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AUTOMORPHISMS OF ORDER 4 OF THE SIMPLY
CONNECTED COMPACT LIE GROUP E;

By

Ichiro YOKOTA and Osamu SHUKUZAWA

Using the theory of Kac-Moody Lie algebras, for compact simple Lie algebra
g, automorphisms p of finite order of g can be classified and the type of Lie
subalgebras g? of fixed points are determined [1]. Now for the simply con-
nected compact Lie group E,, we realize automorphisms p of order 4 and deter-
mine the subgroups (F;)* of fixed points. Among compact exceptional Lie
groups, only E, has outer automorphisms, so we consider the case of E;. As
results, the group E; has eight inner automorphisms named as 71, 72, =+, 75, G4,
Js, 05 and three outer automorphisms named as t7,/, 775, 705, and the subgroups
(Eq)* of fixed points are given as follows.

e (ee)? (Ee)*

n T'®ADA (SpLHXSWA)XUB)))/ £
a3 T'®ADADA; (SpAXSWUXUEN)/ Z
T T'DADADA, (Sp)XSWERIXU )/ Z:
7 T'DAs (UM)XSU®)/ Z,

I T*DA, (UMXSWUMXUEG)) Z,
7s T*BADA, UMXSUERXUA))/ Z,
g, T'@©D, (U(1)yx Spin(10))/ Z,

g T*®D, (U)X (Spin(2) X Spin(8)))/(Z.X Z,)
(769 ADD; (Sp(1)xSO6))/ Z,

s T'®Cs (U)X Sp@3))/ Z,

Tdg ADB, SURYXSpin(T))/ Z .

1. Preliminaries

Let €=H$He (H is the field of quaternions with the basis {1, i, j, k}) be
the Cayley algebra with the multiplication (m+ae)n+be)=(mn—ba)+(af+bme,
the conjugation m+ae=—ae, the inner product (x, y)=(%y+5x)/2 and the
length | x|=+/(x, x), and €° be its complexification. Let I={X=M (3, €)| X*=X}
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be the exceptional Jordan algebra with the multiplication XY =(XY-+Y X)/2
and J° be its complexification. 3 and 3¢ have the inner product (X, ¥)=tr (X-Y),
the Freudenthal multiplication XXV =Q2X:Y—tr (X)Y —tr (Y)X-+(tr (X) tr(Y)
—(X, Y))E)/2 and the determinant det X=(XX X, X)/3. (33, H)={Mc M3, H)|
M*=M} and J(3, H)° are also defined). The complex conjugations of 6, IC
are denoted by 7. In I, the positive definite inner product <X, Y) is defined
by (zX,Y). Now

Ei={acIsoo(I°)|det aX=det X, (aX, a¥ »=<(X, YD}
={aclsoc(I%) | aXXaY =rar(XXY),  aX, a¥ >=<(X, Y}

is the simply connected compact Lie group of type E¢ [2]. Throughout this
paper, we use such notations and theorems in [4] as E, E;, Fi(x;), i=1, 2, 3 of
3, J° and Lie subgroups F,= {acEs|ta=ar}={acE;|aE=E}, Spin(9)=

{ecFlaE,=E\}, Spin(10)={as E;|aE,=E,} of E; etc..

2. Inner automorphisms 7., 7;, -, 75 of order 4 of E,

The field H is embedded in M (2, C) by k: H=CHCj—M (2, C) (where C=

—b a
to R-linear mappings 2 : M (3, H)—-M(6, C), k: H*-M (2, 6, C). Moreover these
k are extended to C-C-linear isomorphisms k: M3, H)Y’—-M(6, C), k:(H*)C—
M2, 6, C),

a b
{x+yilx, yEeR}) by k(a—i—bj)z( _ ), a, beC. This k is naturally extended

k(M +iM)=k(M)+ik(M), MM, H),
kla,+ia)=k(a)+ik(a:) a;cH®.

Finally we define the C-vector space &(6, C) by {S=M(6, C)|*S=-—S} and the
C-C-linear isomorphism ks: 33, H)Y—&(6, C) by

k(M iMo)=k(M.) ] +ik(M.)] , M;e33, H)
01
where J=diag(/, J, J), jz( ) O).

