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0. Introduction

We will classify all automorphisms of prime order of the affineLie algebra A＼1]up to

conjugacy in the group of all automorphisms of A^K To do this, we will use non abelian

group cohomobgy of some finite cyclic group acting on PGLi+i( [t,t'1]).

The authors wishes to express his appreciation to Professor E. Abe, Professor K.

Kato, Mr. Terasoma for their encouragement and help with the present work.

1

Preliminary

Let ff be the affine Lie algebra over C of type Ai^)-i(n^2), i.e. the Lie algebra over C

generated by e,,hi,/,･(1^-iSn) with the following defining relations;

for m>2

[hi, hj]=

[hifej]=

[hiM=

O,[ei,fj]=dyhi for all i,j

(

{

2ei if i=j,

―ej if ＼i―j＼=l or n ― 1,

0 otherwise,

-2ft if i=;,

/■ if ＼i―j＼=l or ≪ ―1

and for n = 2

0
otherwise,

[≪≫[*,^]]=[/<,[/i,./5]]=0 if |fWI=l or n-1

[ei,ej]=[fitfj]=O if ＼i-j＼*l and n-1,

[h *,]=0

[hifej]=

[hi,fj}=

[

-

[≪,[≪,[≪,*]]!=[/*[fi,[ft,fM=:O if i*j
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Let Eij be the matrix unit with 1 in the i,j position and 0 elesewhere, and let C[t, t'1]

be the ring of Laurent polynomials in t with the coefficientsin C.

Then we have a universal central extension over C:

(1) o ―- Cz -> o -^ jn{C[t, r1]) ―≫ o,

where 2 = Ai + A2 + ･･･+*≫, wfe) =£,-,,･+1,n(en) = tEnl, n(hi)=Eii-Ei+hi+1, n{hn)=En-Enn,

n(fi)=Ei+li and n(fn) = t~1Eln for all i = l, ･ ･･, w-1.

By the universality of (1) and Theorem 2 [4],

(2) Aut(9)-AutcU(C[^r1]))

_fAutC-a/(7(C7[^r1])KPGL2(C[^r1]) when n = 2

~{≪r>xAutc-aig(C[t, rl]))＼XPGLn{C[t, r1}) when n^3,

where r is the involutive automorphism induced by the Dynkin diagram automorphism of

An-i. More precisely, t is defined by x{et)= ―en-i and t(/,-)= ―/,-,･for f=l,- ･ ･, n ―1,

T(eH)=-en and r(f,)=-/,. PGLn(C[t, r1]) acts on *4(C[^, r1]) by conjugation (cf. [3]).

To classify allthe automorphisms of finiteorder of Q up to conjugacy is equivalent to

classifying the elements of finite order of Autc(Jn( [t,t'1])) up to the conjugacy. Put

G=AutcUn(C[t, r1])), Gi = <T>x^^c_alg(C[f, r1])) and G2=PGLn{C[t, r1]). Then

elements of order k (k^2) of G=Gi G2 have the expression g＼g2{gieGt), where g＼= ＼

and n*=o gij929i = 1 and if gi is conjugate to g[in G then gxg2 is conjugate in G to an ele-

ment which has the expression g[g'2for some g'2eG2.

2. Group cohomology

From now on we will let R=C[t, t'1]. Let 6P be an element of Autc(Jn(R)), where

8e<T>xAutC-aig(R) and PePGLn{R). 6P is of prime order k if and only if 0*=1 and

(0*-1 -P) ■■■(9-P)P=In (in PGLn(R)), where 9 ■notes the action of 6 on PGLn{R). Let 9PX

and 0P2 be elements of order k. 9PX is conjugate to 6P2 under PGLn(R) i.e.8Pi = Q~1(6P2)Q

for some Q ePGLn(R), if and only ifPi = (6*･Q~l)P2Q for some Q ePGLn(R). The condition

(6k~l-P)-- ･{6-P)P=In (resp. PX = (8-Q-X)P2Q) coincides with the cocycle condition (resp.

the coboundary condition) of the group cohomohgy Hx{Zk, PGLn(R)) under the action of 6

(=a generator of Zk) on PGLn(R).

