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AUTOMORPHISMS OF CERTAIN ROOT LATTICES
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0. Introduction.

Let 4 be a reduced irreducible root system of type X, in a Euclidean space
V, in the sense of Bourbaki [1]. Then 4 generates a lattice I of rank / in V.
We fix the lattice I. Let 4’ be another reduced irreducible root system in V,
generating I, of type X,. We investigated whether 4’ coincided with 4, and
found out that only the case of C, is exceptional. If X; is not C, then 4’ is
equal to 4. This means that (V, I, X,) determines 4 uniquely unless X, is C..
In case X, is C,, there are three root systems, generating I, of type C, in V.
As we will explain afterward, these are verified by looking at the list of root
systems in Bourbaki [17.

Let W be the Weyl group of 4, and O(I") the orthogonal group of I. Then
W<ZO(I'). Let D be the subgroup of O(I') generated by all symmetries of the
Dynkin diagram of 4. Put W=<W, D, the subgroup of O(I") generated by W
and D. Notice that —/ (minus identity) is contained in W (cf. [11, [51). Then
the fact in the previous paragraph can be described as follows. The group index
Lo : W1 is 3 if X,=C,; 1 otherwise.

In this paper, we will calculate the index [O(): W1 in the case that 4 is
the root system of a Kac-Moody Lie aigebra of Euclidean type or of low rank
hyperbolic type. Let A be a generalized Cartan matrix of Euclidean type or of
hyperbolic type, and B the associated form. Let 4, I' and O(I") be the root
system of A, the root lattice of 4 and the orthogonal group of I” associated with
B, respectively. We denote by W (resp. D) the Weyl group (resp. the diagram
automorphism group) of A. Put W=<W, D, —I>. It is known that the index
Ind(A)z[O(F):W] is finite (cf. [1; Chap. 5, §4, Ex. 18], [11]). If A is sym-
metric, then we get Ind(A)=1 as a direct consequence of [7; Prop. 1.6] and [12;
Theorem 2]. We will compute Ind(A) explicitely when A is of Euclidean type,
of rank 2 hyperbolic type or of rank 3 hyperbolic type. The most interesting

2 —3 -1
case is when A=|—1 2 —1]. In this case, we will observe that a certain
-1 -3 2
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subgroup of W acts on the infinite set of all solutions (s, ¢, u, v) of the following
Diophantine equation :

s2—241*=1 (Pell’s equation)

u?—2402=1  (Pell’s equation)

su—24fv=—>5

Furthermore this action is transitive. Using this fact, we can establish Ind(A)=2.
In the appendix, we display the list of hyperbolic generalized Cartan matrices
of rank =3, which is already known but seems to be published explicitly
nowhere. (cf. [1].)
The authors wish to express their sincere gratitude to Professor E. Abe and
Professor N. Iwahori for their valuable advice.

1. Finite type.

Let 4 denote a reduced irreducible root system in V, in the sense of Bourbaki
{17. Let I be a base of 4, and I" the root lattice. We denote by A a Cartan
matrix of 4. Put Ind(A)=[O0): W]. Then we can determine Ind(A) using the
list of root systems in [1].

THEOREM 1. If A is of type C,, then Ind(A)=3. Otherwise Ind(A)=1.

Proor. To show Ind(A)=1, we prove that the elements of 4 are character-
ized by their lengths among the elements of I. If A is symmetric (7.e. of type
A,, D, and E,), 4 is the set of all the non-zero elements of minimal length in
I (e.g. see [7; Prop. 1.6]). The other cases are similarly proved by direct
computation.

To treat the case of type C, and to show examples, we give the proof in
the case of type F, and C,.

F,: 4is
(e, (ist), tecte; 1Si<jSh), 3 (Eatatote))
and 17 is
1 —
{ez—es, €38y, €y ?(31—22-93_94)} in R,

where {e;} is a standard orthonormal basis. It is easy to see that all elements
of I' of length 1 or 2 are contained in 4. Therefore O(I') coincides with the
Weyl group W, which implies Ind(F,)=1. In particular, the order of O(I") is 27-3%
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C,: 4dis
{£2e; (1=i=4), te;t+e; (1Si<j=4))
and 17 is
{e,—e,, ey—es, es—ey, 2¢ in R

The dual root system 4(F,)V of type F, is
{*+2e;, £e;+ej tete,testel).

