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ON THE WEIGHT OF HIGHER ORDER WEIERSTRASS POINTS

By

Masaaki Homma and Shoii Ohmori

Introduction. Let C be a complete nonsingular curve of genus g^2 over an

algebraically closed fieldk of characteristiczero and D a divisor on C with dim|Z)|

§0. Then we may define the notion of Z>Weierstrass points (see e.g. [3]).

Let P be a point on C and /=dim|J9| + l. If v is a positiveinteger such that

dim L(D~{v-I)P)>dim L{D-vP), we callthis integer v a "Z)-gap" at P. There

are exactly / £>-gapsand the sequence of />gaps i>i(P),-･ -,vi(P) at P, vl{P)<-"

<vi(P), is called the Z)-gap sequence at P. The multiplicityof the Wronskian of

D at a point P can be computed as £(vi(P)―*)･ This integer is called the D-

weight at P and denoted by wD{P). When wD(P) is positive, we callthe point /

a /)-Weierstrass point. It is well known that for the canonical divisor K,

u'K(P)^~-g(g-l)

and equality occurs if and only if C is hyperelliptic and P is a i£-Weierstrass

point. Furthermore, T. Kato [2] showed that if C is nonhyperelliptic, then wk{P)

<1lo{rt＼＼＼t＼＼O-VC*

-g-g(g-l) if (7=3,4,6,7,9

j(g2-5g + 10) if g = 5, 8 or g^lO,

and this maximum is achieved for every g^3.

Our purpose is to give such good bounds on ivD{P) for a divisor D of degree

^>On _ 9

Theorem I. Let D be a divisor of degree d>2a ―2 on C. Then

w]J(P)^~g(g + l).

Furthermore, equality occurs if and only if C is hyfierelliptic,P is a K-Weiersrass
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point and D is linearly equivalent to K+(d―2g + 2)P.

Theorem II. Let D be a divisor of degree d>2g ―2 on C. If C is nonliy-

per elliptic,then

wD(P)<k(a) + a.

Furthermor, the maximum is achioedfor everyg^3 and every d>2a ―2

Theorem III. Let P be a point on a nonhyper ellipticcurve C and D a divisor

of degree d>2g-2 on C. If wD(P)=k(q) + q, then wAP) = k{q＼

In his paper [1], A. Duma posed the conjecture: if C is nonhyperelliptic of

genus g and if PeC is a if-Weierstrass point, then WqK(P)^WK(P) + g for every

<?^2. Unfortunately, there is a counterexample of this conjecture (see §4 below).

However, our theorems show that the conjecture is true for a certainlimited case.

Notation. Let x be a function or a differentialon C. The divisor of zeros

of x is denoted by (x)0 and the divisor of poles of x is denoted by (x)^. The

divisor div x means (x)0―(x)co. Let £ be a divisoron C. We denote by JC{E) the

the /e-vectorspace of all functions x on C such that dlvx + E is effective and by

h°(E) the dimension of £{E) over &. The dimension of the &-space of all holo-

morphic differentialsw with (co)0)>£is denoted by h＼E). The degree of E is

denoted by deg E. If two divisors E and E' are linearly equivalent, we denote it

by E~E'. The complete linear system of all effective divisors E' with E'―E is

denoted by ＼E＼.

wD(P)^-g(g + l)

Let C be a complete nonsingular curve of genus g^2 over k and D a divisor

of degree d>2g-2 on C. The dimension h＼D) of the £-spaceX(D) is always

denoted by /. Note that l=d+l ―g by the Riemann-Roch theorem. Let PzC.

We denote by vi(P)<･■･<n{P) the D-gap sequence at P. Then we have

vi(P)=i forl^i^d-2g + l

by the Riemann-Roch theorem, and may denote by

Vi(P)= d~2g+ l + ftt-id2gn,(P)for d-2g+2^i^.l,

where /j.i(P)<･･■</.≪s(JP)are positiveintegers. Hence we have
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Theorem I. We have

Furthermore, equality occurs if and only if C is hyper elliptic,P is a K-Weierstrass

point and D ~ K+(d-2a+2)P.

