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REALIZATIONS OF INVOLUTIVE AUTOMORPHISMS

a AND G" OF EXCEPTIONAL LINEAR

LIE GROUPS G, PART II, G=E7

By

Ichiro Yokota

M. Berger [1] classifiedinvolutive automorphisms a of simple Lie algebras

g and determined the type of the subalgebras q" of fixed points. In the preced-

ing paper [Y], we found involutive automorphisms a and realized the subgroups

Ga of fixed points explicity for the connected exceptional universal linear Lie

groups G of type G2, F4 and Ee. In this paper we consider the case of type

En. Our results are as follows.
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This paper is a continuation of [Y] and we use the same notations as [Y].

So the numbering of sections and theorems startsfrom 4.1 and 4.1.1,respectively.

Group E7

4.1. The Freudentha! vector space and the complex Lie group E7C

We define a C-vector space ^Bc, called the Freudenthal C-vector space, by

X

Y

$

V

of $pc is often denoted by (X, Y, f, tj),sometimes X+Y+k+rj.

In ^c, the inner products {P, Q) {P, Q) are defined by

(P, Q)={X, Z)+{Y, W)+&+7)0),

{P, Q}=(X,W)-(Y, Z)+&-VZ,

respectively, where P=(X, Y, £,73),Q=(Z, W, C, a))^c.

For <j)<^tsc,A, B^^f, vgC, we define a C-linear transformation #(0, A, B, v)

of %c by

0(<p, A, B, v
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Realizations of involutive automorphisms 381

For P=(X, Y, £,rj),Q-{Z, W, C, oi)^%c, we definea C-linear transformation

PxQ of $c by

PXQ=0(^>, A, B,v)

0= hxvw+zvY),

A = -j(2YxW-£Z-HX),

B=j(2XxZ-rjW-(oY),

v=U(X, W)+(Z, 7)-3(|o)+C^))
o

where IvFse/, X, 7g3c, is definedby

(XvY)Z=j(Y, Z)X+j(X, Y)Z-2Yx{XxZ), Ze3c.

Lemma 4.1.1. (PxQ)P-(PxP)Q+~{P, Q}P=O, P,Q^$C.
o

Proof. It is obtained by the straightcalculations.

The simply connected complex Lie group Ef of type E1 is obtained([10],

[11]) as

£7c={a<EElsoc($c)| a(PxQ)a~1=aPxaQ}.

Lemma 4.1.2. ＼aP,aQ) = {P, Q] for a(=E7c, P, Qce33c.

PROOF. {aP, aQ}aP=^((aPXaP)aQ-(aPXaQ)aP) (Lemma 4.1.1)

=^(a(PxP)Q-a(PxQ)P)={P, Q}aP.

Hence we have {aP, aQ} = {P, Q).

The Lie algebra e7c of the group E.c is given as follows.



382 Ichiro Yokota

Proposition 4.1.3 ([9]).

e7c={0(0, A, B, v)}eHomc(^c, $c)|0e=e6<7, A, 5e3c, veC}.

T/ie Lfe brabket [_@i,@z] in e7c zs gzyen by

[Q{fa, Au Blt v1),R(6Z, At, Bt, v≪)]= ^(rf,.4, B, v),

＼

0=[0i, fa~＼+2AlVBi-2At＼/Bl,

B=-(Vi+-|vI)fl,+(Vi+-|≫',)fi

v=(Au BZ)-(BU A2)

4.2. Involutions of Lie group E7C

We arrange here main involutions used in this chapter E7. We define^ C-

linear transformations y, a, c,Xj of fy°by

a{X,Y^,r])={<jX,aY,^r)),

respectively, where y, a of the right sides are the same ones as y<^G2cc:F4LcclE6c,

<r<=FtcczEec,

c(X,Y)^7])=(-iX,iY,-i$>iV))

XAX, Y,$, y)=<y, -X, rj,-|).

Then y, a, c,Xj^E7c and 72=<72=1, c2=A/=―1. The complex conjugation in

5j3cis denoted by r:

Tix,Y,e,V)=(xx,TY,Te,TV).

These linear transformations y, a, c,Aj, t of tyc induce involutive automorphisms

f, a, T,lj, t of E7C:

f(a)=yay, a{a)―Gaa, 7{a)=carl,

a^E7c.
Ij{a)=ljaXj-1, r(a)=Tar,

We define one more involutive automorphism 1 of E7C by

;(a)=ta-1, a<EE7c

where la is the transpose of a with respect to the inner product (P, Q):

(laP, Q)=(P, olQ). X is surely an automorphism of E7C (see Proposition 4.2.1).
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PROOSITION 4.2.1. X(a)=AJakJ-1, a^E7c.

Proof. The inner products (P, Q), {P, Q) in %c are related with

＼P,Q}=(P,hQ)=-ttjP,Q).

383

Now (P, XjQ)={P, Q} = {aP, aQ) (Lemma 4.1.2)=(aP,XjaQ)=(,P,'aXjaQ) for

P, Qe5Bc. Hence Xj=laXja, thatis, 'or1^*;^-1.

Remark. The group £7C has a subgroup E6C (see Proposition 4.4.1) and

the restriction of X to Eec is the outer automorphism X of E6C (Theorem

3.3.1.(1)).Since £7C has no outer automorphism, X should be inner. Proposition

4.2.1 shows that X is realized by Xji X―lj. After this, we denote Xj by X in

the sense of Proposition 4.2.1:

X=Xj.

Lemma 4.2.2. The involutive automorphisms of t-,0induced by J, a, c,X,r

are, respectively,as follows.

rR(<f>,a, b, v)r=0(r$r, rA, yB, v),

oR(<f>,A, B, v)o-0{a(j)a, a A, oB, v),

cR($, A, B, v)rl=R{<t>, -A, -B, v),

XR{<f),A, B, v)X~1-=0(-t^, -B, -A, -v),

T0(6. A, B, v)r=@(T<pT, tA, tB, tv).

4.3. Lie groups of type Eq

We define J£-vectorspaces 5)3,5)5',called the Freudenthal J?-vector spaces,

by

$=3K3, <S)c3(3,£)0i20J2,

≪P'=SK3,<£')c3(3,R')c^cfi.

The universallinear connected Lie groups of type E7 are obtained as

£7C={ a =Isoc($Pc)| a(PxQ)a~1=aPxaQ },

£7={aeIsoc(5Pc)|a(PX(?)a-1=aPxa(?, <≪P,a<Q>=<P, C?>},

EiW = {a(=teOiW)＼a(PxQ)a-l=aPXaQ},

E^ = {a<ElsocC$c)Ia(PxQ)a~1=aPxaQf <aP, aQ>r=(P, Q>r}

£7C_25)= { aelsofl($)| a(PxQ)a~1=aPXaQ }
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where <P, Q>=(zP, Q)=-{zXP, Q＼, <P, Qyr=(TyP, Q)=-{tXyP, Q), P, Qel^0.

E7C',E7 are simply connected (see Appendix). Note that each group of them

has the center {1, ―1}.

L3MMA 4.3.1. ($c)7=$, ($%^$＼

Theorem 4.3.2. {Efy*=En, (E7cy^ElW, (E7cy>r=E^, (£7C)=£7C_2B).

