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AUTOMORPHISMS OF ORDER 4 OF THE SIMPLY

CONNECTED COMPACT LIE GROUP E6

By

Ichiro Yokota and Osamu Shukuzawa

Using the theory of Kac-Moody Lie algebras, for compact simple Lie algebra

g, automorphisms p of finiteorder of g can be classifiedand the type of Lie

subalgebras Qp of fixed points are determined [1]. Now for the simply con-

nected compact Lie group Ee, we realizeautomorphisms p of order 4 and deter-

mine the subgroups (E6)p of fixed points. Among compact exceptional Lie

groups, only E6 has outer automorphisms, so we consider the case of Ee. As

results, the group Ee has eight inner automorphisms named as yu Jz,･･･, 7$, <J＼,

a2,(T3 and three outer automorphisms named as r?V, ?Tz,tos, and the subgroups

(Ee)p of fixed points are given as follows.
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1. Preliminaries

Let &=HQ)He (His the field of quaternions with the basis {1, i,j, &}) be

the Cayley algebra with the multiplication(m+ae)(n-1rbe)―(mn―ba)+(an+bm)e.

the conjugation m+ae―m ―ae, the inner product {x, y)=(xy+yx)/2 and the

length ＼x＼=V(x, x), and (5C be its complexification. Let 3={A'gM(3, <$,)＼X*=X＼
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be the exceptional Jordan algebra with the multiplication X°Y=(XY+YX)/2

and Sc be its complexification. 3 and i3c have the inner product {X, Y)=tr (X°Y),

the Freudenthal multiplication XxF=(2X°7-tr (X)Y-tr (F)Z+(tr (X) tr(7)

-{X, Y))E)/2 and the determinant det X=(XxX, X)/S. (3(3, H)={M^M(3, H)＼

M*―M} and 3(3, H)c are also defined). The complex conjugations of (£c,3C

are denoted by r. In 3C, the positive definiteinner product (X, Y} is defined

by (tX, Y). Now

£6={a Elsoc(3c)|det≪Z=detX, <aZ, ≪r>=<Z, Y>}

= {a^lsocOc)＼aXXaY=Tar(XxY), (aX, aY}=(X, Y>}

Is the simply connected compact Lie group of type Ee [2]. Throughout this

paper, we use such notations and theorems in [4] as E, Ei} Ft(xi), 2=1, 2, 3 of

3, 3C and Lie subgroups F4= {a^Ee＼Ta = aT} = {a<EE6＼aE=E}, Spin(9)=

{a^FAaE1=EA, Sptn(10)=＼a^E6＼aE1=E1＼ of E6 etc..

2. Inner automorphisms yu y2,･･･,Ts of order 4 of £6

The fieldH is embedded in M(2, C) by fe: H=CRCj-*M(2, C) (where C=

/ a b＼
＼x-＼-yi＼x,y^R}) by k(a+bj)=＼ ＼,a, b^C. This k is naturally extended

＼-b a

toiMinear mappings k : M(3, H)-*M(6, C), k : H*->M(2, 6, C). Moreover these

k are extended to C-C-linear isomorphisms k : M(3, H)C^M(6, C), k :(H3)c->

M(2. 6. C).

k(M1+iMa)=k(M1)+ik(Mi), Af,eM(3, H),

k{al+iaz)=k{ai)+ik{a2) at^H3.

Finally we definethe C-vector space c(6, C) by {SgM(6, C)|£5=-S} and the

C-C-linear isomorphism kj : 3(3,H)C-+<S(Q,C) by

kj(Ml+iMt)=k(M1)J+ik(Mi)J, MiG3(3, fT)

/ ° x＼
where /=diag (/,/,/),/ =

＼-l 0/

In 3(3,H)CR(HS)C, we define the Freudenthal multiplication[2] as

(M+a)X(N+b)=(MxN-^(a*b+b*a))~(aN+bM).

Then $c is isomorphic to 3(3, H)CQ(H3)C by the correspondence
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as Freudenthal algebra [4]. Hereafter we

identify 5C and 3(3, H)C(B(H3)C. We define an involutive C-linear mapping

7: ,3C->3C by

T(M+a)=M-a

Then re£6 and r2=l.

