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Introduction.

Let 4 be an algebra over a commutative ring K and I a subalgebra.
Suppose that the extension 4/I" is a Frobenius extension. Then in [3, section
3], the complete relative cohomology group HI ry(M, —) is introduced for an
arbitrary left 4-module M and r&Z. We denote the opposite rings of 4 and
I by A° and I'° respectively. Put P=/A®xA° and let S denote the natural
image of I"®x/I"" in P. Then the extension P/S is alse a Frobenius extension.
Since 4 is a left P-module with the natural way, we have Hlp s,(4, —). We
will denote this H{p, s,(A, —) by H(A, I, —) for [6, section 3]. In this paper,
we will study this complete relative cohomology H (A4, I, —). In section 1, we
will study relative complete resolutions of A and in section 2, we will introduce
the dual of the fundamental exact sequence of [4, Proposition 1 and Theorem
1] for complete relative cohomology groups. In section 3, we will study an
internal product like as in [9, section 2] which we will call the cup product.
If the basic ring of the Frobenius extension is commutative, the cup product
in this paper coincides with the product V in [2, Exercise 2 of Chapter XI]
for dimension>0.

1. Relative complete resolutions.

Let P be a ring and S a subring such that the extension P/S is a Frobenius

extension. In [3], the complete (P, S)-resolution of a left P-module M is in-
di do d-1
troduced. It is a (P, S)-exact sequence -+ — X, —X,— X_, —> --- such that

X, is (P, S)-projective for all n=Z and there exist a P-epimorphism ¢: X,— M
and a P-monomorphism %: M—X_, which satisfy 7.e=d,, that is, the complete
(P, S)-resolution of M is an exact sequence which consists of a (P, S)-projective
resolution and a (P, S)-injective resolution of M since (P, S)-projectivity is
equivalent to (P, S)-injectivity. Note that any two complete (P, S)-resolutions
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of M denoted by U and 9’ have the same homotopy type, i.e., for chain
maps F: U—U’' and G: U'—U over the identity map 1y, F-G and G-F are
homotopic to lq. and lq respectively. Therefore for any subring Q of P, if
there exists a complete (P, S)-resolution of M which has a contracting Q-
homotopy in addition to the contracting S-homotopy, any complete (P, S)-
resolution of M also has a contracting @-homotopy. Especially if P/Q is also
a Frobenius extension such that @2S holds and there exists a complete (P, S)-
resolution with a contracting @Q-homotopy, all complete (P, S)-resolutions of M
are complete (P, Q)-resolutions of M since (P, S)-projective modules are (P, Q)-
projective modules.

Let A be an algebra over a commutative ring X and I" be a subalgebra of
A. We suppose that the extension A/l is a Frobenius extension, that is to
say, there exist elements of A denoted by {r,, -, #a}, {li, -, I} and a ["-T'-
homomorphism he&Hom(rAr, rI'r) such that x= 7., A(xr)l;=X%-1 r:ih(l;x)
for all x=A. Let A° and I'° be the opposite rings of 4 and [ respectively.
Put P=ARxA° and let @, R and S be the images of natural homomorphisms
TF'®xA° — P, AQxl'® — P and I'®gI'%— P respectively. Then the extensions
P/Q, P/R and P/S are Frobenius extensions. We regard A asa left P-module
with the natural way.

PROPOSITION 1.1. Any complete (P, S)-resolution of A has a contracting Q-
homotopy and a contracting R-homotopy in addition to the contracting S-homotopy.

Proor. We can prove this proposition by constructing such a complete

(P, S)-resolution of A. Let
b, by

(D) ---——)X,———)X,._1~—>---—»X1———>Xo——>/1——>0

be a (P, S)-projective resolution of A such that X,=ARr --- Q@r4 (r+2 copies),
b (%R @x )= Dm0 (— 1)@ - R X141 @ - DX pyr and e(x @ x1) = Koy
Note that (1) has two types of contracting S-homotopy. The one is a contract-
ing Q-homotopy such that x,&® - ®x,,, — (—1)""'1Q®x&Q -+ ®x,.1. The other
is a contracting R-homotopy such that x,®- Q% ;= %X Q%1 Q1. Hom(4X,,
4A) and Hom(X,4 A4) are regarded as left P-modules by setting (x®y)-f)
()= (()x)y and (x®y)-g) ( )=xg(y( )) for xQy<P, feHom(4X,, 44) and
geHom (X, 4, A4). Applying the functors Hom(4—, 44) and Hom(—,, A4,) to
(1), we have a (P, Q)-exact sequence and a (P, R)-exact sequence respectively.
Let ¢, and ¢, denote P-isomorphisms Hom( X ,, sDSAQr---Qrd (r+2 copies)
and Hom (X, 4, ANSARQr - QrA(r+2 copies) respectively such that