Proof. As for ElW, E^-z^, these are direct results of Lemma 4.3.1. E7,

E7C_5) are nothing but their definitons (Lemm 4.1.2).

Remark that y, a, c,k<^E7. The Lie algebras of these groups are given as

follows.

Proposition 4.3.3.

(1) ^={0^t7c＼tX0=0rX}

= {&($, A, -tA, v)£e,c| ^e(e6c)T＼ A(E$C, v=-tv}.

(2) e7(7)={0ee7c|rr0=0rr}

= {0(0, A, B, p)ee7c | 0s(eecr, ^e3(3, 6'),v^R).

(3) e7C_5)-{0Ge7c|r^0-^r^}

= {0(0, A, -rrA, v)£e,c| ^e(e,c)T^, A^c, v=-zv}.

(4) e7C-25)= {0GEe7c|r0:=0r}

= {$($, A, B, v)£e7c| ^e(c,c)% A, B<=3(3, 6), vei?}.

Proof. These follow from Lemma 4.2.2.

Lemma 4.3.4. For O^ggeC, the mapping aAa) : SSC->$BC, r=l, 2, 3,

l+(cos|a|―l)/>f ―2ra

2a

≪i(fl)=

sin I a I

―za

Ill

0

sin I a |

sin I a I

Et

Ei l+(cos|fl|― T)pi ―ta

a

E,

sin | a |

a＼

0

Et

0

sin I a I

cos I a

0

I

E,

a

sin I a

I a＼

0

0

cos I a |

Et

belongs to E7, where ＼a＼=V(ra)a and pt : ^c~>^c is defined by pi(X)=(X,
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Ei)Ei-＼-4EiX(EiXX). cti(a),(X2(b),≪3(c)(a, b, c&C) commute mutually.

Proof. For $f(a)=$(0, aEu ―vaEi, 0)ee,, we have ai{a)=exp0i(a). Hence

ai{a)^E1. Since [0f(a), ^/6)]=0, ≪i(a)and a^(6) are commutative.

PROPOSITION 4.3.5. (1) c and X are conjugate in En: dc=Ad, moreover under

8(eE7 such that By―yd, da=ad.

(2) c and -co are conjugate in E7: dc= ―cod, moreover under d^E1 such

that 8X=Xd, 8r=Td, 87=76, 8a=aS.

(3) 7 and ―a are conjugate in E7: 8r= ―oS, 8<^E7.

Proof. (1) <5=exp$(o

&zy
in ＼ / itz

in

4
E l-j-E, Oj is the required one [b=al＼―T-

j (Lemma 4.3.4)j. The explicit form of d is

X

V

/

1

＼

-(Xr(X)E-2X)+i(ti(Y)E-2Y)-£E+ii)E

i(XT(X)E-2X)-(tr(Y)E-2Y)+i£E-i}E

-tr(X)+itr{Y)+$-iq

itT(X)-tr(Y)-i£+y

)

(2) d―exp 0[O, y£i, ―-yEu Oj is the required one ＼b=ai{-^＼(Lemma 4.3.4m

(3) The proof will be given in 4.5.6.

4.4. Subgroups of type CR£6 of Lie groups of type E7

We consider a subgroup (E7c)-ul = {a^E1c ＼ai=i, a}=] } of E-p

Proposition 4.4.1. (E7c)[,i=E6c.

PROOF. ([10]). For ^E6C, we correspond ae£7c,

a(X, Y, £, V)=tfX, '?-*＼, £,7])

for (X, Y, f, 7])^%c. (It is easy to verify aG(£,c)i,}). Conversely let a£

(^t0);,!. By the condition ai=i, al=l, ≪ has the form

a=

P e 0 0

d 0' 0 0

0 0 10

0 0 0 1

B, B', d,£GHomc($c, $c)

In fact, the fact that the left bottom parts are 0 follows from ＼aX,i} = {aX al}

= {X,i＼ = 0,{aX,l} = {aX,a＼}-={X,X}=0 and {aY, 1} = {aY, 1} =0 for all
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X, FeSc. To prove d=£=0, definea space Wc by

mc= {p^01 pxp=o, p±q }

{p=(x,Y,e, 7}),p^o
XVY=O,XxX=£Y, |

YXY=VX,(X,Y)=3^>

Obviously the group E,c acts on Wlc. Since (x, ―XxX, -VdetX, y)z=mc,
＼ 7] t]2 V

(pX+^e(XxX), dX+^p＼XxX), -4-detZ, V)^mc.

Hence bv the second condition in 3Jic

(pX+-e(XxX))x(pX+-£(XxX) )=v(dX+-P'(XxX)j

holds for all 0^)?gC. Compare the coefficients of -q, then we have d―0.

Similarly,by (l(yXK), Y, |, -^-detr)e2Rc, we have e=0 Next, by the

condition a(X, XxX, detZ, 1)=(/3X, P'(XxX), detZ, l)eE$mc,

pXxfiX=P'(XxX), (/3,Y,P'(XxX))=3detX.

Hence 3det/3Z=(/3X, pXxpX)=(pX, P'(XxX))=3 detZ. Therefore /3e£6c.

Furthermore, in p＼XxX)=pXxfiX=tp-＼XxX), put XxX instead of X, then

(detX)P'X=(detX)tp-1X, hence we have fiX^p^X, ZeSc (even if detZ=0,

because {ZeSc IdetZ^O} is dense in Sc). Therefore fi'^fi-1. Thus the

proof of Proposition 4.4.1 is completed.

Proposition 4.4.2. (Ef)' has a subgroup 0(C*)={0(0)| 6(eC*} which is

isomorphic to the group C^―C― {0}. Where <f>{0),#eC*, is the C-linear trans-

formation of 5)}cdefined by

<f>(d)(X,Y, $, 7))={d-'X, 6Y, d^, 6-3V).

Proof. It is easy to verify that <f){d)G{E1cy.

Lemma 4.4.3. <f>: C* ^(E7C)C of Proposition 4.4.2 satisfies

z<j){d)T=<i>(rd),̂ (<9)^-1=^(<?-1), y<j){d)r--=<j<j>(d)<j=<!>{d).

Theorem 4.4.4. (E^y^iC^xE^/Z,, Zs= {(1,1),(^(a>),0(o>2)),(0(≪2),<j>{a>))},

(OGC, ft>3= l, 6)^1.

Proof. We define a mapping <p: C*xE&c-+(E1c)t by



Realizations of involutive automorphisms 387

Obviously <p(0, /3)e(£7c)'. Since 0(0)e0(C*) and /3e£6c are commutative, <p

is a homomorphism. Ker0={(l, 1), (0(a>), 0(g>2)),(0(ft>2),0(a>))1=^3 is easily-

obtained. (£7C)' is connected (Lemma 0.7) and dimc(c*ce6c)=l+78=dimc(e7c')t

(because (e7cy― {(P(^? 0, 0, v) | fiGe6c, veC } (Lemma 4.2.2)), hence 0 is onto.

Thus we have the required isomorphism.

Theorem 4.4.5. (1) (E7)<s(tf(l)x£6)/Z8s(r^)'~(£7c-25>)

(2) (£,(.5))[=([/(l)x£6W)/Z3=(rW~(^(7))'.