Therefore the root lattice I” of 4 is equal to that of 4(F,V. The Ind(C)=
Lo : Wl=27.32/27.3=3. Q.E.D.

2. Euclidean type and hyperbolic type.

An X! integral matrix A=(ay;) is called a generalized Cartan matrix if
;=2 (1=i=0), a;;=0 (1=i#s=/) and a;;=0 whenever a;;=0. Cartan matrices
arising from root systems in the sense of Bourbaki [1] are generalized Cartan
matrices. Such generalized Cartan matrices are called of finite type. A general-
ized Cartan matrix A is called of Euclidean type if A is singular and possesses
the property that removal of any row and the corresponding column leaves a Cartan
matrix (i.e. a generalized Cartan matrix of finite type). A generalized Cartan
matrix A is called indecomposable (resp. symmetrizable) if A cannot be expressed

as ( 0 *) under any permutations of indices (resp. if there are positive rational

numbers ¢, ---, g, such that ¢;a;;=g¢;a;; for any 4, j=1, ---, [). The generalized
Cartan matrices of Euclidean type are indecomposable and symmetrizable. Of
course, Cartan matrices are symmetrizable. A generalized Cartan matrix A is
called of hyperbolic type if A is indecomposable, symmetrizable, not of finite type,
not of Euclidean type and possesses the property that removal of any row and
the corresponding column leaves a union of Cartan matrices and the generalized
Cartan matrices of Euclidean type. The generalized Cartan matrices of Euclidean
type and the generalized Cartan matrices of hyperbolic type have been classified (cf.
Appendix, [1], [2], [6], [107, [13]).

From now on, we suppose that A is a generalized Cartan matrix of Euclidean
type or of hyperbolic type. Then the root system J=4(A) of the Kac-Moody
Lie algebra associated with A is described as follows. For Kac-Moody Lie algebras,

1
we refer the reader, e.g. [8]. Let I :iEB Za; be a free abelian group with
=1

free generators a;, -+, ;. We take an element w; (1=/<l) of GL{I") defined
by wia)=a;~aa; for all j=1, ---, 1. The Weyl group of A is defined to be
the subgroup W of GL(I") generated by w; for all 7=1, .-, {. Let B be a sym-
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metric bilinear form on I satisfying B(as, a;)=g¢;a;;. This form B is W-invariant.
Then the root system 4 is a disjoint union of real roots, 4z={w(ay)|weW, 1=i51}
and imaginary roots, 4,={ael'| Ble, &)=0} (cf. [12]). Let

Ol ={geGL(I)| B(ga, gf)=Bla, B) for all &, I},

and let D be the subgroup, called the diagram automorphism group of A, of
O(I') generated by all symmetries which are induced by permutations on {arg, =+, ay}
preserving the form B. Put W=<wW, D, —I><0(I"). We are interested in the

index of Win O(I"); denote it by Ind(A). Let I.={a= é a;a;€1a; =0 for all i}
and Z:F+\J(‘F+), and H:{al, ey, al}.

THEOREM 2. Suppose that A is of Euclidean type. Then Ind(A)=1if A=X7P
(#£CO) or AR ; Ind(A)=2 if A=AL_, (n#4); Ind(A)=3 if A=C{® or D{®;
Ind(AY=4 if A=E® ; Ind(A)=6 if A=A® ; Ind(A)=2"" if A=DR,.

14oj *

PrROOF. We can assume that A:(
%

), where A, is of finite type X,

(resp. Ba, Cu, Bu, Fy, Gy) if A is of type X (resp. Af), AfR-y, D%y, E® D).
For the convenience, we assume that «, is a short root associated with A, As
is well-known, 4,={a<I"| Bla, a)=0}=Rad(B) and 4, is a free Z-module of
rank 1. Take a generator & of 4,, which is called a fundamental null root. Let

Ii= @Zai, then I'=T\DZE (orthogonal sum). Take an element & O(I"). Since
i=1

oo| O
o(§)=+&, we can write a:(~m~--~), where o,=0([%) and O([}) is embedded
* 1EL 1 0
Gyo 0 0
in O(I") by g,— ﬁO-—T . Therefore o= 0 1 modulo O o) X<{—1>.