SDr(f):Elgiogn,m,lsiTSnri0® ®rir®f(1®li,® ®lio),
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ga;l(zo@ ®2r+1)=[x0® ®xr+1 - xﬂh(xlh("'h(xrh(xr+1/20)zl)’")lr)/zrnj ’
¢r(g):21§iogn,--.,1stTgng(7'io® ®7’ir®1)®li,® ®lio;
G7 (AR Rrr)=[%Q ++* DXy — loh(llh(mh(,lrh(l,“xo)x,)---)x,)x”x] .

Since P/S is a Frobenius extension, (P, S)-projective module ARQr - QrA is
(P, S)-injective. Therefore we have two (P, S)-injective resolutions of 4 such
that the one has a contracting @Q-homotopy and the other has a contracting R-
homotopy. But since ¢;,1(@7'(2& * QArs1)°br)=Pr (7A@ - @Ar11)obryr)
holds for all 2,Q - R, € AQr - XrA (r+2 copies), two (P, S)-injective
resolutions are same. Connecting this resolution with the standard (P, S)-
projective resolution of 4 that is (1) which has (—1)"b, instead of b, as the
differentiation, we have a complete (P, S)-resolution of /4 which we want:
d d, d, d_; d..

@2 .- - X, —":Xr—1_’"' X, -2 XX — o X, — X ey =

ey Jn
A

Here we set d,=(—1)"b, and X_,=AQp - QrA (r+1 copies) for =1, and
9, do and d_. are given by 9(x)=33; 7:®/;x, do(x,Rx)=7n°(x,Qx)=3); xe?:®
Lixy and d., (%@ - ®x,) = 27 Zj(_l)ixu® ®xi—1®7’j®ljxi® - Qx,. Let
denote the contracting @Q-homotopy of (2) by D?. D9¢: X,—X,,, is given by
D¥(x,Q -+ Rx 7, )=1Rx,Q -+ Qx,,, for r=0, D9 (%, @x1)="h(x)@x; and D2, (x,
Q- Qx)=h(x)x,Q - Qx, for r=2. Let denote the contracting R-homotopy
of (2) by D*. Df: X,—X,,, is given by D¥(x,® - ®@x,,)=(—1)""x,® - ®
Xr @1 for 720, DE(x,&@x1)=x,@h(x;) and D2, (%,Q - @x,)=(—1)""1x,® - ®
X, h(x,) for r=2.

We can see other complete (P, S)-resolutions of A in [3], [5] and [8].
Let M be a left P-module and (X, d, ¢, %) be any complete (P, S)-resolution
of 4. Then we have the following sequnce:
d* do* d_*

-« «— Hom(pX,, pM) <— Hom(pX,, pM) «<— Hom(pX_,, pM) <— .-
where we set d.*(f)=f-d, for feHom(zX,, pM). The r-th complete relative
cohomology group H'(A, I', M) with coefficients in M is given by H"(A, ", M)
=Kerd,,..*/Imd,*. We put H*U, I', M)=PB,esH" (A, I, M). Let Z(A) be
the center of 4. Then Hom (pX,, pM) becomes a Z(A)-module by setting
(e NH()=cf() for c€Z(A). Therefore H™(A, I, M) is a Z(A)-module. It is
obvious that H7(A, I, M) is independent of the choice of complete (P, S)-

resolutions of /.
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PROPOSITION 1.2. Put MA={meM|xm=mx for all xc A}, M'={meM|xm
=mx for all x=I'} and Ny r(M)= {S;riml;ime M"}. Then HYA, I', M) =
M4/ Ny r(M) holds as Z(A)-modules.

ProoF. Take (2) as a complete (P, S)-resolution of A and let f be the
representative of an elemant a=H4, I', M). Then the isomorphism H°(4,
I, MySMA/Nyr(M) is given by a— f(1Q1)+ N r(M).

2. The dual of the fundamental exact sequence.

Let A/I" be a Frobenius extension of K-algebras and P, Q, R, S, {ri}, {li}
and £ be the same as in section 1. Suppose that I"/K is also a Frobenius
extension in section 2. Note that A4/K is a Frobenius extension and @, R and
S are isomorphic to I'®xA°, ARQxI® and I'Qx['° respectively. We have a
complete (P, K)-resolution of A4 and a complete (S, K)-resolution of I'. We
denote them by Y and Z respectively.