(3) (JE7C_5))'~(r^)'^(f7(l)x£6C-14))/^3=(r^(r)'~(JE7c-25))'.

Proof. (1) Let aG(£,)[=((£7c)^)'=(d)f. By Theorem 4.4.4,there exist

0eC*, /3g£6csuch that a=$(O)p. From the conditionrXa=atX, we have

6(d)B=a=zlcd-lT=Tl6(d)}.-lTTipX-lr=(j)(jd-l)Tipi-'T(Lemma 4.4.3). Hence

<5(r5-1)=0≪?)^(a≫2)

r^-1r=^(G>)i8.

The second and the third cases are impossible, because {zd)d―(Dz, <d are false.

In the first case, (r0)0=l, that is, 0<=£7(1)={ 0eC | (r0)0=l} and /3ge(£6c)t;-

=£6 (Theorem 3.2.2). Thus (£7)'=0(£7(l)x£e)s([/(l)x£6)/Z8.

£7<-,≫=(£7cmW'.

In fact, since t~X under de£7 : 8c=X8, 8zX=tX8 (Proposition 4.3.5), (£7c)rE>

a-*8~1a5^(E1cyXc gives an isomorphism. Now (E7^2^y^{tXcy=(TXy.

(2) Let a<EE(ElC-v)c=(TZry, a=0(d)p, 6<eC*, fi(EE6c. As similar to (1),

0et/(l), psE(E6cyxr=EiW (Theorem 3.2.2). Thus (ElC-2vy^(Ua)xEcm)/Zs.

E,w=(Efr=*(EWr.

In fact, since c^l under <5e£7 : dc=X8, 8tX=tX8, dy=Y8 (Proposition 4.3.5),

(Efyr^a^d-'ad&iEfy*'? gives an isomorphism. Now (£7C7))<~(rW=(rAr)'.

(3) E7£-B)=(£7C)^S(JW*

because ^~―°" under 5e£7 : 8if――ad, 8tX=t2.8 (Proposition 4.3.5). Let

a^((E7cyx<Ty=(TA<jy, a = &(d)p, 0eC*, /8gejE6c. As similar to (1), 0e£/(l),

/3G(£6c)^ff = £6C.14)(Theorem 3.2.2). Thus (JE7C_25));~(r^)^(t/(l)x£6C-14))/^3.

£:7C_26)^(£:76T^ (result of (l))=(£7c)^ff

because c^―ca under (5e.E7 : 8c=―cffd, 8tX―tX8 (Proposition 4.3.5). Now

(E7(_26>)'Mr^)'=(r*cr)<.

Theorem 4.4.6. (1) (Elcl)y=(R+xER(R,)cx2.
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(2) (£7(_25))^(lg+x£6c-26))X2.

PROOF. (1) Let ae(£7(7))'=(rr)',a=#(0)p, 0eC*, /3e£6c (Theorem 4.4.4)

From xya―axy, we have §{Td)Ty$fT=$(d)$ (Lemma 4.4.3). Hence

i I 0(r0)=0(0)0(o>)

1

Trprr--=0(<oz)p

In the first case td ―d, that is, 6<=R and

0(r0)=0(0)0(o>2)

P(E(E6cyr=E6C6) (Theorem 3.2.2).

In the second case, we can put d=6'a>, O'(eR, /3=0(a>2)/3',/3'e(£6c)Tr.Hence

$(d)p=0(d')p'<=<p(R*xEeOi)). The third case is similar to the second case.

Thus (EiMy=<p(R*xEGC(0). The kernal of the restriction(p to R*xEeao is

{1}. Thus (Eul>)!^R*xE6CO=R+xE6CO＼J(-l)R+xE6UO (exactly-1 (which is

element of the center of ElW) exists in Eim)={R+xE^&-))x2.

(E

(2)

7C-25)

Since we know (£6c)r=£6(_26) (Theorem 3.2.2), as similar to (1)

y=(Ty=(cy^R*xEe,-26y=(R+xE6r-2<0)x2.

4.5. Subgroups of type A7 of Lie groups of type E7

Lemma 4.5.1. Any element Z)e§it(8,Cc) is uniquely expressed by

D=k(S)+ik(T), S =gi)(4,Hc), TgS(4, Hc＼.

Proof. For De§u(8, Cc), S=^-k~＼D-JDJ), T=^k~＼D+JDJ) are the

required ones.

Recall the C-linear isomorphism g : Sc=3(3, HC)^{HC)＼ g(M+a)=

I
-i-tr(M) ia
z i which is used to define the homomorphism d>:
ia* M-~tt{M)E

＼ l

S/>(4,Hc)-+(Eec)xr, <p(A)X=g-1(A(gX)A*), X<ee3c (Theorem 3.4.2). The differ-

ential of <pis denoted by 0* : §j>(4,Hc)-*(tBc)^, <p*(S)X=g-＼S(gX)+(gX)S*),

Proposition 4.5.2. (e7c)^={0ee7c | Xr$=OXr)

= {0{(f>,A, -rA, 0)ee7c | 0e(e6c)^, A^Sc}

= {*(0*(S), g~＼T),-yg-＼T), 0)eEe7c| S E§K4, -&c), TgS(4, JJc)o}

We define a C-vector space c(8, C) by

S(8, C)=!QeM(8, C)| £O=-Q}



Realizations of involutive automorphisms 389

and consider its complexification @(8, C)c. Now define a C-linear isomorphism

1 : $c-^<5(8, C)c by

1(X,Y, & v)=(k(gX-^E))j+i(k(g(rY)-%E))j

Theorem 4.5.3 (£7C)^SL(8, C)/Zs, Z2={E, -E).

Proof. We define <p: SU(8, CC)^(EW by

(p(A)P=l-＼A(XPYA), Pe$c.

First we have to prove (p(A)(={Ef)Xr. To prove this, for the differential

dcp : §o(8,Cc)~^{t,cYr of (p, d<p(D)P=X-＼D(IP)+(lP)tD)> P(E$C, it suffices to

show c^(£>)e(e7c)^ (Lemma 0.6).

(1) For D=k(S), Sexp(4, Hc), (P=(X, Y, $, V)^c)

y(d<p(HS))P)=k(S)(XP)+(XPyk(S)

k(s(gX-^E))j+ik(s(g(7Y)-^E))j+k((gX-^E)s*)j

+ik((g(rY)-%E)s*)j

=KS(gX)+(gX)s*)j+ik(S(g<rY))+{g{rY))s*)j

=k(gy*(S)X))j+ik{gy>*(sxrY)))j=xy>*(S)X, r4>*(S)rY,o,o≫

=X(0(4>*(S),O,Q,O)(X,Y,ty))-

Hence d^(S)=0(^*(S), 0,0, 0)e(e7c)^.