In 33, H)P(H?®)®, we define the Freudenthal multiplication [2] as
(M+a)X(N+ b)=(M X N— %(a*b—{—b*a})—%(aN%— bM).

Then 3¢ is isomorphic to (3, H)°D(H®)° by the correspondence
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51 X3 X2 51 un mg
Ty & xi|<—>|Tis & mil+(ay, Qo ay)

X2 X1 & mey My &,

(where x;=m;+ase, m;, a,<HC) as Freudenthal algebra [4]. Hereafter we
identify ¢ and (3, H)°B(H*)®. We define an involutive C-linear mapping
7:3°-3° by

TMt+a)=M—a, M+taes3I@E, HEEH=3C.
Then 7€ E, and 7*=1.
PROPOSITION 2.1. (EJ=(Sp(1)XSU®6)/ Z,, Z.={(1, E), (—1, —E)}.
ProOF. Let Sp(l)={psH|pp=1} and SUB)={A=M 6, C)|A*A=E, det A
=1}. Now the mapping ¢ : Sp(1)XSU®B)—~(E,),
WP, AM+a)=k; (AR (M)} A)+pk(R(@A%), M+acs3®
induces the required isomorphism. The details of proof are in [2] or [4].
REMARK. ¢:Sp(L)XSUG)—(E) satisfies y=¢(—1, E) and t(p, A)r=
(D, =JAD)
Using ¢ : Sp(1)XSU6)—(E,) of Proposition 2.1, we define
ri=¢(1, il,), l,=diag(—1,1,1,1, 1, 1),
72=¢(1, ily), l,=diag (-1, —1, —1, 1, 1, 1),
1s=¢(i, E),
ri=¢(e, ely), e=(1+i)/~ 2, I''=diag (i, 1, 1,1, 1, 1),
7s=¢, 1), Iy=diag (-1, —1, 1,1, 1, 1).
Then 7,<FE; and the order of 7, is 4, for /=1, 2, ---, 5.
THEOREM 2.2. (1) (En=(Sp(L)yxSWL)XUB))/Z,,
(2) (E»=(SpXSUBXUB))/ Z,,
() (Eos=UQ)XSU®B))/ Ze,

@) (Egs=UMXSWUERYXUMAN)/ Z,
where Z,={(1, E), (—1, —E)} in any case.

PrOOF. (1) Since 7,*=7y, we have (E;*C(E:’. Hence, for a=(E,)" there
exist p=Sp(l), A=SU(6) such that a=¢(p, A) (Proposition 2.1). From the
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condition 7,@=a7,, we have ¢(p, il,A)=¢(p, iAl,), that is, ,A=AI,, therefore
A=SWUQ)XUB)). Thus we have the required isomorphism.
(2), (3), (4) are proved to be similar to (1).

THEOREM 2.3. (E)=ULXSUMXU®G))/ Z,, Z.={{1, E), (=1, —E)}.

PROOF. Since the operation of 7, on I°=3(3, H)°P(H?)° is given by
51 my  Tlig
7.(| My & mi|+H(ay, as ay)
My Ty 53
—&, icem, iceim,
=|7ie € 15, imy |+ (—iea.&, —icea, —icea;)
1EMa€ 177, &,
(where e=(1+17)/+/2), the eigen C-vector spaces (3°),, v=1, —1, i, —i with
respect to 7, are
(3°h={M+a=3@, HFSH |7M+a)=M+a}
={(a(i—9), (i-+i)a., (i+i)as)a,=Cj, a,, a; € H},
)1 ={M+as I3, H)YDH*° |1 (M+a)=—M—a}
& (A+i)m; my(i—1i)
J—— ‘EIE C:
={| (i+2)m; 0 0 +(a(i+9), 0, 0) |8
a,=Cj, my, my=H
mao(i—7) 0 0
(3= {M+a=3I@, HQH*)° |7 M+a)=i(M+a)}
0 (i—i)ms mo(i+7)
—— 52) 836 C’
={| (i—0)m; & m
mo(i-+i) 7y &
(39).i={M+a=3IG@, HIOH) |1 ( M+a)=—i(M+a)}

