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ON THE MULTIPLICATIVE PARTITION FUNCTION
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Ryuji Kaneiwa

1. Introduction.

Let n be a positiveinteger. A multiplicativepartition of the number n is

a representation of n as the product of any number of integers that are greater

than 1. Thus

24^2-12=3-8=4-6=2-2-6=:2'3-4-=2-2-2-3

has 7 multiplicativepartitions (cf. the table annexed at the end of this paper).

Let us denote the number of mutiplicative partitions of n bv X(n), namely

n = 2'VV4-> '2.h. *i.-&0

(n>l);

X(l) is defined to be 1. This arithmetical function, we callit the multiplication

partition function, was introduced by MacMahon [6] who noted that the function

X{n) has a generating function

(1) G(s)^ 2 X(n)n-S= ft(l-m-s)
n=＼ m=2

Res>l.

Making use of this relation, Oppenheim [7], [8] found an asymptotic formula

E*(n)

nix
2V^"(log x)ali l1+ £ (log x?72

+ CH(log
x)N/y＼

where the ek are certain constants, for each iV and alllarge x. He also obtained

a better approximation

(2) 2 XW=x 2 dJ-^^l+oLjJ―y)
nsx k=o Vlog Xs'1 ＼ (log x)3/8/

to the sum SBS;cI(n), where the Ik{x) are modified Bessel functions, and the

numbers dk are the coefficientsin the Taylor expansion

(3) g-l/(S-D =
£dk(s-l)k, ＼s-l＼<~

s

Received June 20, 1983.



356 Ryuji Kaneiwa

In this note, we shall prove (2) with sharper error term. This is the fol-

lowing

Theorem. We have

(4)

nix

y d Z*.+i(2Viog x) n

for any positive A, and sufficientlylarge x^xo(A)

(5)

Concerning the function G(s), we have immediately

log G(s)=S

ra=2
2 k

4vlog x＼

m-*'=I!TMC(fcs)-l}, Res>l,

where C(s)is the Riemann zeta-function. This last series converges uniformly

in any compact subset of the set {s; Res>0} ―{1, 1/2, 1/3, ･■･}.The following

lemma is due to Oppenheim [81.

Lemma 1. The function log G(s) is regular for s>0 except s=l/n (n=l, 2,･･･),

where there are simple poles of the function with respective residues 1/n2 (n =

1, 2, ･･･). In particular, near the point s= l, we have

(6)
logG(s)=

1
+ O(s-1)

By thislemma, we get the Taylor expansion (3) with

(7) do=l.

Moreover Estermann [3] showed that the function G(s) is singular at every point

of the imaginary axis.

In order to prove our theorem, in the next section we shall estimate the

funrHnn

(8)
ei(*)=2*(n)(x-n)=(

nix J

X
£0(u)du where £<>(*)= 2 X{n)

nSx

using the theorem of Hardy and Littlewood(see Chandrasekharan [2]) that

(9) £(s)_0/'j4U-<D/logU/U-<7)) ]°JLI_ ＼

＼ log log t /

for ^3, uniformly for 63/64^ a<l, where a―Re sand <=Im s. This argument

will lead us our estimate (4) of £,,(*)in §3. Finally in §4, we shall give the

numbers dk in the Taylor expansion (3) an effective form.
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2. Estimation of li(x).

By Perron'sformula, we have

(10)

It is plain that

&(*)
2jtz

J c+i G(S)XS + 1

C-ioo S(S + D
ds (Ol).

S-i-{C(*s)-l} = O(l)
*=2 k

for a=Res^2/3 and all f=Ims. By (5) we have

(11) log G(s)=C(s)+O(l) (</^2/3).

Let ^4x be any fixed positive number. From (9) we get that for t^3,

uniformly for 1 ―

we have

(12)

where

(14)

A,

C(s) =
A＼ log log t )

fSo-^l. Thus in the region ^3, 1 ―

logG(s)=

£l= ＼s; o

n ( log * ＼

Al＼ log log t )

=1- A -<≪'･}

=Res

S = l

s; a = aQ, ＼t＼St0}

s: (7=1―

G(s)xs+1

s(s+D
+

=T'^'<≫}

―f

2rci J c

G(s)xs+1

s(s+l)

A1

logt
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^(7^1, 2/3^<r
log* -

On the other hand for o^l, t^l, we have

(13) |logG(s)|^|C(s)|+O(l)

^ log t+O(l) (see [2] p. 34).

We now choose,for given x>l, the curve C=C^JC^JCZ such that

lOg to

The curve C is oriented by the parameter t. By (10),(12) and (13), we obtain

£i(*)

We divide the integral on the right-hand side into several parts. Let
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(15)

where

1

_

~2jci

E

L

E2=

Es=

Ryuii Kaneiwa

G(s)xs+1

s(s+l)

1

2ic

_
1

2k

1

2m

＼

ds = E1+E2+EzJrE;i+Ez

3
_G(s)_x^

s S(~S + 1)~

G(s)xs+1

c3 s(s + l)

(it

dt

and

ds

(s = ao+ti),

(s = ao+it),

Ej (j=2, 3) are complex conjugates of Ej.

