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Throughout this note, we will work over a fixed algebraically closed field %.
The notations and the terminologies will be the same as in [ 6], [9] and [10].
Let A be a finite dimensional self-injective algebra and assume that 4 is basic,
connected and non-simple. For an integer p=2, denote by Tp(4) the algebra of
the pXp upper triangular matrices over 4. We ask when Tp(4) is tame. So we
assume further that A is representation-finite. Otherwise, Tp(4) has to be wild
[13]. Then, as well known, the universal cover of the stable Auslander-Reiten
quiver of /A is isomorphic to a Dynkin-translation-quiver Z4 [ 7], where 4=4,
(g=1), De(g=4) or Eq(6=¢=8), and 4 is called the Dynkin class of 4. Our

aim is to prove the following

THEOREM. Let A be as above. Then, To(A4) is tame if and only if A has
Dynkin class As.

REMARK 1. The case p>2 is rather easy. Denote by Jp(4) the ideal of
Tp(4) consisting of the strictly upper triangular matrices. Suppose p>2 and p=
r=2. Then, Tp(A)[Ip(A)7 is tame if and only if A is a Nakayama algebra of
Dynkin class Aq and (p, ¢, 7)=(3,2,2), (4,1,3) or (4,1,4) (¢f. [11D.

REMARK 2. For a Dyinkin-translation-quiver Zd4, the mesh category k(Z44)
is known to be locally bounded [ 27, and it is not difficult to check the following :
0 k(Z4) is locally representation-finite if Ad=A(q=<4); i) k(Z4) is locally
support-finite and tame if A=As or Dy; iii) E(Z4) has a finite quotient which is
wild if 4 is otherwise.

Proof of Theorem

Let us consider first the case where 4 is a Nakayama algebra. Suppose that
A is a Nakayama algebra of Dynkin class Ag. Then, Tz(4) has the following

universal Galois covering U :
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with @y~ pryfi=aiiq 0y 10=Biig+ B1418;=0 for all ieZ. If g<2 then U is
locally representation-finite [ 4], if ¢=3 then U is locally support-finite and tame
[12], and if g=4 then U has a finite quotient which is wild [12]. Thus, in this
case, To(A) is tame if and only if g=3.

In what follows, we assume that 4 is not a Nakayama algebra. Then, there
is no DTr-invariant module [ 5]. Notice also that 4 is a Nakayama algebra if
A has Dynkin class Aq(g=2).

Consider next the case where 4 has Dynkin class Aq(g=4), Dy(g=4) or E,
(6=9¢=8). Then, as easily seen, the Auslander-Reiten quiver of A has the fol-

lowing full subquiver:

o<¢>o
and, as a quotient, the Auslander algebra over A has the following algebra :

/
/ < with Bia;+ a5+ fsas=
\ /'

This is a concealed hereditary algebra of type D,. Notice that To(A4) is represen-
tation equivalent to the Auslander algebra over 4 [1], because 4 is assumed to

be representation-finite. Thus T,(4) is wild.
It only remains the case of 4 having Dynkin class As. Then, the universal

cover of the Auslander-Reiten quiver of A is the following:
7N\ /N
\/\/\/\/\/\/

/\/\/\/\/\/\
\/ \/
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Thus, since 4 is standard [ 8], 4 has the following universal Galois covering:
with 70— 0;8s=418;= Bi417:=0 for all i€Z [4]. Hence, by [ 3], it suffices to
prove that the following locally bounded category U is locally support-finite and

fame :

&
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with @i,10:=Bis17i=0}110;= Bl417;=0 for all i€Z and with all the squares com-
mutative.

For each neZ, let A, be the following full subcategory

Com1

this is a hereditary algebra of type Ds, and let By, and B%, be the full subcategories
obtained from A., by adding b,_; and b, respectively, these are tilted algebras of
type Ee. Then, the full subcategory Bz, U B3, consisting of the objects of Bz and
Bjf, is, as an algebra, isomorphic to

k DL,, %
0 Azn L;n
0 0 k

1
where L;,=,1° is a regular module:
0
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The vector space categories Hom(Lzr, mod Az,) and Hom(mod Aszn, Lss) belong

to the pattern (Ds, 2), and ind (B UBE) =PonlJ Ron Y Qan, where Py consists of
the objects of ind B¥, with restriction to A, being preprojective, @, consists of

the objects of ind By, with restriction to A,, being preinjective and R,, consists
of the regular objects of ind A except that the above tube changes to the fol-
lowing :

N\

\/\/\/
=/\/\/\
\/\/\/

[
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Thus, B,,U B¥, is tame.
Further, let Cpn and CJ; be the full subcategories obtained from Bs, and B,

by adding c._; and ¢/ respectively, these are tilted algebras of type E;. Then,
Cun UC¥, is isomorphic to

k DL, k
0 0 k

and the vector space categories Hom(L4,, mod(BzxUB%,)) and Hom (mod(B,.U
B%.), Ljy) are isomorphic to Hom(Lj},, modBzs) and Hom(mod B¥,, Lj;) respec-
tively. Hence, both of them belong to the pattern (s, 3). We have ind (Con
UC%) =P} RS, Q4 where Pj, consists of the objects of ind C¥, with restric-
tion to Be, U B%, lying in Py, @5, consists of the objects of ind Csr with restriction
to Ben U B¥, lying in Q:» and R}, coincides with Rsn except that the above tube
changes to the following:
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Thus, CenUCH, is tame.
Similarly, for each n€Z, let As_; be the following full subcategory

by —>a

| .7

P l

s PR ?
a,., ¢

this is a hereditary algebra af type A, and let Bgn-i and Bf,_, be the full
subcategories obtained from Azn_; by adding an_; and aj respectively, these are
tilted algebras of type Es. Then, By, UB¥, is isomorphic to

k DLy, k
0 Apr Lo
0 O k

1.1,
where Lyn_;=,11 1is a regular module:

The vector space categories Hom(Lpn_;, mod Azn ;) and Hom(mod Agzn_y, Lon_s)
belong to the pattern (:&33, 1), and ind(Bsn-1UB¥,-1) =Pon1Y Ran_1Y Q2n_y, where
Py consists of the objects of ind B¥,_; with restriction to Az, being preprojec-
tive, Qan_1 consists of the objects of ind Bsn_; with restriction to Asm-; being
preinjective and Rsn.; consists of the regular objects of ind Asx_; except that the

above tube changes to the following:
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Thus, Bn_;UB%,_, is tame.

Further, let Cyu_y and C%,-; be the full subcategories obtained from Bjn_;
and Bj,_; by adding bj_, and b, respectively, these are tilted algebras of type E;.
Then, Con_1UC¥,_; is isomorphic to

k DNzpy 0
0 an—l U B>2kn—1 Mé’n,—l
0 0 0

0 0 1
where Mj,_, =% and Nj,_,=%% are regular modules :
2p-1717¢ 2n-1=0"0 g

\/\/\/
/\/\/\
\/\/\/
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The vector space categories Hom(Mj_,;, mod(Bzn-1U B¥,.—1)) and Hom(mod(Ban_,
UB%.-y), Njyu_y) are isomorphic to Hom(M},_;, mod Bsn_;) and Hom(mod B,_,,
Nj,_1) respectively, thus belong to the pattern (Es 3). We have ind(Con_iU
C) 1) =P 1URSy 1Y Q% y, where Ph,_, consists of the objects of ind C¥,_; with
restriction to Ban_1UB%,_, lying in Py_;, Q4,—, consists of the objectes of ind
Con-1 with restriction to Ban_yUB¥,_; lying in Qsn-; and Rj,_, coincides with
Ran_y except that the above tube changes to the following:
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Thus, CinUCE,_, is tame.
Now, for any [, meZ with [<m, let Ai;,» be the full subcategory consisting
of the objects of the A, I<n<m. Then, for each n€Z, Asn_1, 2n41 is isomorphic to

% DNy, 0
0 GnUCH M,
0 0k

where M3,= 10100 and N;n——ogéoé are regular modules:

NSNS\
/\/\/\
NSNS NS

1
1

.880 ©

The vector space categories Hom(M%,, mod(C,nUCH,)) and Hom(mod(Cyn UCS,),
N3,) are ismorphic to Hom(M3,, mod Ci) and Hom (mod C:;, N3,) respectively,
thus belong to the pattern (E;, 3). We have ind Asn_1, 2ns1=Pfu Y R4n Y @4y, where
P34, consists of the objects of ind(C#, U Aznyi) with restriction to ConUC$, lying
in P},, Q% consists of the objects of ind(Azn-1UCss) with restriction to CynUCH,
lying in @}, and R}, coincides with R}, except that the above tube changes to the
following :
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/\/\
\/\/\/\/
/\/\/\/\
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Thus, Azn_l, 241 is tame.

Similarly, for each n€Z, Agzn_s, 22 is isomorphic to
I DN3,_, 0
0 Czn—lucgn—l M’Z’n-l
0 0 k

0
0.0 0.1
where My,_1=, %% and Nj,_,=, 0% are regular modules:

\/\/\/
/\/\/\
\/\/\/

The vector space categories Hom (MY, 1 mod(Can-1 UC¥,_1)) and Hom (mod(Cen_y
UC¥._), N4p_) are isormorphic to Hom(Mzn 1» mod Cin.y) and Hom(mod C¥,_,,
N3,._,) respectively, thus belong to the pattern (E;, 3). We have ind Asnez, on=
Py 1Ry 1\ Q%n_y, where Pj,_, consists of the objects of ind(C¥,_; U Az) with
restriction to Cen_yUCH,_; lying in P},_;, Qfn_, consists of the objects of ind(Azn_s
UCan-y) with restriction to Cen_;UCS,_; lying in Q%,_, and R%,, coincides with
R4,y except that the above tube changes to the following :

/\/\
\/\/\/\/
/\/\/\/\
\/\/\/\/
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Thus, Azn_s, 20 is tame.

Finally, for any /, meZ with [<m, BiUAi,m.: is the one-point extension ot
Ai,my1 by M and the vector space category Hom(M;, mod Ai,m41) is isomor-
phic to Hom(Z;, mod A:). We have ind(BiUAi,m:1) =ind(BiUB¥) Uind Ay, my1
Next, CtU A1, m41 is the one-point extension of BiUAi,m,: by M} and the vector
space category Hom(M), mod(BiU Ai,m+1)) is isomorphic to Hom(M}, mod(B:
UCH)) and belongs to the pattern (Eg, 3). We have ind(C; U Aiyms1) =ind(CiU
CHUindAi,mer. Finally, Ai1,ms1 is the one-point extension of CiU Ay,m.1 by My
and the vector space category Hom(M}, mod(CiU Ay,m,1)) is isomorphic to Hom
My, mod(CiUCH)). We have ind Ai_1,ms1=ind A;_1,1.:Uind Ai,myy. Therefore,
ind U=U,ez ind An_1,ny;. We are done.
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