Now we treat the restriction homomorphism and the corestriction homo-
morphism introduced in [10] briefly. Let M be a left P-module. Since Y and
ZQrA are regarded as complete (Q, K)-resolutions of A, H"(Hom (oY, (M))=
Hr(Hom(,Z®rA, oM)) holds. Since H"(Hom(oZ®r A, oM))=H"(Hom(sZ, sM))
=H"(I", K, M) holds, we have an isomorphism

(3) sr: H'(Hom()Y, M) =~ H™(I', K, M).

Composing s, with the homomorphism induced by the natural map Hom{(pY .,
pM)—Hom(yY ,, ¢M), we obtain the restriction homomorphism Res”: H"(4, K,
MYy—H™ (", K, M). Composing s7' with the homomorphism induced by the
homomorphism Ny r: Hom(pY ,, oM)—Hom(sY ,, pM) defined by Nyr(f) ()=
S, i f(( ), we obtain the corestriction homomorphism Cor”: H™(I', K, M)—
H™(A, K, M).

Next let X be a complete (P, S)-resolution of 4. Dividing X and Y into
the non-negative parts and the negative parts, that is, the relative projective
resolutions of A and the relative injective resolutions of 4, then the identity
homomorphism of A derives a commutative diagram

Cy Co C_y
Y, > Y, > Y, Y_.

. &,;v
(4) axl Uol A ]\a_, Ia-g
AN

P — Xl Xo X—l ‘,X_Q Boee
dl do d-1
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and applying the functor Hom(p—, pM) to (4), ¢, induces homomorphisms
Inf": H" (A, ', M)—»H" (A, K, M) for r=1and Def” : H (A4, K, M)—»H"(A,I', M)
for r<—1. We will call them the inflation homomorphism and the deflation
homomorphism respectively. We can define Def®: H%A, K, M)—HA, I', M),
that is, Def?: Kerc¢,*/Im ¢,*—Kerd,*/Imd,* since Kerc,*=Hom(pA4, pM)=Kerd,*
holds and Im d,* contains the image of Im c,*. If we identify H%4, K, M) and
HYA, ', M) with M4/ Ny x(M) and MA4/Ny r(M) respectively by Proposition
1.2, Def’m~+ Ny x(M))=m-+N 4 r(M) holds.

Note that Res, Cor, Inf and Def are independent of the choice of relative
complete resolutions.

Now we treat on the fundamental exact sequeuce introduced in [4]. Let
A be an arbitrary ring and B a subring. By U, V and W we denote a B-
projective, an A-projective and an (A, B)-projective resolution of a left A-module
M respectively. Then the identity homomorphism of M induces the chain maps
U—V and V—-W. They induce res”: Exti(M, N) — Ext (M, N) and inf":
Extly (M, N)—Exti(M, N) for r=0 by the natural way where N is any left
A-module. Consider Hom(z4, zN) as a left A-module by (a-f) ( )=/ )a) for
a=A, feHom(zA4, gN). Define left A-modules N*(7=0) inductively as N°=N
and Ni=Hom(zA4, sN*™") for :=1. Then in [4], it is proved that the sequence

inf” res”
0 — Extl 5 (M, N) —> Exti(M, N) — Extj(M, N)
is exact for =1 if A is left B-projective and Exti(M, N"-")=0 (0<n<7r).

Let A, B and M be P, Q and A respectively. Then the P-projective resolu-
tion V is a Q-projective resolution of A since P is Q-projective. Therefore we
may choose V as U. So res is the homomorphism induced by the natural map
Hom(pV, p—) — Hom(yV, o—). V is also a (P, K)-projective resolution of A
since 4 and P are K-projective. Therefore we may consider that V is the
non-negative part of a complete (P, K)-resolution of 4. Hence Exti(4, —)=
H™(A, K, —) and s,-res"=Res” hold for =1 where s, is the same isomorphism
of (3). We know by Proposition 1.1 that the complete (P, S)-resolution of /
is also a complete (P, Q)-resolution of 4. Therefore as W we may choose the
non-negative part of a complete (P, S)-resolution of A. So Ext{p (4, —)=
H™(A, I', —) and inf"=Inf" hold for r=1. Thus the following theorem holds:

THEOREM 2.1. Let N be any left P-module and define P-modules N%(:=0)
inductively as N°=N and Ni=Hom(yP, (N* ') for i=1. Then the sequence
fr Res™

In
0—> H (A, 'y N)— H" (A, K, N)— H"([', K, N)



104 Takeshi NozawA
is exact for r=1 if H*(I", K, N""™)=0 (0<n<»).

ProoF. Ext}(4, N"-")=H"(Hom(oV, oN" "= H™[', K, N"-")=0 holds by
(3). Therefore the sequence is exact.

