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REALIZATIONS OF INVOLUTIVE AUTOMORPHISMS
¢ AND G° OF EXCEPTIONAL LINEAR
LIE GROUPS G, PART II, G=E;

By

Ichiro YOKOTA

M. Berger [1] classified involutive automorphisms ¢ of simple Lie algebras
g and determined the type of the subalgebras g’ of fixed points. In the preced-
ing paper [Y], we found involutive automorphisms ¢ and realized the subgroups
G’ of fixed points explicity for the connected exceptional universal linear Lie
groups G of type G,, F, and E,. In this paper we consider the case of type
E,. Our results are as follows.

G’ g
E[° (C*XE)/ Z, ¢
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(SL2, C)xSpin(12, C))/ Z. c
E° E, T
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SU2, 6)/Z, Ay

SU@, 4)/ Zyx2 ar

(SUQ2)yx Spin(12))/ Z, G

(SU2)xspin(8, 4))/ Z. g

(SU@2, R)xspin*(12))/ Z, <2 g
E.° Eqc-m T tdt TAO TAYP
Eqc-25 (R*X Egc-20) X2 4

(U)X Ee)/ Zs ¢

U)X Esc-10)/ Zs 4

SU2, 6)/Z, Ar

SUX@8)/Z, Ay

(SL(2, R)yxspin(2, 10))/ Z, g

(SU@2)x spin*(12))/ Z, g

This paper is a continuation of [Y] and we use the same notations as [Y].
So the numbering of sections and theorems starts from 4.1 and 4.1.1, respectively.

Group F,
4.1. The Freudenthal vector space and the complex Lie group E.°
We define a C-vector space B, called the Freudenthal C-vector space, by

B=IJ°DI°DCDC.

of B is often denoted by (X, Y, &, %), sometimes X +Y +£-+7.

X
An element )g

Ui
In ¢, the inner products (P, Q) {P, Q} are defined by

(P, O)y=(X, Z)+¥, W)+&(+ro,

respectively, where P=(X,Y, &, 3), Q=(Z, W, {, )= B°.
For gc=e., A, B=3% veC, we definea C-linear transformation @(¢, 4, B, v)
of BC by

1
—=y 2B 0 A

X 973 X

B(g, A, B, ) g —| 24 —‘¢+%» B 0 i:

7 0 4 v 0 |\7
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¢X——é—uX+ZB XY 494

—| 2AX X9V +5uV +£B .

(A, Y)+ué
(B, X)—vy

For P=(X, Y, &, ), Q=(Z, W, {, ®)=P°, wedefinea C-linear transformation
PxQ of B¢ by

¢=—%(XVW+Z\/Y),

Az—i—(ZYXW—éZ—CX),

PxQ=9(¢, A, B, v), .
B=Z@XXZ—7W-aY),

v=5((X, W)H(Z, V)~ 3(E0+Ln)

where XVvYeel, X, Y3 is defined by

(X\/Y)Z:%(Y, Z)X—i—%(X, Y)Z-2Y X(XXZ), ze3°.

LeMMA 4.1.1. (PX Q)P—(PXP)Q-{—%{P, Q}P=0, P, Q=%°.

Proor. It is obtained by the straight calculations.

The simply connected complex Lie group E.° of type E; is obtained ([10],
[117) as

E.°={aclsoc(P°) | a(PXQ)a'=aPxa@Q}.
LEMMA 4.1.2. {aP, aQ}={P, Q} for acE;°, P, Q=PB°.
Proor. {aP, aQ}aP:%((aPXaP)aQ—(aPXaQ)aP) (Lemma 4.1.1)

:%(a(PxP)Q—a(Px 0)P)={P. Q}aP.

Hence we have {aP, aQ}={P, Q}.
The Lie algebra e,° of the group E,° is given as follows.
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ProprosITION 4.1.3 ([97).
e.C={0(¢, A, B, v)} €Hom(P°, P°)|g=e’, A, BEIC, veC}.
The Lie brabket [@,, @,] in ,C is given by
[@(¢1, Al, Bl, Vx), @(¢2, Az, Bz, Vz)]:@(fé, A, B, U),

¢:[¢1, ¢2]+2A1\/Bz_2/12\/31,

2 2
A=(¢1+§U1)Az‘<¢z+—3—vz)A1 ’

B'—_—(t¢1+—§‘111>32+(t¢2+%142)31 ’

v Z(Au Bz)—(Bl; A2)-

4.2. Involutions of Lie group E,°

We arrange here main involutions used in this chapter E,. We defines C-
linear transformations 7, g, ¢, ; of ¢ by

XY, & n=0X71Y,¢ 1),
G(X’ Y} E; n):(er O-Yy ‘E: 77)’

respectively, where 7, ¢ of the right sides are the same ones as y=G,°CF,CE,°,
c=F,°CE,°,
‘(X; Y; 'Ey ﬂ):(_ZX) Z.)/y —ZE) 27])7

'ZJ(X: }77 E’ ﬂ):(Y, —Xy )77 —E)

Then 7, o, ¢, 2, E,° and r*=0¢%=1, *=2,2=—1. The complex conjugation in
B¢ is denoted by 7:

(X, Y, § =X, Y, &, ).
These linear transformations 7, @, ¢, 4;, 7 of B induce involutive automorphisms
7, 6,70, 0y, % of E.°:

Ha)=rar, &la)y=cac, 7(a)=ctac?,

_ asE.°.
AJfa)y=2;a;7", #Ha)=rtar,
We define one more involutive automorphism 2 of E,° by
Aa)=ta™?, ac=E°

where ‘o is the transpose of a with respect to the inmer product (P, Q):
(taP, Q)=(P, a@Q). A is surely an automorphism of E,° (see Proposition 4.2.1).
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PROOSITION 4.2.1. A(a)=A;ald;™, acE,°.

ProoF. The inner products (P, Q), {P, @} in RC are related with
{Pr Q}:(PI ZJQ)z_(zJP» Q)'
Now (P, 2;Q)={P, Q}={aP, aQ} (Lemma 4.1.2)=(aP, ,;aQ)=(P, ‘al;aQ) for

P, Q=PB°. Hence A,='alsa, that is, ‘a™*=A,al;™".

REMARK. The group E,° has a subgroup E,° (see Proposition 4.4.1) and
the restriction of A to E,° is the outer automorphism A of E ¢ (Theorem
3.3.1.(1)). Since E,° has no outer automorphism, A should be inner. Proposition
4.2.1 shows that 1 is realized by A;: A=1,. After this, we denote A, by 2 in
the sense of Proposition 4.2.1:

A=,

LEMMA 4.2.2. The involutive automorphisms of e,° induced by 7,0,¢, 2, T
are, respectively, as follows.

19(9, A, B, yr=0(r¢r, 1A, 1B, 1),
d@(¢, A, B,vie=0(a¢o, dA, dB, v),
(D(p, A, B, v)'=0(p, —A, —B, v),
20(p, A, B, )i '=0(—'¢, —B, — A, —),
t@(d. A, B, vyr=0(zr¢r, tA, B, v).