(2) For D=ik{T), Te3(4, Hc＼, (Put >l=5f-1(T)e(3c)^)

X{d(b{ik{T))P)=ik{T){lP)+{lP)itk{T)

=ik(T(gX~tE))j-k(T(g(rY)-lE))j+ik((gX-lE)T)j

-k((g(m-iE)T)j

= k(-T(g(7Y))-(g(rY))T + riT)J+ik(T(gX)+teX)T-$T)J

= k(-2gA°g(rY)+7)gA)J+ik(2gA°gX-£gA)J

= k(-2g(rAxY)~(A, Y)E + 7]gA)J+ik(2g(rAxrX)+-^(rA, X)E

-£gA)J (Lemma 3.4.1)

=X(-2rAxY+yA, 2AXX-&A, (A, Y),(-jA, X))
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=1(0(0, A, -rA,0)XX,Y,%,V).

Hence d<p(ik(T))=@(0, A, -7A, 0)e(e7c)^.

Thus we see that the mapping <p: SU(8, CC)-^(E7C)X? is well-defined. Since

(E7cy? is connected (Lemma 0.7) and dimc(e7c);j'=36+27 (Proposition 4.5.2)^63

―dimc(gu(8, Cc)), <p is onto. Ker0={E, ―E＼―Z2. Thus we have the isomor-

phism (E7cy^SU(8, CC)/Z2=SL(8, C)/Z2.

Lemma 4.5.4. <p: SU(8, CC)~^E7C satisfies

(1) r=0(/2), Tc=4>U), 7B=<fKW, o=<pd*)), -<r=<p(ilt).

(2) T7<P(A)rr=<p(TA), 7<P(A)7=X<P(A)X-1=<P(I2AI2)> <?4>(A)a=<p(I<AIt),

7c(p(A)7c=<p(JAJ), c<J){A)rl=<]j{JAJ).

Proof. We shall give the proof only the lastformula of (2). Since k{x)=

-JW)J, xeJJ, we have l(tP)=ijW)J, Pe$c. Now X(c<p(A)r1P)=

iJX(^A)r1P)J=iJAX(-cP)tAJ=-iJAijW)JtAJ=JAJX(P)JtAJ=X(<pUAJ)P).

Theorem 4.5.5. (1) (ElM)^=SU(8)/Z2^(E7yL

(2) (£7£.2B))^sst7(2>6)/Ztsz(E7l-nyr.

Proof. (1) Let a =(E7Wyr=(rr)ir, a=<p(A), A<eeSU(8, Cc) (Theorem4.5.3).

From z7a=az7, we have <p(rA)=(p(A) (Lemma 4.5.4). Hence xA―A or tA―

―A. The latter case is impossible. In fact, put A=iB, then B*B~―E,

BgM(8, C), a contradiction. Therefore A<=SU(&). Thus (EiW)xr=SU(S)/Z2.

(E7yr=(Tkyr=(zryr.

(2) Define <j>: SU(2, 6, C7C)->(£7C)^ by 0(A)=4>(r2Ar2-1). Let ae

(£7(-26));r=(r);r,a=$(A), AelSU(2, 6, Cc). From ra=ar, we have 0(rA)=^).

Thus (E7c-2^yr=SU(2,6)/Z2 (cf. Theorem 3.4.5.(3)).(.B^^O^^^r)^^^)^.

4.5.6. Proposition 4.3.5.(3). r~―<;.

Proof. Since /~i/4in SU(8), rc=<j>U)~4>(H*)=-<r (Lemma 4.5.4)in <p(SU(8))

=(£7)T^(Theorem 4.5.5.(1))e£7. Furthermore y^Tc in G2 (Proposition 1.2.3)

dF4(zE6C.E7. Consequently j^―g in E7.

Theorem 4.5.7. (£7C7))^~(rrff)^=Sf7(4,4)/Z2x2^(r^)^~(£7(-5))^.

Proof. E7W=(E1cyr^(E^c)Tra

because y^ya under 8^FidEb(zE7 : 8y=yad, 8t=t8 (Proposition2.2.3). Define

6: SU(.4,4, Cc)-^(E,cyr by 6(A)=(p(r4Ar4-1). From tyaa^arya, we have
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$(.tA)=$(A). Hence (ElWyr^(r7a)Xr = (St/(4, QUikQ,
Jq)sU(4,

4))/Za=

SU(4,4)/Z2x2 (cf. Theorem 3.4.5.(4)).(^(j*,
JQ))=pe^Ee(zE7

(Theorem

3.4.5.(4))).{E.r.^yr^rlryr^irXaYr (Theorem 4.4.5.(3))=(rr<r)'r.

Theorem 4.5.8. (1) (EH^y^(TXc)^=SU*(8)/Z2x2^(ur)Xr^(E7Cl^

(2) (EHl)yr^(zXcrcyr=SL(8, R)/Z2x2.

Proof. (1) h : SU*(8, CC)-^SU(8, Cc), h(A)=eA-eJtA-1/ where e=

-^-(1+zi), is an isomorphism, which satisfies h{rA)=―Jrh{A)J. Define $ :

SU*(8, CC)-+(£7C)^ by 0(A)=<p(h(A)). Now (£7(-28>)'r=(r)iMtvfc);r (Theorem

4.4.5.(1)). Let flG(r^)^, a=0G4), i4eSf/*(8, Cc). From zha^axh, we have

0(r.4)=^(i4). Thus£7(_BB));r~(T^);r=(S£/*(8)W(-M7)Sf/*(8))/Z2=S[7*(8)/Z8x2.

W-≪7)=rir).

£7C7)-(£7C)Tr=(^C)"r.

In fact, define 3 : 5pc -> gJc by

14-;
d{X, Y, f, 5?)=(£-1Z, eY, s^, t-'rj), £=-^y-

(see Proposition 4.4.2), which satisfies 82=c, dc=cd, dv―rd-1, dy―TS, 5e£7, then

(E1cyrE3a->8-1ad(E(E1cycr is an isomorphism. Now (ElW)ir~(u7)Xr=(TXc)Xr.

(2) £,(^(£,c)r^ (Theorem 4.4.5.(2))s(jB7c)^"'c

because T^Tc under 8^GtCiFiCLE6c:E1 : dy―Ycd, dc=cd, 8tX~tXd (Proposition

1.2.3). Note that 0 defined in (1) satisfies yc$(B)Yc--=$(JBJ), B(eSU*(8, Cc).

In fact, since hB=-J(hB)J and B=-JBJ,7c$(B)rc=rc<J>(hB)rc=<p(J(hB)J)=

<J>(hB)=0(B)^0(JBJ). Define y>: SL(8, C)-*(E7c)^ by 9>(i4)=0(/i4) where

/: SL(8, C)->S^*(8. Cc), f(A)=eA-eJAJ wheae e=i(l+≪) (Lemma 0.3).

Now let flG(t^c)Jr, a=<p(A), AeiSL(8, C). From r^rc≪=≪r^rc we have

<p(rA)=<p(A). Thus (,E:7C7))^~(r^rc)^=(5L(8, R)＼J(U)SL(8, R))/Z2=SL(8, R)/

Z2X2. (<p(il)=7a)-

4.6. Subgroups of tppe A^De of Lie groups of type £7

We define C-Iineartransformationsk, a of 5)3Cby

V

L ―KxX

v

k,X={Eu X)E1-4E1X(E1XX),
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= 0(0, Eu Eu

respectively. Their explicit

k(x, y, & ≫)=

IX

V

forms are

£1 *s

fi

=( 0

0

X2

Xi

0

2E1XY+7]E1＼

2E1XY+£E1

{Eu Y)

{Eu X) I

＼V2

°＼1V1

*i

L

0

£･

/

＼0

ys y

V2 y

Si v

7) 0 0 ＼

ft(X, Y, £, V)=( 0 r]3 -yi ,

0 ―Si f)i
I

0

―Si

2

i ,£,y)

3

0

-yi , -£, 5?)