Proof. By the definitionof gap sequence, we have

(1) h＼D-(d-2g + fij)P)= g-j + l.

Since

(2) deg {D-(d-2g + tiJ)P)=2g-fjlj,

we have g-j^~(2g ―/uj)by Clifford'stheorem. Hence ptj^2j and therefore we

have

If equality occurs, then p.j―2jfor j = l.--,g. In particular,putting j = l we have

deg(D-(d-2g + 2)P) = 2g-2 and h°(D-(d-2g + 2)P) = g. This means D-(d-2g + 2)P

~/C Putting 7=2 and appealing to Clifford'stheorem, we have that C is hyperel-

liptic and ＼D―(d-2g+£)P＼~(g-2)gl, where g＼is the linear system of dimen-

sion 1 and degree 2 on C. Hence we have |2P|=gf2, which means that P is a

/T-Weierstrass point.

Conversely, it is obvious that if C is hyperelliptic,D―K+{d―2g+2)P and P

is a iT-Weierstrass point, then the D-gap sequence at P is

{1,2,-･ -,d-2g + l, d-2q+3, d-2g + 5,-'･,t/+H.

Hence we have wD(P) = ―g(g+ i).

§2. Nonhyperelliptic case (1)

From now on, we assume that C is nonhyperelliptic. The following theorem,

which is essentially due to H. H. Martens [4],plays an important role in our es-

timate of a bound on wn(P).

Theorem 2.1 (Martens). Assume that C is nonhyper ellipticof genus g^4.

Let E be a divisorof degree e with 0^e^2g ―l. If E^O nor K, then

2(h°(E)-l)<e-l.
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Furthermore, equality holds if and only if one of the following occurs:

(i) e = l and Z?~Q, where Q is a point",

(ii) C is trigonal, e~3 and ＼E＼―g＼,where g＼is a linear system of dimension

1 and degree 3;

(iii) C is plane quintic, e~5 and E is a line section;

(vi) C is trigonal, e~2g ―5 and ＼K―E＼=g＼;

(v) e―2g ―3 and K―E―Q, where Q is a point;

(vi) 0=20-1.

Proof. The firstassertion follows from Clifford'stheorem. The "if" part of

the second assertion is obvious and the "only if" partis an immediate consequence

of the following lemma. (Note that if 2(A°(E)-l)=e-l, then 2(h＼K-E)-l) =

deg(/f-£)-l.)

Lemma 2.2. Let E be a divisorof degree e on a nonhyperellipticcuroe of

genus g^4. // 2(h°(E)-l)= e~l and Q^e^g-1, then h°(E)^2exceptthatthe case

(iii)in Theorem 2.1 occurs.

For the proof,see [41,2.5.1.

Theorem II. Let D be a divisor of degree d>2g ―2 on a nonhyper ellipticcurve

C of genus g. Then we have

wD{P)^k(g) + g

for any PeC, where k(g)is Kato's hound on wk(P).

Proof. We prove this by several steps.

Step 1. First we estimate fu's by applying Clifford'stheorem to (1) and (2)

Since C is nonhyperelliptic, we have:

/≪i^2and equality occurs if and only if D~K+(d―2g+2)P;

tn^2i-l if ≫=2,---,g-l;

Vg^kZg and equality occurs if and only if D―dP.

Step 2. If [f.i―2, then the K-gap sequence at P coincides with jUi―1, p.%―1,-･■

jug-l.
Indeed, if fit=2, then D--{d-2g + 2)P―K by Sfe/> 1. Hence we have

A°(/i:-(iui-2)P)=A0(I)-(rf-2j7 + Aii)P)>A0(Z)-(rf-2g+^ + l)i>)=A0(/S:-(jt£i-l)P).

This means that pLX―1,-･ ･,fig-1 is the K-gap sequence at P.