Let a (resp. e2)be the automorphism of R induced by £i―^t'1(resp. £i―*―t),then the

set {a, e2,t, xa, T£2}is a set of representatives of the conjugacy classes of order 2 of <t>

x AutC-aig(R)･ Let ek be the automorphism of R induced by t＼―≫£,kt(Ck= fixed k-th primitive

root of unity), then the set {e*, (s*)V ･･, (£k){k~1)/2}is a set of representatives of the con-

jugacy classes of odd prime order k of (.ryxAutC-aig(R).

If the following section, we will determine some cohomologies H1(Zk, PGLn(R)) in the

following situation:

(1) k=2

(a) trivialaction



(b)

(c)

(d)

(e)

(f)

(2)

(a)

(b)

Automorphisms of Finite Order of the Affine Lie Algebra Af]

a-action

e2-action

r-action

tcr-action

T£2-action.

trivialaction

enaction
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For the rest of this section, we will determine Hl{Zk, GLn(R)) with the above actions. We

begin with the case when k=2.

(1) k=2

(a) trivialaction.

Proposition 1.

Under the trivialaction on Z2 on GLn(R),

H1(Z2,GLn(R)) =
Lb=＼Ia

where L is the k x k unit matrix.

a+b=n>

Proof.

In this case, the cocycle condition is P2=InPe GLn(R) and the coboundary condition is

Pi ~P2 <=> P＼= Q ~lP2 Q for some Q e GLn (R). Let M be a free R module of rank n, and let 0

be a R module endomorphism satisfying <j>2= identity. We define free R modules Mi and M2

as follows M＼= {meM＼<j}(m)=m}, M2= {meM＼4>(m) = ―m}. Then M=MtRM2 (direct

sum) because (1/2) eR. q.e.d.

(b) a-adion.

Proposition 2.

Under the o-action of Z2 on GLn{R),

H1(Z2,GLn(R)) =

/.

J a,b,c

/.

In this case, the cocycle condition is (a-P)P=In, PeGLn(R) and the coboundary condition

is Pi~P2<=> P＼= {a･ Q)P2Q~l for some QeGLn{R). We firstprove several lemmas.

Lemma 1.

If P satisfiesthe cocycle condition and P(l)=In, P( ―l)=In (P(a) is the specialization of
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PeJn{R) ataeC*), then P= (a ■Q)Q'1 for some QeGLn(R).

Proof.

Let R" be the invariant subring of a. Then R is a finiteprojective Ra-algebra. Using

Grothendieck's "theory of descent", we can prove P=(a-Q)Q~1 for some QeGLn(R) (cf.

Theorem 4.3[1]).

Lemma 2.

If Psatisfies the cocycle condition, then there existsQeGLn(R) s.t.

(1) Q satisfiesthe cocycle condition

(2) Q is cohomologous toP

(3) Q(≪=r
*

-*･≪-'-.]

for some a, b,c,d.

Proof.

Since P(lf=In, there existsaeGLn(C) s.t

We may assume:

Let BeSLn(C)s.t

""""■'-
['■

_4]

fiPi-Dfi-^

1

1

-1

-1

then there exists ZeSLn(R) s.t.Z{l)=In, Z(-l)=fi. Set Q=ZPZ'＼ then

<?(!)=
[7-

_J and <?<-!)=

['<

_7J.q.e.d.

We will call(a, h, c,d) the invariant of P. If Pi is cohomologous to P2, then Pi, P2 have the

same invariant.

Lemma 3.

If Pi, P2 satisfy the cocycle condition and have the same invariant {a, b, c,d), then Pi is

cohomologous to P2.
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Proof.

We willonly prove thiswhen a>c. The cases a = c and a<c are similar.

' Ic

Ic,p,b= Up >

-It _

then the invariant of ICiPibis (a, b, c,d). From the above lemma, We may assume

p'<
H7"

-J
-dPl(-i)=[7'

_

i.

We willprove P＼is cohomologous to

Set

and

Then:

I
cj>,b-

H*≪≪.<≪i =r _J.≪-≪-* _JJ

u=

'Ic

(1) U-＼o'U)= tlp

Ic

1

1+t
h

1-t

1+t
h
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(2) (a-lDrU^eGLniR).

Let Per, then

((a-U)PU-1)(l)=In

((a-U)PU-1)(-l)=In.