We show the dual of Theorem 2.1 till the end of section 2:

PROPOSITION 2.2. The following sequence is exact for any left P-module M :

0 Cor®

De
(5) 0<— HA, I'y M) «<— H%A, K, M) <— HYI", K, M).

PrOOF. By Proposition 1.2 the exactness of (5) is equivalent to the exact-

ef® NAT
ness of OHMA/NA,p(M)E— M2/ Ny (M) Pkl MT/Np,x(M) where Def®(m+
NygM) =m+Nyr(M) and Ngyrim+ Nrjg(M)) =2 ranl;+ Nayg(M). This
sequence is exact. Therefore (5) is also exact.

LEMMA 2.3. H™(I', K, M) = H™(A, K, Hom(xP, (M) = H (A, K, PR ¢M)
holds for any left P-module M and all reZ.

ProOOF. For a complete (P, K)-resolution ¥ of A, H"(I", K, M)=H"(Hom
(oY, oM)) holds by (3) and H"(Hom(oY, oM)=H"(A, K, Hom(o,P, (M))= H™ (4,
K, P®yM) holds.

LEMMA 2.4, Let 0— L 5> M5 N—0 be a (P, S)-exact sequence. Then we
have the following long exact sequence
0
"HHT(/I: F: L)—)HT(A) F} M)->HT(A) F: N)—*‘)HT'H(Ay P’ L)_>
where 0 is the connecting homomorphism. We have similar long exact sequences
for H¥(A, K, —) and H*(', K, —).
Proor. This can be proved by the usual way for short exact sequences.
LEMMA 2.5. Let 0— L % M—g—> N—0 be a (P, S)-exact sequence. Then for
the connecting homomorphisms @: H*(A, ', NY— H™*Y (A, ", L) and 0': H"(4,
f
K, N)— H™*' (A, K, L), (i) 0-Def"=Der"*'-01 holds for r<—1. Let 0— L —

MEN-O be a (P, K)-exact sequence. Then for the connecting homomorphisms
01: H'(A, K, N)—> H"*Y(A4, K, L) and 8": H'(I', K, N)y— H™*'(I", K, L), (ii)
d4.Cor"=Cor"*'d” holds for all r<Z.
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PrOOF. We use (4) for the proof. (i) holds for r<—2 by the commutativity
of (4). Let ¢ denote the isomorphism Ker ¢;* — Ker d,* by which we defined
Def’. Then ¢@o(fslkere )=S0, @oce* =do*¥o0.,* and o_,*ogs=gy-0_,* hold
where f, and g4 are homomorphisms induced by f and g respectively with
the natural way. Therefore (i) holds for r=——1. Let Z be a complete (S, K)-
resolution of /4 with a differentiation e. Then Cor is induced by a chain map
¢: Hom(sZ, s—) — Hom(pY, p—). @cfsx= [y, §oe* = c*¢ and ¢ogsx = gs°9
hold. Therefore (ii) also holds.

THEOREM 2.6. Let M be any left P-module and define P-modules M;(:=0)
inductwely as My=M and M;=PRoM;_, for i=1. Then the sequence

- T

o
O<—H A, T, M) H"(A, K, M) «— H"(I', K, M)

is exact for r=0if H ™I, K, M,_,)=0 (0=n<r-—1).

ProoF. By induction on ». The case of »=0 is proved by Proposition 2.2.
Assume that the case of r=t holds. Consider the case of r=t+1. By M’ we
denote the kernel of a P-homomorphism d: M;—M such that d(pQm)=pm.
Put M{=M’ and M[=P®oMi_, for all 7=1. Then there holds sMi@sM;,,
for all 7=0. Therefore H (", K, M;_,)=0 holds for 0<n<¢. Hence the fol-

lowing sequence
ef~! Cor™*
H~(4, K, M")

0<—H YA, I, M) HYT, K, M)

is exact by the assumption of induction. Note that H-%[", K, M’)=0 holds.
The (P, S)-, (P, K)- and (S, K)-exXact sequence

d
(6) 0O—M — M —->M-—0

induces the following commutative diagram by Lemma 2.5

ef ¢ r-t
O<— H YA, T, M H-Y(A, K, M) HY, K, M")
Ta Def-%-! Tall Cor—¢-! Tap
HYA, T, M) H-Y(4, K, M) H-YI', K, M)
Td- /T
H-"Y4, K, M))