This fact implies that

wdP) = wK(P) + u if ju.CP) = 2.
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In particular,our inequality holds if /i,(P)=2. So we may assume that ^j(P) = l.

Step 3. Assume that g = 3. Using Step 1, we have

u>D(P)=fcG≪i-£)^(3-2) + (6-3)=4 if ^, = 1.

On the other hand, &(3)+ 3 = 5. Therefore our theorem holds when g ―3.

Next assume that y = 4. Then we have u>d(P)^=7 if //1= 1. On the other hand,

^(4)4-4= 8. Thus our theorem holds when a ―4.

Step 4. From now on, we assume that g^5. By virtue of Martens' theorem,

the fa's can be estimated as follows:

^2^3 and equality occurs if and only if there is a point Q such that K―D+

(d-2g + 3)P~Q)

//3^5 and equality occurs if and only if C is trigonal and ＼K―D + (d―2g + 5)P＼―gl;

Hi^l and equality occurs if and only if C is plane quintic (g=6) and D ―(d―5)P

is linearly equivalent to a line section;

m^li-l for i=5,--,g-2 if 9^7;

fig-.i^2(g―l) ―l and equality occurs if and only if C is trigonal and ＼D―(d―3)P＼ =

g＼＼

Un<2a and ecmalitv occurs if and onlv if D―dP.

Step 5. In this step we prove the following lemma.

Lemma 2.3. If ;ii―l, then at least one of the following holds /^<5 or [ig-i

<2(o-l)-l or un<2a.

Proof. Suppose that //3= 5,/v-i=2(g ―1)―1 and fig=2g. Then, by Step 4 we

have that ＼K-D+(d-2g + 5)P＼=gl, ＼D-(d-3)P＼=g＼ and D~dP. Since g^5,g＼ is

unique. Hence K~-D + (d-2g+5)P^D-(d-3)P and D-(d-2g+2)P~K. This

iniDlies ≪,=2. which is a contradiction.

Step 6. Assume that g=6. If /<i= l, then at least one of the inequalities

/<3<5,/4><9,j≪6<12 holds by Lemma 2.3.

m>j>(P)^(3-2) + (5-3) + (7-4) + (9-5) + (12-6)-1 = 15<16=£(6) + 6.

Therefore the theorem holds when g~6.

Step 7. We will establish the theorem in this step. Let g = 5 or g^7. Using

Steb 4 and Lemma 2.3, we have
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MP):g(3-2) + (5-3) +

if ≪i=l. On the other hand,

k(g) + g =

Note that if or= 7, then

21

33

°£{i-2)+(g-2)+9-l=U

f=4 Z

(f-3g + 10),

if g=7

if g = 9

-30 + 10) if g = 5, 8 or g^lO

-(g2-3g + 10) = 19<&(7) + 7

and that if g=9, then

~(g2-3g
+ 10) = 32<£(9)+ 9

Therefore the inequality wD(P)^k(g) + g holds for all g^3. This complete the

proof.

Remark 2.4. For every fixed couple (g, d) with d>2g ―2^4, there is a triple

(C,D,P) such that C is of genus g,D is of degree d and that wD(P) = k(g)+ g.

Indeed, Kato [2] showed that there is a couple (C, P) such that C is of genus g and

wK(P) = k(g). Letting D=K+(d~2g+2)P, (C, A P) has the required properties.

§3. Nonhyperelliptic case (2)

Let E be a divisor on C and let PeC. We denote by Jl{E; P) the set of pos-

itive integers which are not £-gap at P. Note that cJl(K; P) is a semigroup. We

need the following lemmas, but their proofs are not difficult.

Lemma 3.1. The semigroup cJl(K; P) acts on 3l(E; P) by a natural way, i.e.

if m$m{K; P) and nsm(E; P), then m + n£cJl(E;P).

Lemma 3.2. Let E be a divisor on C with h＼E)>0. If a point PsC is not a

base point of ＼K―E＼,then any E-gap is also a K-gap.

The aim of this section is to prove the following theorem.