Since Pi satisfies the cocycle condition, a-{{a- U)P＼U~l){{a-U)P＼U~x) =/,.

From the above lemma, (a- U)PlJJ-'i = (a-Q)Q~l for some QeGLn{R).

By the following lemma, we may assume Q(l) =/,. and Q( ―1) =kln for some A e Cx

Then U-lQ(a- U)eGLn(R) and

P- = (a-U)-Ha-Q)Q~1U

=o-{U-xQ(o-U))U-＼o-U){U-lQ(o-U))-＼

Since
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Ic

Pi is cohomologous toICtPib.

Lemma 4.

Let U, Q be as above. There existsQ^eGLJF*) s.t.QQi{l)=In and QQl{-l)=XIfor

some X eCx, where Ra is the a-invariantsubring of R. In particular,

io-iQQMQQxr^io-QKo-QJQ^Q-1

= (a-Q)Q'1

= (a-U)P1U~＼

Proof.

Set y=Q{iyleGLn{C). Let AeCx s.t.det(Q(-l)y)=r and AeSLn(Ra) s.t.i4(-l)

= Q(-l)-X-1InyandA(l)=In. Set Qx = yA~＼then O(DQi(l)=/w and Qi-DQ^-l)

= XL.

Proof of prop. 2.

From the above lemmas, {Lbc, J'abc＼a+h+ c=n} is a set of representatives of

H＼Z2, GLn{R)).

(c) 82-action

Proposition 3.

Under the ^-action of Z2 on GLJR), Hl{Z2, GLn{R)) = {!,}.

q.e.d.

Proof.

Let R°2be the invariant subring of e2.Then R£2cR is a galois extension (cf. P. 44 [1]).

Using Grothendieck's "theory of descent", we can prove H1(Z2> GLn(R))= {!,} (cf. Theo-

rem 5.1 [1]).

(d) z-action.

Proposition 4.

Under the x-action of Z2 on GLn(R),

H＼Z2,GLn{R)) =K
1 "

,"]}

Let P=(pij)eGLn(R), then T-P=(pn+i-jin+1-i) 1.In this case, the cocycle condition is

(Pi)= (Pn+i-j,n+i-i),P=(Pij)eGLn(R) and the coboundary condition is Pi~P2 <=>

Pi = (Qn+i-j,n+i-i)P2Qfor some Q={qi])eGLR{R). When we put P=KiP, these conditions

are equivalent to P='P and Pi~P~2<^ Px = tQP2Q for some QeGLn{R), where 'P is the

transposed matrix of P.
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We firstprove several lemmas.

Lemma 5.

LetK=C(t) and let XeGLn(K) s.t.*X=X.

Let y/x be the bilinearform on Kn defined by y/x(x,y)=txXy for x, yeK". Then

(1) When n is even, the dimension of a maximal anisotropic subspace is n/2 or (n/2) ―l.

(2) When n is odd, the dimension of a maximal anisotropic subspace is (n ―l)/2, where

an anisotropic subspace is a subspace V of Kn s.t.i//x(x,y)=0 for allx, yeV.

Proof.

Let Fbe a maximal anisotropicsubspace, and let V±= {xeK"＼i//x(x,v)= 0 for all

veV}. y/xdefinesa non-degenerate symmetric bilinearform ^on V^/V. Itis sufficient

to prove dimKV±/V^2. Assume dimKV±/V"^3 and take a three dimensional subspace

IF of Vx/V. Since K is a Cyfield,there existsan element we W s.t.y/x(w,w) = 0. Then

VR wK is anisotropic,contradictingthe maximality of V.

Lemma 6.

Let XeGLn(R) s.t.fX=X, and let y/x satisfyone of the following conditions:

(1) n=odd,

(2) n=even and the dimension of every maximal anisotropic subspace of Kn is (n/2) ―1.

Let V be a maximal anisotropic subspace of Kn, and let W=VC＼Rn. Put W± = V±DRn.

Then:

(1) The exact sequence 0 -+ W - W± - W±/ W - 0 is split.

(2) Let Ube the image of a spittingof(1). Then Rn= UR C/x and the dimension ofa max-

imal anisotropic subspace of URK is (n/2) ―l (resp. (n ―l)/2) when n is even (resp. odd).