M+aeS(3, H)C@(H3)C=$C

Proposition 2.1. (E6y^(Sp(l)xSU(6))/Zit Za={(l, £),(-1, -£)}

Proof. Let Sp(l)={peH＼pp=l} and SU(6)={Ae=M(6, C)＼A*A=E, detA

=1}. Now the mapping d>:Sp(l)xSU(6)-+(Eey,

<P(P,AXM+a)=kj-＼Akj(MYA)+pk-＼k(a)A*), M+ae3c

induces the required isomorphism. The details of proof are in [2] or [4]

Remark. <p＼Sp(l)xSU(6)-*(Eey satisfies j=(p{-＼, E) and x<p{p,A)x―

<p(P,-JAJ).

Using <p＼Sp(l)xSU(6)->(E6)r of Proposition 2.1, we define

Ti=<p(l,ih), 7x=diag (-1, 1, 1, 1, 1, 1),

n=<]AX, ih), 7≫=diag(-l, -1, -1, 1, 1, 1),

rz=(j)(i,E),

r^^e, er1＼ ≪=(i+i)/vT, r1=diag(i, 1,1,1,1, d,

T-a=<p(i,h＼ 72=diag(-l, -1, 1, 1, 1, 1).

Then Ti^EB and the order of yt is 4, for z= l, 2, ･･･,5.

Theorem 2.2. (1) (E6)^ = (Sp(l)xS(U(l)xU(5)))/Z2,

(2) (£6y*s (Sp(l)X S(f/(3)X U(3)))/Zir

(3) (£eX3=(£/(DxS£/(6))/Z2,

(4) (£6y≪s(£7(1)X S(£/(2)X U(A)))/Z2

where ZZ={(1, E), ( ―1, ―E)} in any case.

Proof. (1) Since y^―y, we have (E6)^ci(E6y. Hence, for a^(Ee)r>- there

exist p^Sp{l), A(eSU(6) such that a=<b(p, A) (Proposition 2.1). From the
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condition Tia―aJu we have <p{p,UlA)=(p{p, iAU), that is, 11A = AIU therefore

A<=S(U(l)xU(5)). Thus we have the required isomorphism.

(2),(3),(4) are proved to be similar to (1).

Theorem 2.3. (E6y^(U(l)xS(U(l)xU(5)))/Z2, Z2={(1, E),(-1, -£)}

Proof. Since the operationof r* on SC=S(3, H)C^(HS)C is given by

+(ai, a2, as))

ieemz

+(―iediB, ―isedz, ―ieeaz)

(where e=(l+/)/V2), the eigen C-vector spaces Qc)v, v = l, ―1,i, ―i with

respect to f4 are

(Sc)i={M+cieS(3, ^)c0(^3)clr4(M+a)=M+a}

= {(ai(i―0,(i+i)as, (i+i)as)＼a1^Cj, a2, as<=:H},

(Sc)_!= {M+flG S(3, H)C($(H3)C Ir4(M+a)= -M-a}

{

& (i+i)ms mz(i―i)

(i+i)mB 0

mz(i―i) 0

0

0

+(flx(i+O,0, 0) }
a^Cj, m2, mz^H

C3c)t={M+ae=13K3,HfR(H>)c＼UM+a)=W+a)}

m^H0. m2, mz<^H

(3c).t={A/+aeS(3, H)cR(H3)c＼r,(M+a)=-i(M+a)}

= {(au (i―i)a2,(i―i)as))＼a^C0, a2,as(EH}

where Cj={sj+tk＼s, t^R}. These spaces areinvariantunder the group (Ee)ri.

We shallshow that(H3)c is invariantunder (E6)Ti. From the forms of (Sc)v,

it is sufficientto show that aa<=(H3)c for a^(E6)n and a=(a(i+i), 0, 0)=

FittaCi+iVe)(a^Cj). Now, in fact,
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aF1((aU+i))e)=Aa((F3((i-i)a)xF1a))XFs(e))

=4(aFa((i-i)a)XaF1(l))XTazFi(e)

=4(3(3, H)cx%(3, H)c)x(H3)ca3a H)cx(Hs)ca(Hs)c.