Theorem III. Let C be a nonhyper ellipticcurve of genus g and D a divisor

of degree d>2g-2 on C. Let PzC. If wD(P) = k(g)+ g, then wK(P)=k(g).

Proof. Note that wD(P)=wK(P) + g if u,(P)=2, which was shown in Step 2
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of the proof of Theorem II. Hence the assertion holds when fi1(P) = 2.

First we will show that wo(P)=k(g) + g implies p.l{P)=2 except for the case

g = 5. If g=3,4,6,7 or 9, this was shown in the proof of Theorem II (see Step 3,

Step 6 and Step 7). So we assume that g=8 or g^lO. By virtue of Step 7, in

the inequalities wD(P)^k(g) + g and ^(P)^]., equality may occur in the three

cases:

Case 1. [ii= l, [i2= 3, fi-i―5, fM ―2i―2 (z=4,- ･ -,g ―2),

fxQ-i= 2g ―3,iig―2g ―1;

Case 2. fh = l,(x2= 3, fxs= 5,{H=2i ―2 (z = 4,-･-, g ―2),

fig-i=2g―4, fig=2g;

Case 3. //i= l, ^2 = 3, ^3=4, fu=2i―2 (f=4,･ ･ ･, g ―2),

ptg-1=2g―3, fig=2g.

In every case, since /i2= 3, there is a point Q such that D―(d―2g + 3)P~if― Q

(see Step 4). Note that Q^=P. In fact, if Q=P, then D-{d-2g + 2)P-K, which

implies ^i=2. Since K―Q―D-(d―2g + 3)P and Q^-P, the (^T―Q)-gap sequence

at P coincides with f.i2―2,･･ ･,pg ―2. Hence there is a positive integer a such that

the set of all i£~-gapsat P coincides with {/j2―2,---,fig―2}＼J{a} by Lemma 3.2.

Using the above list, we can write down the (K― Q)-gap sequence at P according

to each case:

Case 1. 1, 3,4, 6, ―, 2gr―8,2g-5, 2g-3;

Case 2. 1, 3, 4, 6,-･ -,2g-8, 2g-6, 2g-2 ;

Case 3. 1, 2,4, 6,-･ -,2g-8, 2g-5, 2g-2.

Note that since C is nonhyperelliptic, a = 2 when either Case 1 or Case 2 occurs.

Suppose that Case 1 occurs. Since 2g ―7 is a non-if-gap at P and 2 is a non-

(if-Q)-gap at P, 2g-5 (=2g-7 + 2) must be a non-(iT-Q)-gap at Pby Lemma 3.1,

which is a contradiction. Next, suppose that Case 2 occurs. Since 5 is a non-if-

gap at P and 2g―7 is a non-(Z£―Q)-gap at P, 2g ―2 ( = 5 + 2g ―7) must be a non-

(K― Q)-gap at P, which is a contradiction. Finally, suppose that Case 3 occurs.

In this case, either 3 or 5 is a non-if-gap at P and 3 and 5 are non-(isT―Q)-gaps

at P. Hence 8 (=3 + 5) must be a non-(A" ―Q)-gap at P, which is a contradiction.

Therefore equality wD(P) = k(g) + g can not be compatible with fAt(P)= l when g^5.

Now, we will show the theorem when g = 5. By an argument similar to the

previous case, in the inequalities wD(P)^k(5) + 5 and jUi(P)^l, equality may occur

in the following three cases:

Case i. fti= l, fi2―3,/≪8= 5, ^4―7, ^5=9 ;

Case ii. //i= l, ^2=3, j≪3= 5, /<4=6, ^5 = 10 ;

Case Hi. ≪i= l, ≪2=3, ≪3=4, u4 = 7, ≪B= 10.
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In every case there is a point Qi--P such that the (if―Q)-gap sequence at P

is jio―2, -･■,/.*5―2and there is an integer a such that the set of all /f-gaps at Pis

[fj.o―2, fj.%―2, //,(―2, /;r,―2} U {a},

Therefore, we have

(i) If Case i occurs, then the /f-gap sequence at P coincides with 1, 2, 3, 5,7.