4.3. Lie groups of type E,

We define R-vector spaces P, P’, called the Freudenthal R-vector spaces,
by »
B=I(3, €)DIE, ODEDR,

P'=I3, €)DIG, ¢ )YDRDE.
The universal linear connected Lie groups of type E, are obtained as
E.°={aclso(B°) | a(PXQ)a'=aPxaQ},
E,={a<ls0:(B°) | a(PXQ)a'=aPXxaQ, {aP, a@Q>=<(P, Q>},
E.v={a<Isop(B") | a(PXQ)a '=aPxXaQ},
Eio5y={a<sIs0c(BO) | a(PX Q)a'=aPXxaQ, {aP, aQ>,=<{P, Q>;},
E.s={a<Isor(P) | a(PXQ)a'=aPxaQ}
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where <P, Q>=(cP, Q)=—{74P, Q}, <P, @>,=(c7P, Q)=—{tarP, Q}, P, Q=R°.
E.°, E, are simply connected (see Appendix). Note that each group of them
has the center {1, -—1}.

LamMMa 4.3.1. (B).=%B, (B),=P .
THEOREM 4.3.2. (E,©)*=E,, (E-rc)rxgEHv), (E';C)rM:E'I(—s), (E9)=Eqc-25.

PROOF. As for E;uy, E;c-2p, these are direct results of Lemma 4.3.1. E,,
E,5 are nothing but their definitons (Lemm 4.1.2).

Remark that 7, ¢, ¢, A& E,. The Lie algebras of these groups are given as
follows.

PROPOSITION 4.3.3.
Q) e,={D=e,C | 7AD=0D7i}

={D(d, A, —1A,v)Ee,° | p=(e;°)*, A=I®, v=—-11}.
2) exn={0=e,°|t70=07r}

={0(g, A, B, v)=e,® | ¢=(e5)7, A=I3, €'), veR}.
3) ex-n={0c=e, | zAyd=07ir}

={D(p, A, —17A, v)Ee;,° | g=(e°) %, A=, y=—1v}.
@) eyn={Pce,C |t0=07}

={0(¢p, 4, B,v)=e,% | g=(e°), A, B€3(3, €), veR}.

PrOOF. These follow from Lemma 4.2.2.

LEMMA 4.3.4. For 0+a<=C, the mapping a(a): P°—->P°, =1, 2, 3,

14(cos|a|—1)p; _ZMSlnlalEi 0 asm!al i
lal lal
2as‘fa'f'Ei 1+(cos|a| —1)p: ‘T‘ZsuﬂlflEi 0
aa)= )
0 sxn|a|Ei cos|a| 0
lal
__ sin|a] E, 0 0 coslal
le]

belongs to E,, where |a|=+'(ta)a and p; : P —BC is defined by p(X)=(X,



Realizations of involutive automorphisms 385
EDE+H4E X(E;XX). ay(a), axb), aic) (a, b, ccC) commute mutually.

PROOF. For @,(a)=9(0, aE;, —7aE,, 0)Ee,, we have a,(a)=exp O;(a). Hence
a,(@)=E,. Since [Dya), D;b)]=0, a;(a) and a,(b) are commutative.

PROPOSITION 4.3.5. (1) ¢ and A are conjugate in E,: 6t=A40, moreover under
8 E, such that dy=7d, dc=ad.

(2) ¢ and —to are conjugate in E,: 8c=—t0d, moreover under 0cE, such
that 6A=29, 6t=1d, y=yd, do=00.

(3) 7 and —o are conjugate in E,: 8y=—a0, 6 E,.

ProoF. (1) 5=exp(l7(0, —ZZ—E, %E, 0) is the required one <5=a1(-22-—)

az(iTn>a3(—i-f—) (Lemma 4.3.4)). The explicit form of 3 is

—(tr(X)E—-2X)+i(t(Y)E—-2Y)—EE+inE

X
3 Y _ 1, tr(X)E—2X)—(tr(Y)E—-2Y)+i6E—nE
g | V8 —tr(X)+itr(Y)+E—in

7

itr(X)—tr(Y)—ié+n

T T . . b
(2) o0=exp @(O, —Z—El, ——Z—E L O) is the required one (5-a1(7> (Lemma 4.3.4)).
(3) The proof will be given in 4.5.6.

4.4. Subgroups of type CDE, of Lie groups of type E;

We consider a subgroup (E;%)i,;={0€E;°| ¢i=1, al=1} of E.°.
PROPOSITION 4.4.1. (E;%); =E°.

ProOF. ([10]). For BcE°, we correspond ac E.°,
a(X, Y, & n=(BX, *BY, & 1)

for (X,Y, & )R, (It is easy to verify a=(E;%)i ). Conversely let ac
(E:%);i,;. By the condition al=1, al=1, @ has the form

B ¢ 0 0
6 B 0 0
a= s B, B, 8, e=Homc(B¢, B°).
0 0 1 0
0 0 0 1

In fact, the fact that the left bottom parts are 0 follows from {aX, I}={aX, al}
={X, 1}=0, {aX, 1}={aX, al}={X,1})=0 and {aY,Il}={aY,1}=0 for all
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X, Ye3° To prove d=¢=0, define a space M by
M= { PEPC | Px P=0, P+0}
XVY =0, XX X=¢£Y, }

=[P=(X, Y, & 1), P+0
{P=x. 7.8 leY:yX,(X,Y):%n

Obviously the group E.° acts on MC. Since (X, %XXX, %—det){, 19)69)20,

(5X+%6<X xX), 6X+317‘ﬂ’<X XX), 5 det X, p)<me.

1
7
Hence by the second condition in M°,
1 1 1.,
(ﬁX—k;e(XxX))x(ﬁXqL;e(Xx X))_n(6X+—77—/3 (Xx X))

holds for all 0#»=C. Compare the coefficients of 7, then we have §=0.

Similarly, by (é(YXY), Y, & ?det Y)eimc, we have e¢=0. Next, by the
condition a(X, XXX, det X, )=(8X, B/ (Xx X), det X, )eMC,
BAXBX=B(XxX), (BX, B/(XXxX))=3detX.

Hence 3det BX=(BX, BXXBX)=(BX, B/ (XX X))=3 det X. Therefore BeE~.
Furthermore, in /(XX X)=BXXBX='F-"(XxX), put XXX instead of X, then
(det X)B’X=(det X)'8-'X, hence we have f'X='8"1X, X3¢ (even if det X=0,
because {X=3J°|detX=+0} is dense in °). Therefore B’=*B-*. Thus the
proof of Proposition 4.4.1 is completed.

PROPOSITION 4.4.2. (E,°)* has a subgroup H(CH={g(8)]| 6= C*} which is
isomorphic to the group C*=C—{0}. Where ¢(6), 6= C*, is the C-linear trans-
formation of BC defined by

#O)X, Y, & n)=(6"'X, 0, 0%, 6-*y).
PROOF. It is easy to verify that ¢(8)=(E,°)".
LEMMA 4.43. ¢ : C*—(E;°) of Proposition 4.4.2 satisfies

@ (Or=4(z0), 26(0)3=¢(0"), r1¢(O)r=0¢(0)0=6(0).

THEOREM 4.4.4. (E.°)=(C*XE )/ Z,, Z,={(1,1), (¢(w), p(@?)), ($(@?), d(w)},
wel, 0*=1, w+#1.