(i) Estimation of Et. Let s = ao-＼-it(|f|^3). By lemma 1 we have

By (11), we get

us to

log G(s) + 0(1),

_4i
lost

+ 0(1).

(t^to). The estimate (12) leads

Re log G(s) =

A

s-T

ffiy X

Since a0 ―1<0, G(s) = O(l). Thus we have for x>l,

(16) E1 = 0(xao+i) = 0(x*e-*/IiI°**),

(il) Estimation of £2- Let s = ao+it (3^t^t0). From (9), for sufficiently

large x^x^Ax) we have

,, ,n( / AAj. ＼ log t |
^s)-uxexpy lQg lQg u_log A-j lQg lQg fi

= 0(-to≪±-)- o(~-h8U )
＼log log t / V log log fO'/

^(TogV10"8")

B.=0(x- exp {-(l+O^VAi^})

Thus we have for sufficientlylarge

(17) Ez=0(x2e

Ai and x^x^Ax)

-^Ax'logxX

(ill) Estimation of Es. Let o = l ―
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Es =o(jc2JVs/8df)

= 0(xV±'irf0"x)

for sufficientlylarge x^x2(Ai). By (14)-(18), we obtain the following

T,FMM A 9.

(19) &(x)=Res
G(s)xs+1

s(s+D
+ O(x2e~A^log~x)

for any positive A2 and sufficientlylarge x^x3(A2).

3. Proof of the theorem.

Let

(20)

Then we have

(21)

def
U(x) = Res

S= l

£/'(*)= Res
CXs)

s

Xs

s(s+ l)

U"(x)= Res G(s)xs~1

S =l

Since £0(x)is an increasing function, we have

1

_

h
{£i(*)-£i(*-/i)} ^oM^j {&(*+/0-£i(*)}, h>0,

by the definition(8). Suppose that

(22) h = h(x)>0, h=o(x).

Then, by (19) we have

£1(x±h)=U(x±h) + O(x*e-Ai'*°**)

and

Since

+

we have

(23)

U(x±h) = U(x)±hU'(x) +

_

1

_

h

~U≫(x±0±h)

{Ux±h)-Ux)}=U'{x)±^-

O<0+, 0_<1

U"{x±6±h) + o{~e-A^osx)

Ux)=U/(x)+0{hU/'(x±6±h)}+0(je-A*%/^)

In connectionwith functionsU'(x), U"(x), we can show

359
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(24)

(25)

and

(26)

Lemma 3.

RyujI Kaneiwa

u {X)-x 2_,ak (jogJc)(*+i)/2

w '2Vtt "
(log*)8" *

PROOF. By the definition of modified Bessel functions In{x), we have

e.-.x-=exp{Vlog x L l +{s-lWtogx)＼

S /n(2Viogx){(s-l)Vlogx}"
71=―co

Res e1/(s-1)xs-1(s-l)*=/-,-1(2Vlog x)Vlog x

k-1

=
/,+1(2Vlogx)

(＼ogx)(k+1)<2'

By (3) and (21), we get (24). Next we shallshow (25). Let ck be the constants

such that

G(s)e-1/(s-1)=Scfe(s-l)&

k= 0
ls-lKl/2

(cf. Lemma 1). Then for some positive constant M,

＼ck＼^Mk (k=0, 1, 2, ･■･)

and we have

co=l.

By (21) and (26), we have

where

Vlogx

E-

If Mp<l, we have

f e1/sxs^ckskds

J＼S＼= p k=l

＼E＼^
1―Mp

(0<o<l/2).
2jh

By taking o = l/Vlogx, we obtain
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U"(x)= A(2Vtog x) _^ 0(£^l)
Vlog x ' V log x /

Since we have, as is well known,

we get (25). This completes the proof.

By using this lemma with

h = xe-tu2/v+iwtogn (see (22))

(23) leads us to

v A Ik+i(2Vlog x) . /-./ -((^i,/2)-i)vioga＼

k=

Thus our theorem is proved.

(logx)(

361

Remark. In our approximation (4), we may conjecture that the best order

of the error term would be

for the reason that

Res

S = l/2

G(s)xs

s
-*/r V //'

Ik +
lW^Og X)

~VX h k2k+1{＼QgxYk+1)'2

"-0 /―

where d'kare defined by

G(s)

s

1 _ _

Q 4(S-(l/2)) _

k = 0

d'k(s

1

2

gVlog x

(logx)s/4 '

y (
s

However, It seems very difficultto prove this.

(27)

and

(28)

4. The numbers dk

4)

Let rn and an respectively denote the constants defined by

/ N(s
log

V

nv log

(n^O)

<Xn = S(wj-l)!S(n, ?n)a(nm)

771=1

(n>0),
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where

,v(m)

Ryuii Kaneiwa

logn(v+l)

>£i v(v+l)

^ logs
"(v+l)

if m=l

if m>l ,

and integers S(n, m) are Stirlingnumbers of the second kind, that is, defined by

the identity

(29) xn
n

= 2 S(n, m)x(x-l) ･･･ (x―77i+l).

m = 0

Then we have the following

(30)

Proposition. The numbers dn can be represented in the form

dn = (-Dn

where [3n=yn-}-an (n>0).