Thus we see that (H3f is invariant under (£6y≪,hence 3(3, H)C=({H3)C)±=

{X^3C＼<X, 7>=0 for all Y(=(Ha)c] is alsoinvariant under (E6y*. Consequently,

a<=(Es)r* commutes with j, that is, (E6)rici(E6y. Hence, for a^{E6)n, there

exist p<=Sp(l), A<=SU(6) such that a=<p(p, A) (Proposition 2.1). From the

condition yla=ayi, we have <p(ep,sF^―^ipe, AeFx), that is, ep=pe, FXA

=AFX (or sp ――ps, F1A=―AF1 (which is impossible)), therefore p^U(l),

A<=S(U(1)XU(5)). Thus we have the required isomorphism.

3. Inner automorphisms au az, oz of order 4 of Ee

Let £7(l)={0<=C|(r0)0 = l} (where C=RC) and we define an embedding 0:

£/(l)->£eby

/£i x3 ^2 [6% 6x3 dxz

0(o{xs |2 Xl =＼dxB d~2^ 6'2Xl

＼X2 XX |3 W^2 ^"^1 ^"2|3

and put <j=<j>(―l)<=Es.

The group SpinQff) is defined by (£e)£1={ae.E6|a!ij;1=.E1}which is the

covering group of S0(1O)=S0(F10) where V" = {Xe:%c＼2E1xX=-tX} =

{^£2―rfjB8+Fa(x)||eC, %eR}. Note that S/>m(10) leaves invariant {Ze5cl

JE1xZ=0} = {JP2(x)+F3(v)|x, veSc}.

(

Proposition 3.1. (Eey^(U(l)xSpin(10))/Zt, Z4={(1, 1),(-1, a),{i, <j>(-i)＼

Proof. The mapping <p: £/(l)xS£z?2(10)-K£6)ff,

<p(d,0)=0(0)j8

induces the required isomorphism. The details of proof are in [2] or [4].

Using 0: £7(l)-*£6or <p: Sp(l)xSU(6)->E6 of Proposition 2.1, we define

ffi=0(*)=0(―1, A), r4=diag(l, 1,i,i,i, i),

Then <T,:e£Band Oi2=o, <7i4=l for f=l, 2.

Theorem 3.2. (Eey^(U(l)xSpin(10))/Zu Z4=≪i, 0(-O)>
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Proof is clear from Proposition 3.1, because a^―^ii) commutes with any

elements of £7(1)and Spin(10).

Theorem 3.3. (E6y*^(S/>(l)xS(£/(2)x£/(4)))/Z8, Z2={(1, £),(-1, -£)}.

Proof. Since <722=(7,we have {EeY^c{E,y. Hence, for a<={E,Y＼ there

exist 0ei/(l), j8eS/wn(10) such that a~(j){d)^ (Proposition 3.1). In particular,

a commutes with a1=^(i). Therefore, from the condition <j2<x=a<72,that is,

Ta1a=aja1, we have ya―ay, namely a<EE(E6)r. Hence there exist p^Sp(l),

A^SU(6) such that a=<p(p, A) (Proposition 2.1). Moreover from the condition

a1a=aa1, we have (p{p,r4A)=(p(p, Af^), that is, riA=AFi, therefore ^4e

S(£/(2)x£/(4)).Thus we have the required isomorphism.

Remark. The group (EeYz has also the followingexpression

(E&)^=(U(l)xSp(l)X(SU(2)xSU(A)))/(Z2xZi)

where Z2=<(1, -1, -/,)>, Z4=<(-*, 1, -A)). In fact,for a-Mt, A)(e(E6)^

peSpd). A={P, Q)=l

P 0＼

0 QJ

<=S(£/(2)x£/(4)),the condition that a belongs to the

group ((E6yz)El(zSpin(l0), that is, <J>(p,(P, Q))E^EU is />gS^(1), PeSf/(2),

Q^SU(A). From this we have easily the required isomorphism.