Proof.

(1) Rnl W is embedded in K n/V and is torsion free. Then W x/ W is torsion free and

free since R is a principal ideal domain.

(2) W± = U@W and RnDU. Let x be a maximal ideal of R, and let &(*) be the

residualfield.Then y/x＼(W±/W)Rk(x) is non-degenerate and Wx＼URk(x) is also non-
i?

degenerate. Then Rn=U@U1- (cf.P. 5 [2]).

Lemma 7.

Let XeGLn(R) s.t.lX=X, and let n be even. Assume there existsa maximal anisotropic

subspace VofK" whose dimension is n/2. Then there exists a free basis {eu ■■･, en) o/R" s.t.

(y/xteu ej)) =

0 1

10

0 1

10
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Proof.

Put W= Vf＼Rn, W± = Vx HRn. Let xe W and let if be a submodule of W s.t. W=

xRRH. Then H±dW± and H±/W± is torsion free. Let s be a spitting of the exact

sequence 0 -≫Wx - Hx-*H1/WrX - 0, and letyesiH^/W1) s.t.yRRW1=H±.

We define the map fR-*R by/ (r) = y/x(%,oO- F°r every maximal ideal p of i?, there

exists an element reR s.t. y/x(%,fy)^0 modulo p. Since the image of/is an ideal of R, f

is surjective.

Then, there exists zes{HL/H) s.t. y/x(x,z)= l, y/x(x,x)= 0. There exists reR s.t.

y/x(%,rz)= y/x(z,z). Let u=z ―rx/2, then y/x(u,u) = 0, y/H(u,x) = l and H±/H=xR@uR.

Since ij/x＼(HjH) is non-degenerate, Rn=(H±/H)R(H±/H)± and (H±/H)±dH. By in-

duction on w, we can prove this lemma.

Lemma 8.

Let XeGL2(R) s.t.lX=X.

(1) If VdefXeR, then there existsa basis {ei, e2} of R2 s.t.

roil

satsfe a basis [e＼, e2] oj

r i o 1

(Vx(eit ej))= ＼
Q ^

(2) If -Jdet X&R, then there exists a basis [e^, e2) of R2 s.t

Proof.

(1) If -JdetXeR, then there exists an element veK2 s.t.y/xiv,v)= 0. Then there ex-

ists an element ueR2 s.t.y/x(u, u)=0. We can prove (1) by Lemma 7.

(2) Let R=C[u, u~l] s.t. u2=t. Then RdR and Vdet XeR. There exists veR2 s.t.

y/x(v,v) = 0. Let 5 be the automorphism of R defined by 5{u) = ―u, then RS=R. Let

e1=v+S(v) and e2=uv ―u5{v), then e,ei?2 and wx{e＼,≪2)==0.

Proof of prop. 4.

From the above lemmas, under the transposing action of Z2 on GLn{R),

H1(Z2,GLJR)) = ■ ＼

q.e.d.

Then [K＼,K2] is a representative set of H1(Z2) GLn(R)) under the x-action of Z2. q.e.d

(e) ra-action.

Proposition 5.

Under the xa-actionof Z2 on GLn(R), H＼Z2, GLn(R))= {KJ

(f) rBo-action.



(n―odd).

or1

1 o

k-1

m=0

3. Determination cf H＼Zk, PGLm(R)).

In thissection,we willdetermine Hx{Zk, PGLn{R)) with the previously mentioned ac-

tions.

Theorem 1.

H＼Zk,PGLn(R)) is:

(1) k=2

(a) trivialaction.

(i) {Ittb＼a+ b=n,aZb}

or

10

(b) a―action. UaAcJke/la^b+c, d^e+f, d*0}

(ii) j hjb (fltb), (n=even).

Automorphisms of Finite Order of the Affine Lie Algebra A

Proposition 6.

Under the ze2-action of Z2 on GLn(R), H＼Z2, GLn(R))={Kx}.

Proofs of Prop. 5 and Prop. 6 are analogous to that of Prop. 4.

(2) ^^3

(a) trivialaction.

Proposition 7.

Under the trivialaction

H＼Zk,GLn(R)) =

of Zk on GLn{R),

6

Proof.

The proof is analogous to that of Prop. 1.