PROOF. We define a mapping ¢ : C*X E® —(E,°) by
(6, B)y=¢(8)B.
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Obviously ¢(8, B)(E,°). Since ¢(8)=¢(C*) and B E° are commutative, ¢
is a homomorphism. Ker¢={(1, 1), (¢(w), $(@*), (¢(*), ¢(w))}=Z, is easily
obtained. (E,°)* is connected (Lemma 0.7) and dim¢(c*@Pe,")=1+78=dimc(e:°)"
(because (e,°)'={®(p, 0,0, )| ¢=e’, v=C} (Lemma 4.2.2)), hence ¢ is onto.
Thus we have the required isomorphism.

THEOREM 4.4.5. (1) (E)'=WUQA)XE&/Z:=(th) ~(Eqc-25)".
(2) (E7(—5))(E(U(1)XEs(z))/ng(TZCT)[""(ENw)[-
B) (Eqee)'~rAo) =(U)X Eg-10)/ Z3=2(thea) ~(Eq-55) .

Proor. (1) Let as(E.)={E.°F*)‘=(rd)'. By Theorem 4.4.4, there exist
6=C*, B=E,° such that a=¢(#)B. From the condition ria=ard, we have
#(0)B=a=tiai t=r2()A 'trABA 't=¢(r0 ")rABA 'c (Lemma 4.4.3). Hence

{ #(z0)=¢(6) { oz )=¢(0)d(w) { P )=d(0)p(w®)
or
AP 't=0, TABA T =¢(0*)P AP r=¢d(w)B.
The second and the third cases are impossible, because (r0)0=0’, w are false.

In the first case, (r6)8=1, that is, 0cUL)={0=C|(c0)§=1} and B=(E )
=E, (Theorem 3.2.2). Thus (E,)'=¢UQV)XE)=UW)XEy)/Z,.

E7(—25):(E70)Tz(E7c)fh .

In fact, since ¢~ under d<E,: d:=20, 0tAi=7Aid (Proposition 4.3.5), (E°y>
a—d-lad=(E, )4 gives an isomorphism. Now (Eqc-z5)~(td)'=(r4)".

(2) Let asS(Eq -5)=(Tar), a=¢(0)8, f=C*, B=E,.  As similar to (1),
6cUQ), BE(EL)=FE;q (Theorem 3.2.2). Thus (Erc-25)Z U)X Egr)/ Zs.

E7(7):(E7C)TT§(E7C)M[T .

In fact, since ¢~ under 8€E,: =23, drA=72d, 0y=rd (Proposition 4.3.5),
(E.S)yTsa— 0 'ad=(E°)** gives an isomorphism. Now (E;c) ~(zA7) =(z47)".

(3) E7(-5):(E7C)TME(E7C)HG

because y~—oc under O0€E,:dr=—0d, 0tA=7i6 (Proposition 4.3.5). Let
as((ELLy20) =(tlo), a=@(0)B, 0=C*, B=EL.  As similar to (1), 0<U(),
BE(ESY*=Ey 1 (Theorem 3.2.2). Thus (Eqcom) ~(tAo)y 2U WX Eg1n) Zs.

Eqcoan = (EC)# (result of (1)=(E°)y 4
because ¢(~—tg under d&E,: dt=—¢od, 6tA=tAd (Proposition 4.3.5). Now

(Eiqoasy) ~(theo) =(zha)".

THEOREM 4.4.6. (1) (E:m) Z(RBT*X Es ) X2.
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(2) (Eqcoo) =(RYX Egcz) X 2.

PrOOF. (1) Let a€(Eq5) =(7), a=¢(0)B, = C*, B E, (Theorem 4.4.4).
From tra=ary, we have ¢(r@)ryBrr=¢(0)f (Lemma 4.4.3). Hence
{ (z0)=¢(8) { $(r0)=0(6)p(w) { (r0)=¢(0)p(w*)
or
t7BrT=8, 7 Bre=¢(0*)p Ty Bre=¢(w)g.

In the first case 76=4@, that is, 6=R and BE(E,)"=F.s (Theorem 3.2.2).
In the second case, we can put 0==0'w, 0'cR, f=¢(@*)f’, p'=(EL ). Hence
d(0)B=¢(0")B' S(R*X Ey»). The third case is similar to the second case.
Thus (E;0) =¢(R*XEq»). The kernal of the restriction ¢ to R*X Eg is
{1}. Thus (E;) 2 R*X Egey=R*"X E4e\U(—1)R* X E¢, (exactly—1 (which is
element of the center of E,y) eXists in E;q)=(R*X Es)X2.

(2) Since we know (E.°)}=Fg-s (Theorem 3.2.2), as similar to (1),
(Ereen)' =@)' =) 2 R*X Eg-26=(R* X Eg¢-26)) X 2.

4.5. Subgroups of type A, of Lie groups of type E,
LEMMA 4.5.1. Any element DE8u(8, C°) is uniquely expressed by
D=Fk(S)+ik(T), Seap, H), Te34, H),.

PROOF. For Degu(8, C°), S:%k"(D—]E]), Tz—z%l.—k“(D-#]Ej) are the
required ones.
Recall the C-linear isomorphism g : °=3(@3, HOEH)?, gM+a)=
ltr(M) a
2 1 which is used to define the homomorphism ¢ :
ia* M*itr(M)E

Spd, H®) — (EOHY, (A X=g*(A(gX)A*), X=J° (Theorem 3.4.2). The differ-
ential of ¢ is denoted by ¢y : 8p(4, HC)— (e,5)%7, ¢4(S)X=g""(S(gX)+(gX)S®),
Xey°.
PROPOSITION 4.5.2. (e.)={@ce,C | Ay0=DAr}
={0(g, A, =74, 0)ce,f | g=(e,5)Y, AcIC}
={ O(P(S), g (T), —rg~(T), O)=e,C | S=8p4, H®), T=I4, H®), }
We define a C-vector space &(8, C) by
&6, O)={QeM®B, C)|'Q=—0}
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and consider its complexification &(8, C)°. Now define a C-linear isomorphism
1. PC—>&(8, C)° by

XX, Y, & =(k(eX—SE)) +i(k(eGV)—LE))] .

THEOREM 4.5.3 (E.5*=SL(8, C)/Z,, Z,={E, —E}.

Proor. We define ¢ : SU(8, C°)—(E:©)* by
P(A)P=L'(AQXP)A), P=pe.

First we have to prove ¢(A)e(E,°). To prove this, for the differential
d¢ : 80(8, CO) — (e, of ¢, dP(D)P=X""(DLP)+@AP)'D), PEP®, it suffices to
show d¢(D)<(e,%)* (Lemma 0.6).

(1) For D=Fk(S), Scapi, HC), (P=(X, Y, & n<P°)

x(d(R(S)P)=k(SYAP)+AP) k(S)
- k(S(gX~~§—E>) j+ik<S<g(rY)—%E)) T+ k((gX—-‘g—E)s*) T

+ik((gar)—2E)S*)]
=k(S(gX)+(@X)S®J+ik(S(grY N+(gFYNSHJ
=k(g(P(S)X )] +ik(@(P+(S)TYM] =UP+(S)X, 1:(SY, 0, 0))
=D (P«(S), 0,0, 0)(X, Y, &, ).