The field C of complex numbers is embedded in (S as C={x+ye＼x, y<=R}

and put CL={ts=&＼(f, C)=0}. Let Spin(2)={as=C＼aa = l} ( = U(1)) and we de-

fine an embedding D : Spin{2)-^EZ by

£
l *3

%1 X＼

XZ

Xi =

&

axz

x%d x%a

$z axxa

dxz axid $s

Put crs=D.e. Then as<E.Eeand a32=a, G34=l.

The group Spin(8)is definedby

(£≪)£l.F1c.)= {≪s£6|a£1=JE1,aF1(s)=F1(s)for all seCc}

= {aeS/>m(10)|aF1(l)=F1(l),aF1(e)=F1(e)}

which is the covering group of S0(8)=SO(F8) where V8=(V10)a3={%E2-r%Es

+F1(t)＼^C,t<=C1＼.

Lemma 3.3. Da (a<^Spin(2)) and B<^Spin(S) commute with each other.
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Proof.

^DaF1(z)=^F1(aza)=^F1(a2s+t) (z=s+t^Cce(C^c=&c)

=F1(a2s)+pF1(t)=F1(a2s)+($2E2+£3E3+F1(t')) (£t=C, t'<=(Ct)c)

=Da(F1(s)+$2E2+$3Es+F1(t'))=Da(F1(s)+BF1(t))

=DapF1(s+t)=DapF1(z).

^DaF2{z)=^F2{dz)^A^{F1{l)xF2{z))xFl{a))^^Fl{l)X^F2{z))XT^rFl{a)

=4(Fla)X(F2(x)+F3(y))xF1(a) (for some x, y^&c)

=F2(ax)+Fs(ya)=Da(F2(x)+Fs(y))=DapF2(z).

Similarly pDaFs(z)=DapF3(z). Clearly Dap=PDa on E,.

DapEi=Da&Es+£iEa+Fl(jt))=&El+$aEi+F1(t)=pEa=pDaEi

(for some £<eC, t^(CL)c). Similarly Da^Ez=^DaEz. Thus we have Dap

Lemma 3.4. Let pe(Spin(10)Y*. Then we can put /3F1(l)=F1(s),pF&)=

Ft(es),s<=C, ＼s＼=1.

Proof. Since the group (S/wn(10))ff≫acts on {F1(s)|sGC} = {ZeSck3Z=

-Z, 2£'1xZ=-rZ}, we can put

^F1(l)=F1(s), fiFl(e)=F1(s/), s, s's=C, |s| = |s'|=l.

Operate r/3r on the relationFI(l)xF1(e)=-(l, e)El=0, then 0=ri8r(JF1(l)xF1(e);

=/3F1(l)xJSir1(e)=F1(s)xF1(s')=-(s, s')^i, hence (s, s')=0. Together with |s|

= |s'|=l, we have s'―es or s'=―es. The latter case is impossible. In fact

choose seC such that a2=s and put d=Dafi, then 5F1(l)=/?i(l),dF1(e)=-F1(e),

Then

aF2(e)=5<73F2(l)=<r35JP2(l)=:(73(JF2(x)+F3(3'))(for some
x; j;egc)

=Fz(ex)+Fz(ye),

3F,(l)=23(F1(l)xF2(l))=2r5rF1(l)Xr5rF2(l)

=2F1(l)X(F2(rx)+F3(r3;))-F3(rf)+JP2(r^).

Therefore we have

JF1(g)=5F1(-e)=25(F2(e)xF3(l))==:2r(5rF2(e)Xr5rF3(l)

=2(FI(e(rx))+F,((r3')≪)X(F,(JE)+F1(^))
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Compare the coefficientsof e, then we have 1=― Uil2― |x2|2―l3>il2―1^2|2

(where x=Xi+ix2, y=yi+iy2, xi} jytec), which is a contradiction. Thus

Lemma 3.4 is proved.

Theorem 3.5. (E6ys^(U(l)xSpin(2)xSpin{S))/(Z2xZi),

Z2XZ4=<(1, -1, <7)>X<(z,e, <f>(i)De)>

= {(1,1, 1),(-1, 1, a),(i, 2, <j>(j)De),(-i, ≪,̂ (-02>.),

(1, -1, a),(-1, -I, 1),(/, -e, <K-i)De), (-i, -e, 6(i)De)＼

Proof. We define a mapping <p: U(l)xSpin(2)xSpin(8)->(E6)a* by

4>(d,a, d)=0(O)Dad.

