+ 1)c+i”N”2,
(3.8) Py —p;= S += V"NUU,
3.9) T+37* = m(m+2)c.
Now we assume that both p and p* are J-invariant. Then V‘N N, is also J-

invariant and symmetric with respect to the indices i, j by (3.8). It follows that

* T*
pij :Eglj ” ” glj 32 r;
Hence, M is weakly #-Einstein if
1 2
(3.10) T, =5-INFsg,.

Moreover, by (2.10) we have

1
(3.11) p; —P; =——(V RN :—gr..

u
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Then we have from (3.10) and (2.11)

1 1 NP T
=pf T = |- . =—g.,
Pij P g Zn[ 8 8ij n 8ij

which shows that M is Einstein.
Since the RK-condition (c¢) implies that p and p* are J-invariant (see (2.6),
(2.8)), we get the following

PROPOSITION 3.1. Let M be an almost Kéihler manifold of pointwise con-
stant holomorphic sectional curvature. If M satisfies the condition (c¢) and T =
(1/2n)|N|’ g, then M is an Einstein and weakly *- Einstein manifold.

We have the following theorem which is analogous to the result of Watanabe
and Takamatsu [12] for nearly Kihler manifolds.

THEOREM 3.2. Let M be an almost Kihler manifold of pointwise constant
holomorphic sectional curvature satisfying

%k
«_T-7T

3.12 -
(3.12) p-p o

Then M is an Einstein and weakly *-Einstein manifold.

PROOF. By (3.12), p* is symmetric and therefore J-invariant. So p is also J-
invariant. Then from (3.11), (3.12) and (2.11), we have Tz—zl’;\INHzg. Thus

theorem follows from Proposition 3.1. B
For the 4-dimensional case, we get the following

THEOREM 3.3. Let M be a 4-dimensional compact almost Kihler manifold of
constant holomorphic sectional curvature. If M satisfies the condition (c), then M
is a Kéhler manifold.

PROOF. For an orthonormal basis {e,,e, = Je,,e;,e, = Je,} of T,M, we have

4 4
7;1 — ZN(/I?IN”M — Z(NH:HN“H +N“4]N“41)
a,b=1 a=|

INCeyoe)” +INCes eI = 2INCe, eI

1 2
=—|N
MlL
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4 4
T,= XN%GN% =YX (NuN% + NaN%)

ab=l a=]

=g(N(ey,e), N(ey,Je)))+g(N(e,,e)), N(e,, Je)))
=—g(N(e;,e ), N(ey,e)))~g(N(e,,e), JN(e,,€)))
=0.

Similarly, we have

and

Consequently, we have
T, =5 INFg;.

By Proposition 3.1, we see that M is an Einstein and weakly *- Einstein manifold.
Since ¢ and T are constant on M,7* is also constant by (3.9), that is, M is
*-Einstein. Then, taking account of the theorem of Sekigawa and Vanhecke [10],
we can conclude that M is Kihlerian. |

REMARK. From the result of U, K. Kim, I-B. Kim and J-B. Jun [3], it will
be also obtained that M is Einstein and weakly *-Einstein.

COROLLARY 3.4. Let M be a 4-dimensional compact almost Kihler manifold
of constant holomorphic sectional curvature satisfying

Then M is a Kdhler manifold.
PROOF. This follows from Theorem 3.2 and Theorem 3.3. &

COROLLARY 3.5. Let M be a 4-dimensional compact almost Kihler manifold

of pointwise constant holomorphic sectional curvature. If M satisfies the condition
(b), then M is a Kdhler manifold.

PROOF. Under the condition (b), we can see that the function ¢ is constant on
M ([6]). Hence this follows immediately from Theorem 3.3. [
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