-y*

|00

0 $3 -x1

0 -Xi £2

Lemma 4.6.1. kh~―iik

flu £i)

{K<T = 0tC ( tcX――XtC ( KL ―LK

ua―aa, ＼ul――Xu, [ uc= ―cu

We define subgroups (E7c)a ･'･'',((Efy-'-^ of (E7c)a by

(E,cy-'-f―(a, k, ft)= { ≪g(W Iiea=aie, [ta=ap }

{{E1cy-<<'t)El={.o, k, P)ltx

= {≪g(£?7'^ | a(0, Eu 0, l)=(0, £:, 0, 1)}

Their Lie algebras are given as follows.

Proposition 4.6.2. (1) (e,c)'={(?Ge,c I aO=^a }

= {0(0, A, B, v)£e,c | 0e(e6cy, A, B^R0)*, vgC}.

(2) (e?c)''^={0G(e,cr ＼k0=0k, u0=0u}

=0(0, A, B, v)£e,c
v=-|(^lf El)

I

(3) ((e/T'^^l^e^r^ | 0((O,Eu 0,l))=0}

= {R(6, A, ~2E1XA, 0)ee7cUee6c, 6E,=Q, A^{^c)a,{Ely A)=Q)
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Proof. (1) is easy and (3) is also easy under (2).

(2) Let 0-0(0, A, B, v)Ee,c satisfy k0-0k, p.0-0[i. Compare the tj-

term of k0P=0kP, P^{X, Y, £,r))^c, then

-(A,Y)=(A,k1Y), (B,X)=-(B,k1X), X,Y<b$c.

In particular,(A, E^―CB, £0=0. Next compare the 7?-term of u0P=0uP, then

(Eu $X)=-jv(Eu X), Ig3c.

Since 0e(eec)ff,we can put ^>E1=kE1, k^C (Lemma 3.6.1).Put X=EX in the

2
above, then we have k ――-^v. The converse follows from

Lemma 4.6.3. (1) // Ae(3c)ff, then k1(AxX)=k1Axk1X, ZgSc.

(2) // A<ee(3c),{Eu A)=0, then rxA=-A.

(3) // <f>^{t<?Y, then kx$=$kx.

(4) // A, B^Oc)a, (Eu A)=(EU fl)=O, then

ABX(E1XX)+(E1, X)A=AE1X(AXX)+(B> X)EU ZeSc.

For v(eC, we define a C-linear transformation <f>(v)of Sc by 0(v)=2v£1V£i,

that is,

Mv)X=

4&

v

x2

X3 Xi

"Z^2 iiX＼

-2x 2^3

=j(SX+XS), S=

2

0

0

0 0 ＼

0 -1/

(cf.Proposition3.6.5). Then 0(v)e(e6cr.

Proposition 4.6.4.(1) a1c={0(<p(v),aEu bEu v)ee7c ＼a,b,v^C} is a

Lie subalgebra of (zfY and is isomorphic to the Lie algebra §1(2,C)=

|DgM(2, C)|tr(Z>)=0}.

(2) (e7c)<T^a1cc(e7c)<;-K^(as Lie algebras).

Proof. (1) The correspondence

lv a ＼
§1(2,C)3 ―> R(<j>(v),aEu bEu vjea^

＼b -v)

gives an isomorphism as Lie algebras.

(2) The mapping <J>*: (e7c)<;-^a1cc(e7c)ff-ff-^

<p*(O($,A, B, v))=#(0(v'),aEu bEu v')+Q(<f>-<j>{v'),A-aEu B-bElf v-v')

where v'=-^v+―(Eu tfE,),a=(Eu A), b―{Eu B), gives an isomorphism of Lie

algebras.
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We define a 12-dimensiona! C-vector space (Vc)12 by

(Vrc)≫=($pc)e={P(=<$c | ^p-p }

= {(X, VtEu 0, n)e≪pc | ZeSc, 4£1x(£1xX)=I, J9x,oyeC }

0

=■( 0

o

0 0

& x

x £3

Vi 0 0

,000

0 0 0

,0,57)

&, &, 91, y^c

with the norm

(P, P)^{fiP, P}=xx-tes+M

and an 11-dimensionalC-vectorspace(Vc)n by

(vc)n={P<E(vcy21 px(o, eu o,i)=o}

= {{X, ~7]EU 0, rj)^c | Z ESC, 4E1X(E1XX)=X> ijgC}

0 0

& x

X £8

>

( -7? 0 0

0

0

0

0

0

0

＼

/

with the norm (P P),,=-^{fiP,P}=xx-^,-rj＼

Recall that the group

SpinQO, C)={aGEec＼ aE1=E1＼

acts transitively on the

Proposition 3.6.4),

0,v)

= {a^Eec |aa=aa, aE1=E1}d.E1c

9-dimensional complex sphere (Sc)9 (Lemma 3.6.3

(SC)9={(X, 0,0, 0)e$c | ZgSc, AE1x(E1xX)=X, (Eu X, X)=-2]

Lemma 4.6.5. For a^((E1cy-K-^1, a(0, -Elf 0,l)=(0, -Eu 0, 1) if and

only if ai=i and al=l. In particular,

{aeCCJS,0)*--"^ I a(0, -Eu 0, l)=(0, -Elt 0,l)}=S/tfn(10, C).

Proof. Let ae(ff, *, j≪)satisfy a(0, Eu 0,l)=(0, Elt 0, 1) and a(0, -Eu

0, l)=(0, -£?!,0,1). Then a＼=＼ and a^E^ And dl^apE^paE^ttE^

1. The proof of the inverse is similar.

Lemma 4.6.6. ((E7cy-''f)^./Spin(10, C)^(SC)10. /n particular, the group
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((E1cy-K-^ is connected.
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Proof ([14]). Put (Sc)10= {Pe(Fc)n |{P, P)p=l} (which is a 10-dimensional

complex sphere). The group (a, k, /i)gxacts on (Sc)10 (Lemma 4.1.2). We show

that this action is transitive. To prove this,it sufficesto show that any element

Pe(5c)10 can be transformed to (0, ―Eu 0,l)e(Sc)10. Now for a given

--q 0 0

＼,o

>V)(E(scr,

2J^l
v
(if Re(f,+f,)=O, then let

Re(&+£8)

a~~4J' OPeratea23(fl)=<a:2(a)≪3(A)=exp(^(0,a(Ez+Es), ―a(Ez+E3), 0))(Lemma

4.3.4)e(<y,k, p)ex (Proposition 4.6.2.(3))on P, then the real part of 57-term of

a2o,(a)Pis ―(£2+£3)sin2a―rjcos2a=0. Again choose b^R, 0<b^-r> SUC^ ^^

tan26^T2.I"l(l^).
(if Im(£2+e8)=0,

then b=^-＼ then the ^-term of a2s(b)a23(a)P
ImCfo+ts) ＼ 4/

is 0. Hence

P'=a2s(b)aMP^Sc)9.