Obviously <pis well-defined. Since <j>{6)(0e£/(l)),Da (a<=Spin(2)) and d^Spin(S[

commute with one another (Lemma 3.3),0 is a homomorphism. We shall show

that
(p is onto. (Although

it suffices to show dim((e6)<73)=30, we will give s

direct proof). Since a^―a, we have (£e)<73C(£e)<T.Hence, for a<=(£6)<73,there

exist 0et/(l), 0eS/≫n(lO) such that a=0(0)/3 (Proposition 3.1). From a%a-aa%>

we have p<=(Spin(10)Y≫. Hence we can put iSF1(l)=F1(s), j8F1(e)=F1(es), seC,

s|=l (Lemma 3.4). Choose aeC such that a2=s and put 5=Da~l$, then

^F1(1)=F1(1), dF1(e)=F1(e), that is, 8^Spin(S). Hence we have a presentation

such that

a=$(d)Dad, 0e£/(l), a^Spin(2), 5^Spin(8).

Then 0 is onto. Ker </>=Z2xZ4 is easily obtained. Thus we have the required

isomorphism.

4. Outer automorphisms zf%, tyz of oder 4 of E6

Using <p: Sp(X)XSU(6y+(E9)r of Proposition 2.1, we define ra'=0(l,/) and

consider an automorphism zj2' of £6:£63≪->r)'2'a)'i,'"1rG£6.Then (r?V)2=r,

(rr2')4=i.

Theorem 4.1. (£6)r^'s(S/)(l)xSO(6))/Z2, Z8={(1, E), (-1, -£)}.

Proof. Since (r?y)2=7, we have (E8)T^'cz(Ety. Hence, for a&(E6y*',

there exist p<=Sp(l), A<=SU(6) such that a=(p(p, A) (Proposition 2.1). Since

Tr2'≪r2'"1T=≪,we have t(p(p,-JAJ)v=<p(p, A), that is, <p(p,A)=<p(p, A) (Re-

mark of Proposition 2.1) then A=A, hence A^SO(6). Thus we have the

required isomorphism.
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We use y3=(p{i,E) of Section 2 and consider an automorphism tyz of E6: E6

^a^tr,arflT^E,. Then (rr3)2=r, (rr3)4=l.

Theorem 4.2. (E8yr*=*(U(l)xSp(3))/Zit Z2={(1, E), (-1, -£)}.

Proof. Since (rr3)2=r, we have (Ee)T^d(E6y. Hence, for a£(£6)7', there

exist p<=Sp(l), A^SU(6) such that a=(p(p, A) (Proposition 2.1). Since r^Ws"1?

―a, we have <p(―ipit―JAJ)=(p(p, A) (Remark of Proposition 2.1), then

p = -ipi, A=-JAJ or p=ipi, A=JAJ.

In the firstcase p<=UQ.)={peiC＼pp=l), A^Sp(3)={A<EM(6, C)＼JA=AJ, A*A

=E, (detA―1)} (where CcH). The latter case is impossible. In fact, con-

sider AI where i=diag(l, ―1, 1, ―1, 1, -1), then AJeS/>(3), hence det(i4/)

= 1. On the other hand, det(Ai)=(det ^)(det 7)=1(―1)=―1, which contradicts

det(.A/)=l. Thus we have the required isomorphism.

5. Outer automorphism tas of order 4 of Ee

As in Section 3, we embed th9 fieldC of complex numbers in S as C=

{x+ye＼x, y^R}. Let SU(2)={AgM(2, C)＼A*A=E, det^l} and we define

a mapping <f>:SU(2)-^E6 by

6(A)X=(Pl(A))X(p1(A)r, Xel Sc

/I
where p1(A)=r~1AT, T=diag(f, 1,i), A' = ＼

eSL7(2), 2£gc,

)

A

Explicitly, for A ― ＼

^A)El=El,

<j>{A){E2+Ez)={ ＼a＼2-＼b＼2)(jB2+jE3)-2/F1(g

6{A){E,-E,)=E2-E,,

b)

<j>{A)F1{z)=-2i{z,baXE2+Ea)+F1(aza-bz

<j>(A)F2(z)=F2{dz)-iF3{zb),

6(A)F3(z)=-iF2(bz)+ Flza).