={(a,, (i—1)a,, (—i)as)la,=C°, a;, a,= H}

b
meHS, m, mycH

where Cj={sj+tkls, t=R}. These spaces are invariant under the group (E:)+
We shall show that (H?®)¢ is invariant under (E,)+. From the forms of (J°),,
it is sufficient to show that aac(H?®)’ for ac=(E.)+ and a=(a(i+i), 0, 0)=
Fi(a(i+i))e) (asCj). Now, in fact,
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aF((a(i+i))e)=4a((F{(i—)a)x Fy (1) X Fye))

=4(aF((i—)a)XaF,(1))XrarF{e)

433, H) X I3, H)P)X(H* I3, HF xX(H) C(H?C .
Thus we see that (H®)® is invariant under (E,)s, hence (3, H)*=((H®*)C’)‘=
{X=J°<X, Y>=0 for all Y €(H?*)°} is also invariant under (E,y+ Consequently,
as(E,)y+ commutes with 7, that is, (E.)*C(FE.,¥. Hence, for a=(E.)4, there
exist p=Sp(l), A=SU(6) such that a=¢(p, A) (Proposition 2.1). From the
condition 7,a=ay,, we have ((ep, el A)=¢(pe, Ael’;), that is, ep=pe, A
=Al'y (or ep=—pe, ["J/A=—AI", (which is impossible)), therefore p=U(L),
AeSWU)XUB)). Thus we have the required isomorphism.

3. Inner automorphisms ¢, g, o; of order 4 of I,

Let U()={60«C|(z0)0=1} (where C=R°) and we define an embedding ¢ :

U)—E; by
& xy X ¢, Ox, 0%,

¢(0) Xs & xi= 0%, (9_252 07%x,

xs X & Ox, 07%%, 072,
and put e=¢(—1)=FE..

The group Spin(10) is defined by (Eogz,={a<E|aE,=E,} which is the
covering group of SO(10)=SOWV?*) where V'={X&J|2E,;XxX=—7X}=
{¢E,—tEE,+ F\(x)|é=C, x=@&}. Note that Spin(10) leaves invariant {XeJ€|
E X X=0}={F(x)+Fy(y)|x, y=€°}.

PROPOSITION 3.1. (Eo)’=(UL)XSpin(10))/Z,, Z,={(1, 1), (—1, ), (i, ¢(—1)),
(=i, gEN}.
ProOOF. The mapping ¢: U(1)XSpin(10)—(E,)°,
(8, B)=¢(0)B

induces the required isomorphism. The details of proof are in [2] or [4].
Using ¢: U(1)=E; or ¢: Sp(1)xSU(6)—E, of Proposition 2.1, we define
o=¢(0)=¢(—1,I",), [',=diag{, 1,141 i, i),
g,=70.=¢, I').

Then ¢;=F; and ¢,°=0, ¢;,'=1 for i=1, 2.

THEOREM 3.2. (E)'=(U(1)XSpin(10))/Z,, Z,=<{(, ¢(—i))>.
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PROOF is clear from Proposition 3.1, because ¢,=¢(;) commutes with any
elements of U(1) and Spin(10).

THEOREM 3.3. (Eo)72=(Sp(LIXSWURYXU@A)/ Z., Z,={(1, E), (=1, —E)}.

PROOF. Since ¢,’=0, we have (E;)"2C(E)°. Hence, for a=(E,)’? there
exist §=U(1), B=Spin(10) such that a=¢(0)B (Proposition 3.1). In particular,
a commutes with ¢,=¢@). Therefore, from the condition g.a=ag,, that is,
Yo, @a=ayg,, we have ya=ay, namely a<(E;y. Hence there exist p&Sp(l),
AeSU(®6) such that a=¢(p, A) (Proposition 2.1). Moreover from the condition
c,a=aa,, we have ¢(p, I A)=¢(p, AI'y), that is, I';,A=Al,, therefore Ac
S(U(2)xU(4)). Thus we have the required isomorphism.