Since Spin(10, C) (c(<r, k, [x)e^ acts transitively on (Sc)9 (Lemma 3.6.3), there

exists ft<^Spin(lQ,C) such that

RP'=(E2+ES, 0, 0, 0).

Operate again a2s(――J on it, then

a,,(-j)i8P'=(0, -Eu 0, 1)

This shows the transitivityof {a, k, /j.)ev The isotroty subgroup of (a, k, fi)^1

at (0, ―Eu 0, 1) is Spin(10, C) (Lemma 4.6.5). Thus we have the homemorphisrn

(a, k, u)^/Spin(X0, C)^(ScY°.

Proposition 4.6.7. (.(Efy-'-^E^Spinill, C).

Proof. Since the group {a, k, [i)%x is connected (Lemma 4.6.6), we can

define a homomorphism n :(a, k, fife^SOiXl, C)=SO((Vc)n) by n{a)=a ＼(Vc)u.

Ker7r={l, a}―Z2. Hence n induces a monomorphism drz : ((e7c)(7>/ri/')£1-^

§0(11,C). Since dimc((e7c)<r^^)£1)=45+10 (Lemma 4.6.2.(3))=55=dimcSo(ll, C),

dx is onto, hence % is also onto. Thus (a, k, u.)eJZz = SO0-1, C). Therefore



belongs to the group (£l7c)<7>Ki/i.

Proof. ([14]). For 0(v)=2vE1vE1(E(e6cy, vgC, 0(0(v), 0, 0,-2v)ge

(efy-'-r and j8(v)=exp#(0(v), 0, 0 -2v). Hence j8(v)e(≪r,*, j≪).

Lemma 4.6.9. (E^y-'-f/SptnO-l, C)^(Sc)n. In particular, the group

(£7C')<7'K""is connected.

Proof ([14]). Put (Sc)n={Ps(Fc)12 I(P, P){i=l } (which is an 11-dimen-

sional complex sphere). The group (a, k, p) acts on (Sc)n (Lemma 4.1.2). We

show that this action is transitive. To prove this,it sufficesto show that any

element Pe(Sc)n can be transformed to (0, Elt 0,l)e(Sc)u. For a given

2V£, e2vy)

B≫

0

P=( 0

0

, 0, t?)g(Sc)11

we shall show that there exists ≪£(<;,k, ft)such that aP^(.Sc)ia.

(1) Case rj^O, ^0. Choose vgeC such that ―e-2ur]1=e2!J7].Operate /3O)

of Lemma 4.6.8 on P, then /3(v)Pe(Sc)10.

(2) Case ^=0, 57^0, <?2^0. Operate a=exp0(O, E3> 0, 0)e(<r,≪,̂ ) on P,

then

≪/>=(*, &£,(), 17)

which is reduced to the case (1).

(3) Case 571=0, ^=£0,£3^0 is similar to the case (2).

(4) Case 57i=f2=^8=0, y^Q. Operate a=exp0(O, tF^x), 0, 0)eO, *, ft)

(t(ER) on P^F^x), 0, 0, ≫),then

0

X

:)
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{a, k, h)'e1is Spin(ll, C) as the universal covering group of 50(11, C).

Lemma 4.6.8. For veC, the mapping j3(y): $c^5j3c

(

={BVXBV, Bv-^YBv-＼ e~2v$,evri)
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≪/>=(*, -(2t+r]tz)E1, 0, 77)

which is reduced to the case (1) for some t^R.

(5) Case s^O, 77=0, £2^0. Operate a=exp0(O, 0, Et, 0)e(<r, k, ft) on P,

then

aP=(*, J7i£i,0,60

which is reduced to the case (1).

(6) Case ^i^O, 97=0, |3^0 is similar to the case (5).

(7) Case ^0, 57=0, ^2=^3=0. Operate ≪=exp0(O, 0, tF1(x),0)e(<r, /c,ft)

(t^R) on P=(Fx{x), 7]1E1>0, 0), then

≪P=(*, ^x^x, 0, 2t-Vlf)

which is reduced to the case (1) for some t<^R.

(8) Case 371=37=0. In this case Pe(5c)9cz(Sc)10.

Now since the group Spin(10, C)(d(a, tc,ft))acts transitively on (Sc)10 (Lemma

4.6.6), there exists ft(P-Spin(10,C) such that

BaP=(0,iEu 0, -i).

Operate again /3f―Je(<r, a:,ft)of Lemma 4.6.8 on it, then

/3(^)/3aP=(O, £>,(),1)

This shows the transitivity of {a, ic,pt). The isotropy subgroup of (a, k, pt) at

(0, Eu 0, 1) is Spin(ll, C) (Proposition 4.6.7). Thus we have the homeomorphism

(a, ic,u)/Stin(n, C)^(Sc)n.

Proposition 4.6.10. (E7cy-K-f^Spin(X2, C).

Proof. Since the group {a, tc,fi)is connected (Lemma 4.6.9),we can define

a homomorphism n: {a, k, pt)^S0{＼2, C)=5O((FC)12) by 7z(a)=a |(Vc)12. Ker

;r={l, a}=Z2. Since(e7c)<r-K'/'=46+10+10 (Lemma 4.6.2.(2))=66=dimc§o(12, C),

% is onto. Thus (a, k, fi)/Z2= SO{l2, C). Therefore {a, ic,fi)is Spin(12, C) as

the universal covering group of 50(12, C).

Proposition 4.6.11. The group E7C has a subgroup <j){SL{2,C)) which is

isomorphic to the group SL(2, C). Where <f>{A),A(=SL{2, C), is the C-linear

transformationof %c definedby

ftAXX,Y, $,ii)={X',Y', f, -n'),
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(*wn(*W'1

fxA /xA (XAJXA

Proof ([14]). The action of QiMv), aElf

(V '＼ If ＼3 ＼ / 8＼

yt'

)
＼yj

bEu

R(6(v), aEubEu v){X, Y,£, tj)=

-vJWW'I ＼b -v/W

v)^0

(X', Y',

Wr

(a,b, yeC) on ^c is

£', v')

f T)
lv>'＼lv a＼M (Xi'＼(n *a＼(x'＼(x''＼_(x''＼_l°＼
wn≫

-JU/'Uit* -JU'U"wi"loJ

Hence for A=expC! _a)eSL(2, C) we have <j>{A)=exv§(<f>{v)

6{SL{2, C))ge£7c

aEx, bEu v)e

Lemma 4.6.12. 0 : SL{2, C)-^E7C of Proposition 4.6.11 satisfies

T<f>{A)t=<f)(zA),mA)X-1=(P(tA-1), c^(A)r1=p^(A)p=^(IAI),

rMA)r=a'MA)<r'=ftA).

Theorem 4.6.13. (Efy=*(SL(2, C)xSpin(l2, C))/Z2,Z2={(£,l),(-£, -a)}.