where 8, 34 and 87 are connecting homomorphisms for (6), d is a homomorphism
induced by d and ¢ is the isomorphism of Lemma 2.3. The isomorphism
H™(A, K, M))—H"™(Hom(yY, oM)) in the proof of Lemma 2.3 is induced by an
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isomorphism u: Hom(sY ,, pM,) — Hom(oY », gM) such that u(f)=p-f where
the Q-homomorhism p: M,— M is defined by p((x@y)Qm)=h(x)ymy for xQyec
P and me M. Therefore Cor~t"'er=d holds. M, is (P, Q)-injective since P/Q
is a Frobenius extension. So by Proposition 1.1, H¥A, I', M,)=0 holds for all
i€Z. Therefore 9 is an isomorphism. And 94 is an epimorphism because
HYA, K, M)y=H Y(I", K, M) holds by Lemma 2.3 and H-¢(I", K, M)=0 holds
by H I, K, MYH I, K, M"Y= H (", K, M;)=0. Hence for the middle
sequence of the above commutative diagram, Theorem 2.6 holds.

3. The cup product on the complete relative cohomology.

The cup product on the complete cohomology of Frobenius algebras is
defined in [9]. In this section we will introduce the cup product on the com-
plete relative cohomology of Frobenius extensions. Let A/I" be a Frobenius
extension of K-algebras and P, Q, R, S, {ri}, {{}, h and Z(A) be the same as
in section 1. 7I'/K does not need to be a Frobenius extension.

DEFINITION 3.1. Let A and B be any left P-modules and let » and s be
any integers. Assume that an element a\UB=H (A, I, AQ.B) is defined
uniquely for every ac=H"(A, I', A) and B=H*(A, I', B). If U satisfies the
following conditions (i), (ii), (iii) and (iv), we will call \U the cup product on
H*(A, I', —) and call @\UB the cup product of @ and B.

(1) \ induces a Z(A)-homomorphism :

U
H*(A: F) A>®Z(A)H*(A) Fr B) —_—> H*(A; F: A®AB)'

(ii) Let 0—A,—A,—A.—0 be a (P, S)-exact sequence and B be a left P-
module. If 0— A,®4B — A;Q4B— A;Q4B — 0 is also (P, S)-exact, there holds
0a\JB) = da)JB for every ac H (A, I", A;) and B=H*A, I', B), where o
denotes the connecting homomorphism.

(iii) Let 0—B,—B,—B;—0 be a (P, S)-exact sequence and A be a left P-
module. If 0— AR B, —AR4B,—~AR Bs—0 is also (P, S)-exact, there holds
NaUB)=(—1)"a\Jd(B) for every acH"(A, I', A) and B=H¥A, I', B;), where
0 denotes the conneting homomorphism.

(iv) The diagram

U
HU, T, AQznHYA, I', B) — HY(A, I', AQ4B)

| l

A/ N4 r(A Rz, B/ Ny r(B) —> (AR 4B)'/ N4y r(ARQ 4B)
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commutes, in which the vertical homomorphisms are isomorphisms by Proposi-
tion 1.2 and the homomorphism in the bottom row is defined by

(@+Nyr(A)Rb+Nyg r(B)) —> a@b+ Ny r(AQ4B).

PROPOSITION 3.2. If \U and \J’ satisfy the conditions (i), (ii), (iii) and (iv)
of Definition 3.1 respectively, then \U=\U’ holds.

ProOF. This proposition is proved by the same method as [1, VI, Lemma
5.8], that is, proved inductively by using the following lemma of dimension-
shiftings:

LEMMA 3.3. Let M be a left P-module. Then we have the following four
natural (P, Q)- (or (P, R)-) exact sequences for M:

(7 0——>Ker¢——>P®QM—¢>Mﬂ—>O,
(8) 0——>Ker¢’——>P®RM—¢;M-—>O,
(9) O—>M~i>Hom(QP, oM) —> Cokeri —> 0,
(10 00— M—i Hom(zP, pM) — Cokeri’ — 0

where ¢(pR@m)=pm, ¢ (pR®m)=pm, i(m)=[p—pm] and (m)=[p—pm]. For
any left P-module N, 0—Ker ¢@ 4N —(PQqM)QsN-—-MR4N—-0 is also a (P, Q)-
exact sequence. With this sequence and (7) there hold