REMARK. The group (E;)’t has also the following expression
(Eo)2=(U)XSp()X(SUR)XSUAN/NZ X Z4)
where Z,=<(1, —1, —=1,)), Z,=<{(—i, 1, =[')>. In fact, for a=¢(p, A)=(E:)’?,
P 0
p=Spl), A=(P, Q):(O Q)ES(U(Z)XU(4)), the condition that a belongs to the

group ((Es)’2)s,CSpin(10), that is, ¢(p, (P, Q)E=E,, is p=Sp(l), P=SU(2),
QeSU(4). From this we have easily the required isomorphism.

The field C of complex numbers is embedded in € as C={x+ye|x, y=R}
and put C*={te®|(t, C)=0}. Let Spin(2)={a=C|da=1} (=U(1)) and we de-
fine an embedding D : Spin(2)—E, by

Da J_C-g 52 x; |=|ax; Ez ax,ay.

X, X, & dx, ax,a &

Put ¢,=D_.. Then ¢,€E; and ¢*=0g, d'=1
The group Spin(8) is defined by

(Eoz, ryn={a=E;|aE,=E,, aF\(s)=F(s) for all seCC}
={a=Spin(10)|aF,(1)=F,(1), aF(e)=F(e)}
which is the covering group of SO(8)=SO(V?) where Vi=(V**), ={¢E,—1EE,
+F®0EeC, teCH].

LEMMA 3.3. D, (a=Spin(2)) and B=Spin(8) commute with each other.
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PROOF.

BD.F(2)=BF(aza)=BF(a*s+t) (z=s+t=CCD(CHF=ECC)
=F(a®s)+BF()=Fi(a’s)+(6Eo+6E+Fi(t') (8iC, t'e(CE))
=Da(Fi($)+&:Est+&Est+ Fi(t)=Da(Fi(s)+BFi(2))
=D.fF\(s+1)=D.fF\(2).

ﬁDaFg(z):ﬂFg(dz)zll‘B((Fl(l)XFZ(Z))XFl(a)):4(ﬁF1(l)><ﬁFg(z))Xz‘ﬁfFl(a)
=4(F(L)X(Fx)+Fy(y))X Fy(a) (for some x, y=E°)
=Fy@x)+Fy(ya8)=Do(Fy(x)+F(y)=DaSFy(z).

Similarly fD.Fy(z)=D.BFz). Clearly D,f=8D, on E.,.
DoBE:=Do(oEe+&EstFit)=6:Eo+&,Eo+ Fi(t)=BE,=BD,E,

(for some &;=C, te(C*)F). Similarly D,8E,=BD,E,. Thus we have D.j
=pD,.

LEMMA 3.4. Let B=(Spin(10))°s. Then we can put BF(1)=F(s), fFi(e)=
Files), s€C, |s|=1.

ProOOF. Since the group (Spin(10))’s acts on {F(s)lseCi={X= g, X=
—X, 2E,XxX=—cX}, we can put

BE()=F(s),  BF(e)=Fy(s"), s, s'eC, |s|=]|s'|=1.

Operate 737 on the relation Fy(1)X Fi(e)=—(1, ¢)E,=0, then O=7Bc(F(1)X F(e))
=BF (L)X BF(e)=F(s)X F\(s")=—(s, s')E,, hence (s, s)=0. Together with |s|
=|s’|=1, we have s'=es or s'=—es. The latter case is impossible. In fact,
choose s€C such that a®=5 and put 6=D,8, then F,(1)=Fy(1), 0F(e)=—F(e).
Then

0Fy(e)=d0,F(1)=0:0Fy(1)=0a4(Fy(x)+Fy(y)) (for some x, y=Eg°)
=Fyex)+Fy(ye),
OF(1)=20(F\(1)X F(1))=2¢7F,(1) X ot Fy(1)
=2F (D)X (Ftx)+ Fy(ry))=Fy(t2)+ Fr5).
Therefore we have
Fi(e)=0F\(—e)=20(Fye) X Fy(1))=2tdtFy(e)X tdrFy(1)
=2(Fy(e(tx))+F((ty)e) X (Fy( %)+ Fy(5))
=F(—x((t%)e)—(e(t7)y)++E,++E; .
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Compare the coefficients of e, then we have l=—|x:|*—|x:*—[3:]"—[y.|*
(where x=x,+ix,, y=y:1+iys %, y:=€), which is a contradiction.  Thus

Lemma 3.4 is proved.