Proof. We define <p: SL(2, C)xSpin(l2, C)->(£7c)ffby

Since the algebras af and (t7cy-lc-liare elementwisely commutative (Proposition

4.6.4.(2)),A^SL(2, C) and /3eS/wn(12, C) are commutative. Hence <pis a homo-

morphism. (^t0)"7is connected (Lemma 0.7) and dimc(e7c')<r=3+66 (Proposition

4.6.4.(2))=dimc(8l(2,C)c8o(12, C)), hence ^>is onto. Ker </>={(E, 1),(-E, -a)}

is easily obtained (0(―E){E0(SL{2, C)) coincides with ―a<=Spin(l2, C) (Proposi-

tion 4.6.11)). Thus we have the required isomorphism.

Theorem 4.6.14.(1) {E1Y^{SU{2)xSpin{l2))/Z^{TXaY^{Eu^Y

(2) (En.5,r^(TXar^(SU(2)xSpin(8, 4))/Z2.

Proof. (1) Let ≪G(£,)'=((£,c)d)5.By Theorem 4.6.13,thereexist A<=

SL(2, C), fH^SpinQ.2,C) such that a=$(A){i. From the conditionxXa=axX, we

have $(A)P = a = xXal~xx= x＼${A)$}rxx= xX^A)X~1xxXpX-1x= <f>{tlA^yxXpk^x
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(Lemma 4.6.12). Hence

＼
tXBX-1r=B

399

The latter case isimpossible because {ztA)A――E is false. Therefore (rtA)A=

E, that is, Az=SU(2)={ AglM(2, C) ＼(t1A)A=E, detA=l}. To determine the

group ((Er,cy-K-pyx=(a, tc,/j.)rX,consider an i2-vector space

F12=(^c)ff,^ = { Pg(Fc)12 I utXP=P }

0

={(0

0

0

5

X

0 V

x , 0

-t$ 0

0

0

0

0

0

0

0,D?) ig6, £,>?ec|

with the norm (P, P)fl=^-{ ftP, P} = xx+^{r^) + 7]{tr]). The group {a, k, fi)rZ

acts on F12. Since (a, k, [xyx is connected (Lemma 0.7), we can define a homo-

morphism x: (a, k, ft)Ti-^SOa2)=SO(Vn) by 7r(a)=a|712. Ker n={l, a }=Z2.

Since ((e7c)<7-K^)^ = { 0e(e,c)a'1''1 | r^=(Pr^ }= { ${<j>,A, -vA, v)ee7c | ^G(e6c)%

.Ae (5c)ff,(J5:lf>1) = 0, v = ―|(^i, Ex)} (Propositions 4. 3. 3.(1), 4. 6. 2. (2)),

dim((e7c)ff-K'^)--=46+20=66=dim§o(12), hence iz is onto. Hence {a, k, pt)rX/Zz^

SO(12). Therefore {a, tc,h)tX is Spin(12) as the universal covering group of

50(12). Thus (E7y=4>{SU(2)xSpin{12))=(SU(2)xSpina2))/Z2. En-b,=(E7cy^

^(E7cy*a (Theorem 4.4.5.(3)) and (En-^y^(rXa)a=(,TXy.

(2) £7C_5)= (£7C)^' (Theorem 4.4.5.(3))=(E7cy*<"

because o-^o' under 8^FicEGCiE1 : da=a'd, dvX=zXd (Proposition 2.2.3). Let

a g {via')", a = ^(^l)^, ^ eSL(2, C), fi<=Spin(l2, C). From xXa'a=axXa', we

have ^(rti4-1)r^/j8a/^-1r=^(i4)j9. As similar to (1), A^SU(2). To determine

the group ((E1cy-K^)zXat=(a, k, ptyXa>, consider an 12-vector space

F8'4=(5pck≪r/iff'-{Pe(Fc)12|^(rT-P}

0

={(0

0

0

IX

0

ix

IV

0

＼

o

0

0

0

0

0

0

0, T1)} XGg, £,3?GC|

with the norm (P, P)M = -^{ftP, P} = -xx+£(t£)+t}(tji). The group {a, k, p)xU>

acts on Vs-4. Since the group (a, k, n)rXa' is connected (Lemma 0.7), we can

define a homomorphism tz: (a, k, fiyXo'-^O(8, 4)0=O(F8>4)0 with Ker n = {l, a}
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=Z2. Since dim((e7c)<7^/O^<;'=66==dim§o(8,4), n is onto. Therefore {a, tc,fi)tXa'

is denoted by spin(8,4) (not simply connected) as a double covering group of

0(8, 4)0. Thus (EH-vy~(TZa'y = (SU(2)Xspin(8, 4))/Z2.

Theorem 4.6.15. (E7(7))ff~ {rhp)a ^ (SU(2) x spin*(12))/Z2 =s(tv^/d)* ~

(£"7(;_25))<7-

Proof. £7(7)= (£7c)t^ (Theorem 4.4.5.(2))^(£7C)T^^

because y^p under 8^E6(ZE1 : 8y=pd, dc=cd, 8tX=t/18 (Proposition 3.2.3). Let

a^((E7cyupy, a=<j>{A)fi,A^SL(2, C), ^Spin(l2, C). From thpa^azkp, we

have <p(ztA-1)zfopPpr1X-1T=0(A)p. Hence

TtA~1 = -A

zXcp8r1X-1T=-(jp

The latter case is impossible (cf. Theorem 4.6.14). Therefore

determine the group ((E1cY-*-'iyi'P= (<T,k, u)TXtp, consider a

A<=SU(2). To

C-vector space

(yc)12=Wc)t with the norms (P, P)[1=^{[iP, P } and <P, P),cp = i{zXcpP, P}

The explicitform of <P, P>iipt P=^iEi+^sEa+F1(x), ^E,, 0, r))^{VcY＼ is

<P, P>j,,=(r&)£s-(r£8)fs-2(wrjc, x)-^)^^)-*).

As in Theorem 3.6.10, by the coordinate transformation

$i=Si-＼-isz,s= ―Si-＼-isz,r?i= s3+/s4, 7?= s3―fs4,

we have (P, f%=(s, x)e( S), <P, PyXtp=(TS, tx)s( S ) where s=(s1} s2, ss, s4)

and S=―2z/eM(12, C). This shows that we have an isomorphism

{≪eIsoc((Fc)12) I(aP, aP)tt=(Pf P),, <aP, aP>Xcp = <P, P},:p}

= { A<=M (12, C) |lAA=E, JA=(tA)J }=O*(12)=O*((FC)12).

Since the group (a, k, [x)tXipis connected, we can define a homomorphism k:

(a, k, ftyitP->SO*(12)=O*(12)0 by ic(a)= a ＼(Vc)12. Ker tt= {1, a } = Z2. As

similar to Theorem 4.6.14,(a, tc,̂ )r^V^2=SO*(12). Therefore (o, k, pt)TXcpis

denoted by spin*(l2) (not simply connected) as a double covering group of

SO*(12). Thus (r^lo)<7^(St/(2)Xs^n*(12))/Z2.