10 B

set T=il0 1

Sy Sl—ll 1
W, (resp. W) be the Weyl group of A, (resp. A), and let D, (resp. D) be the
diagram automorphism group of A, (resp. A). For each element « of dp, we
define an element w, of O(I') by w.(x)=x—2B(a, x)/Bla, a))a for all xel.
Set my=min{m>0|a;+mEcdg} for i=1, -, [—1. For each i=I1, -, [—1, an
element s, of W is defined to be WoumieWa; if A=A and 7=1; Wa,4m;eWa;y
otherwise. Let H be the subgroup of W generated by hi, -, hier.  Then

s;=Zt. ‘Then we have O()=(0U )X T)X{—Ip>. Let
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W=W,x H. We note that W=(¥ x D)x{—I ;> and Wy=W,xD,. Hence we have
rou: W’]:E—O—(RLEJET : H]. Furthermore [T: H]= ll:[l m; (det Ay)k, where
1 [D: DyJ i-1

p= if A=AR; 1 otherwise. Then [D: D]=(det Ap)x (cf. [9; p. 96]). There-

fore Ind(A):Ind(Ao)ZI_Ilmi. By Theorem 1 and the structure of 4, we can
i=1
compute the index [nd(A). Q.E.D.

Let A be of rank 2 hyperbolic type. That is, A:(Eb F;), ab>4. We put
b a

=5 ¢:= =, S0 the associated form B is defined by Bla,, a))=b, Bla,, a;)=a
and Bl(a,, az):~£2b—. The Weyl group W is generated by wlz(—;)l clz) and
wzz(z _01> Let ¢=0W"), and choose an element f=n,a,+n.a, of Wa(ay),

the W-orbit of o(a,), which satisfies the condition that n,®4-n,* is minimal in
this orbit. Since w,(8)=(—n:+an,)a,+n.x, and we(B)=na:+(bn—ns)a,, we
have n(an,—2n,)=0 and n,(bn,—2n;)=0 by the condition of B. If n,>0, n,>0

(resp. n,<0, n,<0), then %nlgnzég—nl (resp. %nlgng?«;%m), which means

0=B(8, B)=DB(a;, a;)=b, a contradiction. Thus, n,n,<0. On the other hand,
b=bnt—abnyn,+ani since B(B, B)=DBla,, a)=b. Then nn,<0 implies that
(n,, ny)=(+1, 0), or that (n,, n,)=(0, +=1) and a=>. In the latter, A is symmetric,
so we already know og=W. Therefore we can assume that there is an element
we W satisfying wela)=a,. Write wo(a,)=Fk,a;+kas. Then B(wa(a,), wo(as))

=bki—abk k,t+aki=a and B(wo(a,), al):bklr~——%b~k2=~m{)~. Hence (ky, ko=

©, 1) or (—a, —1). This leads to wo=I or wo=(—Dw,, and c=W. Thus we
have the following.

THEOREM 3. Suppose that A is of rank 2 hyperbolic type. Then Ind(A)=1.

Next we treat the case that A is of rank 3 hyperbolic type. We use here
the classification of the generalized Cartan matrices of this type (cf. Appendix,
2 -3 —1 2 —4 —2
[173, [27, [13]). Suppose that A is none of [—1 2 —l\], -1 2 —1j or
o 1 o 1 -3 2/ \—2-4 2
—4 2 —2|. Then O(INII S Z, hence in particular Wo(a;)E Z for all s€0U),
0—-2 2
1=<7<8. Therefore O =4z (cf. [7]). By [12; Theorem 2], we have oN=w
and Ind(A)=1.. We shall consider the remaining three cases.
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2 —3 —1
(1) The case when A=| -1 2 —1}|.
-1 -3 2

Let ¢, be an endomorphism of I” defined by
gola)=—a;, o) =a,—ay, gla)=—a,—a,.

Then o, preserves the form B and c,=0(I")—W. Take an element o =0O")—W.
Since the elements o=l satisfying Bla, a)=B(a,, a,) and a&Z are +(a;—as),
there is an element we W such that we(a,)=a,—as. (For €O )——W, there is
an element w’ €W such that w’e(a,)=a,—as or a, The latter induces w’c(4p)
=/Adp. But this leads to a contradiction.)