THEOREM 3.5. (Eg)?2=(U(1)X Spin(2)X Spin(8))/(Z.X Z,),
Z, X Z;={(1, —1, )y X<, e, (D)D)
={(1, 1, 1), (=1, 1, 0), GG, e, $()D), (—i, e, §(—i)Do),
1, =1, 0), (=L =1, 1), G, —e, (—)De), (—i, —e, $(D)D.)}.

PROOF. We define a mapping ¢ : U(1)X Spin(2)X Spin(8)—(E¢)"® by
&0, a, 0)=¢(6)Ddd .

Obviously ¢ is well-defined. Since #(0)(0€U(1), D, (a=Spin(2)) and 6= Spin(8)
commute with one another (Lemma 3.3), ¢ is a homomorphism. We shall show
that ¢ is onto. (Although it suffices to show dim ((e;)?#)=30, we will give a
direct proof). Since ¢i’=¢, we have (E;)’sC(E)’. Hence, for a=(E,)°*, there
exist =U(1), BESpin(10) such that a=¢(0)B (Proposition 3.1). From g.a=ags,
we have B=(Spin(10))7s. Hence we can put BE(1)=Fi(s), BFi(e)="Fi(es), seC,
Is|=1 (Lemma 3.4). Choose a<C such that a*=s and put 6=D,"'8, then
dF(D)=F1), 6F.(e)=F(e), that is, 6&Spin(8). Hence we have a presentation
such that
a=¢(6)D.0, 0<=U), asSpin(2), d=Spin(8).

Then ¢ is onto. Ker ¢=2Z,X Z, is easily obtained. Thus we have the required

isomorphism.

4. Outer automorphisms 77/, 77; of oder 4 of E;

Using ¢ : Sp(1)XSU6)—(Es) of Proposition 2.1, we define 7.'=¢(1, J) and
consider an automorphism 77’ of E: EsDa—tryar, 't€E,. Then (t12/) =7,
(1 )=1

THEOREM 4.1. (Eo)y7¢'=(Sp(1)XS0®))/Z,, Z,={(1, E), (—1, —E)}.

PRrROOF. Since (z7./)’=7, we have (E.yr2'C(E,y. Hence, for acs(E),
there exist p=Sp(l), AeSU(6) such that a=¢(p, A) (Proposition 2.1). Since
o ary 'r=a, we have t(p, —JAr=¢(p, A), that is, ¢(p, A)=¢(p, A) (Re-
mark of Proposition 2.1) then A=A, hence A=SO(6). Thus we have the
required isomorphism.
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We use 7:.=¢(i, E) of Section 2 and consider an automorphism zy; of E,: Es
Sa—trars ' t€E,  Then (¢7.)=7, (t7s)'=L

THEOREM 4.2. (Eoys=(U1)XSp3)/Z., Z,={(, E), (—1, —E)}.

PrOOF. Since (z7:)°=7, we have (Ef"sC(F,y. Hence, for a=(E:)"s, there
exist peSp(1), A=SU(6) such that a=¢(p, A) (Proposition 2.1). Since 77sa7:™'c
=@, we have ¢(—ipi, —]Zl])ng(p, A) (Remark of Proposition 2.1), then

p=—ipi, A=—JAJ or p=ipi, A=JA].

In the first case peU)={p=C|pp=1}, A=Sp(3)={A= M6, C)|JA=A], A*A
=E, (det A=1)} (where CCH). The latter case is impossible. In fact, con-
sider Al where I=diag(l, —1, 1, —1, 1, —1), then AI=Sp(3), hence det(Al)
=1. On the other hand, det (AI)=(det A)Xdet I)=1(—1)=—1, which contradicts
det(AD=1. Thus we have the required isomorphism.