Hence d(S)=B(¢«(S), 0, 0, 0)=(e6)™.
() For D=ik(T), T34, HO),, (Put A=g {(T)&(3%1,)

X(dpEk(T)P)=ik(T)AP)+XP)i*k(T)
:ik(T(gX—%E)) J— k(T(g(rY)—gE)) ]+ik((gX— éE)T) 7
7
—k((ea)—4E)T)]
= k(= T(@UY ) —(gUY )T +7T)]+ik(T(@X)+@X)T —€T)]
=k(—2gA-g(Y)+ngA) ] +ikQ2gA-gX—EgA)]
— K28 AXY )~ (A, VIE+ g A)] +ikGer AXTX)+3 (A, XE

—£gA)J (Lemma 3.4.1)
=X(—2rAXY +79A, 2AxX—E&7A, (A,Y), (=74, X))
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=000, 4, —74, 00X, Y, & 7).

Hence d¢(ik(T)=0(0, A, —71A, 0)=(e,°)*7.
Thus we see that the mapping ¢ : SU(8, C¢) —(E,°)*" is well-defined. Since
(E;%)* is connected (Lemma 0.7) and dim¢(e,®)*7=36--27 (Proposition 4.5.2)=63
=dim¢(8u(8, C°)), ¢ is onto. Ker¢={E, —E}=2Z, Thus we have the isomor-
phism (E,©)7=SU(8, C¢)/Z,=SL(8, C)/Z,.

LEMMA 4.5.4. ¢ : SU8, C°) — E,° satisfies

1) r=¢y), Te=¢()), Ta=¢CI), o=¢(l)), —a=¢(lL).

@) rrp(Are=P(xA), 1Pp(Ar=2p(AA"'=HLAL), od(A)o=¢(AL),
TePp(Are=¢(JA]), (A =¢(JA]).

PROOF. We shall give the proof only the last formula of (2). Since k(x)=
—Jr(x)], xH, we have X(P)=iJX(P)J, PERC. Now X(ep(A)'P)=
iJUP(A) T P) =i JAN(— Py AJ=—iJAiJI(P)J* A]=JAJUP) J* A J=X(( JA])P).

THEOREM 4.5.5. (1) (E.)*=SU(8)/ Z,=(E)*.
(2) (E7(—25>)“;SU(2: 6)/Z2E(E7<—5))27-

PROOF. (1) Let as(E ) 7=, a=¢(A), AcSU(8, C°) (Theorem 4.5.3).
From rra=ary, we have ¢(rA)=¢(A) (Lemma 4.5.4). Hence tA=A or tA=
—A. The latter case is impossible. In fact, put A=:B, then B*B=—F,
BeM(8, C), a contradiction. Therefore A=SU(). Thus (E)*"=SU(8)/Z..
(E) =z )7 =(c7)*.

(2) Define ¢: SU2, 6, CC)—(EOY7 by HA)=¢[ LAY, Let acs
(Er-2)T=(0)%, a=¢(A), A=SU(2, 6, C°). From ra=ar, we have ¢(r A)=¢(A).
Thus (Eq-2)""=SU(2, 6)/Z, (cf. Theorem 3.4.5.(3)). (Eqcs)=(2dr)*=(r)%.

4.5.6. PROPOSITION 4.3.5.(3). 7~—o0.

PRrROOF. Since J~il,in SU(8), rc=¢(J)~¢(il,)=—a (Lemma 4.5.4) in ¢(SU(8))
=(E,y* (Theorem 4.5.5.(1)) €E,. Furthermore y~7¢ in G, (Proposition 1.2.3)
CF.,CE,CE,. Consequently y~—¢ in E,.

THEOREM 4.5.7. (E,») "~(tr0)T=SU4, 4)/ Z,X2=(1A0) T ~(E;c_5)?7.

PROOF. Eroy=(ELyT=(E, yT°

because y~7y¢ under 0 F,CE;CE,;: dy=yadd, dr=16 (Proposition 2.2.3). Define
¢ : SUM4, 4, CO)—(ENY by ¢(A)=¢(I"A';™Y). From tyca=arys, we have
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$rA)=¢(4). Hence (Eqym)T~(c10)" = (SUA, 4>uz'k(j°, {)')SU<4, 8))/ Z,=
SU(4, 4)/Z,x2 (cf. Theorem 3.4.5.(4)). (¢<z'k(]°, OI>)=peeE6CE7 (Theorem

3.4.5.4)). (Eqes)=(zAr)*"~(r20)*" (Theorem 4.4.5.(3))=(c70)".

THEOREM 4.5.8. (1) (Enc-20) "~(TA) = SUX(8)/ ZyX 22 (20)) T~ Eqery) ™.
@) (Ban) T ~(tdere)"=SL(8, R)/ Z:X2.

ProOOF. (1) h: SU*@8, C°)—SU@S, C°, hA)=e¢A—EJ'A"'] where e=
%(l—i—ii), is an isomorphism, which satisfies h(rA)=—jrh(A)J. Define ¢ :

SUX@8, CO)—(E ) by ¢(A)=¢(h(A)). NOW (E;c-25) " =(r)"~(z )47 (Theorem
4.45.1)). Let as(@)*, a=¢(A), A=SU*@8, C°). From tAa=ari, we have
St A)=¢(A). Thus Eqc-55) 7 ~(1A)7"=(SU*@N\I(—iiI)SU*(8))/ Z,=SU*(8)/ Z, X 2.
(§(—dil)=7p).

E7(7):(E70)TT2(E7C>”T-
In fact, define 6 : P°— PBC by

141
—(ec-! 3 -3 _
0X, Y, & p=(c'X, &Y, ¢, e7°y), =5

(see Proposition 4.4.2), which satisfies §2=¢, d:=¢8, 6z=16"", 6y=7d, 0 E,, then
(E.5Y"2a—38"'ad=(E,°)" is an isomorphism. Now (E,;) " ~(zer)* T=(7)*.
(2) E oy =(E.Cy*r (Theorem 4.4.5.2))=(E,C)*¢

because y~7¢ under 0= G,CF,CE,CE;: 0r=7c0, 0c=td, 6tA=tA0 (Proposition
1.2.3). Note that ¢ defined in (1) satisfies 7c@(B)re=¢(JBJ), B&SU*(8, C°).
In fact, since AB=—J(hB)] and B=—]B], 1c§(BWc=7c¢(hB)rc=¢(J(hB)])=
(hB)=¢(B)=¢(JBJ). Define ¢ : SLE, C)—(E,5* by ¢(A)=¢(fA) where
f i SLE, C)—SU*B, C°), f(A)=¢A—&JA] wheae ezé(l—}—z'i) (Lemma 0.3).
Now let as(ricre)?, a=¢p(A), A=SL(8, C). From tdyca=arirc, We have
e(tA)=@(A). Thus (E;qm)T~(rderc)"=(SL(8, R)JGI)SLES, R))/Z,=SL(@8, R)/
Z,x2. (G)=71g).