Note that Da-

b)

(a 0＼ l-e 0＼
cm for a^C, |a 1=1, in particular,<f>＼
＼0 a ＼ 0 ej

a -b＼

b a)

D_e―a3.

Lemma 5.1. <j>is well-defined,that is, for A^SU(2) we have <f>(A)<=Ee.

Proof. Define p^E6 by pX=rXF, X^$c. We consider an embedding
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SU(3)(ZF4C:E6, in which S£/(3)cF4 is given by h : SU(3)^F4,

h(A)(X+M)=AXA*+MA*, X+Me3(3, CC)0M(3, CC)=3C

(as for notations see [5]). The ${A) is nothing but <f>(A)=p~lh(A')p<E:E<i

We use a3 of Section3 and consider an automorphism rc3 of Ee: £63a-≫

tomo,-1t(=E<, Then (ra,)2=a. (r<7,)4=l.

Lemma 5.2. For ≪£(£,)"',we have aE1=E1. In particular,(E6y^d(E6)El

= Sf)in(lO).

Proof. Since (tozJ=o, we have (Ee)ra*c:(E6y. Hence, for a£(£()"',

there exists £eC, (r£)£=lsuch that aEx―^E^ (Proposition 3.1). From ££x=

aE1=aTa3E1=TasaE1=Tas($Ei)=T^Eu we have r£=£, that is, |e.R, hence

£=±1. The case of $= ―1 is impossible. (Although it follows from the con-

nectedness of (E6ya3, we will give an elementary proof). Suppose £= ―1. Let

a=$($)P, 6elU(1), p<=Spin(10). Then -E1=aE1=^(d)^E1=0*Eu hence ^4=

―1. Now, for teiCx, we can put ^Fi(t)=7]E2-t7]E3+F1(x)> ryeC, xe(L

Then 0(0)ftF1(t)=±i7]E2+iT7]E3±iF1(x). Since r<73a=ar(73, we have 7](EiR,

xeC. This shows that for V={F1(jt)＼t^C±}, dim F=6, dim(≪F)^3, which

contradicts the regularity of a. Thus Lemma 5.2 is proved.

The group Spin(7)is defined by

(E6)Ei,e,F1w={(x^Ee＼aEl=Eu aE=E, ≪F1(s)=F1(s)for allseC}

= {asF1|a£I=£1) aF1(s)=F1(s)for allssC)

= {aeS/>m(9)|aF1(l)=f1(l),aF1(e)=F1(e)}

which is the covering group of SO(7)=5O(F7) where V'^i^E.-E^+F.it)]

lei?, t^C1}.

Lemma 5.3. 6(A)(E6(SU(2))and B^Spin{7) commute with each other.

Proof. For A e SU(2), B<=Spin(7), we shall show

P#(A)X=$(A)PX, Ze3c. (i)

^AXEi-E3)=^Es-Et)=^E2-E3)+F1(t) (for some £eC, ?e(Cx)c)

=<4(i4X^2-£≫)+i;'1(O)=0(^)i8(£8-£s),
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P$(AXEt+E3)=p(( ＼a＼2-＼b＼*XEi+Et)-2iF1(Tb))=$(AXE2+E3)

=$(A)P(E2+Et).

Thus (i)is true for X=E2, E3. For X―Elt (i)is trivial.

