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THE DISTRIBUTION OF RESIDUE CLASSES MODULO a
IN AN ALGEBRAIC NUMBER FIELD

By

Shigeki EcamI

Let K be an algebraic number field of degree n and ox the ring of integers
of K. It is easily seen that for every integral ideal a of K and residue class A
of ox/a

where ¢(K), and in what follows ¢/(K), ¢”(K), -, are constants depending only

on K. An explicit estimate for ¢(K) was obtained by H. Davenport [1]. In this
paper we will show that for some “large number” of ideals a and “almost all”
its residue classes A, the estimate (1) can considerably be strengthend if K has

infinitely many units. For any 2>0 and any integral ideal a we define a subset
EQ2; a) of 0x/a by

EA; a)={Asog/a; ij | Nga| <ANga} .
ae
The natural density of a set ¢ of rational primes is defined as usual by

21
iP5z 2)
z—o (X)
where #(x) denotes the number of primes not exceeding x. Then we can state
our

THEOREM. Let K be an algebraic number field having infinitely many units.
Then there exists a set P of rational primes of natural density 1 such that

im - LEA O] _
N ¥

for any A>0, where |S| is the cardinarity of a set S.

REMARK. Theorem implies especially

lim sup | B a)|

N ga-co AAT].;Q

=1,

Received October 1, 1979



10 Shigeki EcamI

if K has infinitely many units. Otherwise, i.e. K is either the rational number
Jield or an imaginary quadratic field, we can easily see

. |EQA; )]
lim T Nea

NK—wo K

=Ac'(K) .

For the proof of Theorem we show first an ergodic theorem for an auto-
morphism of a vector space, which contains as a special case a theorem of A.G.
Postnikov [2].

Let p be a rational prime, F, the finite field with p elements, and V=F}.
Every element of V can be represented by a vector (x,, - , Xa) 3,52, 05 x,< p.
(Z denotes the set of all rational integers.) An automorphism 7 of V is given
by an nXn matrix {f;;} with 7;;€F, such that det 7,,%0 in F,. We define
“the minimal period z(T) of T” by

o(T)=min min {y>0; T*x=x},
XEY

70
and put for real numbers 4,, ---, §, with 0<d;<C1
B(ab Tty 51»):_’ {(le Ty Xn>E V; ng]<[5jp]} ’

where [u] the largest integer not exceeding a real number u.

LEMMA. Let S be a subset of V satisfying TS=S. Then

|S106,p] - [8.p] ot = ISIP o
e 7]5;1-—--*‘————18(-\3(51; Tt on)IJ: T(T) (Ing ! 2> *

Proor. We write
2
{m, x>= 2 mjx;
j=1

for m=(m,, -+, my), x==(xy, ---, x,) in V, and define

. <m, x>
n(x)= R e
Pm(x) exp( Tl »

so that {¢.(x)} nev is the character group of V. Thus the function

1 x&8

f(XDZ{
0 x=W\S

can be expressed as the finite Fourier series
f8)= 3 angm(x), @

where
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Am= ~"Z;]?"’:Wxgvf(x)gbm(_x) .

We have
AT 0= 3 angn(T70)

= D -
méVam(t)mT 1(.7()
:mEGVamT’ng(X) ’

where 7T’ is the transposed matrix of T. Since 7'S=S, it follows from the
uniqueness of the expansion (4) that

A=A mr=C0ppwv= """

Since mT2%m for all m%0 and 0<yv<z(T), we obtain from Parseval’s equality

(D) lanlt=""1aneul?= -1 3 7] =13
‘ Gml™= =0 Gmpvl™= =4 = pr
Hence
5T
ml < -
EWEN. ey ™0 ®)
Now by (4)
2 f(x): > am Qbm(x)
zEB@Gy,,0p) mey B 1
Since
mm 1 Bapi-t 0 jgomjxi
n 1
=p* I1 . ,
e min (m;, p—m;)

we have from (5)

[ 2
m=0 zea(a

Viewing that
resio s, [O=1SNBG, -, 5,)]
and

a, ¢0<x>—4@~[51p1 T5ap1,

eB(&l

we obtain
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|18, [0, 01 1S B, -, 50
:,,:L:oaszB(él,Z"',Bn) Sbm(x)
T o s
::/\ T(T) op ﬁ ’

which proves Lemma.

COROLLARY. (A.G. Postnikov [2] Ch.1 §4 Theorem 1.) If the characteristic
equation of T is irreducible over F, and x,%0, then
Nxo: 6y, -, 571)___@}?,]_'1;_;_|:£’ﬁ_f):_|,_ <24/ log" p
where N(xy; 0y, -+, 0,) 1S the number of v, 0<v<2(T) such that T*x,= B(d,, -+, 0p).

(T -1
Proor. Put S= \U T»x, in Lemma.

v=0

Proof of Theorem. Let oy, -, ®, be an integral bases of K and ¢ be a
torsion-free unit of K. Then through the expressions

n
ew;— jE tiw; (=1, -, n)
=3

¢ defines the matrix {f;;}. Denoting by f,; the residue class mod p of ¢;;, we
get an automorphism T'={f;;} of the vector space vg/(p). We identify ox/(p)
and V by the correspondence

(X1, =+ X)) e X301+ - +x20,, 0=x;<p.
Put S=o0x/(p\NE; (p)). It is easily seen that TS=S. Furithermore there

exists a 6>0 such that SN\B(J, -, §)=¢ since, by the inequality (1), B(, -, 9)
CE(2; (p)) for every p. Then it follows from Lemma that

o /(ONEQ; (p))|=1S] :0("?‘@%‘;%2’)1')

where the O-symbol depends only on 2 and the field . Now we define the set
@ of rational primes by

P={p; ©«(T)zlog*"*' p}
so that for pe @

Nip)= 1 EQ; ()1 =151=0( L= )= oo

It remains only to prove that the natural density of % is 1 or equivalently
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2 log p=o(x), (6)
pre
PET

where p runs through rational primes. Note first that
7(T)=min z,(¢),
bip
where
Tp(e)=min {¥>0; e’=1 (mod p)} .
and the minimum is taken over all prime ideals p which devides p. Then

log p= 2 logp

©(T)<log2M+1p T(T<log?T+1z
psx P

= > log Nep= 2 log ( II Ngkb)

rp(5)<logzn+lx /¢<10g2”+11‘ TGO’)=F

= X log |Ng(e#r—1)]

n<log2h+lz
(sincele#—1=0) and
[Ng(et—D)| =c”(K)".
Hence we obtain

4

5% log p=0(log*™** x)

p
p

1A
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