4.6. Subgroups of tppe A,PD,; of Lie groups of type E..
We define C-linear transformations «, g of R¢ by
X —ﬁlX

P T | mX=B DE—AEX(EXX),
Y
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X X 2E XY +9E,
Y Y 2E, XY +EE,
=00, E,, E,, 0 = )
[l S ( s 1y 1y ) S (El, Y)
7 7 (Ey, X)

respectively. Their explicit forms are
& xs e N Vs Fe
KX, Y, &=k % & x|,{Fs M |57
X2 X & Yo T M
& 0 0 N1 0 0
= 0 & x| 0 = =y =&,

0 X1 E:; 0 —% —7s
i 0 0 & 0 0
ll(X; Y, ¢, ﬂ):( 0 e -], 0 & — X1, M, &).
0 -3 N2 0 —x &
KGC=0kK EA=—2AK Kt=(K
LEMMA 4.6.1. gp=—px, { { {
po=cpu, prA=—2u, p=—cp.

We define subgroups (E;)%=#, (E,®)" =)z, of (E,°)" by
(EO)y =t=(0, k, p)={as(E,°) | ka=axk, pa=ap},
(E:0)=Mg,=(0, &, ¥,

={as(E,%)""* | a, E,, 0, 1)=(0, E,, 0,1)}.

Their Lie algebras are given as follows.

PROPOSITION 4.6.2. (1) (&%) ’={D<e,° | c@=¢0g}
={0(¢, A, B, v)€e.° | $=(e%), A, BE@R%),, vEC}.
2) (9o r={0c(e,°)° | k@=0k, pO=Dp}
ps(e®)’, A, BERO)?, (Ey, A)=(E:, B)=0

:l(p(gb, A, B,v)ee,” V:_%(SZSEl, E,) ’

@) ()7 )y, ={D<(e,0)7%# | (0, Ey, 0, 1)=0}
:{ @(¢, ‘4, _2E1><A, 0)6970 | ¢Eeﬁc; ¢E1:O; AE(%C)D_, (Ely A):O} .
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Proor. (1) is easy and (3) is also easy under (2).
(2) Let @=®(¢, A, B, v)=e,° satisfy £@=0k, u®@=0Pp. Compare the 7-
term of k@P=0xP, P=(X, Y, &, n)=P°, then
—(4, )=(A, r,Y), (B, X)=—(B,rX), X,Ye3°.
In particular, (4, E,)=(B, E;)=0. Next compare the 7-term of u@®P=0@uP, then

(E., ¢X):—%u(E1, X), Xe3.

Since ¢<(e,%)°, we can put ¢E,=kFE,, k=C (Lemma 3.6.1). Put X=F, in the

above, then we have kz—%v. The converse follows from

LEMMA 4.6.3. (1) If AS(3%),, then g(AXX)=kAXK, X, XEJ°.

2) If A=(Q%), (E;, A)=0, then r,A=—A.

3) If ¢=(e°)°, then k1 p=g¢k,.

4) If A, BE(°),, (E,, A)=(E,, B)=0, then

ABX(E; X X)+(E,, X)A=4E,x(Ax X)+(B, X)E,, Xe3C.

For veC, we define a C-linear transformation ¢(v) of I° by ¢(v)=2vE;V E,,

that is,

451 X3 Xs 2 0 0
¢(y)X=% R, —26, —2x :%(SX+XS), S={0 —1 0
Xa —2%, -253 0 0 -1

(cf. Proposition 3.6.5). Then ¢(v)=(e°)°.

PROPOSITION 4.6.4. (1) a,°={0@($(v), aE,, bE,,v)ee,° | a,b,veC} is a
Lie subalgebra of (e.°)° and is isomorphic to the Lie algebra 812, C)=
{DeM2, C)|tr(D)=0}.

(2) (e,9)’=a,°P(e,0)°*# (as Lie algebras).

Proor. (1) The correspondence
v a
38l(2, )= ) — O(p(v), aE,, bE,, v)=a,°
—Y

gives an isomorphism as Lie algebras.
(2) The mapping ¢y : (e,5)° —a,°P(e,%)°-#,

P«(O(p, A, B, v)=0(§(v"), aEi, bE,, v')+P(p—¢(v'), A~aE,, B—bE;, v—y')

1 1
where y’:§u+§(E1, oF,), a=(E,, A), b=(E,, B), gives an isomorphism of Lie
algebras.
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We define a 12-dimensional C-vector space (V°)'? by
(Vo2 =(B)={ PERC | kP=P}
={(X, 7.E;, 0, )P | XJ°, 4E, X(E, x X)=X, 1, n=C}
0 0 0 7 0 0
=10 & x}lo 0 0}on)|
0 x & 0 0 0

x<=E@°

52; ES: 7]1’ vEC

with the norm

1
(P, P)y=+{pP, P}=xX—&:5+my
2

and an 1ll-dimensional C-vector space (VO)" by
yor={PeVey:| PxQ, E, 0, 1)=0}
={(X, —nE,, 0, )P | X&J°, 4E,X(E, x X)=X, n=C}
0 0 0\ /=y 0 0O
=00 & «x|,] O 0 0,0, 9
0 z & 0 0 0

pa=1'%

52: 53’ WEC

with the norm (P, P)p=—%{pP, Pl=xx—8&&—n"
Recall that the group
Spin(10, C)={acEL | aE,=E,}
={acES | ca=ac, aE,=E,}CE.°

acts transitively on the 9-dimensional complex sphere (S¢)° (Lemma 3.6.3,
Proposition 3.6.4),

(50)9:{ (X; 0; 0) 0)E§Bc | XESC: 4E1><(E1><X):X; (E17 Xy X):——z} .
LEMMA 4.6.5. For acs((E:%)" ="z, a0, —E,, 0,1)=0, —E,, 0,1) if and
only if al=1 and al=1. In particular,
{acs(E:5) =)z, | a0, —E,, 0, 1)=(0, —E,, 0, 1) } =Spin(10, C).
PrOOF. Let a<(a, #, p) satisfy «(0, E,, 0, 1)=(, E;, 0,1) and «(0, —E,,

0, )=(0, —E,, 0,1). Then al=1 and aE,=E;. And al=apE,=paE,=pE:=
i. The proof of the inverse is similar.

LEMMA 4.6.6. ((E.€)7=#)g,/Spin(10, C)=(S¢)"*. In particular, the group
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((E:°)7 =Yg, is connected.

ProOOF ([14]). Put(S)"={P=(V°)" | (P, P),=1} (which is a 10-dimensional
complex sphere). The group (o, £, )z, acts on (S°)" (Lemma 4.1.2). We show
that this action is transitive. To prove this, it suffices to show that any element
P=(S%" can be transformed to (0, —E,, 0, 1)&(5%)". Now for a given

0 0 0\ /—y 0 0
P=(0 & x || 0 0 00 nesom,
0 %z &/ \0 0 0

x 2Re(%)
<as= = £Y
choose a=R, 0<a< % such that tan2a Re(6,+-25)

a:%). Operate azy(a)=as(a)as(A)=exp(P(0, a(E,+Es), —a(E,+Ey), 0)) (Lemma

4.3.4)=(o, £, )%, (Proposition 4.6.2.(3)) on P, then the real part of 7-term of

(if Re(&,+£,)=0, then let

az5(a)P is %(52+§3)sin2a—~77c052a:0. Again choose bR, Ogbg—}, such that

ZIrn(g)k
Im(é,+¢&;)
is 0. Hence

(if Im(€:+£)=0, then b:-z—), then the 7-term of @sy(b)as(a)P

tan2b=

P’:a23(b>a23(a)PE(Sc)9 .