(b) Eb-action.
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4

rk~l-T

Proposition 8.

Under the sk-actionof Zk on GLJR), HHZy, GLJR)) = {/,}.

Proof.

Proof is analogous to that of Prop. 3.
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(c) e2―action.

(d) x-action.

(i) IKUK2}

(ii)

(e) zo-action.

(i) {KJ

(ii)

(n=odd).

-10

01

(n=odd).

10

or1

Zenji Kobayashi

-10

01

10

or1

(n=even).

K5=

-10

ot
1

-10

Of
1

(n=even)

(f) tE2-action. {Kx}.

(2) k^3

(a) trivial action.

(i) When k is not a divisor of n, {IBo, ･･-, ak-＼ IEi"=o ≪m=w, (aQ, ･ ･ ･, ak-i) runs a set of

representatives of the equivalence relation generated by (a0, - ･ ･, ≪*-i)―(≪o≫･ * *,≪*-i)

<*aj=fli, ･･･,a'k-2=ak-i, a'k-1=a0.}.

L 1

(ii) When k is a divisor ofn, {Iao, ･ ･ ･, ak-i, '･
■

I{a0, ･ ･ ･, cik-i)'- same condition as

(i), L=

1

rj-

1

kxk-matrix and j―1, ■■･,(k―l)/2.}.

(b) Ek-action. {!,}.

Proof.

(1) (a) and (b) are trivial,

(c) Since the sequence

1 -+ R* -+ GLJR) -≫PGLn(R) -* 1



Automorphisms of Finite Order of the Affine Lie Algebra Af] 279

is exact, the sequence

H＼Z2, GLn(R)) - H＼Z2, PGLn(R)) - H2 (Z2, i?x)

is eact (cf. P. 125 [5]). Therefore H＼Z2, PGLn{R)) = {!,} follows from H2(Z2, R*)= {1}.

(d) In this case, the cocycle condition is

(pij)= ±(pn+i-j,n+i-i), P= (Pa) eGLn(R).

When we put P=KiP, then this condition is equivalent to tP= ±P. If lP= ―P, then ^p is a

skew-symmetric bilinear form. Since R is a principal ideal domain, y/fhas a basis {eh ･･･,

en} s.t.

OM*i> *>■))=

01

-10

01

-10

and

(e) This followsfrom the exact sequence:

H＼Z2, GLn{R)) - H1(Z2, PGLn(R)) - H2(Z2, i?x)

＼H＼Z2,R*)＼={＼
n = odd

n=even

(f) This followsfrom the above exact sequence and H2(Z2, Rx)= {1}

(2)(a),(b) Proofs are analogous to those of(1)(a),(c).

4. Automorphisms of finite order of -A^-i

In this section, we will describe automorphisms of prime order of -A^-i using the

generator eiy/,･(l^i^n). Proofs follow from the results of the preceeding section. Put

Ea.+a.+1+...+a = [- ･■[≪,-,ei+l],ei+2]-･ ･],ej],

Fai+ai+1+...+a = l ■-[fi,fj-i],fi-2]--･],/.■] d<j),

E=Eai+...+a. and Fao=Fai+...+ai>_1.

Theorem 2.

When n^3, a complete set of representatives of automorphisms ofprime order k up to con-

jugacy in Aut(Q) is the following.
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k=2

(a) Fora=[n-f ],-･■,n-1,

e{i―> eit fii―>fi i*a, n

ea＼―*~ea, fa t―≫･-fa,

en i―* -e≪, /, (―≫■-/,.

(a') W%en ≪is≪w^,

^^[[^ £,],/!],

fa ! *■[[≪≪,EaJ, Fa+a+a],

(b) Fora=[n-f＼ , n ―1, a^bH^l and a+b^n ―1,

ft I―/･ i*a, a + b,n,

ea>-+[[[fn,Fai+...+a.],Fai+...+ail_l],ett],

fa I―* -[[{e≪,Eai+...+aalEaa+v..+an2,fal

ea+b
!―*■ -[[[en,Eai+...+aa+hlEaa+M+...+an_1lea+b＼

Ja+b * [llfn,
■f'ai+---+ao+b]> -^aa+(.+i+･■･+aB_J≫/c+i],

en^-+f[[fn,FaolFao],

fn^j{[en,Eao],Eao].