Therefore to consider VNV\()(F ) we can assume o(a,)=a;—as. Write olay)
=kt kst Raas and o(as) =0+, We put qlz—;—, qu—g— and qué.
Then we have:

P24+3k2+ k23R ky—kiks—3koky=1

B435+13—300,—111—3,l=1

(E,) 2k, 6k, 1,42kl —3kl,—kyly—3ksl —3kols— ksl —3kl,=—1
Bi—ky=—1
11_13:_1.

Put s=2k,—6k,+1, t=Fk,, u=2[,—6l,+1 and v=[,. Then the Diophantine equation
(E,) implies the Diophantine equation

s:—24 2=1
(E,) u?—2412=1
su—24tv=-5.

Notice that 5-+-+/24 is the dominant fundamental factor of the Pell’s equations
s?—241?=1 and u®—24v*=1 (cf. [3; P. 83], [4; P. 110]). Let

S={(m, n; ey, &, €3, es)|m, nEZ5,, |m—n|=1, e,=+%1, e;65=,6,=—1}.
Then the set of all solutions of the Diophantine equation (E,) is parametrized by
S. That is,

s=e,((P+HM/2,  t=e{T—L™)/2+/24,

u=eo{1+LM/2,  v=e3—L")/24/24,
where ¢.=5++/24. Here we will choose three elements of W. Let P1=Ws,
02 =W1Wsl: and p;=(—I)d, where d=[a,—a; a,—a, as—a;], a non-trivial
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diagram automorphism. Then these p;’s fix ay—ay. Thus g0 (=1, 2, 3) gives
a new solution of (E,). Since pyo(a)="Fka,+(ki—ks+ks)ar+ksas and piolas)=
Lo+ —l+H)ay+Hlsas, we see that p; produces a new solution

s'=—e(PTHL/2 (resp. '=—e((FTHLTT/2),
=e ((TH M /2424 (resp. 1'=e,((F71—{"7Y)/2v/24),
w'=—ey((314+L2)/2 (resp. u'=—es((3+L271)/2),
v =g, (T =L /24/24  (resp. v/ =e (LB —L7)/2~/24)
of (E,) from an original solution (s, f, u, v) if €,8,>>0 (resp. e,6,<C0). Since

P2¢7(Q'1):(6k2*[?3>a1+ ksoyt(—k+6ky)as
and
020 (as) =60, oo+ (—1+6l)as,

the element p, produces a new solution (—s, f, —u, v) from (s, {, u, v). Since

pso(ay)=—lksa,— k0, — ks
and

030 (as)=—1lso,—la,—1 1y,
the element p; produces a new solution (—s, —f, —u, —v) from (s, ¢, u, v). Hence
the subgroup G of W generated by p,, p. and p, transitively acts on the set of
all solutions of (E,). This means O —W=Wa,, so {1, o} is the complete set
of representatives of W\O(I).

2 —4 —2
(2) The case when A={—-1 2 —1}]
—2 —4 2

In this case, we can take an element o, of O(F)—W defined by g(ay)=a+as,
oolas)=—=a,—a; and o.las)=as;. For each element JEO(F)—W there exists an
element weW such that we(a,)=a,—a, since the elements a=I satisfying
Bla, @)=DBlas, a;) and a&Z are =+(a,—a;). Then the elements ze O —W
with the property z(a,)=a,—a; are t,, 75, T3 and 7, where

n=[a;—a;, G—a—a;, ay—as+as],
re=la,——a;, ay—a—ay, ay——a—a,],
Ty=[a,— oyt as, a—oa—as, as—as],
Ty=La1— —a1—az, Ay —aAs, as;— —as] .

Put d=[a;—a,;, a,—a, a;—a;], a nontrivial diagram automorphism. Then we
have (—I)dt,=t,, (—I)dzs=1,, w,r,=7; and wyr,=t,. Therefore O(")—W=Wa,,
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so {1, g,} is the complete set of representatives of W\O(F ).