En.2v~(E7cyXc° (Theorem 4.4.5.(3))=(E^^

because o^yp under 5e£6c£7 : <5cr= r^, 5r^=r^5 (Proposition 3.2.3). Let

a^(E7c)rXcrP, cc=$(A)p, A^SL(2, C), fi^Spin(12, C). From arXcTp=TJU7pa, we

haverf(T'^-1)r^rpj8/o?'f"^"1f=^(^)i8. As similar to (1),^.eSf/(2). To determine
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the group (a, k, p)zXcrp, consider a C-vector space (Fc)12=(S|Bc)e with norms

(P, P)? and <P, Pyitrp which is

i{rXcypP, P }={z^2)^-{T^s-2{iirrx, x^iTTj^+friq)].

Since / and ―/ are conjugate in 0(2), by a suitable coordinate transformation,

<P, P>^rp=(rs, rx')s(S/), therefore we have (o, k, pY*'" = spin*(12) (cf

Theorem 3.6.10). Thus (TXeTpY^(SU(2)Xspin*(12))/Zi.

Teeorem 4.6.16. (1) (£7(7)r^(SL(2, R)Xspin(6, 6))/Z2x2.

(2) (£7C_25))*s(SL(2,R)Xspin(2, 10))/Z2.

Proof. (1) Let as=(E7Wy=(TrY, a=$(A)p, A<=SL(2, C), p^Spin(l2, C).

From TTa=ary, we have ^{rA)Ty^yz-―^>{A)^. Hence we have

f tA=A ( tA=~A
＼ or

1
I rypyr=p {Typyz^-op.

In the firatcase, A^SL(2, R). To determine the group ((JE7c)<T-fi'T=(<r,k, fjt)rr,

consider an 12-vector space

V*-s=($c)K,rr= {P(E(Vc)n | tyP=P }

0

{(･

0

0 0

& x

x' £

1

V

' , o

3 0

0

0

0

0

0/

N|x'e≪S%=<S'
,

with the norm (P, P)M = ^- {fj.P, P )― %'x'―£2£s+^i^. As similar to Theorem

4.6.14, the group {a, ic,fi)rr is connected and (a, tc,fJt)rr/Z2^0(6, 6)0=O(F6-e)0.

Therefore (a, k, p)TT is denoted by spin(6, 6) (not simply connected) as a double

covering group of 0(6, 6)0. We consider the latter case. peGEec(ZE7c of

Theorem 3.4.5.(4)) satisfies ape―pea,Kpe=zpeic,^Pe==-~Pe^, hence l=Vacpe

satisfies ol―la, kI=Ik, lfi={tl (Lemma 4.6.1), that is, l<^(a, k, p)―Spin(l2, C)

and / satisfies tflrt= ―oL (The explicit form of / is

z£i ex%2 ―iex2＼ j―if]i eyze iey2＼

1{X, Y, £, iq)={ ex3e ―ig2 exx , eyse itjs eyx L ― z$, if]})

ix2e ―xx2 igs
I ＼―iyze

―yi& ―iyJ

Hence we can put A=(iI)B, B^SL{2, C), P=lfi', /3'es/>m(6,6). Thus {ElW)a

s(SL(2, R)xspin(6, 6)VJ(iI)SL(2, R)Xlspin(6, 6))/Z2 = (SL(2, R)Xspin(6, 6))/Z2
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x2. (<f>(ii,iy-=Pe).

(2) Let ≪<=(£,£_,))'=(*■)*,a = 004)0, ^e5L(2, C), /3e S/>zn(12, C). From

Ta―a.T, we have ^(tA)t^t=^(A)^. Hence we have

f rA―A f xA--A
＼ or

1

In the firstcase, AeeSL(2, R). To determine the group ((£7cr-^)r=(<y, *, /i)r

consider an j?-vector space

v2-io=wc)r ,=<FG(n121 tp=p ＼

0 0 0)?

=
{(
0 £2 x , 0

0 x 6s 0

0

0

0

0

0

0
£*,̂ 3, Vi, )?eJr

with the norm (P, P)fi=^r{ pP, P }= xx―Izfs+^i^. As similar to (1), the

group (a, k, [t)Tis connected and (er,k, p)T/Z&0(2, 10)0=O(F2-10)0. Therefore

(a, k,(i)Tis denoted by spin(2,10) (not simply connected) as a double covering

group of 0(2, 10)0. The latter case is impossible. In fact, since /3acts on

F2-10,/3induces a matrix B^M{12, C) such that vB=-B, lBhB=I2. Put B=

iB', B'^M{12, R), then tB'I2Bf=―h, which is false because the signature of

both sides are different. Thus (£7(_25))<7=(5L(2,R)Xsptn(2, 10))/Z2.

We define a subgroup SL,{2, R) of SL(2, C) by {,4eSL(2, C) |TtA~l=IAI}.

Lemma 4.6.17. SL,(2, R)^SL(2, R).

Proof. The correspondence SLX{2, R)'BA^rAr-1eiSL(2> R) where F =

~~~77r(■ 1) gives an isomorphism. (Note
r(H)r~1=J).

V Z ＼2 1/

Theorem 4.6.18. (Eu.5,y^(zXrpy=(SL(2> R)xspin*(12))/Ztx2.

Proof. E7^ = {E7crXa (Theorem 4.4.5.(3))^(£7C)^

because a^jp under d^E6CLE7 : 8a=fpa, 8tX=tX8 (Proposition3.2.3).Let a(E

{zlrpY, a=$(A)P, A^SL{2, C), j8eS/≫n(12,C). From rXrpa=arXrp, we have

6(PA-11)vXy'pBprl^t-AiA)^. Hence we have

PA-lI=-A

In the firstcase, A(eSLi(2, R). To determine the group (or,k, u)TXrp, consider
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the C-vector space (VC)12=C$C)K with the norms (P, P)M and

403

as is seen in Theorem 4.4.15. Hence (a, k, uyXrp=spin*(12) (cf. Thoerem 3.6.10).

We consider the second case. ai=a/-~-j=exp0K), y-Ei, ~"o"^i≫o) (Lemma

4.3.4) satisfiesaax~axa, Ka1=―a1K, [ia.i――a1pL,hence li=Tctei satisifesolx―

hot K,li=lXK,ph ―hp (Lemma 4.6.1), that is, h^{a, k, fi)=Sptn(12, C) and lx

satisfieszXYplipTA-1z=―ol1. (The explicit form of lx is

h(X. Y, $, 7))=

Tc

£ Tcys ycyi ＼

ys Is ―TcXi

y% ―fcXi $2
I

―7) ―Ycxs ―Tcx2

-TcXs f)z ―Tcyi

-Tcx2 ―TcSi Va

,-&,-?l))

Hence we can put A=(iI)B, B^SL1(2, R), ]9=/1j8/,j8'es/≪n*(12).Thus {zXypY

^(SLtf, R)xspin*{l2)＼J(jI)SLl{2,R)Xllspin*(X2))/Zi^(SL(2,R)Xspin*(l2))/Z2

X2 (Lemma 4.6.17).(The explicitform of <p(il,h) is

icSi
)

Appendix

The Cartan decompositions of the exceptional universal linear Lie groups

of type E7 are given as follows.

E-,: simply connected compact Lie group of type E7,

£7C-£7XJ2133,

ElW=zSU(&)/ZtxRn,

£7(-5)- (SU(2) X Spin(X2))/Z2 X i264,

E^^iumxEsyZzXR .
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