(i) 9: H (A, I', My H ™ (A, T, Ker ¢),
0: H' (A, I', M4N) = H™ (A, I, Ker ¢Q4N)
where 0 is the connecting homomorphism. Similarly there hold
(i) a: HA, ', My S H™*Y A, I, Ker ¢),
0: H' (A, ', NOM) S H™ (A, I', NQKer ¢'),
(iiiy 8: H*"%(4, I', Coker ) S H" (A, I', M),
0: H YA, I', Coker iQsN) S H™(A, I', MR4N),
(iv) a: HY(A, I', Coker Y S H™ (A, I', M),
0: H"Y (A, ', NQ4Coker 7) S H" (A, I', NQ4M)
with (8), (9) and (10) respectively.
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PrOOF. By Proposition 1.1 any complete (P, S)-resolution ot 4 isa (P, Q)-
exact sequence. PReM and (PQoM)RQIN =PRo(MQ4N) are (P, Q)-injective
since P/Q is a Frobenius extension. Therefore H*(A, I, PRoM)=0 and
H*(A, I', (PR®eM)Q4N)=0 hold. Hence (i) holds. Similar arguments prove
(ii), (iii) and (@iv).

Note that the cup product is independent of the choice of complete (P, S)-
resolutions of A.

LEMMA 3.4. Let (X, d, ¢, 3) be a complete (P, S)-resolution of A. Then
for any integers v and s there exists a left P-homomorphism Ar,s: X rrs—X,Q4Xs
which satisfies the following conditions:

(1) (e®aq8)edno=c¢,

(ii) Ar,8°dr+8+1:(dr+1®A1Xs)°AT+1,s+('—l)r(1X7®Ads+l)°Ar.s+1-

ProOF. This lemma is proved by using the same method as [1, p. 140]:
For n=Z put (X®4X)n=TIpseen X,®4X, and define 8,: XXX sX)no
by 8n=IIpss-n dp@alx, +1Mpsqmn(—1)"1x ®sd,. Then (X®4X,d) is a chain
complex and has a contracting S-homotopy ITp.e-nD$® lx,: X & 4X)n —
(X(?Q,;X)n+1 where D9 is a contracting @-homotopy of X which exists by
Proposition 1.1. Therefore (X@AX, 9) is (P, S)-exact. The direct product of
relative injectives is relative injective and the (P, S)-projective module X ,&4X,
is (P, S)-injective since P/S is a Frobenius extension. So (X ® 4X, 0) is dimen-
sion-wise (P, S)-injective. Therefore if there exists a P-homomorphism a : X,—
(X@AX)o such that (e ¢)ca=¢e and dyeaod,=0 holds, @ extends to a chain map
A X->X®AX which satisfies the conditions (i) and (ii). Put a=(a,) where
ap: Xo— X,Q4X_p. Then since X, is (P, S)-projective, we can take a such
that the condition (e® e)ca=(e®&)°as=¢ holds. Put 5;q=d,,®,11Xq and d5,=
(—1)?1x @adq. Then the condition dyea-d;=0 is equivalent to a condition (iii)
0%, —poap+05 11 pea,1=0 onlImd, for all p=Z. Consider the sequence (X® 41X,
dL o) for any fixed ¢. X, is (P, S)-projective, that is, pX,@s(ARQrMQrA) holds
for an S-module M, and X has a contracting R-homotopy by Proposition 1.1.
Therefore (X®4X,, 0-.,) has a contracting P-homotopy H. Now assume that
p>0 and that a,_, has been defined. Set a,=— He0j_; 1-p°a@p-,. Then a,
satisfies the condition (iii). In fact,

5’°ap+5"°ap_1=—5’°H°5”°ap-1+(3”°ap_l
=H-0’-0"-a,., by the definition of H

=—H-0"-0">a,.,  because ¢’ and 4” anti-commute
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where we have ommitted the subscripts on ¢’ and 8”7 to simplify the notations.
If p=1, then Hod”od'ap = Ho(de@udo)eao=He(q@.m)* (€@ 18)>cte=H - (@1)°¢
=0 holds on Imd,. If p>1, then by the inductive hypothesis 6’ca,_;4+0"°atp_»
=0 holds on Imd,. So He«d"0’ca,.,=—H3"°0"°a,_,=0 holds on Imd,. A
similar argument constructs @, for p<0 by descending induction. Thus the
proof of this lemma is complete.

By Lemma 3.4 we have the cup product of asH" (A, I', A) and Be
H*A, T, B): Put a=f and B=3 where f and g are representatives. Then
the cup product is given by a\UB=(f®4g)-A, ;. Thus we obtain the following
theorem :

THEOREM 3.5. There 1s a cup product uniquely on H*(A, I', —).
The cup product has the following anti-commutativity :

THEOREM 3.6. Let M be a P-module. Then for arbitrary a=H™ (A, I', A)
and BeH(A, I', M), a\JB=(—1)"*BUa holds.