Since Spin(10, C) (C(a, &, p)x,) acts transitively on (S¢)° (Lemma 3.6.3), there
exists B Spin(10, C) such that

BP'=(E,+E,, 0,0,0).

Operate again ags(——}> on it, then

an(—F)8P'=0, —E3, 0, 1).

This shows the transitivity of (g, x, #)z,. The isotroty subgroup of (g, x, p)z,
at (0, —E,, 0, 1) is Spin(10, C) (Lemma 4.6.5). Thus we have the homemorphism
(e, k, )z,/Spin(10, C)=(S°)*.

PROPOSITION 4.6.7. ((E;°)%=*)z = Spin(11, C).

PrRoOOF. Since the group (o, «, )7, is connected (Lemma 4.6.6), we can
define a homomorphism z: (g, &, )z, — SO(11, C)=SO(V)") by n(a)=a | (V).
Kern={l, 0}=Z,. Hence =z induces a monomorphism dx : ((¢;°)" ")z —
80(11, C). Since dime((e,%)7 = #)z,)=45-+10 (Lemma 4.6.2.(3))=55=dim¢80(11, C),
dr is onto, hence = is alse onto. Thus (o, &, #)3,/Z,=SO11, C). Therefore
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(6, k, )%, is Spin(11, C) as the universal covering group of SO(11, C).

LEMMA 4.6.8. For v&C, the mapping BQ) : PC— RC,
BWXX, Y, &, 7)

eE, e'x; €'F, e"®n, ety, ey,
=( "%, & x| eV 7 yi |, e, e¥p)
e’x, %y &s 2 T Vs
e 0 0
=(B,XB,, B,”'YB,™, e™¥§, ¢'7), B= 0 1 0
0 0 1

belongs to the group (E.€)7%*.

Proor. ([14]). For ¢)=20E,VE,=(ef)’, vel, @(gW), 0,0, —2v)E
(e,9)=# and B(v)=exp®@(¢(v), 0,0 —2v). Hence B(v)&(a, &, ).

LEMMA 4.6.9. (E;©)%=#/Spin(11, C)=(S®). In particular, the group
(E,C)?-=# {s connected.

PRrROOF ([14]). Put (SO)"={P=(V°)"*|(P, P),=1} (which is an ll-dimen-
sional complex sphere). The group (g, &, g) acts on (S°)" (Lemma 4.1.2). We
show that this action is transitive. To prove this, it suffices to show that any
element P=(S°)" can be transformed to (0, E,, 0, 1)=(S°)". For a given

P=(0 & x ||0 0 00, neSH",
0 x & 0 0 0

we shall show that there exists a<(a, «, g) such that aP=(S%)".
(1) Case ,#0, 0. Choose yv=C such that —e *7,=¢*y. Operate S(v)
of Lemma 4.6.8 on P, then B(y)P=(S9)™.
(2) Case %,=0, p+0, &+0. Operate a=exp®@(0, E;, 0, 0)=(a, £, ) on P,
then
aP=(x*, &E,, 0, n)

which is reduced to the case (1).

(3) Case 7,=0, 9+0, &++0 is similar to the case (2).

(4) Case 79,=£,=§&,=0, 5+#0. Operate a=exp®(0, tFi(x), 0, 0)&(o, &, @)
(teR) on P=(F\(x), 0,0, ), then
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aP=(x, —Q2t-+pt*)E,, 0, )

which is reduced to the case (1) for some < R.
(5) Case 9,#0, =0, &+0. Operate a=exp®d(0, 0, E,, 0)<(c, k, ) on P,
then
aP=(x, 0,E,, 0, &)

which is reduced to the case (1).

(6) Case 9,#0, =0, &+0 is similar to the case (5).

(7) Case 7,#0, =0, §&;=§,=0. Operate a=exp@(0, 0, tF(x), 0)=(o, k, p)
(t€R) on P=(F\(x), n,E,, 0, 0), then

aP=(=x, 771E1, 0, 2t—17122)
which is reduced to the case (1) for some t<R.
(8) Case 5,=%=0. In this case P=(S%)*C(S%)".

Now since the group Spin(10, C)(C (o, &, p)) acts transitively on (5% (Lemma
4.6.6), there exists S<=Spin(10, C) such that
BaP=(0,iE,, 0, —i).
i

Operate again S{——)<(o, &, ) of Lemma 4.6.8 on it, then
1 ¢

ﬁ(%”)ﬂap:(o, 2., 0, 1.

This shows the transitivity of (o, £, ¢). The isotropy subgroup of (o, &, o) at
0, E,, 0, 1) is Spin(11, C) (Proposition 4.6.7). Thus we have the homeomorphism
(0, &, 2)/Spin(lL, C)=(S°)",

PROPOSITION 4.6.10. (E,%)?*#=Spin(12, C).

PROOF. Since the group (o, &, ¢) is connected (Lemma 4.6.9), we can define
a homomorphism = : (g, £, ) — SO(12, C)=SO(V ) by =m(a)=a | (V)2 Ker
n={l, ¢}=Z,. Since(e,°)"**=46+10+10 (Lemma 4.6.2.(2))=66=dim¢80(12, C),
7 is onto. Thus (g, ¢, ¢)/Z,=S0(12, C). Therefore (o, &, p) is Spin(12, C) as
the universal covering group of SO(12, C).

PROPOSITION 4.6.11. The group E.° has a subgroup ¢(SL(2, C)) which is
isomorphic to the group SL(2, C). Where ¢(A), A=SL2, C), is the C-linear
transformation of BC defined by

HAXX, Y, & )=(X", Y', &, 77,
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51, 1 ! 2, 2 3, 3

o= Gl o)) ()2

i n ' /7 & &s &' &
xy X1 X2’ X3 xs Xs
el GG G-
v Y1 k2Y Ve k7Y Vs

ProoF ([14]). The action of @(¢(v), aE;, bE,, v)=a,%(a, b, v=C) on P° is
¢(¢(V)) aEl’ bEl’ )J) (Xy Y) E’ v):(Xlr Y’y §,’ 77’)

&’ v a\[(&\ (& v o a\[&E\ [p/\ [v a\(n.
(n')z(b —u)(n)’ (m’)z(b -—v)(m)’ (53'):(b —v)(sz)’
N3 v oa\[ns\ [xS\ [ty Ta\[x\ [x) xs 0
(52’):(17 —1«')(§2>’ (yl’):(rb —ru)(yl)’ (yz'):(y;):(O)'
Hence for A:exp(’; _Z)ESL(Z, C) we have ¢(A)=exp@($(v), aE,, bE,, v)=
#(SL(2, C)eE,° .

LEMMA 4.6.12. ¢ : SL2, C)—E,° of Proposition 4.6.11 satisfies
td(Ar=g(zA), YA =A™, (P(A)'=p¢(A)p=g(IAI),
18(A)r=0'¢(A)e’=¢(A).

THEOREM 4.6.13. (E.%)?=(SL(2, C)X Spin(12, C))/ Z,, Z,={(E,1),(—E, —a)}.