2-1 0
(3) The case when A=j—4 2 —2|.
0 -2 2

In this case, the elements ael’ satisfying Bla, @)=B(a,, ;) and a&Z are
+(as—as) and +{a;+a,—as). Let g, (resp. 7o) be the endomorphism of I’ defined
by oola)=as—as, oola)=—a, and oya)=—a,—a, (resp. Tola)=ayt+a,—as,
rolas)=a; and tolas)=a,). Then they belong to O’ \—W. For each element
an(F)—W, there is an element weW such that wa(a,)=a,—a, Or a;+a;—as.
Then the elements z of O(F)—W having the property z(a)=a,—a; are og,, 0y,

¢y and o, where
o=l = a,—a,, ay—as, ag—oa+as],
go=[ 00— Qa—y, Q> —y, Qg —&;—0s],
gs=[a1—=a,—a;, ay——20,—3a,, as—a,+a.],
o,=la,—a,—as, ay—2a:+2a+as, as——a,—as],

and the elements ¢ of O(J")—W having the property c(a,)=a,+as—a; are 7,

7,, 73 and 7,, where
Ty =lay—= st as—as, Q= A—asl,
to=[ay—ata—as, Ay —a;—a,, as— —asz],
=Ly~ a;t+a,—as, @y —a;— 30, s — s,
T=Lay—ara,—as, Wy 20+ s, Az —ay] .

Furthermore w,w,w0,=0ds W ,W.Ww,0,=0s and w,o;=t; (1=1=4). Therefore
O(F)——W=W00UWTO. On the other hand, oori (@) =a+as—asEdg, s0 g5 W,
This means that {1, g,, 7o} is the complete set of representatives of o).

THEOREM 4. Suppose that A is of rank 3 hyperbolic type. Then Ind(A)=2

2 -3 -1 2 —4 =2 2-1 0
if A=|—1 2 —1]or|—1 2 —1|; Ind(A)=3 if A={—4 2 —2]; Ind(A)=1
-1 -3 2 —2 —4 2 0 -2 2

otherwise.
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Appendix

Hyperbolic generalized Cartan matrices of rank=3

a; | oan | i i |l e i an]| J
0i0]o of -1l-3|o0 w0
—1 ’ ~1|o—mo || —1}{ —4 oD o
} (2) ; &)
—1 1 2] 0—=s0 || -2} —2| o——0
SYMMETRIC CASE.
4) 4) 4

4 4 4 X 7

v &> @
Vo
by
SR s
MEWW
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NON-SYMMETRIC CASE.

(1) rank 3

o Do O @, 03 4 @ B . LCIPNEC)

@

NGO C) Q. .63 @) o G

L QI NLCIPRIC) LC P CONN

el o @B

oc® o @ 4 ST O

2

o

o B o @ ot o @ o oM o 2 4

oc® o @ o 02 @, 0 G 4 NECPPAC)

&)

4

3

4)

3 (4) €Y
) 3) : ;(4) 4)

4) (4) (4) (4) (4) 4)
(2)§ ;<2) 2N /20 @O\ /B3 BN /3 ONWAC) (4N /4

©
(2); ;(2)

(2) rank 4

(3)

)
L

(

(2)

(2)

(2)

2)

(2)

@)

(2)

@)

@

o ®

2

2

&)

@)

3

)

3
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o) o 03 o 0B o oo 02D 0 @ o @ o
o Do @ o @) 4 0@ 0@ o @) o202 o g
@) 2 ) 2) @) &)
[P [ b L]

@) @ @) ®

e O .
et D Dpne e
e S R =

) @
(2
(3) rank 5
o (2) , : (2) o ) o 2)
(2 (2) (2) 2

O—0<0— 0" 0  O0— 0«2 0——0—30

Y
Y

(@

:>ﬂ._<,_w
0 >
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::(2) @ :*:(2) )
2 2
I:Law I:L@_u i:; “I:A
(2) 2)
o % @) .o o %(2) o

{4) rank 6

2 2) 2
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(5) rank 7
(2)

(6) rank 8

(2) . . 0<t? o o0 I o—o0

(7) rank 9
(2)

W 0(—0—0—0—«0——1—0——0@) .

(8) rank 10

w

2)

NOTE. The rank of a hyperbolic type generalized Cartan matrix is at most 10

(cf. [1D).
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