ProoF. Let (X, d, & %) be (2) in section 1. Put ¢,=(1x &4€)°An, and
Pn=(eQualx )4 » for any neZ where A is the same as in Lemma 3.4. ¢:
X—X and ¢: X—X are chain maps. Since e=¢.p,=¢e¢, holds, ¢ is homotopic
to ¢, that is, there exists a P-homomorphism v, : X,—X,.; such that ¢,—¢,=
Va-1°dp+dn,iov, holds for all n. Let f and g be representatives of a= H" (4,
I, A) and BeH*(A, I', M) respectively. Consider the case of s=0. Since
g(1®1)& M4 holds by Proposition 1.2, there holds (f®4g)°Ar, ,=g(1QD fep,=
SRV g, +gAQD) fov,_1od,=(gRaf)o Ao r +8(1R1) fovr_1od,. Therefore a\ /g
=(—1)'BUea holds for any r&Z. Since A is flat as a left 4-module and as a
right A-module, we can use (ii) and (iii) of Definition 3.1. Therefore by using
Lemma 3.3 for H*(A, I', M), a\JB=(—1)"*8Ua holds for any r and s.

The cup product has the following associatitivity :

THEOREM 3.7. Let A, B and C be P-modules. Then for acH™(A, I, A),
B=HA, I', B) and y=HYA, I, O), (@ UB)\Ur=a\J(B\Ur) holds.

ProorF. We can prove this theorem by the method like the proof of Theo-
rem 3.6: Let (X, d, & %) be (2) in section 1. Put

Pr=(eQalx,Q48) (A0, n R4l x )°An,0 and Gr=(eQulx,R18)°(1x,DsAn,0)°l0,
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for n<Z where A is the same as in Lemma 3.4. ¢: X—X and ¢: X—X are
chain maps. Since e=e-¢,=¢-¢, holds, ¢ is homotopic to ¢, that is, there
exists a P-homomorphism v, : X,—X,,; which satisfies p,—@¢,=v,1°odnt+dniie
v,. Let f, g and % be representatives of ac H" (4, I", A), B H (A, I, B) and
yeH'(A, I', C) respectively. Consider the case of r=t=0. Since f(1RQl)e A4
and 2(1®1)<C” hold, there holds

(fR18)R k) (Ao, sQ 4l x ) °As.0= 1R 1g°¢: R 4k (1R1)
= (1D 1g°$:R4k 1)+ (f(1QNQ4g°vs-1Q4k(1QL))ds
=(fR4(gR4%))*(Lx (R s, 0)° A0, s+ (f (1R Q18 vs- 14k (1Q1))d;s .

Therefore (a\UB)Ur=a\U(Br) holds for the case of »=t=0. By using Lemma
3.3 for H'(A, I', Ay and HY(A, I", C), we have (aUB)Ur=a\J(BUr) for any
7, s, tE4.

By Theorem 3.7 H*(A, I, N)=@,_,H (A, I', A) is a ring with the identity
element which is the image of I<=Z(A)/N4 r(A) on the isomorphism Z(A4)/
Nyr(A4)= HYA, I', A) of Proposition 1.2.

Now assume that /7/K is also a Frobenius extension. Then since 4/K is a
Frobenius extension, we have the cup product \U on H*(4, K, —).

LEMMA 3.8. For any (P, S)-exact sequence 0—>L—f> ML N — 0, we have
two connecting homomorphisms a: H™(A, I', N)— H™*\(A, I', L) and 8*: H"(4,
K, Ny-=H™ YA, K, L) for all v<Z by Lemma 2.4. Then we have

(i) o1eInfr=Inf"*'e0 for r=1,

(ii) Inf'e@-Def’=09.

PrROOF. We use (4) in section 2 for the proof. (i) holds by the com-
mutativity of (4). Let A be any left P-module. By K(A) and K’(A) we denote
the kernels of c¢,*: Hom(pY,, pA) — Hom (pY:, pA) and d,*: Hom (pX,, p4) —
Hom(pX,, pA) respectively. Then the diagram

*

)
g« K (N)) —> g« HK(N))

g*l lg*

K’'(N) K(N)

is commutative where g, is the homomorphism induced by g with the natural
way and K()— K’() is the same isomorphism by which we defined Def® in
section 2. g% fy=fx°0.* and ¢,*¥-d,*=c,*°0,* hold. Therefore (ii) holds.
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PROPOSITION 3.9. Let A and B be left P-modules and let @, B, ' and B’
be elements of H™(A, I", A), H (A, I', B), H"(A, K, A) and H*(4, K, B) respec-
tively. Then we have

(i) Infr**(aUB)=Inf"(@)UInf*(8) for r=1 and s=1,

(ii) Defr**(a’UB")=Def"(a’)\UDef*(8") for r<0 and s=0,

(iii-i) Def”**(a’\Ulnf*(8))=Def" (@’ )JB for <0, s=1 and r+s=0,

(iv-1) Infr**Def"(a’)\JB)=a’UInf(f) for r<0, s=1 and r+sz=1,

(iv-ii) Infr*(@\UDef*(8"))=Inf" (@)U’ for rzl, s<0 and r+sz=l.