5. Outer automorphism zo; of order 4 of E,

As in Section 3, we embed the field C of complex numbers in & as C=
{x+velx, yER). Let SUR)={A=sM(2, C)|A*A=E, det A=1} and we define
a mapping ¢: SU@2)—E; by

GAX=(0(ANX(p:(A))F, X3¢

1 0 a —b
where p,(A)=I""A'T, I'=diag (i, 1, ©), A’:(O ) Explicitly, for A:( )
A

b a
eSU(?2), ze6°,
HAE,=E,,

GAXE,+E)=(|a|>—|b|*XE,+E)—2iF\(cb),
HANE;—E)=E,—Es,

G(AVFy(2)=—2i(z, ba)Es+E:)+Fiaza—bzb),
P(A)Fy(z)=Fy(az)—iFy(2b),

AV Fy(2)=—iFy(bZ)+ Fy(za).

a O —e 0
Note that Da:¢(0 _) for aeC, |a|=1, in particular, ¢< ):D_e:o3.
a e

LEMMA 5.1. ¢ is well-defined, that is, for A=SU(2) we have ¢(A)EE..

PROOF. Define p=E; by pX=I'XI", X=3°. We consider an embedding
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SU@)CF,CE,, in which SUB)CF, is given by h: SU3)—F,,
h(AXX+M)=AXA*+MA*, X+Me3@3, COHDBMG3, COH=3°
(as for notations see [5]). The ¢(A) is nothing but o(A)y=p 'h(A")p<EE.,.

We use o, of Section 3 and consider an automorphism r¢; of E¢: E,Sa—
toa0;” 't E,. Then (r6:)=0, (r6,)'=1,

LEMMA 5.2. For as(E.)y°, we have aE,=E,. In particular, (Eey?C(Es)E,
=Spin(10).

PROOF. Since (re.)=0, we have (E.)F7sC(E:)°. Hence, for ac(Ey,
there exists §=C, (¢6)6=1 such that aE,=&E, (Proposition 3.1). From &E,=
aE ,=atro,E1=10:0FE,=70,(E,)=7£E,, we have t&=¢, that is, £=R, hence
§==+1. The case of é=—1 is impossible. (Although it follows from the con-
nectedness of (E,)"’¢, we will give an elementary proof). Suppose é=—1. Let
a=¢(0)B, 6€U(1), B=Spin(10). Then —E,=aFE,=¢(8)BE,=0*E,, hence ‘=
—1. Now, for t=C*, we can put BF()=9E,—tpE;+F(x), n=C, x=6.
Then @(P)BF\(t)==xinE,FitnE;+iF\(x). Since ro;a=arc;, we have 5<iR,
x&C. This shows that for V={F@)|t=C+}, dim V=6, dim(aV)<3, which
contradicts the regularity of a. Thus Lemma 5.2 is proved.

The group Spin(7) is defined by
(EQr, e rion={asEslaE,=E,, aE=E, aF\(s)=F(s) for all s&C}
={ac€F,|aE,=E,, aF\(s)=F(s) for all s=C}
={asSpin(9)|aF(1)=F(1), aF\(e)=F(e)}
which is the covering group of SO(7)=SO(V7") where V'={&(E,—E;)+F\t)]|
(=R, t=C*).

LEMMA 5.3. @(A)=@(SU2)) and B=Spin(7) commute with each other.

a
PrOOF. For A=( )eSU(Z), B=Spin(7), we shall show
b

a
BHAX=¢(ABX, X=J°. (i)
BHANE,—Ey)=B(E;—E;)=& E,—E)+F\(t) (for some £=C, t=(C*)°)

=@(ANE(E.—E)+Fi(t)=¢(A)B(E.—Es),
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BHANE.+E)=B((|a|*—|b|*XEs+Ey)—2F\(ab)=¢(AXE:+Es)
=@¢(A)B(E.+Es).
Thus (i) is true for X=E,, E;. For X=F,, (i) is trivial.
BHAVF(2)=BH(A)Fi(s+1) (z=s+t=CP(C+=EC")
=p(—2i(s, ba)Es+E:)+Fi(a®s—b5)+ F(1)
=—2i(s, ba)Es+Ey)+Fi(a*s—b*5)+(E(E.—E)+F ()
(for some &= C, t/<(C))
=@(ANFA(s)+&(Ea—Eo)+ F(t")=g(A)B F(s+1)=g(A)BFi(2).
BO(A)Fyz)=P(F(@z)—iFy(zb))
=4B((FA(1)X Fy(2) X Fi(a)—4iB(F )X Fy(2)) X F\(b))
=4(BF(1)X BF(2)) X BF(a)—4i(BF.(1) X BFy(Z) X BF:(D)