PrOOF. We define ¢: SL(2, C)X Spin(12, C)—~(E-°)° by
P4, By=g(A)B.

Since the algebras a,° and (e,%)?# are elementwisely commutative (Proposition
4.6.4.(2)), ASSL(2, C) and B=Spin(12, C) are commutative. Hence ¢ is a homo-
morphism. (F,°)° is connected (Lemma 0.7) and dime(e,€)?=3--66 (Proposition
4.6.4.(2)=dimc(81(2, C)Pso(12, C)), hence ¢ is onto. Ker ¢={(E, 1), (—E, —a)}
is easily obtained (¢(—E)=¢@(SL(2, C)) coincides with —a&Spin(12, C) (Proposi-
tion 4.6.11)). Thus we have the required isomorphism.

THEOREM 4.6.14. (1) (E)*=(SUR)xSpin(12))/ Zy=(rd6)’ ~(Er-5))°.
(2) (Eqe-0)’~(x20")? =(SUQ)X Spin(8, 4))/ Z».

Proor. (1) Let a=(E,)"=((E,°y¥*)°. By Theorem 4.6.13, there exist A=
SL2, C), B Spin(12, C) such that a=¢(A)B. From the condition rda=arl, we
have ¢(A)B = a = tiad 't = tA$(A)BA 't = TA(A)A'rraBA 't = ¢(z* A"NrABa 't
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(Lemma 4.6.12). Hence
Tt A=A TtAl=—A
{ TABA't=f { TABA 't=—0f.
The latter case is impossible because (r!A)A=-—F is false. Therefore (z*A)A=
E, that is, AeSUR)={AcsM2, C)|(t*A)A=E, detA=1}. To determine the
group ((E,%)"*#y*=(a, , p)**, consider an R-vector space
Ve=(BO), per={ PE(VC)? | prAP=P }
0 0 0 7 0 0
={(o & x) 0o o o} rn)‘xE(S,, & nec}
0 £ —z§ 0 0 O

with the norm (P, P)ﬂ:%{ pP, P} =xx+&z&)+n(ry). The group (g, &, p)”.

acts on V2. Since (¢, x, #)** is connected (Lemma 0.7), we can define a homo-
morphism z: (¢, &, p)*>S0(12)=SO(V*%) by z(a)=a|V'2. Ker n={1, ¢ }=2,.
Since ((e,%)? = #y ={ D =(e, )" 5 # | AP =DrA }={ (¢, A, —tA, v)Ee;,° | p=(e:°)°,

A= (@%,, (B, A)=0,p = —%(¢E1, E))} (Propositions 4.3.3.(1), 4.6.2.(2)),

dim((e,%)7* #)"%)=46--20=66=dim 80(12), hence x is onto. Hence (7, x, p)**/Z,=
SO(12). Therefore (o, &, p)* is Spin(12) as the universal covering group of
SO(12). Thus (E.)* =(SU Q)X Spin(12))=(SUR)X Spin(12))/ Z,. Eqc-5=(E )47
=(E,°y*° (Theorem 4.4.5.(3)) and (E.(_5)°~(td6)’=(7A)°.

(2) Er - =(E;°)y*7 (Theorem 4.4.5.(3))=(E,°)"**'

because o~¢’ under = F,CE,CFE,; : d6=0'0, 0rA=tA0 (Proposition 2.2.3). Let
acs(tle’)’, a=¢(A)B, A=SL(Z2, C), B=Spin(12, C). From tlc’a=aris’, we
have @¢(z*A-)rdo’Bo’ 't=¢(A)B. As similar to (1), AeSU(2). To determine
the group ((E,%)*#)y 49" =(a, £, p)**°’, consider an R-vector space

V=B, yrzor ={ PEWV )" | pric’P=P }

0 0 0y / 0 0
:{(o e x|, |0 0 o,o,m)[xe@,e, nec}
0 it —c&/ 0 0 0

with the norm (P, P)#:—;—{‘uf’, P}=—xx+&(t&)+n(rn). The group (o, &, p)**°’

acts on V®* Since the group (e, £, #)*?’ is connected (Lemma 0.7), we can
define a homomorphism = : (g, £, #)*?7'—>0(8, 4),=0(V**), with Ker =#={1, ¢}
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=Z,. Since dim((e;%)?-*#)7*?' =66=dim8&o(8, 4), = is onto. Therefore (g, &, p)**"’
is denoted by spin(8, 4) (not simply connected) as a double covering group of
08, 4)y. Thus (E;-5) ~(rie") =(SUR)Xspin(8, 4))/ Z..

THEOREM 4.6.15. (E1n)° ~ (tAcp)® = (SU(2) X spin* (12))/ Z, = (They )’ ~
(Erc-20)’-

PROOF. Eq o =(E.°)y*7 (Theorem 4.4.5.(2)=(E,°)*e
because y~p under d€E,CE,: 87y=p0, 0t=¢d, 0rA=7Ad (Proposition 3.2.3). Let
ac((E.Ly*e), a=¢(A)B, A=SL(2, C), B&Spin(12, C). From ricpa=arip, we
have @(z*A-)yrdcpBpc A 't=¢(A)B. Hence

{ TtAT'=A { ttA'=—A
tAcpBpci A t=4 TAtpBeA't=—0p.

The latter case is impossible (cf. Theorem 4.6.14). Therefore A=SU(2). To

determine the group ((E.6)?##)y*r=(g, k, p)'***, consider a C-vector space

(VO)12=($°), with the norms (P, P),,z%{ #P, P} and <P, P>;,,=i{tdpP, P}.

The explicit form of <P, P>;,,, P=(&E,+E&E+Fi(x), ;i Ey, 0, 9)E(VE)?2, is
(P, Pyi,p=(t€)a—(t€e)€s—2(0iTx, x)—(tn)n:+(t ).

As in Theorem 3.6.10, by the coordinate transformation

&y=s1+1s2, §s=—5,115,, '01:334‘1'34, ﬂzss—isu

we have (P, P).=(s, x)E(jC), (P, P>;,,=(ts, z'x)S(;) where s=(s;, S3, S3, S1)
and S=—2{ Je M(12, C). This shows that we have an isomorphism
{aclsoc(VE)®) | (aP, aP),=(P, P)u, {aP, aP>;,,=<P, PYi.,}

={AcsM12, C)|*AA=E, JA=(zA)] } =0*(12)=0*(V°)*).
Since the group (@, £, p)***¢ is connected, we can define a homomorphism =z :
(o, k, py*°—>S0*(12)=0%(12), by =n(a)=a| veye, Kern={1l,0}=2,. As
similar to Theorem 4.6.14, (¢, &, p)**?/Z,=S0O*(12). Therefore (o, &, pyriee is
denoted by spin*(12) (not simply connected) as a double covering group of
SO*(12). Thus (i)’ =(SUQ2)Xspin*(12))/ Z..