(b') Fora=[~l ･■-,n-l,

ei^-^ei, fi*~+fi i*a,n,

za i― [[[/≪, Fai+...+cJ, Faa+1+...+aa_l], ea],

fa ' * ~[[[^n,Eai+...+aa],Eaa+1+...+an_l],fa],

en >-* Fao, fn h-* Fao.

(b") Fora=[n-fl---,n-l,

#i '―> ^≪, ^- '―* fi i*a> n,

ea I―* -ea, fa t―≫■-/≪

1

(b"f)

e{ h- e{ /■･―/;･ i*n,

en >-+--[[/≪,Fao],Fao],



(c)
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en ＼―>-g,

(d)

** ■―>
2"

Ke>≫

fi i― ―e{ i*n,

In ' * n Ll/≪>-^a0J>-**aoJ*

(d')

eii―> ―/-, /･ i―≪>―e,- i*rti―l, n,

en-i i―> -[[<?,,£,,],/,-!],

/≪-ii―^ -rr/≪,i7≪B],e.-ii

en i― -Eao,

(d") When n is even.

≪i･―*■elt

e2 i >■Fa +a +a , /2 i Ea +a +a,

£≫
' >

~[[^m
E<xi+

■■+a,-i]>

Ea2+.

■･+an-i],

fn ' *■~[[fn, F.a1+---+o,_1]≫ ^2+･
･ ■+an_J

(e)

(e') WTtew w is ≪wb,

≪i '―* eif A l―≫A,

en *-+ -[[fn,fllfn-ll

fn ･―> ~[[en,ex＼en-x}.

(e") When n is even,

eii― [{en,Eao],ex],

fl^[[fn,FaolM

e2^[lfn,Faol[lfiJ2lfs]l

en^-[[[{fn,Eaolfnlf,1/^,1

281
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(f)

e{ I―> ~fi,

1

Zenji Kobayashi

fi I―* ―et i*n,

en^ --[[en,Eao＼Eaol

fn^-f[[fn,Fao],Fao].

(2) k^3 PutC=Ck,

(a) For a0, ･ ･ ･, ak-＼ s.t.££,"=0am = n, (aQ, ･ ･ ･, ak-i) runs a set of representatives of the

equivalence relation generated by {aQ, ■･ ･, ak-i)~(a'o, ･ ･ -, a'k-i)&a'o=a＼, ･ ･ ･, a'k-2=ak-lf

a'k-i=a0,

e{ 1― eit f 1―* fi i*am, n,

eOm I"^ &am, fam I" Clfam,

en 1―≫･Cm-en, fn I―> C^-fn,

wherew0=max {m＼am±?R}.

(a') PF"^≪ k is a divisor of n, forj=l, ■･ ■,̂ ,

exh-≫ ad{[en,Eao)YFai+...+ak_v

A^adilUF^VE^...^,

e2 1―■≫■ei, /a 1― /1, ^3 1― e2, fa 1―> /2,

(b) Forj=l, ･-,＼,

Theorem 3.

When n = 2,a complete set of representatives of automorphisms of prime order k up to con-

jugacy in Aut(Q) is the following.

(1)

(a)

≪1

(a')

k=2

･―> -≪i, /i ･―■*-f＼, e2 i― -g2, /2 ･― ~/2-

(b)

≪i ･―> ≪i, /i '―> ft,

(b')

e2 i-^gj fz ' * f＼

≪2≫― -2[[/2,/l],/l],

≪i
･―> -ei, /i i―> -/i, e2 i―■≫-[[/2, /i],/i],

(b")

≪i
･―*･ /2, f＼ i―*

≪2, ^2 i―≫■/i, /2 ^―≫･ ei

fa ･― ~~2[[g2, *i], ci]-

h "-^-^[K ^], ei]
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(c)

≪i ^―*■ elt /i i―* /i,

(2) ife^3 Put£=Ck

(a) For<z=l, ･･･)^i,

e2 i― ―e2,

(b) Forb=l,--','-£.

e＼I―> eu /i i― /i, e2 ･―> C^2,

h ･―≫~h-

fa ' *■C "fa-

[1]

[2]

[3]

[4]
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