(ii) If Case ii occurs, then it coincides with 1, 2, 3, 4, 8.

(iii)If Case iii occurs, then it coincides with one of the following:

(iii.1) 1, 2, 3, 5, 8 ;

(iii.2) 1, 2, 4, 5,8 ;

(iii.3) 1, 2, 5,6, 8 ;

(iii.4) 1,2, 5,7, 8 ;

(iii.5) 1,2, 5,8, 9.

vSuppose that Case ii occurs. Since 6 is a non-A"-gap at P and 2 is a non-(A'--Q)-

gap at P, 8 ( = 6 + 2) must be a non-(K― Q)-gap at P, which is a contradiction.

Hence Case ii can not occur. Since the set of all non-A"-gaps forms a semigroup,

the cases (iii.1), (iii.3), (iii.4) and (iii.5) cannot occur. If (iii. 2) occurs, then

tVK(P) ―k(5), and then the theorem holds. We will show that Case i does not

occur. Since h＼K-Q-2P) = 3, we have ＼Q+ 2P＼=g＼. On the other hand |4/J|=gJ.

Hence, we have |2Q + 4P|=oL which is a contradiction.

The proof of Theorem III shows also the following corollary.

Corollary 3.3. Let notation and assumption be as in Theorem III. Further-

more, assume that gi=5. Then wD(P)―k{g)-＼-gif and only if D~-K-＼-(d―2g+2)P

and Wic(P)=k(g).

§4. Examples

First we will show that the conclusion of corollary 3.4 does not hold if g = 5.

Example 4.1. (see [1], Beispiel 2.2). Let C be the normalization of the plane

curve C denned by

yz ―x＼xh ―1).

It is easy to check that the normalization C > C is one to one as set theoretic

and C is of genus 5. Let />0=^1((0 :0 :1)) and let />≪,=jr'((():1:0)). Then the

if-gap sequence at Po is

1, 2,4, 5,8,
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and the (/£"―i'co)-gap sequence at l＼ is

1, 2, 5, 8.

Letting

D = K-Pm + (d-7)P0,

the D-gap sequence at Po is

1, 2,- ･ ･, rf-9, rf-8, rf-6, rf-5, rf-2, rf+ 1.

Hence ≪1(PO) = 1 and w/>(P0) = 10 ( = A?(5)+ 5).

The next is a counterexample of Duma's conjecture.

Example 4.2. Let O be a plane curve definedby
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where Aiflif?.3are mutually distinct nonzero scalars.

Let C ―'―>C be the normalization. Then - is one to one and C is of genus 6. Letting

Pt=1:-i((Xi:0:l)) (f= lf2,3)

P0=^'((0:0:l))

PCO=^-1((0:1:0)),

we have

diva; = 5/>0-5PK,

div y = P≪+ IP, + 2P2 + 2P3 - 7Pm

div dx=iP0 + APi + 4P2 + 4P3 - 6PX.

Hence we have

div

div

div

dx

y
dx
IF

= 3P0+2P, + 2P* + 2P≪+ P^

= 2P0 + SPoo

div(x-JLO(x- ^){x - Wdx=Po+3^1 + 'il＼+3iJ3

div(x~/il)(x-li)(x-li)ly3dx = Pl+P2 + P3+7P^

divx(x-Xl)(x-^Xx-X;i)lyidx-=5Po + Pl + P2 + P-6+2POJ.

Hence the K-gap sequence at Po is

1,2,3,4,6,8,

and 13 integers 1,2,-･･,9,10,11,13,15 are 2/sT-gapsat Po. Now,

div x2jy{x -Xx){x -h){x -h){dxf = 17Po + Pl + P2 + P8>

V
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hence the 2A'-gap sequence at Po is

1,2,---,9,10,11,13,15,18,20.

Therefore we have

wK(P0) + g=9 <12=w2K(P0).
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