PrROOF. Let X be (2) in section 1. Then we can take A of Lemma 3.4
such that Ay o(Xe@rx) =(x,Q@rHQs1A1Qrx,) and Ay (2@ rx) =% Q@ r1)Q4
(1Rrl;Qrx,) hold. Since A/K is a Frobenius extension, we have a complete
(P, K)-resolution Y of A whose type is (2) in section 1. Then o, of (4) in
section 2 is given by

Ur(xo®K ®er+1):xo®F ®er+1 for r=0,
-+ (2@r - Qrx)=Ziy iy Xt 1, Qulig2177, @k - Qrli,_ x» for rzl

where {rj} and {l{} are elements of " with respect to the Frobenius extension
I'/K like as {r;} and {l;} of A respectively. Let Af  be the P-homomorphism
of Lemma 3.4 for Y. Then A4, (xo@xx1) = 2, j(xe7:7 Q1) QAR il @ X1)
holds. Now we show (iii-i). Put @’=f and B=g where f and g are repre-
sentatives of a’ and f respectively. At first we prove the case of r+s=0 by
induction on s. Since there holds

Def*(f\UInf!(2)=Def"(F®1g-0:)-A%,,)
=[xo@rx; —> 20, ;[ (%77 i Qx D®18AQ il r £1) ]
=({f-0.®18)"A1.:
=Def-(f)Ug,

the case of s=1 holds. Assume that (iii-i) holds for some s and for any left
P-modfules A and B. Let a’ and B be elements of H-¢*V(4, K, A) and
H**'(A, I', B) respectively. Then with (7), 0(a’) & H™*(4, K, Ker ¢) holds
where 94 is the connecting homomorphism. By (iv) of Lemma 3.3 there exists
B7=H(A, I', Coker #') such that 8(8”)=p8 holds. By the assumption of induc-
tion Def*(@(a’)\UInf*(8”)) =Def*(@4(a’))UB” holds. So we have d(Def '(a’U
Inf*(B8”)))=0(Def~**(a’)UB”) by Lemma 2.5. Since this ¢ is an isomorphism,
we can cancel d. Therefore by Lemmas 2.5 and 3.8 (iii-i) holds for a’ and B.



112 Takeshi Nozawa

Assume that (iii-i) holds for the case of r+s=—-—n (n=0). Consider the case
of r+s=—(n+1). By (ii) of Lemma 3.3, é(f)sH**'(A, I', Ker ¢’) holds. So
Def~*(a’UInf***(3(B)))=Def" (a’)\Ud(B) holds. By Lemmas 2.5 and 3.8 9(Def~<**>
(@’ UInf*(8)))=0(Def"(a’)\UB) holds. This ¢ is an isomorphism. Hence (iii-i)
holds. (iii-ii) is shown by the same method. Next we show (iv-i). At first
we show the case of r+s=1 by induction on r. For r=0 (iv-i) holds by the
computation like (iii-i). Assume that (iv-i) holds for some # and for any left
P-modules A and B. Let a’ and B be elements of H""'(4, K, A) and H* (4,
I", B) respectively. By (iv) of Lemma 3.3 there exists 7 H'~"(A, I', Coker ¢')
such that 9(8”)=p holds. Then Def%a’\UlInf'~-"(8”))=Def"'(a’)\UB” holds by
(ili-i). Therefore by Lemma 3.8,

Inf'(Def™~(a’)\UB)=Inf'(Def” "*(a’)\d(B"))
=(—1)"* Inf'-d(Def"(a’)\UB")
=(—1)""" Inf'-g-Def’(a’UInf'~"(8"))
=(=1)""19 (@’ UInf'-"(8"))
=a’UInf*""(B)
holds. Next assume that (iv-i) holds for the case of r-+s=n (n=1). Consider
the case of r4+s=n-+1. By (iv) of Lemma 3.3 there exists p” =« H*Y(A, I,
Coker ¢’) such that 9(8”) = B holds. Since Inf"(Def”(a’)\UB”) = a’Ulnf**(8")
holds, (iv-i) holds for @’ and B by using Lemma 3.8. (iv-ii) is shown by the

same method. (i) and (ii) are also shown by induction easier than (iii-i) and

(iv-i).
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