E ooy =(E£Y%° (Theorem 4.4.5.(3)=(E, ) *7¢

because o~7p under d€E,CE,: 6o =7p0, 0tA=720 (Proposition 3.2.3). Let

as(ELy* e a=¢(A)B, AcSL2, C), B&Spin(12, C). From atAy p=TAYpa, We
have @(zt A-)rAyrpBpre A 'v=¢(A)B. As similar to (1), A&SU2). To determine
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the group (o, &, p)**7?, consider a C-vector space (V°)*=($°), with norms
(P, P), and <P, P>;,;, which is

i{tderpP, P} =(t&:)6—(t6 )62y x, x)—(zn)m+(zn)n.
Since J and —J are conjugate in O(2), by a suitable coordinate transformation,
(P, PYyyp=(rs, Tx/)s(;,), therefore we have (o, &, )7 47¢ = spin*(12) (cf.
Theorem 3.6.10). Thus (ze7 )’ =(SU(2) X spin*(12))/ Z.,.

TEEOREM 4.6.16. (1) (E;) =(SL(2, R)Xspin(6, 6))/Z,X2.
(2) (Erc-20)"=(SL(2, R)Xspin(2, 10))/ Z; .
ProoF. (1) Let a=(E;w)'=(r)’, a=¢(A)B, A=SL(2, C), B=Spin(12, C).
From tra=ary, we have ¢(rA)ryfrr=¢(A)3. Hence we have
{ tA=A { tA=—-A
or
tyfre=_ tyBrr=—af.

In the firat case, AcSL(2, R). To determine the group ((E.%)"*#)7=(c. £, )7,
consider an R-vector space

Voo =(BO) o ={ P&V | c7yP=P}
0 0 O\ /;u 0 O

={(o & =] [0 0 0,0,7])|
0 % & W0 0 0

x'€(6°),=¢ }
&, &, 7, 7SR

with the norm (P, P) :-1—{;1P, Pl=x"%"—&&+nm. As similar to Theorem
) nmy

4.6.14, the group (o, &, p)7 is connected and (o, £, p)"/Z,=0(6, 6);=0(V* ).
Therefore (g, &, )7 is denoted by spin(6, 6) (not simply connected) as a double
covering group of O(6, 6),, We consider the latter case. p.€ESCE,° of
Theorem 3.4.5.(4)) satisfies p.=p.0, kpe=pck, L= —pelt, hence l=«/E:pe
satisfies ol=lo, gl=lg, [p=pl (Lemma 4.6.1), that is, (<(o, £, W)= Spin(12, C)
and [ satisfies 77/yr=—al. (The explicit form of [ is

i€, exse —ieX, —in:  eyse ey,
(X, Y, n)Z( eXse —ib, ex; |, | e¥e imy ey |, —i, iv))).
ix.e —Xe 1€, —iY,e —Fie —in,

Hence we can put A=(I)B, BESL(2, C), B=I’, B’spin(6, 6). Thus (E;)°’
=(SL2, R)xspin(6, 6)\J(I)SL(2, R)XIspin(6, 6))/Z,=(SL2, R) X spin(6, 6))/ Z,



402 Ichiro YokoTA

X2. (P, D=p,).
(2) Let a&(Eq-05)’=(1)?, a=¢(A)B, A=SL(2, C), B Spin(12, C). From
ta=ar, we have ¢(rA)rfr=¢(A)B. Hence we have
TA=A tA=—A
tfr=f thr=—af.
In the first case, A=SL(2, R). To determine the group ((E.°)"-*#y=(a, &, p),
consider an R-vector space

Vo= (PO), = { PE(VO)* | tP=P )
0 0 0 /9 0 0

={(0 & x| {0 o 0|on)
0 % & 0 0 o0

xe€ }
&, &, 1, NER

with the norm (P, P),,:%{‘uP, P}=xx—&f+nm. As similar to (1), the

group (g, £, p) is connected and (o, &, p)7/Z,=0(2, 10),=0(V?1*),. Therefore
(e, &, p)° is denoted by spin(2, 10) (not simply connected) as a double covering
group of O(2,10),. The latter case is impossible. In fact, since 8 acts on
V19 B induces a matrix BeM (12, C)such that tB=—B, 'Bl,B=1I,. Put B=
iB’, BPeM(2, R), then *B’I,B’=—1,, which is false because the signature of
both sides are different. Thus (Eq-2)"=(SL(2, R)Xspin(2, 10))/Z,.

We define a subgroup SL.(2, R) of SL(2, C) by {A=SL(2, C)|t*A*=IAI}.
LEmMMA 4.6.17. SL,2, R)=SL(2, R).

Proor. The correspondence SL,(2, Ry A—I"A'''eSL(2, R) where ['=

'\717—(21 i) gives an isomorphism. (Note I'(zI)["-'=]).

THEOREM 4.6.18. (E;(-5)°~(tA7p)*=(SL(2, B)Xspin*(12))/ Z, X 2.

PROOF. Ei -5 =(E.°)*? (Theorem 4.4.5.(3))=(E,°)4re

because o~7p under 0= E,CE, : doc=7pa, 0tAi=ti0 (Proposition 3.2.3). Let ac
(A1 p)’, a=¢(A)B, AcSL(2, C), B=Spin(12, C). From zAypa=ariyp, we have
S(I* A IarpBprad-'t=¢(A)B. Hence we have

{ ItA-T=A { I'A-t[=—A
TAYpBprA = tdrpBprilt=—ap.

In the first case, A=SL,(2, R). To determine the group (¢, &, p)**7, consider



Realizations of involutive automorphisms 403

the C-vector space (V°)!*=($°), with the norms (P, P), and
(P, P)ao=—1{127pP, P }=(t&:)E:—(t&);s—2>irrx, x)+ () —(Tn)y
as is seen in Theorem 4.4.15. Hence (g, &, )" *7°=spin*(12) (cf. Thoerem 3.6.10).

We consider the second case. alzal(%)zexp(D(O, %El, ——er—El, 0) (Lemma

4.3.4) satisfies oa,=a,0, ka,=—ak, pay=—ap, hence [;=ycla; satisifes ¢/,=
Lo, kly=l, pl;=101p (Lemma 4.6.1), that is, L,=(g, &, =Spin(12, C) and [,
satisfies tAypl,prA*t=—0l;. (The explicit form of /, is

—& TcYs Tede —N —Tcxs —TcXe
LW(X.Y,¢, 77):( Te¥s & —Texi|, | —TeXs N3 —7Tey: |, =&y, _‘771)>-
TeYs —TcZ:r & —7TcXy —Tc¥:1 7

Hence we can put A=(I)B, BeSL,2, R), =048, p’<spin*(12). Thus (zdyp)°
=(SL.(2, R)Xspin*(12)UGI)SL,(2, R)XI,spin*(12))/ Z,=(SL(2, R)X spin*(12))/ Z»
%2 (Lemma 4.6.17). (The explicit form of ¢(I, [;) is

¢(ZI, ll)(X; Y: 5: 77)
—i& Teys Tede iy —Tcxs —TcXa
:( Teds —i&s iYexi|, | —TcXxs i773 —iYed1 |, —ii, iﬂl))-

Teye ek —i& —7TcX: —iTck: i,

Appendix

The Cartan decompositions of the exceptional universal linear Lie groups
of type E, are given as follows.

E, : simply connected compact Lie group of type E,,
Ef=E,XR",

E:y=SUB)/ Z, X R",

E o5y =(SUQ2)X Spin(12))/ Z, X R,

B2y =(UQ)XEg)/ Zs X R™.
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