JTJ V> Ci_

ot = O m = l-m1+2-m,+--- (1 !)mi7n3 !

Thus we have

d^-1-^-2.18493-,

rf2=l+i3i+

ds=-l-p

y(/S2+/312)=5.48422---)

(2!)m8m2! ･･･

^Q32+/312)-~(^+3^1+/313)
= -13.80378 ･■･,

Proof of Proposition. It is not difficultto see that fin and jn can be

defined alternatively by

(31)

and

(32)

log G(s) =

C(s) =

1

c 1

1

71 = 1 n!

~ (-1)"
+ E

/3n(s-Dn

Tn(s-l)n
s―1 71=0 n I

respectively. We obviously get (30)from (31). And also we have (27) from (32).

The latter was found by Stieltjes,Jensen [5], and Briggs-Chowla [1]. Values

(―＼)njn/n! have been calculated by Gram [4] with 16 decimals. We now have

0n = 7n + an (n>0),
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(33)
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4=2 U=J fc=2

363

by (5),(31) and (32). It is enough to show (28) from the definition(33) of an.

We have

S (m-l)!S(n, m)a
ro=l

£m)=SlogB(y+l){-/-1rTT

We may show, for all positiveintegers v

(34)

1

+ S(m-l)!S(n.m)y-4
m=2 J

+ 2(m-l)!S(w, m)v~m
y(y+l) m=2

This leads us to (28). Let fn(w) (n = l, 2, ･･･) denote rational functions

w2
+ S(m-l)!S(n, m)wm

l-＼-W
m = l

and suppose S(n, m)=0 for integers m outside QfSm^n. If w=z/(l―z) then we

have

fn{w) = r S(m-l)!S(n, m)(z+z*+ -)m
I―Z m=2

k = 2
*S(m-l)!S(n, m)
m=l

k = 2

m(re+l) ･･･(£-!)

＼k―m)＼

＼-
2 S(m, m)^(^-l) ･･■(fc-ro+1)

K m =l

= S kzn~1zk
k=2

(IzKD,

by (29). Thus we have (34), on putting w=-l/v. This completes the proof.

Remark. The author could not find Stieltjes'spaper for jn, whereas Gram

[4] referred to it.

Acknowledgement. The author wishes to thank Prof. S. Uchiyama, Prof.
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Table of X(n)*>

10a+9S X{n)

n=l9876

X(10a + b)

4 5
3210b =a

14

37

65

98

137

169

212

253

298

349

397

436

499

541

600

646

715

755

816

882

937

1000

1062

1105

1179

1252

1305

1368

1461

1504

1574

1628

1713

1786

1840

1897

1992

2054

2131

2204

2286

2339

2409

2495

2579

2651

2727

2770

2883

2944

1112 12 13 2

2 14 12 2 5 14 1

4221722341

5 17 2 2 2 9 12 2

7 1 5 1 4 4 2 1 12 2

4241727221

11 1 2 4 11 2 5 1 4 2

5 1 16 1 2 4 4 2 5 1

12 5 2 1 11 2 2 2 7 1

11 24222 19 144

9 1 5 1 7 5 2 1 16 1

52 12 1524422

21 2 2 2 4 3 11 1 15 2

51 11 2277151

11 222 29 22441

11 1 7 4 5 2 11 1 2 2

19 2 12 1 4 5 2 1 21 2

544154 12 221

26 152725247

5 1 30 1 2 5 9 1 11 1

16 2 2 2 11 2 2 4 12 2

15 14222 31 222

11 2 5 1 19 9 2 1 11 1

5571 11 24251

38 147445272

71 26 225 22 152

11 4 2 1 21 2 5 2 4 1

21 1 12 5 2 4 11 1 2 4

21 1 5 1 4 5 5 2 47 2

5241 11 27722

26 2 2 2 12 2 11 1 11 2

5 1 21 1 2 11 4 1 5 2

30 252 29 42272

15 14422 38 142

11 2 11 3 7 5 2 1 11 1

11 7 19 1 5 2 4 5 2 1

52 2 2 4 11 2 5 1 12 4

5 2 11 1 5 7 7 2 21 1

11 2 2 1 45 5 2 4 4 1

15 2 16 2 2 2 26 1 2 5

29 1 5 2 4 12 5 2 21 1

5242 11 2 19 251

36 124745245

51 57 1554251

21 9 5 1 11 2 2 2 30 1

26 24225 21 127

11 1 15 1 12 5 2 1 26 2

527254 11 421

64 22592 19 172

11 1 11 2 5 11 12 2 5 1

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

*' Extracted and reproduced by kind permission from an unpublished table made by

Mr. Yoshiyuki Miyata.