^A)Fl(z)=^A)F1(s+t) (z=s+te:CcR(C^c=&c)

= B(-2i(s,baXEi+Ei)+Fl(ais-bis)+F1{t))
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= -2*(s, baXE2+Es)+F1(ais-bis)+(^Ei-Ei)+F1(t'))

(for some £eC, £'e(Cx)c)

/3^(^)JP2(0)=iS(F2(a2)-2F3(^))

=4i8((F1(l)xFi!(2))xF1(a))-4;i8((F1(l)xF,(5))xF1(6))

=4(iSF1(l)x/3F2(^))Xi3F1(a)-4f(JSF1(l)x^F3(5))Xi3F1(6)

(put pF2(z)=F2(x)+F3(y), x, y(E&c, then J8F3(5)=^(2F1(l)xF2(0))-2F1(l)X/3JP2(2)

=2F1(l)x(F,(x)+F,(y))=F1(ic)+FO))

=4(F1(l)X(F2(x)+Fs(^)))XF1(a)-4?(F1(l)x(Fs(x)+F2(3?)))XF1(5)

= F2(≪x)―iF3(xb)―iFz{by)+F3{ya)

=<P(A)F2(x)+$(A)Fs(y)=$(AXF2(x)+F3(y))=<j>(A)pF2(z).

Similarly, p<p(A)F3(z)=0(A)pF3(z). Thus (i) is proved.

Lemma 5.4. 6(SU(2)) and Spin{7) are contained in (£6)rff8.

l-e 0＼/a -b＼(-e 0＼-x

Proof. 6{SU{2))(z(E,)t^ is clear, noting that
＼ 0 e)＼b a)＼ 0 e)

I a B＼

= 1 1 n = ―2 and 6, i appear simultaniously in <jt(A)X. Next, (3<^Spin(7)

＼-b a)

CZF4 implies r/3=j3rand o^=fioz (Lemma 5.3). Hence Spin(7)d(E6yaK

Theorem 5.5. (£6)r*s=(S£/(2)xS/wn(7))/'Z2,Z2={(E, 1),(-E, a)}.

Proof. We definea mapping <p:SU(2)xSpin(7)->(E6)T<7b̂y

<p{A,j8)=^)i8.

Then <bis well-defined(Lemma 5.4)and is a homomorphism (Lemma 5.3). We
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shall show that <p is onto. (Although it sufficesto show dim ((ee)T<73)=24,we

will give a direct proof). Let ffG(£6f3. Then we can put

a(i(E2+Es))=i7](E2+E5)+F1(s), tj2+＼s＼2=1,rj^R, s<=C .

In fact, since a(E(E6ya*c:(Ee)El=Spin(lQ) (Lemma 5.2), we can put a(i(E2+E3))

=iE2-r^E,+F1(s+t), £eC, s+?eCcCx=R. From tGza=avaz, we have

£t=iR,t=0. And 2()?2+1s 12)=<a(z(£2+£3)),a{i{Ei+Ez)y)={i{E,+E3), i(E2+E3)>

―2. Now put

p―LJV2(l-7)＼

S 1-J?＼

(if -q= l, put P=E).

-l + i) s )

Then PeS£7(2) and ^>(P)(ir](E2+E3)+F1(s))=i(E2-hEs). Hence 0(P)a(/(£2+£s))

=2X^2+^3), that is,8=^(P)a^(Fi)E^Sptn{9＼ moreover ((Spin(9))T^=(Spin(9))^(Z

(Spin(10)Ys. Hence we can put

8F1a)=F1(so), 5JPi(e)=F1(es0), soeC, |so|=l

(Lemma 3.4). Choose aeC such that a2=s0 and put ^―Da8, then fi(i(E2+Es))

=i(E2+Es), i8F1(l)=F1(l), i8F1(e)=F1(e), that is, fi=Da(j>{P)a^Spin(7). There-

fore we have a presentation such that

Thus <p

＼b
a

Hence

a=#P-M)fl P~1AgSU(2) (where A
la ON

=
O

J

is onto. Ker0=Z2={(£, 1),(-£, a)}. In

), B(ESpin(7)

fact, let 0(4)0=1, A=

eS£/(2),p<=Spir(7). ThenE = 0(A)pE = <p(A)E=E1+(＼a＼2-＼b＼2XE2+E3)

I
0- z-＼b＼2=

(a 0＼

1. Together with |a|2+|b|2=l, we have 6=0, so y4=
＼0 a)

From F1(l)=^(A)^F1(l)=^>(A)F1(l)=F1(az),we have a2=l, hence a=±l, so

A=±E. Then p = $(E)=l or fi=(j>{―E)=a. Thus we have the requirediso-

morphism.
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