(put BFy(2)=Fy(x)+Fy(y), x, y=€F, then BF(Z)=B2F(1)X Fy(2))=2F(1)X fFy(z)
=20 ()X (Fox)+-F(9))=F %)+ Fs(5))

=4 F(DX(Fy(x)+ F M) X Fi@)—4i(FD)X (F(E)+ F(3)) X Fi(b)

=Fyax)+Fya)—i(Fy(xb)+ F(b5))

=Fy(ax)—iFy(%b)—iFy(b3)+Fy(ya)

=@(A)Fo(x)+G(AVFs(y)=G(AXFA2)+ F(9))= (AP Fi(2).
Similarly, Bg(A)Fy(z)=@¢(A)BFy(z). Thus (i) is proved.

LEMMA 5.4. @(SU(2)) and Spin(7) are contained in (E¢)"5.
—e¢ O\fa —b\[/—e O\!
PrOOF. @(SUR2)C(E)s is clear, noting that ) ) )
_ 0 e/\b a 0 e
a b
= 5 _), ri=—;i and b, { appear simultaniously in @(A4)X. Next, S&Spin(7)
- a
CF, implies 7f=f and ¢,8=p0, (Lemma 5.3). Hence Spin(7)C(Ey":.

THEOREM 5.5. (Eo)?s=(SUQR)XSpin(7))/ Z., Z,={(E, 1), (—E, o)}.

ProoF. We define a mapping ¢ : SUQ2)XSpin(7)—(E¢) s by
d(A, B=¢(A)f .

Then ¢ is well-defined (Lemma 5.4) and is a homomorphism (Lemma 5.3). We
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shall show that ¢ is onto. (Although it suffices to show dim ((e,)"7¢)=24, we
will give a direct proof). Let a=(E.)y’s. Then we can put

a(i(Es+E)=in(Es+E)+F(s),  n'+I[s|’=1, 7R, s€C.

In fact, since a=(Ey7¢C(Eq)r,=Spin(10) (Lemma 5.2), we can put a(i(E,+E,))
=¢E,—r€E,+F\(s+t), £=C, s+teCHC+=C. From ro,a=ars;, we have
éiR, t=0. And 2(9°+|s|)=<a(i(E:+E,)), a(i(Es+E))N=C{(E+Es), i(E+Es))
=2. Now put

Pl ( ’ 1_’7) (if p=1, put P=E)

— I =1, put /'=£4).
VIAL=D\_149 s =P

Then P=SU(2) and ¢(P)in(E.+Es)+Fi(s)=i{E,+E,;). Hence ¢(Pai(E,+Es))
=i(E,+E,), that is, d=¢(Plas(F,)z,=Spin(9), moreover ((Spin(9))°2=(Spin(9))’sC
(Spin(10))°s. Hence we can put

0F,(1)=F(s0), 0Fi(e)=F(es), o€ C, [so|=1

(Lemma 3.4). Choose a=C such that a®=35, and put f=D.0, then B({(E,+E;))
={E,+E,), BF(1)=F(1), BF(e)=Fye), that is, B=D.¢(PlacSpin(7). There-
fore we have a presentation such that
a o0
a=g¢(P*A)B, Pr*A=SU(2) (where A:(O )), BeSpin(7).
a

Thus ¢ is onto. Ker¢=Z,={(E, 1), (—E, o)}. In fact, let ¢(A)B=1, A=

—b
(: )ESU(2), B€Spin(7). Then E=¢(A)BE=¢A)E=E+(|a]*— |b|*E.+E).

a
a O
Hence |a|?*—1|b|*=1. Together with |a |2+ {b|*=1, we have b=0, so A:( )
0 a

From F(1)=¢(A)BF(1)=¢(A)F(1)=F,(a®), we have a*=1, hence a=+1, so
A==+FE. Then B=¢(E)=1 or f=¢(—E)=c. Thus we have the required iso-
morphism.
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